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Important physical examples of gauge fields are realised  
in Nature (QCD and electroweak interactions)
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Non-perturbative QCD phenomena are far from being understood  
(e.g. quark confinement, mass gap, QCD phase transitions,  
hot/dense QCD phenomena etc)
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Non-abelian gauge (Yang-Mills) fields are present in most of UV completions 
of the Standard Model (e.g. GUTs, string/EDs compactifications etc)
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Confining dark Yang-Mills sectors are often considered as a possible  
source of Dark Matter in the Universe (e.g. dark glueballs)
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Pure gluons
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Gluons + fermions

What composes the strongly coupled sector?

Dark Yang-Mills theories
Pure gluons ) confinement-deconfinement phase transition
Gluons + Fermions

Fermions in fundamental representation ) chiral phase transition
Fermions in adjoint rep. ) confinement & chiral phase transition
Fermions in 2-index symmetric rep. ) confinement & chiral phase transition

Gluons + Fermions + Scalars (not explored yet)
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Polyakov Loop Model for pure gluons IPolyakov Loop Model for Pure Gluons: I

Pisarski first proposed the Polyakov-loop Model as an effective field
theory to describe the confinement-deconfinement phase transition of
SU(N) gauge theory (Pisarski, PRD 62 (2000) 111501).
In a local SU(N) gauge theory, a global center symmetry Z(N) is used to
distinguish confinement phase (unbroken phase) and deconfinement
phase (broken phase)
An order parameter for the Z(N) symmetry is constructed using the
Polyakov Loop (thermal Wilson line) (Polyakov, PLB 72 (1978) 477)

L(~x) = P exp

"
i

Z
1/T

0

A4(~x, ⌧) d⌧

#

The symbol P denotes path ordering and A4 is the Euclidean temporal
component of the gauge field
The Polyakov Loop transforms like an adjoint field under local SU(N)
gauge transformations
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Polyakov Loop Model for Pure Gluons: II
Convenient to define the trace of the Polyakov loop as an order
parameter for the Z(N) symmetry

` (~x) =
1

N
Trc[L] ,

where Trc denotes the trace in the colour space.
Under a global Z(N) transformation, the Polyakov loop ` transforms as a
field with charge one

` ! e
i�
`, � =

2⇡j

N
, j = 0, 1, · · · , (N � 1)

The expectation value of ` i.e. < ` > has the important property:

h`i = 0 (T < Tc, Confined) ; h`i > 0 (T > Tc, Deconfined)

At very high temperature, the vacua exhibit a N�fold degeneracy:

h`i = exp

✓
i
2⇡j

N

◆
`0, j = 0, 1, · · · , (N � 1)

where `0 is defined to be real and `0 ! 1 as T

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 8 / 56
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Bubble Nucleation: Chiral Phase Transition (PNJL)
(Reichert, Sannino, Z-W W and Zhang, JHEP 01 (2022) 003, arXiv:2109.11552)

Chiral phase transition occurs when including fermions
�̄ is classically nonpropagating in PNJL and it’s kinetic term is induced
only via quantum fluctuations
We thus include its wave-function renormalization Z� with

Z
�1

� = �d���(q0,q, �̄)
dq2

����
q0=0,q2=0

, ��� = �i

X
2 point 1PI�� graph

The three-dimensional Euclidean action and E.O.M. are modified to:

S3(T ) = 4⇡

Z 1

0

dr r2
"
Z

�1
�

2

✓
d�̄

dr

◆2

+ Veff(�̄, T )

#

d2�̄

dr2
+

2

r

d�̄

dr
� 1

2

@ logZ�

@�̄

✓
d�̄

dr

◆2

= Z�
@Veff

@�̄

The associated boundary conditions:

d�̄(r = 0, T )

dr
= 0 , lim

r!1
�̄(r, T ) = 0
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Effective PLM potentialEffective Potential of the Polyakov Loop Model: I
The simplest effective potential preserving the ZN symmetry in the
polynomial form is given by (Pisarski, PRD 62 (2000) 111501)

V
(poly)

PLM
= T

4

✓
�b2(T )

2
|`|2 + b4|`|4 + · · ·� b3

�
`
N + `

⇤N�◆

where b2(T ) = a0 + a1

✓
T0

T

◆
+ a2

✓
T0

T

◆2

+ a3

✓
T0

T

◆3

+ a4

✓
T0

T

◆4

“· · · " represent any required lower dimension operator than `
N i.e.

(``⇤)k = |`|2kwith 2k < N .
For the SU(3) case, there is also an alternative logarithmic form

V
(3log)

PLM
= T

4

✓
� a(T )

2
|`|2 + b(T ) ln

�
1� 6|`|2 + 4(`⇤3 + `

3)� 3|`|4
�◆

a(T ) = a0 + a1

✓
T0

T

◆
+ a2

✓
T0

T

◆2

+ a3

✓
T0

T

◆3

, b(T ) = b3

✓
T0

T

◆3

The ai, bi coefficients in V
(poly)

PLM and V
(3log)

PLM are determined by fitting the
lattice results
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Fitting the PLM potential to the lattice dataFitting the Coefficients Using the Lattice Results: I
Marco Panero, Phys.Rev.Lett. 103 (2009) 232001
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Marco Panero, Phys.Rev.Lett. 103 (2009) 232001

Pressure

Fitting the Coefficients Using the Lattice Results: II
Marco Panero, Phys.Rev.Lett. 103 (2009) 232001
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Trace of the EMT

Fitting the Coefficients Using the Lattice Results: I
Marco Panero, Phys.Rev.Lett. 103 (2009) 232001
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Best fit of the PLM potential

Fitting the Coefficients Using the Lattice Results: III
(Huang, Reichert, Sannino and Z-W W, PRD 104 (2021) 035005

Fitted to lattice data of pressure and the trace of energy momentum tensor.
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Huang, Reichert, Sannino and Wang, PRD 104 (2021) 035005

Lattice data

PLM well captures essential 
thermodynamical observables


predicted by lattice simulations
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Including fermions: the PQM modelInclude Fermions： the PQM Model
(B. Schaefer, J. Pawlowski, J. Wambach PRD 76 (2007) 074023; B. Schaefer, M. Wagner, PPNP 62 (2009) 391)

Pasechnik, Reichert, Sannino and Z-W W,JHEP 02 (2024) 159.

The Polyakov quark meson model (PQM) is widely used as an effective
theory to study the first order chiral phase transition
The Lagrangian of the PLSM where mesons couple to a spatially
constant temporal background gauge field reads

L = q̄ (iD/� g (� + i�5T
a
⇡a)) q +

1

2
(@µ�)

2 +
1

2
(@µ⇡a)

2

� V
(poly)

PLM
+ VLSM + Vmedium ,where D/ = �µ@µ � i�0A0

VLSM under symmetry SU(Nf )⇥ SU(Nf ) with Nf flavours reads

VLSM =
1

2
(�� � �a)Tr

⇥
�†�

⇤2
+

Nf

2
�aTr

⇥
�†��†�

⇤
�m

2Tr
⇥
�†�

⇤

� 2 (2Nf )
Nf/2�2

c
�
det�† + det�

�

where the meson field � is a Nf ⇥Nf matrix defined as

� =
1p
2Nf

(� + i⌘
0) I + (aa + i⇡a)T

a
, I ⌘ identitymatrix
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B. Schaefer, J. Pawlowski, J. Wambach PRD 76 (2007) 074023 

B. Schaefer, M. Wagner, PPNP 62 (2009) 391 


RP, Reichert, Sannino and Wang, JHEP 02 (2024) 159
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The CJT Method: Concept and Advantages
(J. Cornwall, R. Jackiw, E. Tomboulis PRD 10 (1974) 2428; G. Amelino-Camelia, PRD 47 (1993) 2356)

Pasechnik, Reichert, Sannino and Z-W W, JHEP 02 (2024) 159.

Cornwall, Jackiw and Tomboulis (CJT) first proposed a generalized
effective action � (�, G) of composite operators, where the effective
action not only depends on �(x) but also on the propagator G(x, y)

The effective action becomes the generating functional of the two-particle
irreducible (2PI) vacuum graphs rather than the conventional 1PI
diagrams
The CJT method is equivalent to summing up the infinite class of “daisy"
and “super daisy" graphs and is thus useful in studying such strongly
coupled models beyond mean-field approximation
The PQM with the CJT method compared to other model computations
such as holography and the PNJL model, can bridge perturbative and
non-perturbative regimes of the effective theory

Zhi-Wei Wang王志伟 (UESTC电子科技大学) PT and GW in Strongly Coupled DM 2024年6月1日 22 / 56

Thermal corrections: the CJT Method
J. Cornwall, R. Jackiw, E. Tomboulis PRD 10 (1974) 2428 


G. Amelino-Camelia, PRD 47 (1993) 2356 

RP, Reichert, Sannino and Wang, JHEP 02 (2024) 159
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First-order phase transitions and bubble’s nucleation
Bubble Nucleation: Generic Discussion

In a first-order phase transition, the transition occurs via bubble
nucleation and it is essential to compute the nucleation rate
The tunnelling rate due to thermal fluctuations from the metastable
vacuum to the stable one is suppressed by the three-dimensional
Euclidean action S3(T )

�(T ) = T
4

✓
S3(T )

2⇡T

◆3/2

e
�S3(T )/T

The generic three-dimensional Euclidean action reads

S3(T ) = 4⇡

Z 1

0

dr r2
"
1

2

✓
d⇢

dr

◆2

+ Veff(⇢, T )

#
,

where ⇢ denotes a generic scalar field with mass dimension one, [⇢] = 1
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Gravitational Wave Parameters: Inverse Duration Time
The phase-transition temperature T⇤ is often identified with the nucleation
temperature Tn defined as the temperature where the rate of bubble
nucleation per Hubble volume and time is order one: �/H4 ⇠ O(1)

More accurately, we can use percolation temperature Tp: the temperature
at which 34% of false vacuum is converted
For sufficiently fast phase transitions, the decay rate is approximated by:

�(T ) ⇡ �(t⇤)e
�(t�t⇤)

The inverse duration time then follows as

� = � d

dt

S3(T )

T

����
t=t⇤

The dimensionless version �̃ is defined relative to the Hubble parameter
H⇤ at the characteristic time t⇤

�̃ =
�

H⇤
= T

d

dT

S3(T )

T

����
T=T⇤

,

where we used that dT/dt = �H(T )T .
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Phase transition characteristics

Gravitational Wave Parameters: Inverse Duration Time
The phase-transition temperature T⇤ is often identified with the nucleation
temperature Tn defined as the temperature where the rate of bubble
nucleation per Hubble volume and time is order one: �/H4 ⇠ O(1)

More accurately, we can use percolation temperature Tp: the temperature
at which 34% of false vacuum is converted
For sufficiently fast phase transitions, the decay rate is approximated by:

�(T ) ⇡ �(t⇤)e
�(t�t⇤)

The inverse duration time then follows as

� = � d

dt
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H⇤ at the characteristic time t⇤
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where we used that dT/dt = �H(T )T .
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Gravitational Wave Parameters: Strength Parameter I
(Huang, Reichert, Sannino and Z-W W, PRD 104 (2021) 035005

Reichert, Sannino, Z-W W and Zhang, JHEP 01 (2022)003, arXiv:2109.11552.)

We define the strength parameter ↵ from the trace of the
energy-momentum tensor ✓ weighted by the enthalpy

↵ =
1

3

�✓

w+

=
1

3

�e � 3�p

w+

, �X = X
(+) �X

(�)
, for X = (✓, e, p)

(+) denotes the meta-stable phase (outside of the bubble) while (�)
denotes the stable phase (inside of the bubble).
The relations between enthalpy w, pressure p, and energy e are given by

w =
@p

@ lnT
, e =

@p

@ lnT
� p ,

which are extracted from the effective potential with

p
(±) = �V

(±)

eff
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Huang, Reichert, Sannino, Wang 

PRD 104 (2021) 035005

The Efficiency Factor 
The efficiency factor for the sound waves sw consist of v as well as an
additional suppression due to the length of the sound-wave period ⌧sw

sw =
p
⌧sw v

⌧sw is dimensionless and measured in units of the Hubble time (H.-K. Guo,

Sinha, Vagie and White, JCAP 01 (2021) 001)

⌧sw = 1� 1/

s

1 + 2
(8⇡)

1
3 vw

�̃ Ūf

) ⌧sw ⇠ (8⇡)
1
3 vw

�̃ Ūf

for� >> 1

where Ūf is the root-mean-square fluid velocity

Ū
2

f =
3

vw(1 + ↵)

Z vw

cs

d⇠ ⇠2
v(⇠)2

1� v(⇠)2
' 3

4

↵

1 + ↵
v

⌧sw is suppressed for large � occurring often in strongly coupled sectors
v was numerically fitted to simulation results depends ↵ and vw. At the
Chapman-Jouguet detonation velocity it reads

v(vw = vJ) =

p
↵

0.135 +
p
0.98 + ↵
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Gravitational wave spectrum: an outlookGravitational-wave spectrum
(Huang, Reichert, Sannino and Z-W W, PRD 104 (2021) 035005)

Contributions from bubble collision and turbulence are subleading
The GW spectrum from sound waves is given by

h
2⌦GW(f) = h

2⌦peak
GW

✓
f

fpeak

◆3 "4
7
+

3

7

✓
f

fpeak

◆2#� 7
2

The peak frequency

fpeak ' 1.9 · 10�5 Hz
⇣
g⇤
100

⌘1
6

✓
T

100GeV

◆ 
�̃

vw

!

The peak amplitude

h
2⌦peak

GW ' 2.65 · 10�6

✓
vw

�̃

◆✓
sw ↵

1 + ↵

◆2✓100

g⇤

◆1
3

⌦2

dark

The factor ⌦2

dark accounts for the dilution of the GWs by the
non-participating SM d.o.f.

⌦dark =
⇢rad,dark

⇢rad,tot
=

g⇤,dark

g⇤,dark + g⇤,SM
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The Efficiency Factor 
The efficiency factor for the sound waves sw consist of v as well as an
additional suppression due to the length of the sound-wave period ⌧sw
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⌧sw is dimensionless and measured in units of the Hubble time (H.-K. Guo,
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Sinha, Vagie and White, JCAP 01 (2021) 001)

⌧sw = 1� 1/

s

1 + 2
(8⇡)

1
3 vw

�̃ Ūf

) ⌧sw ⇠ (8⇡)
1
3 vw

�̃ Ūf

for� >> 1

where Ūf is the root-mean-square fluid velocity

Ū
2

f =
3

vw(1 + ↵)

Z vw

cs

d⇠ ⇠2
v(⇠)2

1� v(⇠)2
' 3

4

↵

1 + ↵
v

⌧sw is suppressed for large � occurring often in strongly coupled sectors
v was numerically fitted to simulation results depends ↵ and vw. At the
Chapman-Jouguet detonation velocity it reads

v(vw = vJ) =

p
↵

0.135 +
p
0.98 + ↵
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Phase diagram and gravitational waves in the PQM model
↵� � Phase diagram via PQM Model
( Pasechnik, Reichert, Sannino and Z-W W, JHEP 02 (2024) 159.)
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图: We show the range of ↵ and �̃ values of the LSM for Nf = 3, 4, 5. In the left panel,
we show the actual distribution of theory points, while in the right panel, we display the
averaged values. On average, the LSM produces stronger GW signals with increasing
Nf due to the larger ↵ values. Nonetheless, the strongest GW signals are achieved
with the LSM for Nf = 3, corresponding to the sparse blue dots at small �̃ in the left
panel.
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RP, Reichert, Sannino and Wang, JHEP 02 (2024) 159

Strongest GW Signal at Small m� ! Near Conformal
( Pasechnik, Reichert, Sannino and Z-W W, JHEP 02 (2024) 159.)
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图: We show the averaged values of the peak amplitude ⌦peak as a function of physical
observables m� in units of Tc in the LSM for Nf = 3, 4, 5. The sigma meson mass has
the strong correlation with the peak amplitude: smaller values of m� lead to a larger
⌦peak. The strongest signal can almost reach LISA sensitiviity.
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Figure 4. We show the averaged values of the peak amplitude ⌦peak as a function of the model parameters m2 (top left), ��

(top right), �a (bottom left), and c (bottom right) in the LSM for Nf = 3, 4, 5. The strongest correlation is found between
⌦peak and m2 as well as ��: smaller values of m2 and �� lead to a larger ⌦peak.

lation to the strength of the first-order phase transition,
and therefore we plot it as a function of the physical and
theory parameters.

In Fig. 3, we show the averaged plots of the peak am-
plitude ⌦peak as a function of the pion decay constant f⇡
and the masses m�, m⌘, ma. The latter are all measured
in units of Tc. We observe that the strongest correlation
are between ⌦peak and f⇡ as well as m�: ⌦peak increases
with increasing f⇡ and with decreasingm�. In particular,
the width of the curves is the smallest for m� indicating
that the distribution of theories is most clearly sorted
with this parameter. Note, that for Nf = 3 and small
m�, the largest GW amplitudes are generated, reaching
up to ⌦peak = O(10�14), which would be almost in reach
of the sensitivity of LISA. Due to the clear correlation
between ⌦peak and m�, we will use m� as the preferred
plotting parameter in the upcoming sections.

On the other hand, we only see a mild dependence of
the peak amplitude on the masses m⌘ and ma. In par-
ticular, there is almost no dependence on m⌘, while we
observe a mild increase of ⌦peak with ma. The Nf = 3
curves are oscillating strongly as a function of m⌘ and
especially as a function of ma. The reason is simply that
the curves have not converged yet despite us having in-

cluded 60k theory points. This is due to the very wide
distributions as a function of these parameters.

In Fig. 4, we show the averaged plots of the peak am-
plitude ⌦peak as a function of the couplings m2, ��, �a,
and c. The parameter m

2 is measured in units of NfTc

and c is measured in units of Tc if it is dimensionful.

We observe a very similar picture as with the physi-
cal parameters: we have two parameters that display a
strong correlation (m2 and ��) and two parameters that
display almost no correlation (�a and c). The peak am-
plitude increases with a decreasing m

2 and a decreasing
��. The strongest is between ⌦peak and ��, which is in
straight analogy to the correlation with m�. This can be
understood directly at the hand of the relation between
�� and m�, as we will discuss in Sec.V.

Overall, our observations are consistent with the re-
sults discussed in Sec.IVA since the GW peak amplitude
generically increases with Nf , which is most easily visible
in the top two panels of both, Figs.3 and 4.

The strongest signal we found can almost reach the LISA sensitivity
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We developed a new approach based upon the well-established thermal EFT 
and the existing lattice results to explore phase structure and PTs in 
confining gauge theories incorporating confinement effects and non-
perturbative self-interactions
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We analysed the phase transitions in the Polyakov-loop extended LSM 
utilising the CJT method and computed the resulting primordial 
gravitational wave spectra showcasing an enhancement for weak sigma self-
interactions and light sigma meson 11
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Figure 5. We show the impact of the Polyakov loop on the GW parameters ↵ (left panel), �̃ (central panel), and on the peak
amplitude ⌦peak as a function of the sigma meson mass m� at the example of Nf = 3 and the coupling g = 1 in the constituent
quark mass, (9). While the Polyakov loop has no e↵ect on �̃, it increases the strength of the phase transition by increasing the
value of ↵.
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Figure 6. We show the impact of the determinant term on the GW parameters ↵ (left panel), �̃ (central panel), and on
the peak amplitude ⌦peak as a function of the sigma meson mass m� at the example of the LSM for Nf = 5. Although the
determinant term is non-renormalisable for Nf = 5, there is no e↵ect on the strength of the GW signal.

C. PLSM vs LSM

In this section, we investigate the e↵ect of the Polyakov
loop on the GW spectrum. This implies that we include
the Polyakov loop potential (3) and the medium potential
(7) to the LSM. This results in one new free parameter,
the coupling g in the constituent quark mass (9), which
we set to g = 1 for this investigation. We also restrict
ourselves to Nf = 3 but we expect that the inclusion
of the Polyakov loop has similar overall e↵ects for all
Nf . We note that the inclusion of the Polyakov loop in-
creases the complexity of the computation and therefore
we use fewer statistics for the PLSM (14k points versus
60k points), which results in a less converges and less
monotonic plot for the PLSM.

In Fig.5, we show the GW parameters ↵ and �̃ as well
as the peak amplitude ⌦peak as a function of the sigma-
meson mass m� in the PLSM and LSM for Nf = 3.
We observe that the Polyakov loop has little e↵ect on
the parameter �̃ (central panel) while it increases the
strength parameter ↵ compared to the LSM (left panel).
In summary, this leads to an increased GW peak am-

plitude in the PLSM (right panel). Note, however, that
the strongest GW signals are still present for the LSM at
very small values of the sigma meson mass.

D. Determinant operator

In this section, we investigate the influence of the deter-
minant operator. This is in particular relevant for larger
Nf since the mass dimension of the determinant term is
[c] = 4 �Nf , which means that it is a relevant operator
for Nf = 3, marginal for Nf = 4, and non-renormalisable
for Nf = 5. Neglecting the determinant term leads to a
vanishing mass for the eta-meson, m⌘ = 0. To ensure
a fair comparison between the theories, we included the
determinant term for Nf = 5 in the previous sections.
Since for Nf = 5, the term is non-renormalisable this
leads to an un- or meta-stable tree-level potential and
we interpret the theory to be valid below a given cuto↵
below. The instabilities of the potential are above this
given cuto↵ scale. We discard theories that have a cuto↵
scale which is too close to the critical temperature. To

Inclusion of the Polyakov loop enhances 
the strength of the chiral phase transition 
compared to LSM
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The PLSM represents an important framework 
for analysis of various cosmological implications 
of strongly coupled dynamics in consistency 
with lattice simulations
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