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HVP ⇒ using the data-driven/R-ratio method

Optical theorem
γ γ

had ⇔

Π
′ had
γ (q2)

γ

had

2

∼ σhad
tot (q2)

Use e+e− → had data of CMD, SND, BES,
KLOE, BABAR, ...

aLO-HVP
µ =

(
α
π

)2 ∫ ds
s2 Kµ(s)R(s)

LO [Jegerlehner ’18] 688.1(4.1) 0.60%
LO [Davier et al ’19] 693.9(4.0) 0.58%
LO [Keshavarzi et al ’19] 692.78(2.42) 0.35%
LO [Hoferichter et al ’19] 692.3(3.3) 0.48%
LO [White Paper ’20] 693.1(4.0) 0.58%
NLO/NNLO [Kurz et al ’14] -9.87(0.09)/1.24(0.01)

Systematic uncertainty: ≈4 times larger than the statistical error (e.g. Davier et al.)
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aLO-HVP
µ from lattice QCD Nature 593 (2021) 7857, 51

Compute electromagnetic current-current correlator

C(t) = ⟨Jµ(t)Jν(0)⟩

aLO-HVP
µ = α2

∫
∞

0
dt K(t) C(t)
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❞✒✓✔❞t ✍✕✖✗✘✙✁✥✑

K(t) describes the leptonic part of diagram
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Error reduction 2017 (blue) – 2020 (green) - 2024 (red)

(a)
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(b)
Finite
L & T

(c)
Continuum

limit

(d)
Physical

point

(e)
Isospin

breaking

0

5

10
E

rr
or
×

10
1
0

1.05%

0.32%
0.26%

1.89%

0.35%

0.13%

1.12%
0.57%

0.27%
0.77%

0.22%
0.15%

0.71%

0.19% 0.19%

• In 2017 the dominant uncertainty: finite volume
=⇒ in 2020 dedicated large volume simulation
earlier only 6 fm box, increased to 11 fm
=⇒ in 2024 separation of the tail

• In 2020 the dominant uncertainty: continuum extrapolation
=⇒ new, even finer lattice with 0.048 fm lattice spacing
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• Statistic/noise reduction: all-to-all propagators
most of the noise comes from the tail: t > 3 fm
=⇒ in 2024 separation of the tail and use data driven method

• Scale for physical point & dedicated isospin breaking analysis
.
.
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Scale determination
Lattice spacing ’a’ is not an input, αs is, must be determined
’a’ enters into aµ calculation:

physical value of mµ
physical values of mπ,mK

−→ ∆scaleaµ ∼ 2 ·∆(scale)

1 MΩ scale setting −→ a = (aMΩ)
lat/Mexp

Ω

Experimentally well known: 1672.45(29)MeV [PDG 2018]

Moderate mq dependence
Can be precisely determined on the lattice

2 w0 scale setting: gauge flow in a fictitious fifth dimension

Moderate mq dependence
Can be precisely determined on the lattice
No experimental value
−→ Determine value of w0 from MΩ · w0

w0 = 0.17245(22)(46)[51] fm
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Noise reduction

noise/signal in C(t) = ⟨J(t)J(0)⟩ grows for large distances
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t ✍✎✏✑

❞✒✓✔❞t ✍✕✖✗✘✙�✚✑

❞✒✓✔❞t ✍✕✖✗✘✙✁✥✑ Low Mode Averaging: use exact
(all2all) quark propagator in IR
and stochastic in UV

2020 decrease noise by replacing
C(t) by upper/lower bounds
above tc

0 ≤ C(t) ≤ C(tc)e−E2π(t−tc)

2024: tail contribution for t > 2.8 fm from data driven approach
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❞✒✓✔❞t ✍✕✖✗✘✙✁✥✑ Low Mode Averaging: use exact
(all2all) quark propagator in IR
and stochastic in UV

2020 decrease noise by replacing
C(t) by upper/lower bounds
above tc

0 ≤ C(t) ≤ C(tc)e−E2π(t−tc)

2024: tail contribution for t > 2.8 fm from data driven approach
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Tail (long distance) contribution: t > 2.8 fm

0.95 1.00 1.05 1.10

aµ,28−35 / Average

Avg. (with Tau)

Avg. (no Tau)

Tau

KLOE

CMD-3

BaBar

Lattice

• t > 2.8 fm contributes only less than 5%

• data driven error: an order of magnitude better than lattice

• low energy part (below ρ) all agree

• we can be generous with errors: even 5 times larger wouldn’t change
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Window observable
Restrict correlator to window between t1 = 0.4 fm and t2 = 1.0 fm

[RBC/UKQCD’18]

Less challenging than full aµ
signal/noise

lattice artefacts (short & long)

finite size effects

R-ratio possible: other kernel

about two orders of magnitude
easier (CPU and manpower)

histogram of 250,000 fits
with and without improvements
3.7 σ tension  198
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Window observable tension: other groups

200 204 208
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FHM ’23
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This work

Huge tension with our result and with the average even more
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Summary

Summary & take-home message

.

175 180 185 190 195 200 205 210 215

aµ × 1010 − 11659000

Tau

KLOE

CMD-3

BaBar

White paper

BMW ’20

This work

Experimental avg.

FNAL 2023

BNL 2006

0.9σ

4.0σ

5.2σ

Hadronic vacuum polarization final result: 714.1(2.2)(2.5)[3.3] · 10−10
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Summary

Final result 2020
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Summary

Tension: take-home message #2 lattice/e+e− window

≈4–5 σ tensions for distance & energy regions (reduced, see Zhang)

Lattice window: 0.4-1.0 fm e+e− window 0.60–0.88 GeV
approx. 30% of the total more than 50% of the total

BMW’20  [2002.12347]
Colangelo et.al ’22  [2205.12963]

Davier et.al ’23  [2308.04221]
Benton et.al ’23  [2311.09523]

World Average 100%
World Average     0%

BMW’20  [2002.12347]
Mainz’22 [2206.06582]
ETMC’22 [2206.15084]

RBC/UKQCD’23 [2301.08696]
FHM’23 [2301.08274]
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µ,win]iso

lattice

R-ratio

R-ratio / lattice

Z. Fodor g-2 from lattice QCD: the most recent result July 19, 2024 16 / 16



Summary

Tension: take-home message #2 lattice/e+e− window

≈4–5 σ tensions for distance & energy regions (reduced, see Zhang)

Lattice window: 0.4-1.0 fm e+e− window 0.60–0.88 GeV
approx. 30% of the total more than 50% of the total

BMW’20  [2002.12347]
Colangelo et.al ’22  [2205.12963]

Davier et.al ’23  [2308.04221]
Benton et.al ’23  [2311.09523]

World Average 100%
World Average     0%

BMW’20  [2002.12347]
Mainz’22 [2206.06582]
ETMC’22 [2206.15084]

RBC/UKQCD’23 [2301.08696]
FHM’23 [2301.08274]

 197  200  203  206  209  212

 10
10

 × [a
light
µ,win]iso

lattice

R-ratio

R-ratio / lattice

Z. Fodor g-2 from lattice QCD: the most recent result July 19, 2024 16 / 16



Summary

Tension: take-home message #2 lattice/e+e− window

≈4–5 σ tensions for distance & energy regions (reduced, see Zhang)

Lattice window: 0.4-1.0 fm e+e− window 0.60–0.88 GeV
approx. 30% of the total more than 50% of the total

BMW’20  [2002.12347]
Colangelo et.al ’22  [2205.12963]

Davier et.al ’23  [2308.04221]
Benton et.al ’23  [2311.09523]

World Average 100%
World Average     0%

BMW’20  [2002.12347]
Mainz’22 [2206.06582]
ETMC’22 [2206.15084]

RBC/UKQCD’23 [2301.08696]
FHM’23 [2301.08274]

 197  200  203  206  209  212

 10
10

 × [a
light
µ,win]iso

lattice

R-ratio

R-ratio / lattice

Z. Fodor g-2 from lattice QCD: the most recent result July 19, 2024 16 / 16



Summary

Tension: take-home message #2 lattice/e+e− window

≈4–5 σ tensions for distance & energy regions (reduced, see Zhang)

Lattice window: 0.4-1.0 fm e+e− window 0.60–0.88 GeV
approx. 30% of the total more than 50% of the total

BMW’20  [2002.12347]
Colangelo et.al ’22  [2205.12963]

Davier et.al ’23  [2308.04221]
Benton et.al ’23  [2311.09523]

World Average 100%
World Average     0%

BMW’20  [2002.12347]
Mainz’22 [2206.06582]
ETMC’22 [2206.15084]

RBC/UKQCD’23 [2301.08696]
FHM’23 [2301.08274]

 197  200  203  206  209  212

 10
10

 × [a
light
µ,win]iso

lattice

R-ratio

R-ratio / lattice

Z. Fodor g-2 from lattice QCD: the most recent result July 19, 2024 16 / 16


	Summary

