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• Increasing experimental precision 
in gravitational wave observations

‣ Need higher perturbative orders (in Newton’s constant G)

‣ Modifications due to the spin of the black holes

‣ Include effects of deformations of Einstein-Hilbert theory

• Apply powerful scattering amplitude methods

‣ From the perspective of long-wavelength radiation,  
black holes appear as point-like particles 

‣ Use language of Effective Field Theory

• Reliable predictions of the infrared theory

‣ non-analytic terms in the amplitudes, arising from long-range propagation  
of massless particles at low energy

‣ Ideal for unitarity-based techniques 

Credit: Tim Pyle (LIGO)



• Scattering waveform of two Kerr black holes 

‣ Scattering amplitude of two spinning black holes with emission of a graviton

‣ Effective field theories of gravity with cubic deformations and General Relativity 

‣ Spinning waveforms from scalar waveforms, exact in spin expressions 

Menu



• First relevant deformations are cubic in curvature 
 
 
 
             

‣ Parity odd : replace one Riemann tensor with 

‣ All parity-even/odd independent cubic couplings  (Metsaev & Tseytlin)

‣ Bosonic string theory: 

‣ Quadratic in curvature deformations do not contribute to the S-matrix 
(Tseytlin; Deser, Redlich; Accetulli Huber, Brandhuber, De Angelis, GT)

‣ Earlier results for Schwarzschild black holes (i.e. no spin):

- Newton potential and scattering angle  (Brandhuber, GT; Emond, Moynihan)

- deflection of massless particles and quadrupole moments 
(Accettulli Huber, Brandhuber, De Angelis, GT) 

Ĩ1, G̃3

Gravity as an effective field theory
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• Gravitational field from scattering two black holes

‣ Far-field limit, corresponding to large observer distance   
and fixed retarded time     

•    Spectral waveform W from classical 5-point amplitude                                                                                  

‣ b:= b1−b2 = asymptotic impact parameter, 

‣ Derived from KMOC procedure (Cristofoli, Gonzo, Kosower O’Connell) 

‣ Leading order (tree level)

r = | ⃗x |
u := t − r

b⋅p1 = b⋅p2 = 0

         Spinning waveforms 
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‣ Classical tree-level 5-point amplitude of two spinning particles and a graviton

‣ Spin encoded in the ring radius   with       

‣ Magnitude of  = radius of ring singularity,   and   

• Only poles contribute to waveform

‣ built out of classical (HEFT) Compton amplitude 
 
 
 
 

‣    with  
 

aμ = Sμ /m Sμ = 1/(2m) ϵμναβpνSαβ

aμ a(p)⋅p = 0

h∞(u) = h∞,(1)(u) + h∞,(2)(u)

           5-point amplitude
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3.2 Kinematics of the five-point scattering

The time-domain waveform (3.7) requires knowledge of the classical part of the five-
point bremsstrahlung amplitude, that is the amplitude of two spinning particles with
one emitted graviton. The kinematics of the process is shown below:
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It is also convenient to introduce four-velocities v1 and v2 as

p1 := m1v1 , p2 := m2v2 , (3.12)

so that v2
1
= v2

2
= 1. The two black holes have ring radii a1 and a2, where for a

single black hole we recall that the ring radius aµ is related to the spin vector as
aµ := Sµ/m [5–9], where

Sµ =
1

2m
✏µ⌫↵�p⌫S↵� , (3.13)

with Sµ⌫ being the spin tensor. The ring radius satisfies the covariant spin supple-
mentary condition p·a(p) = 0. Finally, we also define the Lorentz factor

� := v1·v2 � 1 . (3.14)

Note that � = 1p
1�~̇x2

, with ~̇x being the relative velocity of one of the two black holes
in the rest frame of the other. For instance, in the rest frame of particle 1 we can
write vµ

1
= (1, 0, 0, 0) and vµ

2
= �(1, ~̇x).

3.3 Waveform integrands

An important simplification in the calculation of the waveforms consists in the fact
that only the residues on the physical factorisation channels are needed in order to
obtain the waveform. These can be computed from the two factorisation diagrams
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• Leading-order GR computation:                          

‣ non-spinning (Jakobsen, Mogull, Plefka, Steinhoff)

‣ spinning (De Angelis, Gonzo, Novichkov;  
Brandhuber, Brown, Chen, Gowdy, GT;  Aude, Haddad, Heissenberg, Helset)

‣ Key ingredient: Compton amplitude, GR state of the art is  

• Waveforms with cubic deformations nicely compact 

‣ Compton amplitude known to all orders in spin. To lowest order in the  
cubic deformations:  
 
 
 

T

Thereareseveralinterestingdirectionstoexaminefurther.Anaturalnextstep
istolookathowthesecubicdeformationsaffectthewaveformwhenspinisincluded.
Inparticular,theparity-oddtermsareofinterestduetotheirpeculiareffectsonthe
dynamicsofthespinningobjects.Asmentionedintheintroduction,inthescalarcase
theparity-eveninteractionG3cancanbereinterpretedasatidaldeformationaftera
fieldredefinition,ashintedatbythelackofapolein(2.23).Itwouldbeinterestingto
seeifthisstatementcanbeextendedtothespinningcaseforbothG3anditsparity-
oddversionG̃3,withthelatternotcontributingtothefour-pointscalaramplitude
atoneloop.Anotheravenueislookingathowotherhigher-derivativecorrections,
suchasR4interactions,behaveinthepresenceofspin.Wewillcomebacktothese
questionsinthenearfuture.
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Glue the stress tensor T 
       of a Kerr black…

…to a cubic vertex
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• Stress-energy tensor for a Kerr black hole: (Vines; Guevara, Ochirov, Vines) 
 

• Cubic vertices:  
 

• Results:  
 
 
 

   “Cubic” Compton amplitudes 
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• Different strategies to compute waveform integral 
 

‣ direct integration (Jakobsen, Mogull, Plefka, Steinhoff)

‣ residues (De Angelis, Gonzo, Novichkov; Brandhuber, Brown, Chen, Gowdy, GT)

• All orders in spin:

‣ Instead of expanding in spin, use 

‣ Spinning waveform in terms of scalar waveform with shifted impact parameter

• Result in cubic theories (diagram 1): 
 

‣ Only two “sectors”. GR result has similar structure (but more sectors)
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• G3 waveform: (Brandhuber, Brown, Chen, GT,  Vives Matasan, to appear) 
 
 

‣ with  
 
 
 
 
 
 
 

‣ For the emission of a graviton with positive helicity 

‣ Complete waveform

‣ Similar result for the I1 deformation

• Parity-odd waveforms:  
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i

<latexit sha1_base64="rJnzTGG6zcxVhwuLfuvDGE+omXM="></latexit>

C(1) = � 3

8⇡|b̃(1)|5


2[k̂|v1v2(1)|k̂]2

+
5

|b̃(1)|2

✓
v22(1)[k̂|v1b̃(1)|k̂]2 + 4[k̂|v1v2(1)|k̂][k̂|v1b̃(1)|k̂](b̃(1) ·v2(1)) + 7

(b̃(1) ·v2)2

|b̃(1)|2
[k̂|v1b̃(1)|k̂]2

◆�

<latexit sha1_base64="V7S7FQCWfjhJgdOmkLCuQM67va8="></latexit>

h1,P.O.
+

= �h1,P.E.
⇥ , h1,P.O.

⇥ = h1,P.E.
+

<latexit sha1_base64="R73ocqb32FwB9suEwhJ5uazyq7Y="></latexit>

b̃(1) = Pµ⌫
1 b̃⌫ = (⌘µ⌫ � vµ1 v

⌫
1 )b̃⌫✼

✼

✼

<latexit sha1_base64="WqTTIb4rjgHB6GfdYAmyK2mA05Y="></latexit>

b̃ := b̃1 � b̃2 , b̃i := bi + uivi , ui :=
u� k̂ ·bi
k̂ ·vi

<latexit sha1_base64="+TxRaCL03/CQcwtJsWFOBBd9teE=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBEqlJIUie1CKLpxWcE+oAllMp20QycPZiZiCVm58VfcuFDErd/gzr9xklZQ0QMXzpxzL3PvcSNGhTSMD21hcWl5ZbWwVlzf2Nza1nd2OyKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrTi4yv3tDuKBhcC2nEXF8NAqoRzGSShroB/YYyWSSwjNYNiswf9muB5PbND2uDPSSUTUULAtmxKwbpiKNRr1Wa0AztwyjBOZoDfR3exji2CeBxAwJ0TeNSDoJ4pJiRtKiHQsSITxBI9JXNEA+EU6Sn5HCI6UMoRdyVYGEufp9IkG+EFPfVZ0+kmPx28vEv7x+LL26k9AgiiUJ8OwjL2ZQhjDLBA4pJ1iyqSIIc6p2hXiMOMJSJVdUIXxdCv8nnVrVtKrW1UmpeT6PowD2wSEoAxOcgia4BC3QBhjcgQfwBJ61e+1Re9FeZ60L2nxmD/yA9vYJVHKXzQ==</latexit>

k̂ = (1, x̂),
<latexit sha1_base64="Q2orthQ2twlPGyO8ViQJStid7Rg=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KCUJEttFoejGZQX7gDaEyWTSDp08nJkUSii48VfcuFDErT/hzr9x0lZQ0QP3cjjnXmbu8RJGhTSMD21peWV1bb2wUdzc2t7Z1ff22yJOOSYtHLOYdz0kCKMRaUkqGekmnKDQY6TjjS5zvzMmXNA4upGThDghGkQ0oBhJJbn6YeJSWIeh6mOXlmH/NkU+pHWzbLl6yagYCrYNc2JWDVORWq1qWTVozizDKIEFmq7+3vdjnIYkkpghIXqmkUgnQ1xSzMi02E8FSRAeoQHpKRqhkAgnm90whSdK8WEQc1WRhDP1+0aGQiEmoacmQySH4reXi395vVQGVSejUZJKEuH5Q0HKoIxhHgj0KSdYsokiCHOq/grxEHGEpYqtqEL4uhT+T9pWxbQr9vVZqXGxiKMAjsAxOAUmOAcNcAWaoAUwuAMP4Ak8a/fao/aivc5Hl7TFzgH4Ae3tExF9lec=</latexit>

pi = mivi, i = 1, 2

<latexit sha1_base64="RLEm3sEDA4gqgPe6neHX22j9JbU="></latexit>

h1(u) = h1,(1)(u) + h1,(1)(u)
���
1$2



Out[ ]=
-3 -2 -1 1 2 3

-15

-10

-5

5

10

Real part

Imaginary part

u

Out[ ]=

-10 -5 5 10

-1.0

-0.5

0.5

1.0

Real part

Imaginary part
G3 deformation 
spinning, equal masses

Out[ ]=

-10 -5 5 10

-0.5

0.5

1.0

1.5

Real part

Imaginary partu

u

G3 deformation 
no spin, equal masses

<latexit sha1_base64="TBAb8OKNbbug4gDaTFhVidtsH6c=">AAAB/3icdVDLSsNAFJ3UV62vqODGzdQiuKpJqLVdCEU3LivYBzQhTKbTdugkE2YmhRK78FfcuFDErb/hzr9x+hBU9MCFwzn3cu89QcyoVJb1YWSWlldW17LruY3Nre0dc3evKXkiMGlgzrhoB0gSRiPSUFQx0o4FQWHASCsYXk391ogISXl0q8Yx8ULUj2iPYqS05JsHI9928y7ucuXm4ch34AU8Oy35ZsEqWhrlMpwSu2LZmlSrFcepQntmWVYBLFD3zXe3y3ESkkhhhqTs2FasvBQJRTEjk5ybSBIjPER90tE0QiGRXjq7fwKPtdKFPS50RQrO1O8TKQqlHIeB7gyRGsjf3lT8y+skqlfxUhrFiSIRni/qJQwqDqdhwC4VBCs21gRhQfWtEA+QQFjpyHI6hK9P4f+k6RTtcrF8UyrULhdxZMEhOAInwAbnoAauQR00AAZ34AE8gWfj3ng0XozXeWvGWMzsgx8w3j4B0r+UEQ==</latexit>

v1 ·v2 = 5/4

G3 deformation 
no spin, equal masses

<latexit sha1_base64="Zg/pxvrSyawP1/P7Zejkj5LOH2w=">AAACAXicdVDLSsNAFJ3UV62vqBvBzdQiuKpJqLVdCEU3LivYBzQhTKbTdugkE2YmhVLqxl9x40IRt/6FO//GSVtBRQ9cOJxzL/feE8SMSmVZH0ZmaXlldS27ntvY3NreMXf3mpInApMG5oyLdoAkYTQiDUUVI+1YEBQGjLSC4VXqt0ZESMqjWzWOiReifkR7FCOlJd88GPm2m3dxlys3D0e+Ay+gc3bqlHyzYBUtjXIZpsSuWLYm1WrFcarQnlmWVQAL1H3z3e1ynIQkUpghKTu2FStvgoSimJFpzk0kiREeoj7paBqhkEhvMvtgCo+10oU9LnRFCs7U7xMTFEo5DgPdGSI1kL+9VPzL6ySqV/EmNIoTRSI8X9RLGFQcpnHALhUEKzbWBGFB9a0QD5BAWOnQcjqEr0/h/6TpFO1ysXxTKtQuF3FkwSE4AifABuegBq5BHTQABnfgATyBZ+PeeDRejNd5a8ZYzOyDHzDePgHBbJSJ</latexit>

v1 ·v2 = 25/24

Sample waveforms <latexit sha1_base64="QqDOlJsdhmR7PuHlJ1hNPGxSFBk=">AAAB9XicdVDLSgMxFM34rPVVdekmWAQXUpJBxnZRKLpxWcE+oB2HTJppQzMPkoxShv6HGxeKuPVf3Pk3ZtoKKnrgwuGce7n3Hj8RXGmEPqyl5ZXVtfXCRnFza3tnt7S331ZxKilr0VjEsusTxQSPWEtzLVg3kYyEvmAdf3yZ+507JhWPoxs9SZgbkmHEA06JNtKt7+E6Pu1D6Ht2HXmlMqogA8eBOcFVhA2p1aq2XYN4ZiFUBgs0vdJ7fxDTNGSRpoIo1cMo0W5GpOZUsGmxnyqWEDomQ9YzNCIhU242u3oKj40ygEEsTUUaztTvExkJlZqEvukMiR6p314u/uX1Uh1U3YxHSapZROeLglRAHcM8AjjgklEtJoYQKrm5FdIRkYRqE1TRhPD1KfyftO0KdirO9Vm5cbGIowAOwRE4ARicgwa4Ak3QAhRI8ACewLN1bz1aL9brvHXJWswcgB+w3j4B3heQ1g==</latexit>

b1 = 1, b2 = 0

Note absence of memory



• Efficient computation of spinning waveforms 

‣ Exact-in-spin expressions

‣ Leading (tree-level) order so far 

• Treat equally Einstein-Hilbert and deformed theories   

‣ Parity-even and -odd

‣ Recent interest in parity violation (CMB, large-scale structure of galaxies)

‣ “Agnostic” Effective Field Theory approach   

               Conclusions



                Extra slides



• Compute variation   

‣  is an observable, and  describes the initial state of the two black holes

‣ Connection to amplitudes via 

• Momentum kick and spin kick from 4-point amplitudes: 
 
 
 

‣                                                        with  

‣ Observables written as Fourier transforms to impact parameter space  
 

𝕆 |ψ⟩in

|ψ⟩out = S |ψ⟩in

q = p1 − p′ 1

     (Other) observables from KMOC  

⟨Δ𝕆⟩ψ = out⟨ψ |𝕆 |ψ⟩out − in⟨ψ |𝕆 |ψ⟩in = in⟨ψ |S†𝕆S |ψ⟩in − in⟨ψ |𝕆 |ψ⟩in

dμ(D) :=
dDq

(2π)D−2
δ(2p1⋅q)δ(2p2⋅q)
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(Brandhuber, Brown, Pichini, GT,  Vives Matasan)



• Impulse (momentum kick) to all orders in spin:   
 
 
 
 
 
 
 

‣   are formed out of the impact parameters and spin  
(not particularly illuminating)

‣ Results are rather compact!                              

‣ Leading corrections appear at one loop  
 
 
 

bμ
σ1σ2

, cμ
σ1σ2

     Results with cubic deformation
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<latexit sha1_base64="3bAKGiYfbAoK8uwdKVam/+QodAk="></latexit>

Bµ
1 = �45i

8⇡

X

�1=±1

X

�2=±1

bµ�1�2

|b�1�2 |7
,

B̃µ
1 = �45i

8⇡

X

�1=±1

X

�2=±1

(��1) bµ�1�2

|b�1�2 |7
,

Bµ
2 =

3i

8⇡

X

�1=±1

X

�2=±1

�2cµ�1�2

|b�1�2 |7
,

B̃µ
2 =

3i

8⇡

X

�1=±1

X

�2=±1

(��1)�2cµ�1�2

|b�1�2 |7

It is often convenient to introduce the barred variables [9, 147]

p1 = p̄1 �
q

2
, p01 = p̄1 +

q

2
,

p2 = p̄2 +
q

2
, p02 = p̄2 �

q

2
,

(3.4)

which satisfy

p̄1·q = p̄2·q = 0 , (3.5)

and p̄2i = m̄2
i , with

m̄i =

r
m2

i �
q2

4
= mi �

q2

4mi
+O(m�2

i ) . (3.6)

We also introduce four-velocities u1 and u2 as

p1 := m1u1 , p2 := m2u2 , (3.7)

with u2
1 = u2

2 = 1, as well as the Lorentz factor

� := u1·u2 :=
1

p
1� v2

, (3.8)

where v is the velocity of one particle in the rest frame of the other. In the rest frame
of particle p1 the four-velocities have the form uµ

1 = (1, 0, 0, 0) and uµ
2 = (�, 0, 0, v �).

3.2 Introducing the triple cut

To begin, we note that the tree-level three-point amplitudes with two spinning par-
ticles and one graviton remains unchanged, hence the first R3 corrections can only
enter the four-point spinning amplitude at one loop through the R3 Compton ampli-
tudes. The relevant one-loop triple cut (leading singularity) is then shown in Figure 1;
there is an additional diagram where the two types of particle are swapped. The top
amplitude is one of the Compton amplitudes induced by the cubic interactions, as
derived in Section 2.

p1 p01 = p1 + q

p2 p02 = p2 � q

`1 `2

L = p1 + `1

MI

M3 M3

Figure 1: The leading singularity triangle diagram M
4, where the bottom (top)

particles have mass m1 (m2). MI represents the Compton amplitude in the presence
of a deformation I with I 2 (I1, I2, G3).
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• Spin kick of particle 1, expanded to first order in the spins:    
 
 
 
 
 
 
 

‣   and 

‣  projects on the plane orthogonal to the two velocities                                
 
 
 
 
 

bμ
⊥ = Πμνbν aμ

1⊥ = Πμνa1ν

Πμν
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