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Neutrino masses and mixing
Mass hierarchies

de Gouvea, Andre. (2004). 2004 TASI Lectures on Neutrino Physics. 

Fermion mixing

All mixing are large

 but the 13 element
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Neutrino masses and mixing
Mass hierarchies

de Gouvea, Andre. (2004). 2004 TASI Lectures on Neutrino Physics. 

Fermion mixing

All mixing are large

 but the 13 element

©
Possible solutions?
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Suggested solutions

Smallness of neutrino masses

Mν = ( 0 mD
mD MR)

mlight ≈
m2

D

MR

see-saw mechanism
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Suggested solutions

Smallness of neutrino masses

Mν = ( 0 mD
mD MR)

mlight ≈
m2

D

MR

see-saw mechanism

see also the talk by D. Vatsyayan on

novel Weinberg-like operators

Neutrino masses from new seesaw models: Low-
scale variants and phenomenological implications, 

[arXiv:2312.14119 [hep-ph]]

Neutrino masses from new Weinberg-like 
operators: phenomenology of TeV scalar 

multiplets  JHEP 05 (2024), 055

A. Giarnetti, J. Herrero-Garcia, S. Marciano, D. Meloni and D. Vatsyayan

https://arxiv.org/pdf/2312.14119
https://arxiv.org/pdf/2312.14119
https://arxiv.org/pdf/2312.14119
https://inspirehep.net/files/856a2d7134da1d96d380d2ee51c05f49
https://inspirehep.net/files/856a2d7134da1d96d380d2ee51c05f49
https://inspirehep.net/files/856a2d7134da1d96d380d2ee51c05f49
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Suggested solutions

Smallness of neutrino masses

Mν = ( 0 mD
mD MR)

mlight ≈
m2

D

MR

©
no clue on mixing !


see-saw mechanism
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Suggested solutions

Smallness of neutrino masses

Mν = ( 0 mD
mD MR)

mlight ≈
m2

D

MR

©
no clue on mixing !


Hierarchical pattern and mixing angles

Froggatt-Nielsen  
mechanim

non-Abelian discrete 
flavor symmetries

L ∼ ΨL H ΨR ( Θ
Λ )

n

too many  coefficients𝒪(1)

complicated scalar sector 

©Modular symmetry ?

Feruglio, 1706.08749 

see-saw mechanism
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Modular finite group

The modular group  acts on the modulus  restricted to 

the upper-half complex plan through the transformation 

Γ = SL(2,ℤ)/{±1} τ
γ : τ → γ(τ)

γ(τ) =
aτ + b
cτ + d

, a, b, c, d ∈ ℤ , ad − bc = 1 ,

S : τ → −
1
τ

T : τ → τ + 1 S2 = (ST )3 =

A modular form is a holomorphic function of  such that:τ

f(γ(τ)) = (cτ + d)k f(τ) ,

Γ(N ) = {(a b
c d) ∈ SL(2,ℤ) (a b

c d) ≡ (1 0
0 1)(mod N ) } ,

Feruglio ([1]) has shown that it is always possible to find a basis where modular 
forms of a given level N transform in unitary representations of the finite groups 


which, for N<6,  are isomorphic to the non-Abelian discrete groups

[1] F. Feruglio. "Are neutrino masses modular forms?", 1706.08749 [hep-ph]

Γ2 ≃ S3 Γ3 ≃ A4 Γ4 ≃ S4 Γ5 ≃ A5

for further details, see

the talk by M. Parriciatu
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The Model in a nutshell

Γ2 ≃ S3

The modular group  acts on the modulus  restricted to 

the upper-half complex plan through the transformation 

Γ = SL(2,ℤ)/{±1} τ
γ : τ → γ(τ)

γ(τ) =
aτ + b
cτ + d

, a, b, c, d ∈ ℤ , ad − bc = 1 ,

S : τ → −
1
τ

T : τ → τ + 1 S2 = (ST )3 =

A modular form is a holomorphic function of  such that:τ

f(γ(τ)) = (cτ + d)k f(τ) ,

Γ(N ) = {(a b
c d) ∈ SL(2,ℤ) (a b

c d) ≡ (1 0
0 1)(mod N ) } ,

Feruglio ([1]) has shown that it is always possible to find a basis where modular 
forms of a given level N transform in unitary representations of the finite groups 


which, for N<6,  are isomorphic to the non-Abelian discrete groups

[1] F. Feruglio. "Are neutrino masses modular forms?", 1706.08749 [hep-ph]

Γ2 ≃ S3 Γ3 ≃ A4 Γ4 ≃ S4 Γ5 ≃ A5

(Y1(τ)
Y2(τ))2

=

7
100

+
42
25

q +
42
25

q2 +
168
25

q3 + . . .

14 3
25

q1/2(1 + 4q + 6q2 + . . . )
,

Φ(τ, φ)

SUSY framework

φ(I) → (cτ + d)−kIρ(I)(γ)φ(I)

chiral superfields matter supermultiplets

𝒲(Φ) = ∑ (YI1...In
(τ) φ(I1) . . . φ(In))1 ,

YI1...In
(γ(τ)) = (cτ + d)kY ρ(γ)YI1...In

(τ) ,

Superpotential

Yukawa Couplings 

as modular forms

The novelty compared to classic non-Abelian discrete groups model 
building is that the invariance


 is achieved by satisfying not only the existence of a singlet contraction 

 between all the irreps involved, but also that every operator must be 

weightless

Smallest modular finite group
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Smallest modular finite group

The Model in a nutshell

𝒲H
e = αEc

1Hd(DℓY (3)
2 )1 + βEc

2Hd(DℓY2)1′￼+ γEc
3Hdℓ3 + αDEc

1Hdℓ3Y (3)
1′￼

,

𝒲ν = gHuNcDℓY (2)
2 + g′￼Hu(NcY (2)

2 )1′￼ℓ3 + g′￼′￼Hu(NcDℓ)1Y (2)
1 +

+Λ[(NcNc)2Y (2)
2 + λ(NcNc)1Y (2)

1 ]

I. Esteban, M. C. Gonzalez-Garcia, M. Maltoni, T. Schwetz, and A. Zhou, “The fate of
hints: updated global analysis of three-flavor neutrino oscillations,” KHEP 09 (2020) 178, 2007.14792 [hep-ph]
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Thermal Leptogenesis

“Baryogenesis Without Grand Unification”, Phys.Lett.B174:45,1986, by Fukugita and Yanagida. 
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“Baryogenesis Without Grand Unification”, Phys.Lett.B174:45,1986, by Fukugita and Yanagida. 

14

Thermal Leptogenesis

Sakharov Conditions

Baryon Number violation

C and CP violation

Departure from thermal eq.

In thermal equilibrium,

 the production rate of baryons

is equal to the destruction rate: 

Γ(X → Y + B) = Γ(Y + B → X)

No net effect

C and CP violation
if C or CP are conserved,  

Γ(X → Y + B) = Γ(X → Y + B)

No net effect

if baryon asymmetry is conserved,

 then no baryon number can be


dynamically generated.

Baryon Number violation

XB=0 → YB=0 + B≠0

At high temperatures, transitions violating B+L

(and preserving B-L) occur very often  


T < TEW
Γ
V

∼ Exp[−MW /(αkT )]

T > TEW
Γ
V

∼ α5(lnα−1)T4

instanton

ΔB = ΔL = 3
Departure from thermal eq.

sphaleron
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Leptogenesis from modular symmetry

Nf
B−L = ∑

i

ϵi kf
i , i = 1,2

kf
i = ki(z = ∞) = − ∫

zfin→∞

zin→0

dNi

dz′￼

Exp [∑
i

∫
z

z′￼

Wi(z′￼′￼)dz′￼′￼] dz′￼
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Nf
B−L = ∑

i

ϵi kf
i , i = 1,2

Strong dependence on


 δ2 =
M2 − M1
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Leptogenesis from modular symmetry

kf
i = ki(z = ∞) = − ∫

zfin→∞

zin→0

dNi

dz′￼

Exp [∑
i

∫
z

z′￼

Wi(z′￼′￼)dz′￼′￼] dz′￼
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Nf
B−L = ∑

i

ϵi kf
i , i = 1,2

Strong dependence on
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Leptogenesis from modular symmetry

kf
i = ki(z = ∞) = − ∫

zfin→∞

zin→0

dNi

dz′￼

Exp [∑
i

∫
z

z′￼

Wi(z′￼′￼)dz′￼′￼] dz′￼

 - dominated scenario?N1
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 - dominated scenario?N1
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 - dominated scenario?N1
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Leptogenesis from modular symmetry
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Results 

MD = gvu

−(Y2
2 − Y2

1)+
g′￼′￼

g
(Y2

1 + Y2
2) 2Y1Y2

g′￼

g
(2Y1Y2)

2Y1Y2 (Y2
2 − Y2

1)+
g′￼′￼

g
(Y2

1 + Y2
2) −

g′￼

g
(Y2

2 − Y2
1)

RL

ℳR = Λ (−(Y2
2 − Y2

1) + λ(Y2
1 + Y2

2) 2Y1Y2

2Y1Y2 (Y2
2 − Y2

1) + λ(Y2
1 + Y2

2))RR
mν = − MT

D ℳ−1
R MD

Low-energy neutrino mixing and mass splittings will be mainly dictated by 5 parameters: 
g2v2

u /Λ, Reτ, Imτ, g′￼/g, g′￼′￼/g, λ
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Results 

MD = gvu

−(Y2
2 − Y2

1)+
g′￼′￼

g
(Y2

1 + Y2
2) 2Y1Y2

g′￼

g
(2Y1Y2)

2Y1Y2 (Y2
2 − Y2

1)+
g′￼′￼

g
(Y2

1 + Y2
2) −

g′￼

g
(Y2
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1)
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ℳR = Λ (−(Y2
2 − Y2

1) + λ(Y2
1 + Y2

2) 2Y1Y2

2Y1Y2 (Y2
2 − Y2

1) + λ(Y2
1 + Y2

2))RR

Low-energy neutrino mixing and mass splittings will be mainly dictated by 5 parameters: 

mν = − MT
D ℳ−1

R MD

g2v2
u /Λ, Reτ, Imτ, g′￼/g, g′￼′￼/g, λ

g2 v2
u /(r Λ) Λ ⇑ , g ⇑ : Resonant regime Λ ⇓ , g ⇓ : Flavored regime
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Results 
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Conclusions and comments

Minimalist approach: 

despite a small number of modular parameters and fields, the model provides the charged lepton masses, the neutrino masses as 
well the other low energy observables in great agreement with the measured values, without invoking ad hoc assignments

Boltzmann Equations: 

a detailed analysis of the leptogenesis scenario is provided. The results are obtained solving numerically the full Boltzmann 
Equations, finding a realization for which the BAU is predicted inside the  of the observed value. Such a realization, with , 

preserve the naturalness of the model since it does not imply any further fine-tuning on the other parameters
3σ r = 19.9
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Smallest modular finite group

The Model in a nutshell

𝒲H
e = αEc

1Hd(DℓY (3)
2 )1 + βEc

2Hd(DℓY2)1′￼+ γEc
3Hdℓ3 + αDEc

1Hdℓ3Y (3)
1′￼

,

𝒲ν = gHuNcDℓY (2)
2 + g′￼Hu(NcY (2)

2 )1′￼ℓ3 + g′￼′￼Hu(NcDℓ)1Y (2)
1 +

+Λ[(NcNc)2Y (2)
2 + λ(NcNc)1Y (2)

1 ]

I. Esteban, M. C. Gonzalez-Garcia, M. Maltoni, T. Schwetz, and A. Zhou, “The fate of
hints: updated global analysis of three-flavor neutrino oscillations,” KHEP 09 (2020) 178, 2007.14792 [hep-ph]
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 - dominated scenario?N1

Nf
B−L = ∑

i

ϵi kf
i , i = 1,2

Strong dependence on δ2 =
M2 − M1
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Leptogenesis from modular symmetry

kf
i = ki(z = ∞) = − ∫

zfin→∞

zin→0

dNi

dz′￼

Exp [∑
i

∫
z

z′￼

Wi(z′￼′￼)dz′￼′￼] dz′￼
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