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HARD COLLISIONS CAN BE DESCRIBED FROM FIRST PRINCIPLES  
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Studies of hadron collisions with large momentum transfer allow us to explore  heaviest  particles in the Standard Model and 
search for new particle and interactions.  Such collisions are amenable to a rigorous theoretical descriptions based on first 
principles. 

  

Introduction

● The goal of hadron collider physics program (Tevatron, LHC) is to discover and study 

physics beyond the Standard Model in the  mass range 100 GeV - few TeV 

● To produce that heavy final states, we require rare short-distance processes where both 

protons disintegrate and all momenta transfers are large. These processes can be 

understood using factorization and asymptotic freedom.

● A major role in  such an understanding  is played by parton-parton scattering that is 

described by  perturbative QCD.
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d�hard =
X

ij2{q,g}

Z
dx1 dx2fi(x1)fj(x2) d�ij(x1, x2), {pfin}) OJ({pfin}).
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PERTURBATIVE QCD FACILITATES INTERPRETATION OF LHC MEASUREMENTS

Perturbative QCD is very well understood by now.  We use it for an unambiguous  interpretation of all LHC measurements.

GGF

GLUON FUSION - INCLUSIVE CROSS SECTION

▸ LHC predictions demand effects beyond pure EFT 

▸ Mass corrections & EWK effects

~88.2%

Anastasiou, Duhr, Dulat, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger
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PERTURBATIVE QCD AS QUANTUM FIELD THEORY

Demands of the LHC physics program  have shaped  the development of QCD as a perturbative  Quantum Field Theory and 
kept QCD practitioners on their toes.  

Higher order cross sections:The first wishlist 

process known desired

pp æ tt̄

NNLOQCD + NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD (w/ decays)

N3LOQCD

pp æ tt̄ + j
NLOQCD (o�-shell e�ects)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + 2j NLOQCD (w/o decays) NLOQCD + NLOEW (w/ decays)

pp æ tt̄ + V Õ NLOQCD + NLOEW (w/o decays) NNLOQCD + NLOEW (w/ decays)

pp æ tt̄ + “ NLOQCD (o�-shell e�ects)

pp æ tt̄ + Z NLOQCD (o�-shell e�ects)

pp æ tt̄ + W NLOQCD + NLOEW (o�-shell e�ects)

pp æ t/t̄
NNLOQCD*(w/ decays)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w/ decays)

pp æ tZj NLOQCD + NLOEW (w/ decays) NNLOQCD + NLOEW (w/o decays)

pp æ tt̄tt̄ Full NLOQCD + NLOEW (w/o decays)
NLOQCD + NLOEW (o�-shell e�ects)

NNLOQCD

Table 4: Precision wish list: top quark final states. NNLOQCD
ú means a calculation using the

structure function approximation. V Õ = W, Z, “.

two-loop amplitudes known [755]; combination of NNLOQCD and NLOEW correc-
tions performed [756]; also multi-jet merged predictions with NLOEW corrections
available [757]; resummation e�ects up to NNLL computed [758–763]; NNLOQCD
+ NNLL for (boosted) top-quark pair production [764]; top quark decays known at
NNLOQCD [190,253]; Complete set of NNLOQCD corrections to top-pair production
and decay in the NWA for intermediate top quarks and W bosons [765]; W +W ≠bb̄
production with full o�-shell e�ects calculated at NLOQCD [766–769] including lep-
tonic W decays, and in the lepton plus jets channel [770]; full NLOEW corrections for
leptonic final state available [291]; calculations with massive bottom quarks available
at NLOQCD [771,772];
NLOQCD predictions in NWA matched to parton shower [773], and multi-jet merged
for up to 2 jets in SHERPA [774] and HERWIG 7.1 [775]; bb̄4¸ at NLOQCD matched to
a parton shower in the POWHEG framework retaining all o�-shell and non-resonant
contributions [776].

The first NNLOQCD computation matched to parton shower using the MINNLOPS
method has been presented in Ref. [777,778] for on-shell top production. The decays
of the top quark are described at tree level retaining spin correlation. Phenomeno-
logical results are also produced by comparing them against experimental data. As
a by product, events with NNLOQCD accuracy can be generated.
In Ref. [200], NNLOQCD corrections to identified heavy hadron production at hadron
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process known desired

pp æ V

N3LOQCD

N(1,1)LOQCD¢EW

NLOEW

N3LOQCD + N(1,1)LOQCD¢EW

N2LOEW

pp æ V V Õ NNLOQCD + NLOEW

+ NLOQCD (gg channel)

NLOQCD

(gg channel, w/ massive loops)

N(1,1)LOQCD¢EW

pp æ V + j NNLOQCD + NLOEW hadronic decays

pp æ V + 2j
NLOQCD + NLOEW (QCD component)

NLOQCD + NLOEW (EW component)
NNLOQCD

pp æ V + bb̄ NLOQCD NNLOQCD + NLOEW

pp æ V V Õ + 1j NLOQCD + NLOEW NNLOQCD

pp æ V V Õ + 2j
NLOQCD (QCD component)

NLOQCD + NLOEW (EW component)
Full NLOQCD + NLOEW

pp æ W +W + + 2j Full NLOQCD + NLOEW

pp æ W +W ≠ + 2j NLOQCD + NLOEW (EW component)

pp æ W +Z + 2j NLOQCD + NLOEW (EW component)

pp æ ZZ + 2j Full NLOQCD + NLOEW

pp æ V V ÕV ÕÕ NLOQCD

NLOEW (w/o decays)
NLOQCD + NLOEW

pp æ W ±W +W ≠ NLOQCD + NLOEW

pp æ ““ NNLOQCD + NLOEW N3LOQCD

pp æ “ + j NNLOQCD + NLOEW N3LOQCD

pp æ ““ + j
NNLOQCD + NLOEW

+ NLOQCD (gg channel)

pp æ “““ NNLOQCD NNLOQCD + NLOEW

Table 3: Precision wish list: vector boson final states. V = W, Z and V Õ, V ÕÕ = W, Z, “. Full
leptonic decays are understood if not stated otherwise.
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process known desired

pp æ 2 jets
NNLOQCD

NLOQCD + NLOEW
N3LOQCD + NLOEW

pp æ 3 jets NNLOQCD + NLOEW

Table 2: Precision wish list: jet final states.

NLO QCD+EW corrections are now available [542] for on-shell top quarks. This
is the first time that NLO EW corrections have been computed for this process.
In addition, a detailed comparison between the 4-flavour and 5-flavour scheme has
been carried out.

bb̄H: (including H production in bottom quark fusion treated in 5FS)
LH19 status: NNLOQCD predictions in the 5FS known for a long time, inclu-
sively [543] and later di�erentially [544, 545]; resummed calculation at NNLO
+ NNLL available [546]. Three-loop Hbb̄ form factor known [547]; N3LOQCD in
threshold approximation [548, 549] calculated. Complete N3LOQCD results in the
5FS presented in Ref. [550] and a resummed calculation up to N3LO + N3LL was
presented in Ref. [551]. N(1,1)LOQCD¢QED as well as NNLOQED predictions were de-
rived in Ref. [552]. NLOQCD corrections in the 4FS known since long ago [553,554];
NLOQCD (including the formally NNLOHTL y2

t contributions) using the 4FS pre-
sented in Ref. [555]. NLOQCD matched to parton shower and compared to 5FS in
Ref. [556]; various methods proposed to combine 4FS and 5FS predictions [557–561];
NLOEW corrections calculated [562].

In Ref. [563] bb̄H was computed at O(–m

s –n+1) with m + n = 2, 3 in the 4FS (i.e. at
NLO including both QCD and EW corrections). New corrections from Z(æ bb̄)H
and ZZ VBF were found to give sizeable corrections, making the extraction of yb

from this channel considerably more challenging. In Ref. [564], it was shown that the
impact of the new channels on the extraction of yb can be reduced using kinematic
shapes.
In Ref. [54], the two-loop leading colour planar helicity amplitudes for bb̄H pro-
duction in the 5FS were computed. The helicity amplitudes were analytically re-
constructed using finite field methods and the integrals appearing are evaluated
using generalised series expansions [124]. The massless 4-loop QCD corrections to
the bb̄H vertex were studied in Ref. [119], this result is an important step towards
N4LO bb̄ æ H production (in the 5FS) and H æ bb̄ decay.

3.2 Jet final states

An overview of the status of jet final states is given in Table 2.

2j: LH19 status: Di�erential NNLOQCD corrections at leading-colour calculated in the
NNLOJET framework [162]. Predictions using exact colour obtained with the sector-
improved residue subtraction formalism [194] confirming in the case of inclusive-jet
production at 13 TeV and R = 0.7 that the leading-colour approximation is well
justified for phenomenological applications. Complete NLO QCD+EW corrections
available [565].
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Wishlist, the 2022 edition

circa 20 years ago, NLO  calculations are requested

and many many more… Huss,  Huston, Jones, Pellen

   A
 need for N

3LO and even N4LO results



CHALLENGES IN DESCRIBING HARD COLLISIONS AT THE LHC

Two very different challenges need to be addressed for improving theoretical framework that we use to describe hard hadron 
collisions. We need to overcome:

1)  technical problems:   develop efficient methods to describe  quark and gluon collisions to higher and higher orders in 
QCD perturbation theory

2) conceptual problems:  find  systematically-improvable description of proton-to-partons and partons-to-hadrons transitions, 
which are relevant for initial and final stages of the process.  This problem can only be addressed if a better understanding of 
non-perturbative power                     corrections in collider processes is  achieved.

d�ij = d�ij,LO

�
1 + ↵s �ij,NLO + ↵2

s �ij,NNLO + ...
�
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PERTURBATIVE CHALLENGES



FIXED ORDER CHALLENGES 

Any perturbative computation in higher orders of QCD requires calculation  of loop amplitudes and real-emission contributions.

.

1) figure out how to compute virtual loop amplitudes;

d�ij = d�ij,LO

�
1 + ↵s �ij,NLO + ↵2

s �ij,NNLO + ...
�
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2)  understand how to integrate infra-red divergent contributions over 
partonic phase spaces;

3) implement the emerging procedure  into efficient numerical codes; 

Z

Z

Z

Z

To perform phenomenologically-relevant computations, we need to:



LOOP AMPLITUDES

The problem of computing loop amplitudes is  the problem of calculating divergent integrals of rational functions in Minkowski 
space.

.

.
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Different techniques to address this problem were developed over time, from analytic to numerical. 

<latexit sha1_base64="neX1Ko4mQfgUJzNOyd8T/Q4+BCg="></latexit>Z Y ddki
(2⇡)d

Num({p}, {k})
((p1 + k1)2 �m2

1)((p2 + k2)2 �m2
2)...

X
cn(sij ,m

2
k)Ik = 0

<latexit sha1_base64="LJ4yVxMxQJdYufzPn0mLG73mmsM=">AAACB3icbVC7SgNBFL0bXzG+opaCDAYhgoTdNNooARvtIpgHJHGZnUySMTOzy8ysEJZ0Nv6IhY2FIrb+gp1/4+RRaOKBC4dz7uXee4KIM21c99tJLSwuLa+kVzNr6xubW9ntnaoOY0VohYQ8VPUAa8qZpBXDDKf1SFEsAk5rQf9i5NfuqdIslDdmENGWwF3JOoxgYyU/u9/UsUDEl3ntJ+xueCz8/m3xCF35fXSGXD+bcwvuGGieeFOSK7lPCgFA2c9+NdshiQWVhnCsdcNzI9NKsDKMcDrMNGNNI0z6uEsblkosqG4l4z+G6NAqbdQJlS1p0Fj9PZFgofVABLZTYNPTs95I/M9rxKZz2kqYjGJDJZks6sQcmRCNQkFtpigxfGAJJorZWxHpYYWJsdFlbAje7MvzpFoseG7Bu7ZpnMMEadiDA8iDBydQgksoQwUIPMAzvMKb8+i8OO/Ox6Q15UxnduEPnM8ffUeZOQ==</latexit><latexit sha1_base64="uMBAHaztQ0P52gnKYDReflcW8mw=">AAACB3icbVC7SgNBFJ2NrxhfUUtBRoMQQcJuGm2UgI12EcwDknWZncwmY2Zml5lZISzptBD/w8LGQhFbGz/Azr9x8ig08cCFwzn3cu89fsSo0rb9baVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwazdEKhqKS92LiMtRW9CAYqSN5GW3myrmEHsir7yEXvcPuNe9Ku7Dc68Lj6HtZXN2wR4CThNnTHIl+1Hu3D18lr3sV7MV4pgToTFDSjUcO9JugqSmmJF+phkrEiHcRW3SMFQgTpSbDP/owz2jtGAQSlNCw6H6eyJBXKke900nR7qjJr2B+J/XiHVw5CZURLEmAo8WBTGDOoSDUGCLSoI16xmCsKTmVog7SCKsTXQZE4Iz+fI0qRYLjl1wLkwaJ2CENNgCuyAPHHAISuAMlEEFYHALnsALeLXurWfrzXoftaas8cwm+APr4wfyYJsQ</latexit><latexit sha1_base64="uMBAHaztQ0P52gnKYDReflcW8mw=">AAACB3icbVC7SgNBFJ2NrxhfUUtBRoMQQcJuGm2UgI12EcwDknWZncwmY2Zml5lZISzptBD/w8LGQhFbGz/Azr9x8ig08cCFwzn3cu89fsSo0rb9baVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwazdEKhqKS92LiMtRW9CAYqSN5GW3myrmEHsir7yEXvcPuNe9Ku7Dc68Lj6HtZXN2wR4CThNnTHIl+1Hu3D18lr3sV7MV4pgToTFDSjUcO9JugqSmmJF+phkrEiHcRW3SMFQgTpSbDP/owz2jtGAQSlNCw6H6eyJBXKke900nR7qjJr2B+J/XiHVw5CZURLEmAo8WBTGDOoSDUGCLSoI16xmCsKTmVog7SCKsTXQZE4Iz+fI0qRYLjl1wLkwaJ2CENNgCuyAPHHAISuAMlEEFYHALnsALeLXurWfrzXoftaas8cwm+APr4wfyYJsQ</latexit><latexit sha1_base64="WQyGI/FnXTm6Pjus+rsvKSotCHo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUrSjW6UghvdVbAPaGOYTCftmJlJmJkIJXTnxl9x40IRt/6CO//Gac1CWw9cOJxzL/feEySMKu04X1ZhYXFpeaW4Wlpb39jcsrd3WipOJSZNHLNYdgKkCKOCNDXVjHQSSRAPGGkH0cXEb98TqWgsbvQoIR5HA0FDipE2km/v91TKIfZFRfkZvRsfcz+6rR3BKz+CZ9Dx7bJTdaaA88TNSRnkaPj2Z68f45QToTFDSnVdJ9FehqSmmJFxqZcqkiAcoQHpGioQJ8rLpn+M4aFR+jCMpSmh4VT9PZEhrtSIB6aTIz1Us95E/M/rpjo89TIqklQTgX8WhSmDOoaTUGCfSoI1GxmCsKTmVoiHSCKsTXQlE4I7+/I8adWqrlN1r51y/TyPowj2wAGoABecgDq4BA3QBBg8gCfwAl6tR+vZerPef1oLVj6zC/7A+vgGQBuXkQ==</latexit>

si
@

@si
~I = ✏Â({s})~I
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G({an,~an�1}, x) =
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0
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t� an
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Figure 9: Slice of the normalised one-loop (left) and two-loop (right) virtual amplitudes

around the centre point of eq. (3.1) in ✓H and ✓t. The centre point is marked with a star.

Figure 10: Slices of the normalised one-loop (left) and two-loop (right) virtual amplitudes

around the centre point of eq. (3.1) in ✓t and 't. The centre point is marked with a star.

Finally, we illustrate the di↵erence in behaviour between di↵erent components of B

and C in Figure 11, with a slice in �2 and fracstt̄ for each of the individual components,

aside from Bl, Cll, which are not plotted because their ratio to A is constant.
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Integration-by-parts Differential equations Generalized unitarity

Numerics: integration, solution of 
differential equationsClasses of functions, from Goncharov polylogarithmis, to elliptic integrals. 
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Chetyrkin, Tkachov, Laporta, Smirnov, von Manteufffel,  Lee, Maierhoefer, Usovitsch, Uwer, Abreu, Cordero, Ita, Page, Zeng;, Badger, Hartano, Peraro, Sotnikov, Zola, Gehrman, 
Henn, Chicherin, Tancredi, Caola, Buncioni, Devoto, Chen, Czakon, Poncelet, Greiner, Heinrich,  Kerner, Jones, Liu, Ma, C.Y.Wang, Moriello, Steinhauser, Schönwald, Anastasiou, 
Sterman, Hirschi



INTEGRATING REAL EMISSION CONTRIBUTIONS

Real emission contributions  are integrated over partonic phase spaces with the help of subtraction and slicing methods.

.

.
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In recent years,  extensions of existing NNLO slicing and subtraction methods appeared, where such cancellations are 
demonstrated analytically for arbitrary collider processes. 

Z
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Z ⇥
|M|2 FJ � S

⇤
d�4 +

Z
Sd�d

<latexit sha1_base64="uPfi7/thgNpFm2UeYymnz6+tyFA="></latexit><latexit sha1_base64="c3OBAHHiLScdFq+bBM1bs8m0PpE="></latexit><latexit sha1_base64="c3OBAHHiLScdFq+bBM1bs8m0PpE="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="yIWX0QpfsFFEAPb/QdIbsOxLsSE="></latexit><latexit sha1_base64="yIWX0QpfsFFEAPb/QdIbsOxLsSE="></latexit><latexit sha1_base64="k6oxJMejWuIqTYZWi0jBudOprzI="></latexit><latexit sha1_base64="k6oxJMejWuIqTYZWi0jBudOprzI="></latexit><latexit sha1_base64="c3OBAHHiLScdFq+bBM1bs8m0PpE="></latexit><latexit sha1_base64="c3OBAHHiLScdFq+bBM1bs8m0PpE="></latexit><latexit sha1_base64="c3OBAHHiLScdFq+bBM1bs8m0PpE="></latexit><latexit sha1_base64="c3OBAHHiLScdFq+bBM1bs8m0PpE="></latexit><latexit sha1_base64="k6oxJMejWuIqTYZWi0jBudOprzI="></latexit>

Z
|M|

2 FJ d�d =

�Z

0

⇥
|M|

2 FJ d�d

⇤
simp

+

1Z

�

|M|
2 FJ d�4 +O(�)

<latexit sha1_base64="snKNUWCylke+zApVzVUXysB81zo="></latexit><latexit sha1_base64="kIxVZvJykMS7hIrA2ML8n5LlBdY="></latexit><latexit sha1_base64="kIxVZvJykMS7hIrA2ML8n5LlBdY="></latexit><latexit sha1_base64="iNnldre7VnHk0ZTQv2M0B78+nmA="></latexit>

In both cases, one needs to know singular limits of amplitudes squared, and one should be able to integrate subtraction/slicing 
terms over singular parts of phase spaces.  Integrals of subtraction and slicing terms contain infra-red divergencies that should 
cancel with similar divergencies in loop contributions.  

These developments bring us one step closer to the formulation of an ultimate 
subtraction scheme at NNLO which will be amenable to a straightforward automation 
and will enable the construction of general-purpose codes,  capable of computing real-
emission contributions to arbitrary cross sections through NNLO.  

Magnea, Bertolotti, Pelliccioli, Uccirati, Torrielli, Signorile-Signorile, Tagliabue, Devoto,  Roetsch, Melnikov; 
Bell, Dehnadi, Mohrmann, Rahn, Pedron,  Agarwal

Gehrmann, Glover,  Czakon, Caola, Roentsch, K.M., Troscanyi,  Somogyi, Del Duca, Duhr,  Kardos, Magnea, Bertolotti, Pelliccioli, Uccirati, Torrielli, Signorile-
Signorile, Catani, Grazzini,  Boughezal, Petriello, Tackmann, Gaunt, Stahlhofner



A HIGHLY-DEVELOPED THEORY OF PARTONIC  COLLISIONS

Modern NLO computations are possible for processes with up to 6 final-state particles.   They incorporate  electroweak 
corrections and are often matched to parton showers allowing one to simulate realistic events.   They include realistic final 
states (for unstable intermediate particles) and all interferences between (resonance) signal and (non-resonance) background.

NNLO QCD computations have become available for many interesting processes.  The limiting factors currently  are 
availability of virtual loop amplitudes and the efficiency of implementation of subtraction schemes in numerical codes.

First N3LO QCD computations appeared (Higgs cross section and rapidity distribution in gluon fusion, Drell-Yan cross 
section and rapidity distirbutions).  Amplitudes for 2->2 paronic processes are known; current frontier are 2->2 amplitudes 
with one massless and one massive final-state particle. 

<latexit sha1_base64="XWkw+eFomSZrCV5htKbkOhsa4ms="></latexit>

pp ! V + jj, pp ! V V + j, pp ! tt̄j, pp ! tt̄H

The current focus is on computing two-loop  loop amplitudes for proceses with three (some massive) final-state particles.
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pp ! jj, pp ! ��
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pp ! V j, pp ! Hj

Leading order computations  are automated; it is a solved problem.  Madgraph etc.

Worek, Pozzorini, Denner etc.; OpenLoops etc. 

Gehrmann, Glover, Huss, Czakon, Mitov, Poncelet, Williams, Roentsch, Caola, Catani, Grazzini

Anastasioiu, Duhr, Mistlberger, Gehrmann, Glover,  Caola, Tancredi, Devoto, Buncioni

A highly-developed theory of partonic collisions, that can be used to describe complicated collider processes,  is available.  



TECHNICAL PROGRESS LEADS TO BETTER PHENOMENOLOGY



THE STRONG COUPLING CONSTANT AT THE HIGHEST ENERGIES 12

 LHC experiments can measure the running of the strong coupling constant at  very high energies. A useful observable is the 
transverse energy-energy correlator for 3j events.  NLO results for this observable were known since quite some time.  Pushing 
them to the next level — NNLO — was an enormous adventure.  

Alvarez, Cantero, Czakon, Lorente, Mitov, Poncelet

Two-loop amplitudes: Chicherin, Sotnikov, 
Gehrmann, Zhang, Henn, Wasser, Zola, 
Abreu et al. 

Interesting physics to explore and main difficulties 

❖ Theory-data comparison of differential  multi-jet rates provides information about perturbative QCD and modelling jet production


❖ Ratio of three-to-two jet rates sensitive to parton splittings and then to  (in the ratio some systematic uncertainties cancel, 
as from PDFs) [CMS 1304.7498][ATLAS 1805.04691] 

 

❖ Main bottleneck:                                                                                                                                                                                       
 Involved calculation: 5 coloured partons at the Born level, 7 coloured partons for the double real, 2loop-5point amplitudes 

αs

R3/2(X, μR, μF) = dσ3(μR, μF)/dX
dσ2(μR, μF)/dX

→

Multijet processes 

25Chiara Signorile-Signorile                                                                                                                                                                                  Advances in fixed-order predictions                                                        

Q (GeV)
5 6 7 8 10 20 30 40 100 200 300 1000 2000

(Q
)

S
α

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24
 -0.0043
+0.0060) = 0.1164z(MSα = 8TeV, sCMS Incl.Jet, 

 = 8TeVsCMS Incl.Jet, 
 = 7TeVs , 32CMS R

 = 7TeVsCMS Incl.Jet , 
 = 7TeVs , tCMS t

 = 7TeVsCMS 3-Jet Mass , 
D0 Incl.Jet
D0 Angular Correlation
H1
ZEUS

 0.0006±) = 0.1185 z(MSαWorld Avg 

CMS

NNLO QCD corrections to event shapes at the LHC
Alvarez, Cantero, Czakon, Llorente, Mitov, Poncelet, JHEP 03 (2023) 129

9

Computational cost: 10^8 CPU hours.
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Figure 12: Values of UB (`') determined in each bin of �T2 from fits to the TEEC distributions using theoretical
predictions with the MMHT2014, CT14 and NNPDF 3.0 PDF sets.
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Figure 13: Values of UB (`') determined in each bin of �T2 from fits to the ATEEC distributions using theoretical
predictions with the MMHT2014, CT14 and NNPDF 3.0 PDF sets.
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THE HIGGS WIDTH: FULL NNLO RESULTS FOR IRREDUCIBLE BACKGROUND

It is well-appreciated by now that one can extract the Higgs boson width from ZZ production using peculiar properties of  the 
Higgs-boson off-shell contributions.  Need to control the irreducible background; top-quark loop is (was)  a challenge. 5
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Figure 3: Top-quark-only contributions to the ZZ invari-
ant mass distribution in pp collisions. The absolute value
of the two-loop virtual correction is shown separately in the
qT , Catani-Seymour (CS), and Catani (C) schemes. The
dashed curve represents an approximate NLO result obtained
by rescaling the massive Born amplitude with the massless
K-factor.

mainders in the Catani scheme were previously shown to
be more sensitive to kinematic expansions of the two-loop
expressions than in the qT scheme [31], and may thus
be interpreted as representing more directly the genuine
two-loop e↵ects. Choosing a scheme for which the virtual
contributions are numerically small can be of practical
importance in situations where their exact evaluation is
possible but computationally expensive, since one can re-
duce the number of phase-space points for the numerical
integration in this way. Nevertheless, in the present work,
we were able to obtain su�cient statistics that the virtual
could be reliably obtained in each subtraction scheme, as
shown.

We also compare our results to an approximation,
NLOAh

approx
similar to [19], obtained using exact ingredi-

ents except for the massive two-loop virtual amplitudes.
In this approximation, the massive two-loop virtual am-
plitude is replaced by the top-quark only Born amplitude
rescaled by the ratio 1

2
V

(2)/V
(1) computed using only the

massless quark amplitudes. This rescaling is performed
fully di↵erentially at the level of individual phase-space
points. We find that the approximation describes the
exact results well in most of the phase-space for the un-
polarized distributions, particularly in the high energy
region.

In figure 4, we show the invariant mass distribution
for ZZ production in the gluon channel for the LHC
with

p
s = 13.6 TeV, taking into account all massless

and massive contributions, including those mediated by
a Higgs boson. As above, the shaded bands indicate the
scale uncertainty. We find that the complete NLO correc-
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Figure 4: Diboson invariant mass distribution for gluon-
initiated ZZ production at the LHC. The Solid curves repre-
sent the LO and NLO results with complete massless and mas-
sive contributions, including Higgs-mediated diagrams. The
dashed curve represents an approximate NLO result obtained
as described in the text.

tions are large, ranging from 1.8 near the ZZ production
threshold and dropping to around 1.4 at 1 TeV invariant
mass.

For the dashed curve, NLOapprox, we again employ the
approximation in which the two-loop massive virtual am-
plitude is replaced by the rescaled top-quark only Born
amplitude, as described above. At low invariant mass,
the cross-section is dominated by diagrams containing
loops of massless quarks and, to a lesser extent, their in-
terference with the Higgs-mediated contribution, both of
which are included exactly in the approximation. Con-
versely, at high invariant mass, where the massive con-
tribution is more important, the massive amplitudes are
approximated well. As a result, we observe that the ap-
proximation works well across the entire invariant mass
range for the full unpolarized NLO correction.

For the full NLO cross-section in the gluon channel at
p

s = 13.6 TeV with exact dependence on the top-quark
mass, we obtain

�LO = 1316+23.0%
�18.0% fb , (16)

�NLO = 2275(12)+14.0%
�12.0% fb . (17)

Here, the number in parenthesis indicates the statistical
Monte-Carlo error, while the percentages specify the un-
certainty stemming from simultaneous variation of the
renormalization and factorization scales by a factor of
2. The complete NLO corrections to the gluon channel
are large, increasing the contribution by a factor of 1.7
compared to the leading order and beyond the naive scale
uncertainty estimate. The corrections approximately half
the scale uncertainty. The impact of including the direct

2

massive top-quark, and a massive Higgs boson. The cal-
culation of the di↵erent contributions is described below.

Born and virtual contributions

We consider the partonic process

g(p1) + g(p2) �! Z(p3) + Z(p4) , (2)

with momenta p1 and p2 incoming and p3 and p4 outgoing
such that p1 + p2 = p3 + p4. The external particles are
taken on-shell, i.e.

p2

1
= p2

2
= 0 , p2

3
= p2

4
= m2

Z , (3)

and the Mandelstam variables are defined as

ŝ = (p1 + p2)
2, t̂ = (p1 � p3)

2, û = (p2 � p3)
2, (4)

with ŝ + t̂ + û = 2 m2

Z . The amplitude for this process
can be written as

M
ab
� = Mµ⌫⇢� ✏µ

1
✏⌫
2
✏⇢
3
✏�
4
�ab, (5)

where � = {�1, �2, �3, �4} specify the polarizations of
the external particles and ✏i = ✏�i(pi). The color indices
a, b of the two gluons will be suppressed in the following.
The tensor amplitude can be decomposed into 20 form
factors [20] according to

M
µ⌫⇢� =

20X

i=1

Ai(ŝ, t̂, m
2

Z , m2

q) Tµ⌫⇢�
i . (6)

We can define helicity amplitudes for a specific choice of
polarizations in the partonic center-of-momentum frame.
Explicit definitions of helicity amplitudes in terms of the
form factors in (6) are provided in the ancillary files
of [31].

The one-loop amplitudes relevant for the Born contri-
bution have been calculated long ago in Refs. [33–35],
while the two-loop corrections employed for this paper
were completed only more recently. We distinguish be-
tween di↵erent classes of contributions to the amplitude,
depending on the couplings of the external Z bosons.
Figure 1 shows a representative two-loop Feynman dia-
gram for each of the following classes.

Class Ah: Both Z bosons couple directly to the same
heavy top-quark loop. For these one- and two-loop con-
tributions, we use the recent calculation [31] by some of
us for which a combination of syzygy techniques [31, 36–
40], finite field methods [41, 42], multivariate partial frac-
tioning [43–47], and constructions of finite integrals were
employed, and the resulting finite master integrals were
evaluated numerically with pySecDec [48–50].

Class Al: Both Z bosons couple directly to the same
light quark loop. Analytical expressions for these one-

and two-loop contributions with zero quark mass were
provided in [20], based on solutions for the master inte-
grals [51] in terms of multiple polylogarithms. We em-
ploy their implementation in the VVamp library and nu-
merically evaluate the multiple polylogarithms using the
code of Ref. [52] included in GiNaC [53].
Class B: The Z bosons couple to di↵erent closed quark

loops, each of which can be a light or a heavy quark.
At two loops, these corrections are one-particle reducible
products of one-loop triangles. Among all two-loop cor-
rections, it is only these diagrams for which Dirac traces
with an odd number of �5 matrices need to be consid-
ered and contributions related to the chiral anomaly can
arise due to a mass splitting within a weak iso-doublet.
Consequently, one should consider them for sums over a
complete quark generation, and for our calculation with
five massless quarks just the third generation contributes
due to mb 6= mt. These contributions have been pre-
sented in [26]; we use the recalculation in [31] for this
work.
Class C: The Z-boson pair is produced via the decay

of an intermediate o↵-shell Higgs boson, which couples
to a heavy quark loop. We employ an in-house imple-
mentation of these Higgs-mediated contributions based
on the di↵erential equations approach, similar to the cal-
culation in [54]. In the high invariant mass region, above
the top-quark threshold, one finds interesting interfer-
ences between the Higgs-mediated and direct production
of longitudinally polarised Z bosons. At one-loop, it has
been discussed in [34] that the interference is destructive
and exhibits a cancellation of the leading term at high
energy, as required by the unitarity of the tt̄ ! ZZ sub-
process; we observe a strong destructive interference also
at two-loops.

After UV renormalization and IR subtraction, details
of which are provided in Refs. [20, 31], the finite remain-
ders for the helicity amplitudes can be written as

M
fin

� =
⇣↵s

2⇡

⌘
M

(1)

� +
⇣↵s

2⇡

⌘2

M
(2)

� + O
�
↵3

s

�
, (7)

where M
(1)

� , M(2)

� are the one- and two-loop finite re-
mainders. We define squared one-loop amplitudes V

(1)

as well as the interference between one- and two-loop
amplitudes V

(2) as

V
(1) =

1

N

X

�,color

M
⇤(1)

� M
(1)

� , (8)

V
(2) =

1

N

X

�,color

2 Re
⇣
M

⇤(1)

� M
(2)

�

⌘
, (9)

where we divide by N = 22
· 82

· 2 to account for the
averaging over spins and colors in the initial state and
the symmetry factor due to identical particles in the final
state.

To optimize the sampling of the virtual amplitude for
our full result, we separate the amplitude according to

Agarwal, Jones, Kerner, von Manteuffel

off-shell

on-shell
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Figure 2: Representative Feynman diagrams at NLO. Shown are the two-loop and real emission

contributions to the signal amplitude AH ((a) and (b)) and to the background amplitude Ap ((c)-

(f)). The decays of the Z-bosons to leptons are only shown in (f).

that, upon integration over the phase-space of the relevant final states, produce the corre-

sponding contributions to the cross section. We will refer to the three contributions to the

cross sections, shown in Eq.(2), as the signal, the background and the interference, respec-

tively. Note that the interference contribution to the cross section is not sign-definite, in

contrast to contributions of both the signal and background.

We now describe the ingredients that we use to assemble the full scattering amplitude

AZZ . The one-loop LO amplitudes AH and Ap are shown in Fig. 1. The former, with

full dependence on the quark masses that facilitate ggH interaction, has been known for a

long time. The latter amplitudes for both massless and massive quark contributions were

computed in [35–37]; more recent computations are available in the codes gg2VV [38] and

MCFM [5, 39]. We make use of the amplitudes from MCFM in our calculation.

For the NLO QCD computation we need virtual corrections to gg ! ZZ and real contri-

butions gg ! ZZ + g (see examples of contributing diagrams in Fig. 2). To compute the

6

Both the signal and the irreducible 
background are part of the same 
process.
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For a competitive measurement of the strong coupling at the LHC, one needs to find a quantity which 

3

The running of the strong coupling is evaluated at four
loops [50, 51] consistently in all parts of the calcula-
tion. The PDFs are interpolated with LHAPDF [52],
and evolved at next-to-next-to-leading order (NNLO).
The number of active flavors is set to five in all the co-
e�cients entering the calculation, and in the evolution
of the PDFs. The predicted cross sections depend on
three unphysical scales: the renormalization scale µR,
the factorization scale µF , and the resummation scale Q,
which parameterizes the arbitrariness in the resumma-
tion procedure. The central value of the scales is set to
the invariant mass of the lepton pair m``

§. The elec-
troweak parameters are set according to the Gµ scheme,
in which the Fermi coupling constant GF, the W -boson
mass mW , and the Z-boson mass mZ are set to the input
values GF = 1.1663787·10�5 GeV�2, mW = 80.385 GeV,
mZ = 91.1876 GeV [1], whereas the weak-mixing angle
and the QED coupling are calculated at tree level.

The statistical analysis for the determination of
↵S(mZ) is performed with the xFitter framework [53].
The dependence of PDFs on the value of ↵S(mZ) is ac-
counted for by using corresponding ↵S-series of PDF sets.
The value of ↵S(mZ) is determined by minimizing a �2

function which includes both the experimental uncertain-
ties and the theoretical uncertainties arising from PDF
variations:

�2(�exp,�th) =

NdataX

i=1

⇣
�exp

i +
P

j �
exp

ij �j,exp � �th

i �
P

k �
th

ik�k,th

⌘2

�2

i

+
X

j

�2

j,exp +
X

k

�2

k,th . (5)

The correlated experimental and theoretical uncertain-
ties are included using the nuisance parameter vectors
�exp and �th, respectively. Their influence on the data
and theory predictions is described by the �exp

ij and �th

ik
matrices. The index i runs over all Ndata data points,
whereas the index j (k) corresponds to the experimen-
tal (theoretical) uncertainty nuisance parameters. The
measurements and the uncorrelated experimental uncer-
tainties are given by �exp

i and �i , respectively, and the
theory predictions are �th

i . At each value of ↵S(mZ),
the PDF uncertainties are Hessian profiled according to
Eq. (5) [54]. The parameter g of the Gaussian non-
perturbative form factor is left free in the fit by adding
g variations in Eq. (5) as an unconstrained nuisance pa-
rameter. The region of Z-boson transverse momentum

§
We note that within the transverse-momentum resummation for-

malism of Refs [42–44] the µR, µF , and Q scales have to be set of

the order of the hard scale of the process m`` and do not depend

on the transverse momentum of the Z boson.
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FIG. 1. Comparison of N3LO+N3LL DYTurbo predictions
to the measured Z-boson transverse-momentum distribution.
The settings of the pre- and post-fit predictions are ↵S(mZ) =
0.118, g = 0 GeV2, and ↵S(mZ) = 0.1185, g = 0.66 GeV2, re-
spectively. The dashed bands represent the PDF uncertainty
of the NNPDF4.0 PDF set.

pT < 30 GeV is considered in the fit. Initial-state ra-
diation of photons is estimated with Pythia8 [55] and
the AZ tune of parton shower parameters [18], and the
predictions are corrected with a bin-by-bin multiplicative
factor. The e↵ect on ↵S(mZ) of including these correc-
tions is �↵S(mZ) = �0.0006.
The determination of ↵S(mZ) with the NNLO¶

NNPDF4.0 PDF set [59] yields ↵S(mZ) = 0.1187, with
a statistical uncertainty of ±0.0007, a systematic exper-
imental uncertainty of ±0.0001, and a PDF uncertainty
of ±0.0004. The value of g determined in the fit is
g = 0.66± 0.05 GeV2⇤⇤, and the value of the �2 function
at minimum is 41 per 53 degrees of freedom. The pre-
and post-fit predictions are compared to the measured
Z-boson transverse-momentum distribution in Fig. 1.
Various alternative NNLO PDF sets are considered:
CT18 [60], CT18Z, MSHT20 [61], HERAPDF2.0 [62],
and ABMP16 [6]. The determined values of ↵S(mZ)
range from a minimum of 0.1178 with the ABMP16 PDF
set to a maximum of 0.1192 with the CT18Z PDF set.
The midpoint value in this range of ↵S(mZ) = 0.1185

¶
A fully consistent calculation would require PDFs at N

3
LO which

are currently not available. Uncertainties from missing higher

order PDFs have been studied in Refs. [56–58].
⇤⇤

When performing a fit with fixed value of g, the uncertainties

on ↵S(mZ) are reduced by 30%, yielding an estimate for the

uncertainty contribution from non-perturbative QCD e↵ects of

±0.0006.

Camarada, Ferrera, Schott

1) is proportional to the strong coupling constant;
2) can be predicted theoretically with a percent precision (NNLO and higher);
3) is independent  (nearly independent) of poorly-known parton distribution 

functions;
4) refers to low(er) region of hard momentum region;
5) does not suffer from unknown non-perturbative effects.

Inclusive Z transverse momentum distribution seems to fit the bill.
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↵s(mz) = 0.1183± 0.0009 ATLAS, 8 TeV data

ATLAS followed up on the proposal and obtained a very precise value of 
the strong coupling constant which is very well-compatible with the world 
average. 
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1) N3LO QCD predictions for the inclusive Z-boson production cross 
section and rapidity distribution;

2) NNLO QCD predictions for Z+jet production;
3) state-of-the-art transverse momentum  resummation,   that describe Z-

boson transverse momentum distribution at small pt ;
4) electroweak corrections to Z+jet production; 
5) advanced knowledge of parton distribution functions; 
6) models for non-perturbative smearing at small transverse momenta.

3.2 Total fiducial cross-section 3 RESULTS

Table 2.: Fiducial cuts for Z ! l+l� used in the CMS
13TeV analysis [3].

Lepton cuts qlT > 25GeV, |⌘l| < 2.4

Separation cuts 76.2GeV < ml+l� < 106.2GeV,

|yl+l� | < 2.4

and data at the highest order. Going from ↵2
s to ↵3

s

decreases uncertainties and improves agreement with
data noticeably at both large and small qT . In the
first bin 0GeV < qT < 1GeV we notice a relatively
large difference to the data, but this is also where one
would expect a non-negligible contribution from non-
perturbative effects. We note that the impact of the
corrections included in N4LLp is a noticeable shift in this
distribution, compared to N3LL’, as discussed further in
appendix B.

For the �⇤ distribution shown in fig. 4 results are over-
all very similar. For the transverse momentum distri-
bution we neglect matching corrections at ↵3

s below
qT < 5GeV. Here we correspondingly neglect them be-
low �⇤ < 5GeV/mZ ⇠ 0.05 and at lower orders below
�⇤ < 1GeV/mZ ⇠ 0.01, an overall per-mille level effect
in that region.

Since our resummation implementation is fully differ-
ential in the electroweak final state we can naturally
also present the transverse momentum distribution of
the final state lepton, see fig. 5. This is plagued by
a Jacobian peak at fixed-order and crucially requires
resummation. The higher-order ↵3

s corrections further
stabilize the results with smaller uncertainties.

3.2. Total fiducial cross-section

In table 3 we present total fiducial cross sections. Uncer-
tainties of the fixed-order NNLO (↵2

s) result, obtained
by taking the envelope of a variation of renormalization
and factorization scales by a factor of two, are partic-
ularly small at the level of 0.5% and do not improve
towards N3LO with large corrections. The resummation
improved results are obtained by integrating over the
matched qT spectrum shown in fig. 3. Uncertainties
of the resummation improved predictions are obtained
by taking the envelope of the variation of hard, low
and rapidity scales in the fixed-order and resummation
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Figure 3.: Differential transverse-momentum resumma-
tion improved predictions for the ql

�l+
T distri-

bution at order ↵s, ↵2
s and ↵3

s.

region. The matching uncertainty from the transition
function variation is quoted separately. We estimate the
effect of neglecting matching corrections at ↵3

s below
qT  5GeV to be less than 1 pb.

The resummation improved result at ↵s has large un-
certainties that stem from an insufficient order of the
resummation (N2LL), which still has substantial un-
certainties in the Sudakov peak region (c.f. fig. 3).
The results quickly stabilize, with less than a percent
difference between the central ↵2

s and ↵3
s predictions.

Nevertheless, the uncertainties we obtain are noticeably
larger than the fixed-order uncertainties. We further
observe that going from N3LL/↵2

s to N4LLp/↵3
s does not

reduce uncertainties as substantially as when going from
↵s to ↵2

s. This is because the resummation uncertainties
around the Sudakov peak region at small qT ⇠ 5GeV
do not improve dramatically.

While this behavior, of only moderately decreasing un-
certainties going from ↵2

s to ↵3
s, is consistent with the
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region. The matching uncertainty from the transition
function variation is quoted separately. We estimate the
effect of neglecting matching corrections at ↵3

s below
qT  5GeV to be less than 1 pb.

The resummation improved result at ↵s has large un-
certainties that stem from an insufficient order of the
resummation (N2LL), which still has substantial un-
certainties in the Sudakov peak region (c.f. fig. 3).
The results quickly stabilize, with less than a percent
difference between the central ↵2

s and ↵3
s predictions.

Nevertheless, the uncertainties we obtain are noticeably
larger than the fixed-order uncertainties. We further
observe that going from N3LL/↵2
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s does not

reduce uncertainties as substantially as when going from
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s. This is because the resummation uncertainties
around the Sudakov peak region at small qT ⇠ 5GeV
do not improve dramatically.

While this behavior, of only moderately decreasing un-
certainties going from ↵2

s to ↵3
s, is consistent with the
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Neumann and Campbell

A percent-level prediction for Z transverse momentum distribution e requires us to employ  some of the  most sophisticated 
theoretical computations ever performed in pQCD. 

Duhr, Mistlberger, X. Chen, Gehrmann, Gehrmann-de Ridder, Glover, Zhu, Yang, Huss, 
Vita, Ebert, Luou,.  Boughezal, Focke, Liu, Petriello, Ellis, Giele, Campbell et al.
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To minimize the impact of QCD theory on the determination of the W-mass, models for vector boson production are tuned using 
Z-production data and then  used to describe the W case.  It becomes important to carefully study all effects that distinguish 
between Z and W production and electroweak and mixed electroweak -QCD corrections is an important example of such effects. 

2

the extraordinary precision of the planned W -mass mea-
surement. Indeed, as we already mentioned, the W mass
is expected to be measured with a precision of about
O(10) MeV or 0.01 percent. It is perfectly clear that ex-
isting theoretical approaches, be they fixed order compu-
tations or parton showers or resummations, are not suit-
able for the description of any hadron-collider observable
with such precision.

This problem is usually overcome by exploiting similari-
ties between the production of Z and W bosons in hadron
collisions and by making use of the fact that the mass of
the Z boson has been measured very precisely at LEP.
The extraction of the W mass from studies of the lepton
distribution pl⊥ in the process pp → W +X → lνl+X re-
lies on these considerations and makes use of the fact that
a similar distribution in the process pp → Z+X → ll̄+X
can be used for calibration purposes. The underlying
theoretical assumption is that QCD effects in these two
processes are strongly correlated and, as a consequence, a
theoretical model “tuned” to describe the pl⊥ distribution
in the Z sample can be used with minimal modifications
to obtain precise predictions for the pl⊥ distribution in
the W case. This is the approach on which the analysis
of Ref. [5] as well as earlier measurements of the W mass
at the Tevatron are based.

Clearly, if one relies on using Z boson production for the
calibration, all effects that distinguish between the Z and
W cases must be estimated theoretically. As we already
mentioned, QCD corrections are expected to be largely
similar for W and Z production, although even in this
case the impact of different quark flavors in the initial
state [6–11] as well as of the gg → Zg contribution that
exists in Z production but not in the W case must be
investigated.

On the other hand, it is also clear that electroweak (EW)
corrections may affect the production of W and Z bosons
differently, potentially leading to uncorrelated effects of
these corrections on the pl⊥ spectra in Z and W samples.
If this does happen, any measurement of the W mass that
relies of the similarity of Z and W kinematic distributions
will be affected.

These considerations motivated extensive studies of the
NLO electroweak corrections [12–20] to the Z and W
production processes, as well as effects related to multi-
ple photon emissions [21–27] in Z and W decays. Their
impact on the W -mass determination has been studied
in detail, see Ref. [28] for a comprehensive review.

It was also recognized long ago that for the target pre-
cision of the W -mass measurement one has to go be-
yond NLO electroweak corrections and account for mixed
QCD-electroweak effects. Approximate O(αsαW ) cor-
rections are available in parton showers using a factor-
ized approach [29–31], and their impact on the W -mass
determination was also studied in Ref. [28]. However,
genuine mixed QCD-EW corrections were, until recently,
only known for initial-state QCD radiation and final-

state photon emission [32, 33] which are expected to give
the dominant contribution to the full QCD-EW correc-
tions. Their impact on W -mass determinations has been
studied in Refs. [28, 33].

The computation of the remaining mixed QCD-EW cor-
rections to the Z and W production processes was re-
cently completed [34–41]. The goal of this note is to
estimate how these corrections affect the value of the W
mass extracted from the transverse momentum distribu-
tion of a charged lepton.

Although in the experimental analyses [4, 5, 42] the mass
of the W boson is determined from fits to templates of pl⊥
distributions, here we adopt a simplified approach that
allows us to estimate the resulting mass shift in a simple
and transparent way. We believe that the simplicity and
transparency of our analysis justifies its use in a theo-
retical paper but we emphasize that, should corrections
turn out to be non-negligible, a more refined study of
the impact of mixed QCD-EW effects on the W -mass
extraction that better reflects the details of experimental
analyses will be required.

To estimate the impact of mixed QCD-electroweak cor-
rections on the W -mass measurement we make use of
the fact that the average transverse momentum of the
charged lepton in the Drell-Yan processes 〈pl,V⊥ 〉 (V =
Z,W ) is correlated with the mass of the respective gauge
boson. Indeed, it is straightforward to compute 〈pl,V⊥ 〉 at
leading order in perturbative QCD. The result, as a func-
tion of the lower cut on the lepton transverse momentum
pcut⊥ , is

〈pl,V⊥ 〉 = mV f

(

pcut⊥

MV

)

, (1)

where

f (r) =
3

32

r(5 − 8r2)

1− r2
+

15

64

arcsin
(√

1− 4r2
)

(1 − r2)
√
1− 4r2

. (2)

The function f(r) quantifies the dependence of the aver-
age momentum 〈pl,V⊥ 〉 on the pcut⊥ ; if no cut is imposed,

we obtain 〈pl,V⊥ 〉 = mV f(0) = 15π/128mV .

We note that for physical values of r, 0 < r < 0.5, the
function f(r) does not change strongly, 0.368 < f(r) <
0.5. Therefore, we expect that either the selection of
cuts can be optimized to enhance the similarity of the pl⊥
distributions in W and Z production, or that the effect of
cuts can be adequately predicted in perturbation theory.
Hence, we write the following formula for the W mass
extracted from measurements of average values of lepton
transverse momenta as

mmeas
W =

〈pl,W⊥ 〉meas

〈pl,Z⊥ 〉meas
mZ Cth. (3)

The theoretical correction factor Cth is determined by
comparing the value of the W mass obtained by follow-

3

V = Z V = W+

µ = mZ/4 µ = mZ/2 µ = mZ µ = mW /4 µ = mW /2 µ = mW

FV (0, 0; 1), [pb] 1273 1495 1700 7434 8810 10083
FV (1, 0; 1), [pb] 570.2 405.4 246.9 3502 2533 1580
FV (0, 1; 1), [pb] −5810 · 10−3

−6146 · 10−3
−6073 · 10−3

−1908 · 10−3 3297 · 10−3 10971 · 10−3

FV (1, 1; 1), [pb] −2985 · 10−3
−2033 · 10−3

−1236 · 10−3
−8873 · 10−3

−7607 · 10−3
−7556 · 10−3

FV (0, 0; pe⊥) [GeV · pb] 42741 50191 57073 220031 260772 298437
FV (1, 0; pe⊥) [GeV · pb] 23418 17733 12221 124487 95132 66090
FV (0, 1; pe⊥) [GeV · pb] −182.85 −192.77 −189.11 74.53 243.54 484.82
FV (1, 1; pe⊥) [GeV · pb] −163.87 −125.22 −92.05 −553.87 −482.0 −448.0

Table I: Inclusive cross sections and first moments of the positron transverse momentum distributions in pp → W+
→ νe+

and pp → Z → e−e+ at the 13 TeV LHC. Results are shown at leading order, for the next-to-leading order QCD and EW
corrections, and for the mixed QCD-electroweak corrections. See text for details.

ing this procedure within a particular theoretical frame-
work with the actual W mass mW used as an input in a
theoretical calculation. Therefore

Cth =
mW

mZ

〈pl,Z⊥ 〉th

〈pl,W⊥ 〉th
. (4)

If the theoretical framework used to compute Cth

changes, for example because a more refined theoretical
prediction for 〈pl⊥〉 becomes available, there is a shift in
the extracted value of the W mass mmeas

W . It evaluates
to

δmmeas
W

mmeas
W

=
δCth

Cth

=
δ〈pl,Z⊥ 〉th

〈pl,Z⊥ 〉th
−

δ〈pl,W⊥ 〉th

〈pl,W⊥ 〉th
. (5)

This equation shows clearly the role that the Z boson ob-
servables play in Eqs.(3,4). Indeed, it follows from Eq.(5)
that all effects that influence the lepton transverse mo-
mentum distributions in Z and W production and decay
in a similar way do not result in a shift in the measured
value of the W mass. However, if this is not the case, a
shift in the extracted value mmeas

W arises.

Eq.(5) provides the basis for our estimate of the impact
of the mixed QCD-electroweak corrections on the deter-
mination of the W mass. Indeed, the calculations re-
ported in Refs. [36, 39] allow us to compute average lep-
ton transverse momenta in Z and W production with
and without mixed QCD-electroweak corrections. Using
this information, we construct quantities that appear on
the right hand side of Eq.(5) and estimate the shift in
the extracted value of the W mass.

Before presenting the results, we briefly discuss the setup
of the calculation. We use the same input parameters
as described in Refs. [36, 39]. In particular, we adopt
the Gµ renormalization scheme and use GF = 1.16639 ·
10−5 GeV−2, mZ = 91.1876 GeV, mW = 80.398 GeV,
mH = 125 GeV and mt = 173.2 GeV. We work in
the narrow-width approximation and consider all quarks
but the top quark to be massless.2 For definiteness, we

2 We neglect the contribution of Feynman diagrams with internal

consider decays Z → e−e+ and W+ → νee+ and con-
sider the electrons as being massless. We employ the
NNLO NNPDF3.1luxQED [43–45] parton distributions
with αs(mZ) = 0.118. For our analysis, we focus on
Z and W+ production at the 13 TeV LHC and study
the transverse momentum distribution of the positron
e+. Since the contribution of QCD initial-state and EW
final-state corrections to the full mixed QCD-EW re-
sult and its impact on the W -mass determinations is
known [32, 33], we do not consider corrections to the
W → νee+ and Z → e−e+ decay subprocesses. In
other words, for our estimates we only consider mixed
QCD-EW corrections to the production sub-processes
pp → W/Z. As we have already said, this is the only
mixed QCD-electroweak contribution whose impact on
the W -mass determination is currently unknown.

For the sake of clarity, we begin by considering inclusive
quantities and do not apply any kinematic cuts. We write
the differential cross sections for Z and W production as

dσZ,W =
∑

i,j=0

αi
sα

i
Wdσi,j

Z,W , (6)

where αs and αW are the strong and electroweak cou-
plings, respectively. We also define weighted integrals

FZ,W (i, j,O) = αi
sα

i
W

∫

dσi,j
Z,W ×O, (7)

where O is a particular kinematic variable. With this no-
tation, the average transverse momentum of the positron
in the processes pp → Z + X → e−e+ + X and pp →
W+ +X → νee+ +X reads

〈pe
+,V

⊥ 〉th =

∑

ij

FV (i, j, pe
+

⊥ )

∑

ij

FV (i, j, 1)
. (8)

top quarks in the calculation of mixed QCD-electroweak two-
loop corrections Our result then only depends on mt through
the renormalization procedure, see Ref. [36] for details.
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−2033 · 10−3

−1236 · 10−3
−8873 · 10−3

−7607 · 10−3
−7556 · 10−3

FV (0, 0; pe⊥) [GeV · pb] 42741 50191 57073 220031 260772 298437
FV (1, 0; pe⊥) [GeV · pb] 23418 17733 12221 124487 95132 66090
FV (0, 1; pe⊥) [GeV · pb] −182.85 −192.77 −189.11 74.53 243.54 484.82
FV (1, 1; pe⊥) [GeV · pb] −163.87 −125.22 −92.05 −553.87 −482.0 −448.0

Table I: Inclusive cross sections and first moments of the positron transverse momentum distributions in pp → W+
→ νe+

and pp → Z → e−e+ at the 13 TeV LHC. Results are shown at leading order, for the next-to-leading order QCD and EW
corrections, and for the mixed QCD-electroweak corrections. See text for details.

ing this procedure within a particular theoretical frame-
work with the actual W mass mW used as an input in a
theoretical calculation. Therefore

Cth =
mW

mZ

〈pl,Z⊥ 〉th

〈pl,W⊥ 〉th
. (4)

If the theoretical framework used to compute Cth

changes, for example because a more refined theoretical
prediction for 〈pl⊥〉 becomes available, there is a shift in
the extracted value of the W mass mmeas

W . It evaluates
to

δmmeas
W

mmeas
W

=
δCth

Cth

=
δ〈pl,Z⊥ 〉th

〈pl,Z⊥ 〉th
−

δ〈pl,W⊥ 〉th

〈pl,W⊥ 〉th
. (5)

This equation shows clearly the role that the Z boson ob-
servables play in Eqs.(3,4). Indeed, it follows from Eq.(5)
that all effects that influence the lepton transverse mo-
mentum distributions in Z and W production and decay
in a similar way do not result in a shift in the measured
value of the W mass. However, if this is not the case, a
shift in the extracted value mmeas

W arises.

Eq.(5) provides the basis for our estimate of the impact
of the mixed QCD-electroweak corrections on the deter-
mination of the W mass. Indeed, the calculations re-
ported in Refs. [36, 39] allow us to compute average lep-
ton transverse momenta in Z and W production with
and without mixed QCD-electroweak corrections. Using
this information, we construct quantities that appear on
the right hand side of Eq.(5) and estimate the shift in
the extracted value of the W mass.

Before presenting the results, we briefly discuss the setup
of the calculation. We use the same input parameters
as described in Refs. [36, 39]. In particular, we adopt
the Gµ renormalization scheme and use GF = 1.16639 ·
10−5 GeV−2, mZ = 91.1876 GeV, mW = 80.398 GeV,
mH = 125 GeV and mt = 173.2 GeV. We work in
the narrow-width approximation and consider all quarks
but the top quark to be massless.2 For definiteness, we

2 We neglect the contribution of Feynman diagrams with internal

consider decays Z → e−e+ and W+ → νee+ and con-
sider the electrons as being massless. We employ the
NNLO NNPDF3.1luxQED [43–45] parton distributions
with αs(mZ) = 0.118. For our analysis, we focus on
Z and W+ production at the 13 TeV LHC and study
the transverse momentum distribution of the positron
e+. Since the contribution of QCD initial-state and EW
final-state corrections to the full mixed QCD-EW re-
sult and its impact on the W -mass determinations is
known [32, 33], we do not consider corrections to the
W → νee+ and Z → e−e+ decay subprocesses. In
other words, for our estimates we only consider mixed
QCD-EW corrections to the production sub-processes
pp → W/Z. As we have already said, this is the only
mixed QCD-electroweak contribution whose impact on
the W -mass determination is currently unknown.

For the sake of clarity, we begin by considering inclusive
quantities and do not apply any kinematic cuts. We write
the differential cross sections for Z and W production as

dσZ,W =
∑

i,j=0

αi
sα

i
Wdσi,j

Z,W , (6)

where αs and αW are the strong and electroweak cou-
plings, respectively. We also define weighted integrals

FZ,W (i, j,O) = αi
sα

i
W

∫

dσi,j
Z,W ×O, (7)

where O is a particular kinematic variable. With this no-
tation, the average transverse momentum of the positron
in the processes pp → Z + X → e−e+ + X and pp →
W+ +X → νee+ +X reads

〈pe
+,V

⊥ 〉th =

∑

ij

FV (i, j, pe
+

⊥ )

∑

ij

FV (i, j, 1)
. (8)

top quarks in the calculation of mixed QCD-electroweak two-
loop corrections Our result then only depends on mt through
the renormalization procedure, see Ref. [36] for details.

A better theory changes the theoretical correction factor and leads to changes in the extracted value of the W mass.

No fiducial cuts: 
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‣ QCD-electroweak effects are more important than the electroweak ones;

‣ Compensation mechanism between W and Z distribution is important;                                                                              shift 
in first moments taken separately are close to 50 MeV;

‣ PDF uncertainty has a very minor impact on these shifts; 

ATLAS cuts: 
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Figure 9.2: Summary of determinations of –s(m2

Z) with uncertainty in the seven sub-fields as dis-
cussed in the text. The yellow (light shaded) bands and dotted lines indicate the pre-average values
of each sub-field. The dashed line and blue (dark shaded) band represent the final world average
value of –s(m2

Z). The “*” symbol within the “hadron colliders” sub-field indicates a determination
including a simultaneous fit of PDFs.

1st December, 2023

<latexit sha1_base64="b9QeVMYzh2L4cf9oOFjsgfj2nb8="></latexit>

↵s(Mz) = 0.118± 0.001
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Modelling non-perturbative effects with parton showers is not satisfactory for high-precision observables and is known to 
cause significant confusion. 
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Can one learn something relevant about these effects from perturbation theory given all the advances that we have had in 
this field?

Furthermore,  since Feynman integrals  run over all momenta, including the soft ones,   one can use Feynman diagrams to 
estimate the sensitivity of cross sections and observables to these  problematic  integration regions.  

The famous Kinoshita-Lee-Nauenberg infra-red cancellation,  as well as the idea of renormalons and its connection to QCD 
with a (fake) gluon mass can be interpreted in this way. 

A recent discussion of  inter-dependences  between the perturbative evolution of parton showers and hadronization 
models through a shower infra-red cut-off is an interesting example of this. 

Hoang,  Jin, Plätzer,  Samitz
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1) one cannot determine the pole mass of the top quark from top production cross section with a precision better than                 ;                 

2) even basic kinematic distributions in top-production processes receive linear power corrections independent of the top mass 
parameter used; these power corrections are not  described by parton showers; 

3) polarization effects in top quark production processes are affected by linear power corrections (in the narrow width 
approximation); 

4) in electron-positron collisions, non-perturbative corrections to shape variables in 3-jet and 2-jet regions are different, in 
variance with the standard assumption that are made  when fitting  the strong coupling  constant      . 

<latexit sha1_base64="nY0m76BSoew4s8mKLf4INxSusJ4="></latexit>

O(⇤QCD)

Ferrario Ravasio, Limatola, Nason, Caola, Melnikov, Ozcelik, Makaroc

Calculation of linear                   non-perturbative corrections in the context of renormalon models can be simplified using Low-
Burnett-Kroll next-to-soft-emission theorem and some tricks from the perturbative toolbox. 

The approach based on renormalons has its limitations  but it also leads to important insights into non-perturbative effects that 
are listed below:
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SUMMARY

These impressive  successes of the perturbative approach to hadron collisions,  emphasize  the need  of  a systematic 
understanding of  non-perturbative  power corrections  at hadron colliders.  Without it, further meaningful improvements in 
ultra-precise determinations of physical parameters (the top quarks mass, the strong coupling constant etc.) may not be 
possible, in spite of being statistically achievable. 

Perturbative QCD  is a well-developed theory whose role, in the context of the LHC physics,   is to facilitate interpretation of 
experimental results in terms of parameters that appear in the Lagrangian of the SM or  its extensions.  

Continuous methodological progress in perturbative QCD allows us to describe collider processes of ever increasing 
complexity with higher and higher precision.   

State-of-the-art calculations at  next-to-leading  and next-to-next-to-leading orders  in perturbative QCD remain very 
challenging,  but are becoming more and more  manageable. The focus  is slowly shifting towards  the next perturbative 
order, N3LO. 


