
Fermionic Geometry for  
Effective Field Theory

Chia-Hsien Shen (沈家賢) 
National Taiwan University

Based on 2307.03187 (JHEP) & work in progress 
w/ Benoit Assi, Andreas Helset, Aneesh Manohar, Julie Pagès 



Important to flesh out all structures as EFT gets complicated
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L = LSM +
X
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dim 6 dim 7 dim 8dim 5
2 84 30 993# of interactions

Order dim 4
Standard Model

the Standard Model EFT:

→ Use field-redefinition invariance



What can we learn from field-redefinition invariance?

• Lesson from QCD: 

• Why off-shell? All one-loop running of operators are given by simple masters

All these terms are related by (background field) gauge invariance



Geometry in the Scalar Sector [Meetz, Honerkamp, …]
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target space metric 
(resuming an infinite towers of operators)

Diffeo-invariant quantities field-basis invariant quantities 

The field redefinition w/o derivatives is identical to diffeomorphism

curvatures, covariant derivatives, … amplitudes, RG equations, …



Applications of Geometry
• Manifest basis-invariance in amplitudes, can be applied to 

soft theorems, double copy, identifying hidden symmetries, etc.


• Loop-level application: simplifying RG
[Alonso, Manohar, Jenkins; Cohen, Craig, Lu, Sutherland; Cheung, Helset, Parra-Martinez; Helset, …]
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background quantum fluctuation

many seemingly unrelated terms



Applications of Geometry

• Loop-level application: simplifying RG
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Applications of Geometry

• Loop-level application: simplifying RG
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Fermionic Sector
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kinetic term spin connection Yukawa Dipole

ψ2H3 + h.c.

QeH
6
Q!eH3 (H†H)(!̄perH)

QuH
6
QquH3 (H†H)(q̄purH̃)

QdH
6
QqdH3 (H†H)(q̄pdrH)

ψ2XH + h.c.

QeW
6
Q!eWH (!̄pσµντaerH)W a
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QeB
6
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QquGH (q̄pσµνTA urH̃)GA

µν

QuW
6
QquWH (q̄pσµντaurH̃)W a
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QuB
6
QquBH (q̄pσµνurH̃)Bµν

QdG
6
QqdGH (q̄pσµνTA drH)GA
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QdW
6
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QdB
6
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D
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6
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6
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Q(3)
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6
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D
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µH)

QHu
6
Qu2H2D (ūpγµur) (H†i

↔
DµH)

QHd
6
Qd2H2D (d̄pγµdr) (H†i

↔
DµH)

QHud
6
QudH2D (ūpγµdr) (H̃†iDµH) + h.c.

Table 2: Fermionic dimension-six operators in the SMEFT (not including four-fermion
operators). The first column is the notation of ref. [47], and the second column is the
notation used in this paper.

B.1 Definitions

Here we list some combinations of couplings that enter in the RGE results below.
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Dim-6 Examples

trivial in Warsaw basis

Sufficient for all dim-6 fermonic operators* and most of dim 8.

[Assi, Helset, Manohar, CHS, Pages]
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Geometry in the Fermionic Sector
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scalars and fermions mix

Γ̄p
Is =Γ̄p

sI = kpr̄
(
1

2
kr̄s,I + ωr̄sI

)
,

Γ̄p̄
Is̄ =Γ̄p̄

s̄I =

(
1

2
ks̄r,I − ωs̄rI

)
krp̄ , (2.15)

and all other components are zero when evaluated at the VEV. The field-space covariant
derivative ∇̄a uses these connections. These connections coincide with the connections in
ref. [22], although the routes to obtain them differ. As anticipated from the discussion
about field redefinitions, both kp̄r and ωp̄rI make their appearances in the connections for
the field-space geometry.

The Riemann curvature is

R̄p̄rIJ = ωp̄rJ,I −
(
1

2
kp̄s,I − ωp̄sI

)
kst̄
(
1

2
kt̄r,J + ωt̄rJ

)
− (I ↔ J) , (2.16)

again evaluated at the VEV. As expected, the Riemann curvature satisfies all the usual
symmetry and Bianchi identities appropriate for a curvature on a supermanifold [41]. For
instance, the curvature with scalar indices R̄IJKL is antisymmetric in IJ and antisymmetric
in KL. The mixed curvature R̄p̄rIJ in eq. (2.16) is antisymmetric in IJ , but it is symmetric
in p̄r, because p̄ and r are fermionic indices and there is an additional minus sign from their
exchange.

3 Scattering amplitudes

The geometric quantities defined above enter in scattering amplitudes. For simplicity, we
turn off the couplings to the gauge fields along with the scalar potential V (φ) and the
fermion mass matrix M(φ) in the Lagrangian in eq. (2.1). We are then only left with the
operators in the combined scalar-fermion field-space connections in eq. (2.15). Similar to
the scalar case, a vielbein derived from the fermion metric appears in the interpolation
between the fermion field and the scattering state [9]. The vielbein is the factor for each
external leg that appears in the LSZ reduction formula for the S-matrix. The indices of the
geometric objects in the scattering amplitudes are all contracted with these vielbeins, since
the scattering amplitude is defined for external states, and not external fields. For ease of
notation, we use the same indices for the quantities in the scattering amplitudes and in the
Lagrangian. For the 4-point and 5-point amplitudes below, all momenta are taken to be
incoming.

The ψpφI → ψr̄φJ scattering amplitude is

ApIr̄J = (ūr̄/pIup)R̄r̄pJI , (3.1)

and the ψpφI → ψr̄φJφK scattering amplitude is

ApIr̄JK = (ūr̄/pJup)∇̄KR̄r̄pIJ + (ūr̄/pKup)∇̄J R̄r̄pIK , (3.2)

where the curvature R̄ is defined in eq. (2.16) and

∇̄KR̄r̄pIJ = R̄r̄pIJ,K − Γ̄s̄
r̄KR̄s̄pIJ − Γ̄s

pKR̄r̄sIJ − Γ̄L
IKR̄r̄pLJ − Γ̄L

JKR̄r̄pIL . (3.3)
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nontrivial combinations



RG with Fermionic Loopsterms are present, as in the LEFT [35, 36], one can use the more general form for the matrices
presented in appendix D. Previous calculations [42] did not include dipole couplings, which
are present in a general EFT, and are needed for both the SMEFT and the LEFT.

The infinite bosonic part of the one-loop functional integral in 4− 2ε dimensions is2

∆S =
1

32π2ε

∫
d4x

{
1

3
Tr [YµνYµν ] + Tr

[
(DµM)(DµM)− (MM)2

]

− 16

3
Tr[(DµT µα)(DνT να)− (T µνT αβ)2]

− 4iTr[Yµν(MT µν + T µνM)]− 8Tr(MT µν)2
}
,

(4.4)
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]
, (4.6)

(MM)pr =kpt̄Mt̄qk
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The connections and curvature are defined in eqs. (2.15) and (2.16), while the covariant
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Irt
I
A. The final expression involves the

field-strength tensor computed from the commutator of two fermion covariant derivatives,
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Yµν has the same formula as for the scalar case [11] and the scalar-gauge case [27], with the
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5 Standard Model Effective Field Theory
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(5.1)

where we have grouped all gauge fields from the gauge group SU(3)c ⊗ SU(2)L ⊗ U(1)Y
into the multiplet

AB
µ =




GB

µ

W b
µ

Bµ



 , FB
µν = ∂µA

B
ν − ∂νA

B
µ − fB

CDA
C
µA

D
ν . (5.2)

2The counterterm Lagrangian is the negative of this expression.
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same geometric structure

[Assi, Helset, Manohar, CHS, Pages]



Simple structures in RG from Geometry

• New RG equations for dim-8 operators in the SMEFT

For the terms involving the Yukawa couplings, we define

κ7 =Tr
[
Ye

6
C!eH3 +NcYu

6
CquH3 +NcYd

6
CqdH3 + h.c.

]
, (B.10)

κ(8)7 =Tr
[
Ye

8
C!eH5 +NcYu

8
CquH5 +NcYd

8
CqdH5 + h.c.

]
, (B.11)

κ8 =Tr
[
6
C!eH3

6
C†
!eH3 +Nc

6
CquH3

6
C†
quH3 +Nc

6
CqdH3

6
C†
qdH3

]
, (B.12)

κ9 =Tr
[
−YeY

†
e
6
Ce2H2D + Y †

e Ye
6
C(1)
!2H2D −NcYdY

†
d
6
Cd2H2D +NcY

†
d Yd

6
C(1)
q2H2D

+NcYuY
†
u
6
Cu2H2D −NcY

†
uYu

6
C(1)
q2H2D

]
, (B.13)

κ(8)9 =Tr
[
−YeY

†
e
8
Ce2H4D + Y †

e Ye
8
C(1)
!2H4D −NcYdY

†
d
8
Cd2H4D +NcY

†
d Yd

8
C(1)
q2H4D

+NcYuY
†
u
8
Cu2H4D −NcY

†
uYu

8
C(1)
q2H4D

]
, (B.14)

κ10 =Tr
[
Y †
e Ye

6
C(3)
!2H2D +Nc

(
Y †
d Yd + Y †

uYu
)

6
C(3)
q2H2D

]
, (B.15)

κ(8)10 =Tr
[
Y †
e Ye

8
C(3)
!2H4D +Nc

(
Y †
d Yd + Y †

uYu
)

8
C(3)
q2H4D

]
, (B.16)

κ11 =Tr
[
−NcYdY

†
u
6
CudH2D −NcYuY

†
d
6
C†
udH2D

]
, (B.17)

κ(8)11 =Tr
[
−NcYdY

†
u
8
CudH4D −NcYuY

†
d
8
C†
udH4D

]
, (B.18)

κ12 =Tr
[
Y †
e Ye

8
C(2)
!2H4D +Nc

(
Y †
d Yd + Y †

uYu
)

8
C(2)
q2H4D

]
, (B.19)

κ13 =Tr
[
2Ye

6
C(1)
!2H2DY

†
e
6
Ce2H2D − YeY

†
e
6
Ce2H2D

6
Ce2H2D − Y †

e Ye
6
C(1)
!2H2D

6
C(1)
!2H2D

+2NcYd
6
C(1)
q2H2DY

†
d
6
Cd2H2D −NcYdY

†
d
6
Cd2H2D

6
Cd2H2D −NcY

†
d Yd

6
C(1)
q2H2D

6
C(1)
q2H2D

+2NcYu
6
C(1)
q2H2DY

†
u
6
Cu2H2D −NcYuY

†
u
6
Cu2H2D

6
Cu2H2D −NcY

†
uYu

6
C(1)
q2H2D

6
C(1)
q2H2D

]
,

(B.20)

κ14 =Tr
[
2Ye

6
C(3)
!2H2DY

†
e
6
Ce2H2D − Y †

e Ye
(
6
C(1)
!2H2D

6
C(3)
!2H2D +

6
C(3)
!2H2D

6
C(1)
!2H2D

)

+2NcYd
6
C(3)
q2H2DY

†
d
6
Cd2H2D −NcY

†
d Yd

(
6
C(1)
q2H2D

6
C(3)
q2H2D +

6
C(3)
q2H2D

6
C(1)
q2H2D

)

−2NcYu
6
C(3)
q2H2DY

†
u
6
Cu2H2D +NcY

†
uYu

(
6
C(1)
q2H2D

6
C(3)
q2H2D +

6
C(3)
q2H2D

6
C(1)
q2H2D

)]
,

(B.21)

κ15 =Tr
[
−Y †

e Ye
6
C(3)
!2H2D

6
C(3)
!2H2D −NcY

†
d Yd

6
C(3)
q2H2D

6
C(3)
q2H2D −NcY

†
uYu

6
C(3)
q2H2D

6
C(3)
q2H2D

]
,

(B.22)

κ16 =Tr
[
−
(
Ye

6
C!eH3 +

6
C†
!eH3Y

†
e

)
6
Ce2H2D +

(
Y †
e
6
C†
!eH3 +

6
C!eH3Ye

)
6
C(1)
!2H2D

−Nc

(
Yd

6
CqdH3 +

6
C†
qdH3Y

†
d

)
6
Cd2H2D +Nc

(
Y †
d
6
C†
qdH3 +

6
CqdH3Yd

)
6
C(1)
q2H2D

+Nc

(
Yu

6
CquH3 +

6
C†
quH3Y

†
u

)
6
Cu2H2D −Nc

(
Y †
u
6
C†
quH3 +

6
CquH3Yu

)
6
C(1)
q2H2D

]
,

(B.23)

κ17 =Tr
[(

Y †
e
6
C†
!eH3 +

6
C!eH3Ye

)
6
C(3)
!2H2D
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For the terms involving the Yukawa couplings, we define
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6
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6
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6
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†
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6
Cu2H2D +NcY

†
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6
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6
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q2H2D +

6
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q2H2D

6
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κ15 =Tr
[
−Y †
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†
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C†
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6
C!eH3Ye
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κ17 =Tr
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Y †
e
6
C†
!eH3 +

6
C!eH3Ye

)
6
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!2H2D
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ψ2H3 + h.c.

QeH
6
Q!eH3 (H†H)(!̄perH)

QuH
6
QquH3 (H†H)(q̄purH̃)

QdH
6
QqdH3 (H†H)(q̄pdrH)

ψ2XH + h.c.

QeW
6
Q!eWH (!̄pσµντaerH)W a

µν

QeB
6
Q!eBH (!̄pσµνerH)Bµν

QuG
6
QquGH (q̄pσµνTA urH̃)GA

µν

QuW
6
QquWH (q̄pσµντaurH̃)W a

µν

QuB
6
QquBH (q̄pσµνurH̃)Bµν

QdG
6
QqdGH (q̄pσµνTA drH)GA

µν

QdW
6
QqdWH (q̄pσµντadrH)W a

µν

QdB
6
QqdBH (q̄pσµνdrH)Bµν

ψ2H2D

Q(1)
H!

6
Q(1)
!2H2D (!̄pγµ!r) (H†i

↔
DµH)

Q(3)
H!

6
Q(3)
!2H2D (!̄pγµτa!r) (H†i

↔
D

a

µH)

QHe
6
Qe2H2D (ēpγµer) (H†i

↔
DµH)

Q(1)
Hq

6
Q(1)

q2H2D (q̄pγµqr) (H†i
↔
DµH)

Q(3)
Hq

6
Q(3)

q2H2D (q̄pγµτaqr) (H†i
↔
D

a

µH)

QHu
6
Qu2H2D (ūpγµur) (H†i

↔
DµH)

QHd
6
Qd2H2D (d̄pγµdr) (H†i

↔
DµH)

QHud
6
QudH2D (ūpγµdr) (H̃†iDµH) + h.c.

Table 2: Fermionic dimension-six operators in the SMEFT (not including four-fermion
operators). The first column is the notation of ref. [47], and the second column is the
notation used in this paper.

B.1 Definitions

Here we list some combinations of couplings that enter in the RGE results below.

γ(Y )
H =Tr

[
Y †
e Ye +NcY

†
uYu +NcY

†
d Yd

]
. (B.1)

For the terms linear in 6
Cψ2H2D or 8

Cψ2H4D, we define

κ1 =

[
ye

6
Ce2H2D

tt

+ 2y!
6
C(1)
!2H2D

tt

+Ncyu
6
Cu2H2D

tt

+Ncyd
6
Cd2H2D

tt

+ 2Ncyq
6
C(1)
q2H2D

tt

]
,

(B.2)

κ(8)1 =

[
ye

8
Ce2H4D

tt

+ 2y!
8
C(1)
!2H4D

tt

+Ncyu
8
Cu2H4D

tt

+Ncyd
8
Cd2H4D

tt

+ 2Ncyq
8
C(1)
q2H4D

tt

]
,

(B.3)

κ2 =

[
6
C(3)
!2H2D

tt

+Nc
6
C(3)
q2H2D

tt

]
, (B.4)

κ(8)2 =

[
8
C(3)
!2H4D

tt

+Nc
8
C(3)
q2H4D

tt

]
, (B.5)

– 14 –

6
Ċ

H4⇤ =
2

3
g211 + 2g222 � 29 � 610 � 211, (0.12)

6
Ċ

H4D2 =
8

3
g211 � 89 + 411 . (0.13)

2

Geometry combines terms together

[Agree w/ Chala et al.; Das Bakshi et al.; Accettulli et al. in overlap regions]



Summary & Outlook

• Geometry structures in EFT emerge from field-redefinition invariance


• Organize physical quantities (amplitudes/RGE/…) into simple building blocks


• We extend this to the fermionic sector and obtain new RG equations


• Extension to mixed type of loops [work in progress w/ Assi, Helset, Pages]


• Understand the relation to SUSY? New seeds for double copy?


• Still off-shell so far. Merging with on-shell calculation?
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