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The SMEFT and Operator Basis



The Standard Model Effective Field Theory
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Matter-antimatter Asymmetry of 
the Universe

p Ultraviolet-complete Models

Dark MatterNeutrino Masses
Lepton Flavor Mixing

NEW�PHYSICS�

p Effective Field Theories
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B. Henning, Xiaochuan Lu, H. Murayama, 2016

Ø Indirectly and model-independently investigate the low-energy consequences of NP  

Ø Simply improve the quality of the convergence of perturbation theory with multiple 
physical scales via matching and RG running

The Standard Model Effective Field Theory

Ø Reduce repeated calculations for different UV models: running and mapping only 
need to be done once in the SMEFT, though matching differs for UV models.

The energy scale of new physics (NP) is much larger than the electroweak (EW) scale 

W. Buchmuller, D. Wyler, 1986;  B. Grzadkowski et al, 2010

Latest review: G. Isidori, F. Wilsch, D. Wyler, 2023 

p consist of the SM fields

p satisfy the SM gauge symmetries 
and the Lorentz invariance 

The SMEFT operators: 

p capture all indirect consequences 
of NP
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L. Lehman, 2014Original "Basis" for dim-7 operators:
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The Physical Basis for Dim-7 Operators
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The story continues…

L. Lehman, 2014

Y. Liao, X. D. Ma, 2016

Original "Basis" for the SMEFT dim-7 operators:

Modified "Basis" : remove two redundant operators

Non-trivial 
flavor relations



The Physical Basis for Dim-7 Operators
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Y. Liao, X. D. Ma, 2019Non-trivial flavor relations: appear first at dimension seven

Not all degrees of 

freedom in operators 

are independent

Operators with covariant 

derivative and repeated 

fermion fields 

Induced by the EoMs
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A physical basis gets rid of all redundant degrees of freedom: Y. Liao, X. D. Ma, 2019
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A physical basis gets rid of all redundant degrees of freedom:

n Constraints on the flavor indices of operators

n Inconvenient for one-loop matching, derivation of RGEs, phenomenological studies, etc. 

Question: A more convenient physical basis for dim-7 operators?

Y. Liao, X. D. Ma, 2019



The Physical Basis for Dim-7 Operators
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p No constraints on the flavor 

indices

p Each flavor index can run over 

all flavors 

p Automatically get rid of 

redundant degrees of 

freedom in operators

A more convenient physical basis:
DZ, 2023a

Operators with repeated fermions 
decomposed as SU(n) tensor

n is the number of flavors



The Green's Basis for Dim-7 Operators

7

DZ, 2023a (X. X. Li , Z. Ren , J. H. Yu, 2023)

n The so-called Green's basis is directly related to 1PI Green's functions, and usually 

needed for off-shell scheme M. Jiang et al, 2019; V. Gherardi, D. Marzocca, E. Venturini, 2020 

The Green's basis for dim-7 operators:

n This basis is converted to the physical one via EoMs or field redefinitions  



Reduction Relations Between Two Bases
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n Terms in blue come from dim-6 
operators in the Green's basis

n Terms in red come from dim-7 
operators in the Green's basis

Apply EoMs to operators in the Green's basis:

Reduction relations:

…
Induced by non-trivial flavor relation

DZ, 2023a



Reduction Relations Between Two Bases
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Apply EoMs to operators in the Green's basis:

Reduction relations:

…

DZ, 2023a

üThe physical basis for dim-7 

operators

üThe Green's basis for dim-7 

operators

üThe reduction relations between 

two bases



The RGEs of the LNV SMEFT Operators



Status of RGEs in the SMEFT
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Status of RGEs in the SMEFT

9

[42] Y. Liao, X. D. Ma, 2016

[58] Y. Liao, X. D. Ma, 2019

The non-trivial flavor relations are not considered

No final results in a physical basis, only counterterms in the flavor-blind basis

p Working out the complete results in a more convenient physical basis

p As a crosscheck (Indeed, typos/mistakes in [8] and [58] are found and later confirmed by the authors) 

S. Das Bakshi, A. Diaz-Carmona, 2023

[8] M. Chala, A. Titov, 2021 Only one dim-7 operator, namely          , is considered and 𝒀𝒅,𝒍 are ignored



RGEs of LNV Operators up to Dimension Seven
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General structures of RGEs up to 𝓞(𝜦!𝟑) :

Procedure for calculations:

n FeynCalc can not properly deal with four-fermion vertices, thus diagrams involving four-fermion 

vertices are calculated by hand

n A large amount of diagrams and also lots of calculations; FeynRules/Arts/Calc and Package-X

n Crosscheck can be done by modifying the package Matchmakereft

Counterterms
in the Green's 

basis

Counterterms
in the physical 

basis

Dimension regularization
MS scheme

Reduction 
relations

RGEs

Callan-Symanzik
equation 

BFM
𝑹𝝃 gauge

Off-shell scheme
FeynRules
FeynArts

FeynCalc
Package-X

1PI diagrams

(dim-5, 6, 7)

A. Carmona, et al., 2021 
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Examples for the final results (                                                                    ): DZ, 2023a;2023b



RGEs of LNV Operators up to Dimension Seven
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Examples for the final results (                                                                    ): DZ, 2023a;2023b

Used for a complete and consistent one-loop analysis of the SMEFT up to dimension seven



Applications
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Non-renormalization Theorem 

𝜸𝒊𝒋 = 𝟎 if 𝝎𝒊 < 𝝎𝒋 or &𝝎𝒊 < &𝝎𝒋

n Every operator 𝓞 has the so-called holomorphic weight 𝝎 and antiholomophic weight &𝝎

n For the same mass dimensional operators 𝓞𝒊 and 𝓞𝒋, contributions from 𝓞𝒋 to the one-loop 

anomalous dimension matrix 𝜸𝒊𝒋 of 𝓞𝒊 satisfies 

n But an exception in the SM(EFT), i.e., Yukawa couplings of nonholomorphic form, like   

C. Cheung and C. H. Shen, 2015

DZ, 2023b

The structure of the one-loop 

anomalous dimension matrix 

𝜸𝒊𝒋 for dim-7 baryon-number-

violating operators

Fully consistent with the above 

non-renormalization theorem!!!
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Non-renormalization Theorem 
Results for dim-7 baryon-number-conserving operators DZ, 2023b



Radiative Corrections to Neutrino Masses 
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Neutrino masses in the SMEFT:

n The small down-type quark and lepton Yukawa couplings, and contributions 

from dim-7 operators are ignored

The leading-logarithmic approximation: 

n Apart from the 𝑪𝟓 cubic term in red, the above result is consistent with that 

obtained in [M. Chala, A. Titov, 2021]

Comes from two redundant 
dim-6 operators, 𝑹𝑯𝓵

&(𝟏) and 𝑹𝑯𝓵
&(𝟑)
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Numerical analysis in [M. Chala, A. Titov, 2021]: one generation

Radiative Corrections to Neutrino Masses 

Corrections from insertion of dim-5 + dim-6 operators can reach 50% of those purely from 

the dim-5 operator for Λ = 1 TeV, depending on the Wilson coefficient of 𝓞𝑯 = (𝑯'𝑯)𝟑



Summary



Summary
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p A Green's basis and a new physical basis for the SMEFT dim-7 operators are proposed

p The reduction relations between the above two bases have been achieved, where some 

redundant dim-6 operators are involved

p With the above bases, the complete one-loop RGEs for the dim-5 and dim-7 operators 

up to 𝓞(𝜦!𝟑) have been derived for the first time

p These results can be used for a complete and consistent one-loop analysis of the SMEFT 

up to dimension seven

THANKS�FOR�YOUR�ATTENTION
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Backup

The usage of EFTs G. Isidori, F. Wilsch, D. Wyler, 2023 
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Three generations

One generation

B. Henning, X. C. Lu, T. Melia, H. Murayama, 2017

Hilbert series method

Backup
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The number of independent operators in the SMEFT: 

IBP, Fierz transformations, Algebraic relations, Field Redefinitions (or equations of motion)

Growing roughly 
exponentially 
with the mass 
dimension

p Operator-counting packages: Basisgen (J. C. Criado, 2019) and Sym2Int (R. M. Fonseca, 2019)

p Hilbert series method

The number of operators ✓
Field ingredients in operators ✓

Lorentz and gauge invariant structure of operators ✘
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How to construct a complete operator basis:

Ø Brute force (enumeration) method

Ø Amplitude operator correspondence and group theoretic techniques

Ø On-shell amplitude method

Mathematica package: MassiveGraphs

dim-6

L. Lehman, 2014; Y. Liao, X. D. Ma, 2016; 2019

H. L. Li et al, 2021a 

H. L. Li et al, 2021b

W. Buchmuller, D. Wyler, 1986;  B. Grzadkowski et al, 2010

dim-7

dim-8 C. W. Murphy, 2020

dim-9 Y. Liao, X. D. Ma, 2020

dim-8

dim-9 H. L. Li et al, 2022

Mathematica package: ABC4EFT (Amplitude 
Basis Construction for Effective Field Theories)

up to dim-12 R. V. Harlander, T. Kempkens, M. C. Schaaf, 2023
Package: AutoEFT (re-implementation of the algorithm of ABC4EFT)

T. Ma, J. Shu, M. L. Xiao, 2019; R. Aoudea, C. S. Machado, 2019; Zi-Yu Dong et al, 2022up to dim- 6

G. Durieux, C. S. Machado, 2019; M. A. Hubera, S. De Angelis, 2021up to dim- 8

S. De Angelis, 2022

dim-5 S. Weinberg, 1979 Unique

24 years!!!

Not so satisfactory

Backup
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Decomposing operators to those with explicit (mixed) symmetries in the flavor space

p Fermion fields can be regarded as the fundamental representation of SU(n) or U(n) flavor symmetry 

with n being the number of generations (flavors) 

Ø Repeated fermion fields transform under SU(n) as

for 2 identical fermion fields for 3 identical fermion fields

Young tableau

Ø Tensor decomposition:

p Operators with several identical fermion fields denote the tensor of SU(n), and can be decomposed to 

direct sums of irreducible representations of SU(n)

symmetric antisymmetric
totally 

symmetric
totally anti-
symmetricmixed-symmetric

Mixed symmetries among flavor 

indices of repeated fermion fields
DZ, 2023a

𝒏 𝒏 + 𝟏
𝟐

𝒏 𝒏 − 𝟏
𝟐

𝒏 𝒏 + 𝟏 (𝒏 + 𝟐)
𝟔

𝒏 𝒏 + 𝟏 (𝒏 − 𝟏)
𝟔

𝒏 𝒏 − 𝟏 (𝒏 − 𝟐)
𝟔

Backup
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Examples:

The remaining combinations are free from (linearly independent of) 

all (non-trivial) flavor relations

n Operator with non-trivial flavor relationsn Operator with 2 identical fermion fields

n Operator with 3 identical fermion fields

DZ, 2023a

Backup



22

n For one-loop matchings and calculations of RGEs with Feynman diagrammatic approach, usually off-

shell scheme is used and hence only 1PI diagrams are involved

n In such a case, the so-called Green's basis is needed, which is directly related to 1PI Green's functions 

n Operators in the Green's basis are independent in the sense of IBP, Fierz transformations, Algebraic 

relations, but NOT EoMs

n Operators in the Green's basis can be converted to those in the physical basis with the help of EoMs

The Green's basis for dim-6 operators 

(including reduction relations):

Matching Mode RGEs Mode

1PI diagrams

Results in the 
Green's basis

Results in the 
physical basis

Off-shell scheme

Reduction relations

The strategy adopted 

by Matchmakereft

M. Jiang et al, 2019; V. Gherardi, D. Marzocca, E. Venturini, 2020 

V. Gherardi, D. Marzocca, E. Venturini, 2020 

M. Chala, A. Diaz-Carmona, G. Guedes, 2022 

The Green's basis for dim-8 operators:

Z. Ren , J. H. Yu, 2022 

A. Carmona, A. Lazopoulos, 
P. Olgoso, J. Santiago, 2021 

Backup
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No non-trivial flavor relations

DZ, 2023a

X. X. Li , Z. Ren , 
J. H. Yu, 2023 

Also decomposed as SU(3) tensor
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A list of dim-6 operator in the Greens basis involved in reduction relations for dim-7 operators 
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Backup
Non-renormalization Theorem without SUSY 

Z. Bern, J. Parra-Martinez and E. Sawyer, 2019
C. Cheung and C. H. Shen, 2015

Each operator 𝓞 (or on-shell amplitude) has the so-called holomorphic weight 𝝎 and 

antiholomophic weight &𝝎 , defined as  𝒏(𝓞) is the number of particles created by 𝓞

and 𝒉 𝓞 is their total helicity

An operator 𝓞𝒊 can only be renormalized by an operator 𝓞𝒋 at one loop if the corresponding 

weights (𝝎𝒊, &𝝎𝒊), and (𝝎𝒋, &𝝎𝒋) satisfy the inequalities 

𝝎𝒊 ≥ 𝝎𝒋 and &𝝎𝒊 ≥ &𝝎𝒋

and all Yukawa couplings are of a “holomorphic” form consistent with a superpotential. 

Non-renormalization Theorem: 𝜸𝒊𝒋 = 𝟎 if 𝝎𝒊 < 𝝎𝒋 or &𝝎𝒊 < &𝝎𝒋

The exceptional amplitudes:

Only the first one is involved in the SM(EFT) 
and proportional to the product of up-type 
and down-type Yukawa couplings, caused by 
Higgs doublet exchange, such as
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Numerical analysis in [M. Chala, A. Titov, 2021]: one generation

Radiative Corrections to Neutrino Masses 

n Corrections from insertions of dim-5 + dim-6 operators can reach 50% of those from single insertions 

of the dim-5 operator for Λ = 1 TeV, depending on the Wilson coefficient of 𝓞𝑯 = (𝑯+𝑯)𝟑

n The relative size of the total correction is about 4%-8% compared to the tree-level neutrino mass for 

Λ ∈ [1 TeV, 3 TeV]


