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Weinberg 3HDM

S. Weinberg, 1976 (Notation of Ivanov and Nishi):

1 Basics

1. SM (one doublet) fails to explain

� su�cient CP violation (for early Universe baryogenesis)

� dark matter

2. Two doublets, 2HDM
Can have CP violation (complex potential coe�cients or one complex vev),
or
dark matter (IDM, one doublet has no vev, decoupled by a Z2 symmetry)
[not both]

3. Three doublets. May arrange to have both CP violation and dark matter!
“Problem”: most general 3HDM has 46 linearly independent parameters
(Olaussen et al, [1007.1424])
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1
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Weinberg: Complex �1, �2, �3. CP violation could be described by gauge
interactions.

Branco: Real �1, �2, �3. Spontaneous CP violation is possible, starting
with real potential.

Moretti et al: One or two vevs vanish, thus have DM. Similar to IDM.

Plantey et al: Real potential. All vevs non-zero, complex.
Spontaneous CP violation.
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3 SU(2) doublets:

1 Basics

1. SM (one doublet) fails to explain

� su�cient CP violation (for early Universe baryogenesis)

� dark matter

2. Two doublets, 2HDM
Can have CP violation (complex potential coe�cients or one complex vev),
or
dark matter (IDM, one doublet has no vev, decoupled by a Z2 symmetry)
[not both]

3. Three doublets. May arrange to have both CP violation and dark matter!
“Problem”: most general 3HDM has 46 linearly independent parameters
(Olaussen et al, [1007.1424])
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Weinberg: Complex �1, �2, �3. CP violation could be described by gauge
interactions.

Branco: Real �1, �2, �3. Spontaneous CP violation is possible, starting
with real potential.

Moretti et al: One or two vevs vanish, thus have DM. Similar to IDM.

Plantey et al: Real potential. All vevs non-zero, complex.
Spontaneous CP violation.
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Z2 X Z2 symmetry



Weinberg 3HDM

Disregarding the phase-dependent part:

1 Basics
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V = Yab(h
†
a
hb) + Zabcd(h

†
a
hb)(h

†
c
hd) (1.1)

V = V2 + V4, with V4 = V0 + Vph, (1.2)

where V2 and V0 are insensitive to independent rephasing of the Higgs doublets,

V2 = �[m11(�
†
1
�1) +m22(�

†
2
�2) +m33(�

†
3
�3)], (1.3)

V0 = �11(�
†
1
�1)

2 + �12(�
†
1
�1)(�

†
2
�2) + �13(�

†
1
�1)(�

†
3
�3) + �22(�

†
2
�2)

2

+ �23(�
†
2
�2)(�

†
3
�3) + �33(�

†
3
�3)

2

+ �
0
12
(�†

1
�2)(�

†
2
�1) + �

0
13
(�†

1
�3)(�

†
3
�1) + �

0
23
(�†

2
�3)(�

†
3
�2), (1.4)

whereas
Vph = �1(�

†
2
�3)

2 + �2(�
†
3
�1)

2 + �3(�
†
1
�2)

2 + h.c. (1.5)

Weinberg: Complex �1, �2, �3. CP violation could be described by gauge
interactions.

Branco: Real �1, �2, �3. Spontaneous CP violation is possible, starting
with real potential.
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Spontaneous CP violation.
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the potential has two U(1) symmetries

Observation:

(will return to this point)

Z2 X Z2 symmetry



Weinberg 3HDM
There are different ways of solving the minimization equations:

violates CP

1 Basics

Solution 1 (CPC):
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.
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This solution has a Z2 symmetry preserved by the vacuum.
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The latter is the solution identified by Branco and studied in our earlier work
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Weinberg 3HDM
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Weinberg 3HDM

Minimization conditions: 3 moduli and 2 phases
May express mii in terms of �s (3 conditions)
May relate �2 and �3 to �1 (2 conditions)

Real potential, all three vevs non-zero, complex,
i.e., spontaneous CP violation.

Note that in the limit when CP-violating
terms �1, �2, �3 vanish,
the potential has two U(1) symmetries

These break when vevs are non-zero,
) 2 (CP-odd) Goldstone bosons

Turn on U(1)-violating terms,
“would-be Goldstone bosons” acquire mass

However, in order to have an “almost SM-like”
WWHSM coupling, must be close to U(1)⇥ U(1) symmetry,
) two light states that are “largely CP odd”

2
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General case:



Weinberg 3HDM
Our work:

Minimization conditions: 3 moduli and 2 phases

May express mii in terms of �s (3 conditions)

May relate �2 and �3 to �1 (2 conditions)

Consequence:

Mass-squared matrices are homogeneous in �s,

i.e., masses are bounded

by the perturbativity constraint on �s

Real potential, all three vevs non-zero, complex,

i.e., spontaneous CP violation.

Note that in the limit when phase-dependent

terms �1, �2, �3 vanish,

the potential has two U(1) symmetries

These break when vevs are non-zero,

) 2 Goldstone bosons

Turn on U(1)-violating terms,

“would-be Goldstone bosons” acquire mass

However, in order to have an “almost SM-like”

WWHSM coupling, must be close to U(1)⇥ U(1) symmetry,

) two light states that have “large CP-odd content”

2



Weinberg 3HDM

Remainder: 2 intertwined stories

The potential tends to yield

one or two states 

below 125 GeV


that have a significant

CP-odd admixture

CP-violation

in specific processes



3HDM Gauge couplings

VVS

VSS VSS+

1 Gauge couplings

Field notation:
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CP violation and alignment

In a 2HDM

Hi

Hj

Hk

Z1

Z2

Z3

p1, µ

p2,α

p3, β
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ej

2HDM:

Cubic gauge-gauge-scalar part:

LV V h =

✓
gmWW

+

µ
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µ�
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2 cos ✓W
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For the cubic gauge-scalar-scalar terms, we find
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Define

�ij = (Ri2Rj4 +Ri3Rj5)� (i $ j). (1.17)

Since �ij = ��ji and �ii = 0,

3HDM:

Higgs basis:

3HDM, VVS: ei = vRi1

3HDM, VSS: �ij = v(Ri2Rj4 +Ri3Rj5)� (i $ j) (1.18)

2HDM:

2HDM, VVS: ei = vRi1

2HDM, VSS: �ij = v(Ri2Rj3)� (i $ j) = v✏ijkRk1 = ✏ijkek (1.19)

For a 3⇥ 3 orthogonal matrix;

Ri2Rj3 �Rj2Ri3 = ✏ijkRk1 = ✏ijkek/v (1.20)

contributions proportional to eiejek

But these are constrained by unitarity: e
2

i
+ e

2

j
+ e

2

k
= v

2

Alignment requires max(v1, v2, v3) = v

Thus, eiejek ! 0

6

Alignment prohibits such contribution to CPV in a 2HDM



CP violation and alignment

In a 3HDM

Hi

Hj

Hk

Z1

Z2

Z3

p1, µ

p2,α

p3, β

λij

λjk

λki

In a CP-violating 2HDM, all pairs of neutral scalars couple to the Z,
allowing the triangle diagram
The existence of these couplings induces a CP-violating amplitude,

e�↵�µ
ZZZ = ie

p
2

1
�M

2

Z

M
2

Z

h
f
Z
4
(p↵

1
g
µ� + p

�
1
g
µ↵) + f

Z
5
✏
µ↵�⇢

`⇢

i
, (1.38)

f
Z
4

is proportional to the invariant ImJ2 / e1e2e3

In the alignment limit, two of the ei vanish, the ZZZ amplitude vanishes

ei ! v ej, ek ! 0 Im J2 ! 0 (1.39)

contributions proportional to �ij�jk�ki

This does not vanish in the alignment limit!
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Technical digression 

2HDM: General potential (including �6 and �7) has 14 parameters,
only 11 are physical, the rotation

✓
�
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✓
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(1.18)

may remove complex m
2
12 term (2 parameters).
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1 (or �0

2) makes �5 real
) 11 parameters

�
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2
1 ,M

2
2 ,M

2
3 ,M

2
H± , e1, e2, e3, q1, q2, q3, q

 
(1.19)

ei = ZZHi coupling (1.20)

qi = HiH
+
H

� coupling (1.21)

q = H
+
H

�
H

+
H

� coupling (1.22)

Comments on the HiHjZ coupling
Coupling comes from kinetic part of Lagrangian, conserves CP
Z is odd, ) onle non-zero ncoupling if HiHj has some CP-odd content
Hi and Hj need not be eigenstates of CP,
but must have di↵erent “mix” of even and odd

�ij = ZKiHj coupling (1.23)

In units of g/(2 cos ✓W ), in a CP-conserving 2HDM:

�HA = 1, ZHA coupling (even and odd)  1

�hA = 0, ZHh coupling (both even)  1

�hA = 0, ZhA coupling (even and odd)  1
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ZHiHj coupling: = �ij = ✏ijkek (1.24)

familiar from HkZZ coupling, not indepent

ei = v, ej = 0, ek = 0, i, j, k all di↵erent (1.25)
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Since Z is odd under CP,
in order for �ij to be non-zero
the product hihj must have some odd content

Field notation:
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i✓i

✓
�
+
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p
2

◆
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Scan

Scan philosophy
• Parameter ranges: vi 2 {0, v}, subject to v

2

1
+ v

2

2
+ v

2

3
= v

2,
|�ij|, |�i| 2 {0, 4⇡}, ✓2,3 2 {�⇡, ⇡}

• Diagonalize mass-squared matrix, determine hi

• Identify SM candidate by hiWW coupling
(only one possible solution for hi)

• Rescale all �s such that hSM at 125.25 GeV
(mixing matrix unchanged)
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Weinberg 3HDM

Figure from parameter scan in 2209.06499

Z2 ⇥ Z2 symmetric:
V = V2 + V4

V2 = �[m11(�
†
1
�1) +m22(�

†
2
�2) +m33(�

†
3
�3)] (1.40)

V4 = V0 + Vph, (1.41)

V0 = �11(�
†
1
�1)

2 + �12(�
†
1
�1)(�

†
2
�2) + �13(�

†
1
�1)(�

†
3
�3) + �22(�

†
2
�2)

2
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0
12
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1
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2
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0
13
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1
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3
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0
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(�†

2
�3)(�

†
3
�2) (1.42)

Vph = �1(�
†
2
�3)

2 + �2(�
†
3
�1)

2 + �3(�
†
1
�2)

2 + h.c. (1.43)

h2 aligned
�34�45�53 6= 0
�ij/v
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Z2 ⇥ Z2 symmetric:
V = V2 + V4
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h2 aligned
h3 aligned
�34�45�53 6= 0
�ij/v

• vector (gauge)-scalar couplings:

– VVS (WWhi, ZZhi): ei

– VSS (hihjZ): �ij

– VSS (hih
+

k
W

�): dki

• determined by potential, relations among them

• 2HDM: �ij = ✏ijkek (⇤)

• 2HDM: ZZZ amplitude CP conserving in Alignment limit

• 3HDM: Relation (⇤) not valid

• 3HDM: ZZZ amplitude CP violating also in Alignment limit

work in progress
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Alignment:
e1 = v e2 = e3 = e4 = e5 = 0 (1.59)

Then
�12 = �13 = �14 = �15 = 0 (1.60)

The remaining ones are pairwise equal:

�23 = ��45, �24 = �35, �25 = ��34 (1.61)

�
2

34
+ �

2

35
+ �

2

45
= v

2 (1.62)

The moduli are located on a sphere

�ij is a measure of Zhihj interaction
to be non-zero, hihj can not have the same CP
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Figure from parameter scan in 2209.06499
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Weinberg

Figure from parameter scan in 2209.06499

Weinberg 3HDM potential Robin Plantey

In Fig. 1 we compare Z a�nities for all pairs of neutral scalars, and for two cases. In the left
panel, we impose the “near * (1) ⇥* (1) symmetry” condition

max( |_1 |, |_2 |, |_3 |) = 0.01, (9)

whereas in the right panel we impose no such constraint, i.e., we do not restrict the scan to the
regime of near * (1) ⇥ * (1) symmetry. The left panel shows a clear separation into two sets of
states, ⌘1 and ⌘2 have low a�nity to the / , meaning they have similar CP content, as does the other
set, ⌘3, ⌘4 and ⌘5. It is natural to interpret this as follows: Near the * (1) ⇥* (1) limit we have two
neutral states that are approximately odd under CP, and three that are approximately even. This
is fully compatible with the expectations from the Goldstone theorem [6, 7], since the Goldstone
bosons in the * (1) ⇥* (1) limit will be CP odd.

Figure 1: Average Z a�nity
�
%8 9

�
r.m.s of states ⌘8 and ⌘ 9 . Left: the* (1) ⇥* (1) limit, as defined by Eq. (9);

Right: no restriction on the lambdas.

We note that this limit also secures an upper bound on the amount of CP violation in the scalar
sector.

2.2.1 Alignment
In order to make contact with experimental reality, we have to make sure one scalar has a

coupling to the electroweak gauge bosons ,+,� that is close to unity, in units of 6<, . This
amounts to requiring |$:1 | being close to unity, for some : . Let us first note that in the exact
alignment limit, with |$:1 | = 1, then, by unitarity, all $: 9 = 0, for 9 < 1, and all $81 = 0 for 8 < : .
Thus,

Exact alignment: %8: = %: 9 = 0, for all 8 and all 9 . (10)

In this exact alignment limit, the row and column referring to ⌘: in the
�
%8 9

�
r.m.s plot would thus be

zero, reflecting the fact that ⌘ 9⌘: would not couple to / for any 9 .
We shall relax the alignment condition, replacing it by the experimental one [8], obeyed at the

3f level:
^+ � 3f < $2

:1 < ^+ + 3f, for some : . (11)
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• Parameter ranges: vi 2 {0, v}, subject to v
2

1
+ v

2

2
+ v

2

3
= v

2,
|�ij|, |�i| 2 {0, 4⇡}, ✓2,3 2 {�⇡, ⇡}

• Diagonalize mass-squared matrix, determine hi

• Identify SM candidate by hiWW coupling
(only one possible solution for hi)

• Rescale all �s such that hSM at 125.25 GeV
(mixing matrix unchanged)

h1, h2 ⇠ odd, h3, h4, h5 ⇠ even (1.26)

• perturbativity, unitarity, bounded from below

• coupling WWhSM within 3�

• hSM⌧ ⌧̄ CP constraint (LHC)

• hSM ! �� signal strength, modified by charged scalars in loop

• B̄ ! Xs�, two charged scalars, complex Wilson coe�cients

• electron EDM, violates CP

• pruning low-mass states

• Additional states are light

• If an extra light state below hSM = 125 GeV is discovered, and
If this has a considerable coupling to hSMZ,

then a model based on the Weinberg potential
would be in a stronger position than the 2HDM

• light states (h1, h2) would predominantly decay to bb̄,
to bb̄⌧ ⌧̄ or bb̄ + invisible

• Weinberg potential can accommodate neutral scalar at 95 GeV
(and charged one at 130 GeV)

Purple:
eEDM < 5 · 10�29

e · cm

7



Weinberg 3HDM
CP-violating invariants

2.3 Type Z Yukawa couplings

With u- and d-quarks coupling to �a and �b, respectively, and charged leptons coupling to
�c, we find Yk and Xk like for Type II, and for charged leptons

Zk =
v

vc
Ukc, no sum over c 6= a, b. (2.13)

3 Conditions for CP conservation

With complex vevs, the potential will in general violate CP. However, there are special cases
in which CP is conserved. These can be identified from a study of CP-odd invariants, when
they vanish, CP is conserved. The invariants are expressed in terms of the tensors Z, Y
and V̂ , where Z and Y are defined by the expansion [11]

V = Yab(�
†
a
�b) +

1

2
Zabcd(�

†
a
�b)(�

†
c
�d), (3.1)

whereas the vacuum is represented by V̂ ,

V̂ab =
vaei✓a

v

vbe�i✓b

v
. (3.2)

In terms of this notation, we can state the following

Theorem:

Whenver the stationary-point equations are satisfied, the real Z2⇥Z2 three-Higgs-doublet
model conserves CP if and only if the following 15 CP-odd invariants all vanish.

J1 = Im {VacVbeZcadfZedfgZgbhh}, (3.3a)

J2 = Im {VacVbeZcadfZedfgZghhb}, (3.3b)

J3 = Im {VacVbeZcadfZegfdZgbhh}, (3.3c)

J4 = Im {VacVbdZcedgZeafhZgbhf}, (3.3d)

J5 = Im {VacVbdZcedgZehfaZgfhb}, (3.3e)

J6 = Im {VacVbdZcedfZeafgZgbhh}, (3.3f)

J7 = Im {VadVbeVcfZdaehZfbgiZhcig}, (3.3g)

J8 = Im {VadVbeVcfZdaehZfigbZhgic}, (3.3h)

J9 = Im {VadVbeVcfZdaegZfbghZhcii}, (3.3i)

J10 = Im {VadVbeVcfZdaegZfhgiZhbic}, (3.3j)

J11 = Im {VacVbeZcadgZedffZgihhZibjj}, (3.3k)

J12 = Im {VacVbeZcadgZeffdZghhiZijjb}, (3.3l)

J13 = Im {VacVbeZcadfZedfgZgihjZibjh}, (3.3m)

J14 = Im {VacVbdZcedfZeafgZgihjZibjh}, (3.3n)

v6J15 = Im {VacVbdYcfYdgYeaZfbge}. (3.3o)

4
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1 Basics

1. SM (one doublet) fails to explain

� su�cient CP violation (for early Universe baryogenesis)

� dark matter

2. Two doublets, 2HDM
Can have CP violation (complex potential coe�cients or one complex vev),
or
dark matter (IDM, one doublet has no vev, decoupled by a Z2 symmetry)
[not both]

3. Three doublets. May arrange to have both CP violation and dark matter!
“Problem”: most general 3HDM has 46 linearly independent parameters
(Olaussen et al, [1007.1424])

V = Yab(h
†
a
hb) +

1

2
Zabcd(h

†
a
hb)(h

†
c
hd) (1.1)

V̂ab =
vae

i✓a

v

vbe
�i✓b

v
(1.2)

V = V2 + V4, with V4 = V0 + Vph, (1.3)

where V2 and V0 are insensitive to independent rephasing of the Higgs doublets,

V2 = �[m11(�
†
1
�1) +m22(�

†
2
�2) +m33(�

†
3
�3)], (1.4)

V0 = �11(�
†
1
�1)

2 + �22(�
†
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2 + �33(�
†
3
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2

+ �12(�
†
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�1)(�

†
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�1)(�
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�2)(�
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�3)
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12
(�†

1
�2)(�
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2
�1) + �

0
13
(�†

1
�3)(�

†
3
�1) + �

0
23
(�†

2
�3)(�

†
3
�2), (1.5)

whereas
Vph = �1(�

†
2
�3)

2 + �2(�
†
3
�1)

2 + �3(�
†
1
�2)

2 + h.c. (1.6)

Weinberg: Complex �1, �2, �3. CP violation could be described by gauge
interactions.

Branco: Real �1, �2, �3. Spontaneous CP violation is possible, starting
with real potential.

Moretti et al: One or two vevs vanish, thus have DM. Similar to IDM.

Plantey et al: Real potential. All vevs non-zero, complex.
Spontaneous CP violation.
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If all Ji vanish, then
CP is conserved

• Parameter ranges: vi 2 {0, v}, subject to v
2

1
+ v

2

2
+ v

2

3
= v

2,
|�ij|, |�i| 2 {0, 4⇡}, ✓2,3 2 {�⇡, ⇡}

• Diagonalize mass-squared matrix, determine hi

• Identify SM candidate by hiWW coupling
(only one possible solution for hi)

• Rescale all �s such that hSM at 125.25 GeV
(mixing matrix unchanged)

h1, h2 ⇠ odd, h3, h4, h5 ⇠ even (1.27)

grey: i = 1, 6, 11; blue: i = 2, 7, 12; green: i = 3, 8, 13;
red: i = 4, 9, 14; purple: i = 5, 10, 15.

• perturbativity, unitarity, bounded from below

• coupling WWhSM within 3�

• hSM⌧ ⌧̄ CP constraint (LHC)

• hSM ! �� signal strength, modified by charged scalars in loop

• B̄ ! Xs�, two charged scalars, complex Wilson coe�cients

• electron EDM, violates CP

• pruning low-mass states

• Additional states are light

• If an extra light state below hSM = 125 GeV is discovered, and
If this has a considerable coupling to hSMZ,

then a model based on the Weinberg potential
would be in a stronger position than the 2HDM

• light states (h1, h2) would predominantly decay to bb̄,
to bb̄⌧ ⌧̄ or bb̄ + invisible (from h2 ! h1Z)

• Weinberg potential can accommodate neutral scalar at 95 GeV
(and charged one at 130 GeV)

blue:
eEDM < 10�27

e · cm
purple:
eEDM < 5 · 10�29

e · cm
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Measures of CP-violation:

Remark: This result relies on the fact that the stationary-point equations are all sat-
isfied (in other words: after electroweak symmetry breaking has taken place). There are
several ways to solve the stationary-point equations. The above result is valid for all
possible ways they can be solved.

There are many ways these invariants can all be made to vanish, i.e., when CP is
conserved by the vacuum. A summary of these cases is presented in appendix B.

Figure 1: Scatter plots of logarithms of the sum (and maxima) of the squares of the 15
invariants of Eq. (3.3) vs ✓2 and ✓3. See the text for comments.

As measures of CP violation, we explore two quantities based on these invariants,

Asum = log
10

15X

i=1

J2

i
, Amax = log

10
(max

i

J2

i
). (3.4)

We show, in Fig. 1, scatter plots of these measures of CP violation, Asum (grey, bottom
layer), Amax (blue, over grey), defined by Eq. (3.4), vs ✓2/⇡ and ✓3/⇡. The cut-o↵ at
high values is obviously caused by the upper bounds on the �s (from perturbativity).
Likewise, there is a thinning out at low values due to the finite resolution in the scan
sample. Inspection shows that the lower points are associated with low masses of the
neutral states. This is reminiscent of the 2HDM case [12] where some of the corresponding
invariants are proportional to di↵erences of masses squared.

Actually, the original scan [1] does not have any lower bound imposed on the masses
of the neutral scalars. In order to explore this connection, we imposed a lower bound of
45 GeV on the lightest neutral scalar, and obtain the subset of points shown in yellow (on
top of the blue). It appears that in order to have “little” CP violation (points in the lower
part of the plot), some neutral scalars must be light.

The thinning out at ✓i = n⇡/2 is commented on in section 7.1. Is it?

5

Related to phases of vevs?

Yellow: no mass below 45 GeV

more CPV

less CPV

(grey) (blue)

Yellow: masses > 45 GeV
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• Additional states are light

• If an extra light state below hSM = 125 GeV is discovered, and
If this has a considerable coupling to hSMZ,

then a model based on the Weinberg potential
would be in a stronger position than the 2HDM

• light states (h1, h2) would predominantly decay to bb̄,
to bb̄⌧ ⌧̄ or bb̄ + invisible (from h2 ! h1Z)

• Weinberg potential can accommodate neutral scalar at 95 GeV
(and charged one at 130 GeV)
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QUESTION: Why do all 15 invariants correlate with eEDM?
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Summary

If all Ji vanish, then
CP is conserved
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• but does not contribute (significantly) to (g � 2)µ
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