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Introduction

After a heavy-ion collision, an out-of-equilibrium high-populated and quickly
expanding system of gluons is produced at some time τ ∼ 1/Qs, with Qs the
typical momentum.

Up to this moment, the system can be described by CGC.
Phys. Rev. D 55 (1997). Jalilian-Marian et al.

Nucl. Phys. B 529 (1998). Kovchegov and Mueller

Ann. Rev. Nucl. Part. Sci. 60 (2010). Gelis et al.

We aim to study the thermalization/hydrodynamization at τ ≳ Q−1
s .
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How can we study the evolution?

In the weak coupling limit, the bulk thermalization follows a bottom-up
fashion (BMSS).

Phys. Lett. B 502 (2001). Baier et al.

Previous works have performed a quantitative study of this system using the
Effective Kinetic Theory (EKT).

JHEP 01 (2003). Arnold, Moore, and Yaffe

Phys. Rev. Lett. 115.18 (2015). Kurkela and Zhu

Phys. Rev. D 104.5 (2021). Du and Schlichting

Our study uses the Boltzmann Equation in Diffusion Approximation (BEDA)
as an alternative approach.

Physics Letters B 834 (2022). SBC, Salgado, and Wu

JHEP 06 (2024). SBC, Salgado, and Wu
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BEDA I

The QCD Boltzmann equation at leading order:

(∂t+v · ∇x)f
a(x;p; t) = Ca

2↔2[f ] + Ca
1↔2[f ] , fa = {fg, fq, f q̄}

We will restrict to the boost-invariant expansion, where the transverse plane
derivative vanishes.(

∂

∂τ
−pz

τ

∂

∂pz

)
fa(p; t) = Ca

2↔2[f ] + Ca
1↔2[f ] , fa = {fg, fq, f q̄}

The thermalization can be studied following the time evolution of the
screening mass, the jet quenching parameter and the effective temperature
and net quark chemical potentialAll quarks are assumed to have identical
distribution. In general each flavour would have its own µ∗ associated..

m2
D = m2

D[f ] q̂ = q̂[f ]

T∗(t) ≡
q̂

2αsNcm2
D ln

⟨p2
t ⟩

m2
D

µ∗ = µ∗[f ]
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The QCD Boltzmann equation at leading order:

(∂t+v · ∇x)f
a(x;p; t) = Ca

2↔2[f ] + Ca
1↔2[f ] , fa = {fg, fq, f q̄}

We will restrict to the boost-invariant expansion, where the transverse plane
derivative vanishes.(

∂

∂τ
−pz

τ

∂

∂pz

)
fa(p; t) = Ca

2↔2[f ] + Ca
1↔2[f ] , fa = {fg, fq, f q̄}

The thermalization can be studied following the time evolution of the
screening mass, the jet quenching parameter and the effective temperature
and net quark chemical potential1.

m2
D = m2

D[f ] q̂ = q̂[f ]

T∗(t) ≡
q̂

2αsNcm2
D ln

⟨p2
t ⟩

m2
D

µ∗ = µ∗[f ]

1 All quarks are assumed to have identical distribution. In general each flavour would have its
own µ∗ associated.
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BEDA II. Elastic collision kernel

In diffusion approximation, the 2 ↔ 2 collision kernel can be expressed as a
Fokker-Planck equation plus an additional source term.

Phys. Lett. B 475 (2000). Mueller

Nucl. Phys. A 930 (2014). Blaizot, Wu, and Yan

Ca
2↔2 =

1

4
q̂a(t)∇p ·

[
∇pf

a +
v

T ∗(t)
fa(1 + ϵaf

a)

]
+ Sa

Sq =
2πα2

sC
2
F ln

⟨p2
t ⟩

m2
D

p

[
Icfg(1− fq)− Īcfq(1 + fg)

]
,

Sq̄ = Sq|F↔F̄ , Sg = − Nf

2CF
(Sq + Sq̄),
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In diffusion approximation, the 2 ↔ 2 collision kernel can be expressed as a
Fokker-Planck equation plus an additional source term.

Phys. Lett. B 475 (2000). Mueller

Nucl. Phys. A 930 (2014). Blaizot, Wu, and Yan

Fokker-Planck term Source term

The gluon distribution function is known to diverge at small p, f ∝ 1/p, for
over-occupied systems, which is interpreted as the onset of Bose-Einstein
Condensation (BEC).

Nucl. Phys. A 920 (2013). Blaizot, Liao, and McLerran

The presence of BEC can be study numerically by choosing the appropriate
boundary conditions withnc ≡ number density of the BEC.
ṅc ∝ (limp→0 pf − T∗).

Nucl. Phys. A 930 (2014). Blaizot, Wu, and Yan
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Fokker-Planck equation plus an additional source term.

Phys. Lett. B 475 (2000). Mueller

Nucl. Phys. A 930 (2014). Blaizot, Wu, and Yan

Fokker-Planck term Source term

The gluon distribution function is known to diverge at small p, f ∝ 1/p, for
over-occupied systems, which is interpreted as the onset of Bose-Einstein
Condensation (BEC).

Nucl. Phys. A 920 (2013). Blaizot, Liao, and McLerran

The presence of BEC can be study numerically by choosing the appropriate
boundary conditions with2 ṅc ∝ (limp→0 pf − T∗).

Nucl. Phys. A 930 (2014). Blaizot, Wu, and Yan

2 nc ≡ number density of the BEC.
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BEDA III. Inelastic collision kernel

The 1 ↔ 2 kernel can be computed in the deep LPM regime
Nucl. Phys. B 483 (1997). Baier et al.

Phys. Rev. D 78 (2008). Arnold and Dogan

Ca
1↔2 =

∫ 1

0

dx

x3

∑
b,c

[
νc
νa

Cc
ab(p/x;p,p(1− x)/x)− 1

2
Ca

bc(p;xp, (1− x)p)

]

The Ca
bc(p;xp, (1− x)p) describes the collinear splitting a ↔ bc.

The three possible processes involved are the three QCD interaction vertices.

Will the BEC still appear in initially over-populated system after including
inelastic collisions?
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Rapid thermalization of the soft sector

At small p, the g ↔ gg and g ↔ qq̄ are the dominant processes in the
production of gluons and (anti)quarks, respectively.

The distributions of gluons and quarks quickly fill a thermal distribution up to
small soft momentum ps

fg(p) ≈ T∗(vz)
p

for p ≲ pg

fq(p) ≈ 1

e−
µ∗(vz)
T∗(vz) + 1

for p ≲ pq

with T∗ ≡
∫
dvzT∗(vz). At early times, ps is given by

pg ≡ [m4
g(vz)τ/2]

2
5 q̂

1
5

A pq ≡ [m4
q(vz)τ/2]

2
5 q̂

1
5

F ,

where mg and mq are the thermal masses of gluons and quarks, respectively.

This behavior implies that ṅc = 0, so no BEC is observed as in the spatially
homogeneous case.

Nucl. Phys. A 961 (2017). Blaizot, Liao, and Mehtar-Tani

JHEP 06 (2024). SBC, Salgado, and Wu
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The initial conditions

From now on, we will work under the
following assumptions:

We work in the weak coupling limit,
αs ≪ 1.

At initial time, τ ∼ Q−1
s , the system

is composed exclusively by gluons.

The gluon distribution at initial
time is:

isotropic in momentum space,
with typical momentum Qs.
highly populated, fg ∼ 1

αs
.

Ann. Rev. Nucl. Part. Sci. 60 (2010). Gelis et al.
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Discusing the momentum scales

Since we are assuming longitudinal boost invariance as for Bjorken hydrodynamics:
Phys. Rev. D 27 (1 Jan. 1983). Bjorken

All partons moving along the
transverse plane their momentum
will not be modified by the
expansion.

Typical momentum of this
partons will be p⊥ ∼ Qs.

Partons moving in the longitudinal
direction will run away from the
system due to the expansion.

Typical momentum of this
partons will be given by the
broadening of the transverse
plane partons, pz ∼

√
q̂τ .

p⊥ ∼ Qs

pz ∼ √
q̂τ

Ann. Rev. Nucl. Part. Sci. 60 (2010). Gelis et al.
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√
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p⊥ ∼ Qs

pz ∼ √
q̂τ

Ann. Rev. Nucl. Part. Sci. 60 (2010). Gelis et al.

From now on, we will divide our momentum phase space into soft partons,
with typical momentum p ∼ √

q̂τ , and hard partons, with typical
momentum p ∼ Qs.
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The bottom-up thermalization I

The parametric behavior for a Yang-Mills/pure gluon system is well known
acording to BMSS.

Phys. Lett. B 502 (2001). Baier et al.

We find that the macroscopic system behavior does not change
parametrically when quarks are introduced. The three known stages of
thermalization persist.

1 α
−3/2
s α

−5/2
s α

−13/5
s

Qsτ

1

α−1
s

α
1/2
s

∝ (Qsτ)−2/3

∝ (Qsτ)−1/2

∝ Qsτ

T∗/Qs

1 2 3

Bjorken hydroCGC
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1 α
−3/2
s α

−5/2
s α

−13/5
s

Qsτ

1

α−1
s

α
1/2
s

∝ (Qsτ)−2/3

∝ (Qsτ)−1/2

∝ Qsτ

T∗/Qs

1 2 3

Bjorken hydroCGC

Decreases due to
expansion
and broadening
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We find that the macroscopic system behavior does not change
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1 α
−3/2
s α

−5/2
s α

−13/5
s

Qsτ

1

α−1
s

α
1/2
s

∝ (Qsτ)−2/3

∝ (Qsτ)−1/2

∝ Qsτ

T∗/Qs

1 2 3

Bjorken hydroCGC

Reheating
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The bottom-up thermalization II

1 α
−3/2
s α

−5/2
s α

−13/5
s

Qsτ

1

α
3/2
s

α2
s

α
5/2
s

α
7/2
s

α−1
s

α
1/2
s

∝ (Qsτ)−5/3

∝ (Qsτ)−1

∝ (Qsτ)3

q̂/Q3
s

∝ (Qsτ)−1

∝ (Qsτ)−1/2

∝ (Qsτ)2

m2
D/Q

2
s

T∗/Qs

ng/Q
3
s

∝ (Qsτ)−1
∝ (Qsτ)3

1 2 3

1 Initial stage is dominated by the
rapid expansion of the hard gluons

2 Second stage starts when the soft
gluon sector starts contributing
dominantly to the screening.

Number density of hard gluons is
still higher than the soft gluons.

3 Third stage corresponds to the
thermalization of the soft sector.

Most of the gluons in the system
are soft.
Remaining hard partons will
radiate all their energy, heating
up the soft sector.
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Parton number densities

1 α
−3/2
s α−2

s α
−5/2
s α

−13/5
s

Qsτ

αs

α
3/2
s

α
1/2
s

αs

α
5/4
s

α−1
s

nhg/Q
3
s

∝ (Qsτ)−1

nsg/Q
3
s

∝ (Qsτ)−4/3

∝ (Qsτ)−1/2

∝ (Qsτ)3

nq/Q
3
s

∝ Qsτ−1
(Qsτ)11/6

∝ (Qsτ)−1/2 ∝ const

∝ (Qsτ)3

1 2 3
1 First stage:

Soft gluon number decreases
faster since ng,s ∝ p3z.
Quarks are produced by g → qq̄
and quickly reach their higher
value.

2 Second stage:

The broadening pushes
pz = const, slowing down the
decrease of the number density.
At Qτ ∼ α−2

s quark production is
dominated by the soft gluons and
gg → qq̄ ⇒ nq ∝ const.

3 In the third stage quark and soft
gluon number density are
parametrically equal, fitting a
thermal distribution ∼ QGP.

The reheating affects g and q,
increasing their number density as
they grow parametrically as T 3.
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Numerical simulation
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Summary and outlook

The Boltzmann Equation in Diffusion Approximation is a tool to study the
evolution of the initial stages of a heavy ion collision.

We have extended the parametric estimates from the BMSS by including
quarks.

The addition of quarks in the system do not affect to the parametric
evolution of the system.

Numerical simulation of the BEDA is being performed.

Finer simulation should be run in order to identify the bottom-up stage.
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Thanks!
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Back-up
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Explicit forms

Jet quenching parameter

q̂a = 8πα2
sCa ln

⟨p2t ⟩
m2

D

∫
d3p

(2π)3

[
Ncf (1 + f) +

Nf

2
F (1− F )

+
Nf

2
F̄ (1− F̄ )

]
Screening mass

m2
D = 8παs

∫
d3p

(2π)3
1

|p|

(
Ncf +

Nf

2
F +

Nf

2
F̄

)
Integrals Ic

Ic =
∫

d3p

(2π)3
1

p
[f + F + f(F − F̄ )], Īc = Ic|F↔F̄
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Numerical simulation with larger αs
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