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CP asymetries and unitarity constraints

S†S = SS† →
∑

f
|Tfi |

2 =
∑

f
|Tif |

2 for iT = S − 1 (1)

CPT symmetry → ∆|Tfi |
2 = |Tfi |

2 − |Tf̄ī |
2 = |Tfi |

2 − |Tif |
2 (2)

∑
f

∆|Tfi |2 =
∑

i
∆|Tfi |2 = 0 (3)

[Dolgov ’79; Kolb, Wolfram ’80; See also Hook ’11; Baldes, Bell, Petraki, Volkas ’14]

Tfi = CtreeKtree + CloopKloop

Tif = C∗
treeKtree + C∗

loopKloop

 ∆|Tfi |2 = −4 Im[CtreeC∗
loop] Im[KtreeK∗

loop] (4)

https://www.osti.gov/biblio/5982343
https://doi.org/10.1016/0550-3213(80)90167-4
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.84.055003
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.113.181601


CP asymetries and unitarity constraints

S†S = SS† →
∑

f
|Tfi |

2 =
∑

f
|Tif |

2 for iT = S − 1 (1)

CPT symmetry → ∆|Tfi |
2 = |Tfi |

2 − |Tf̄ī |
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CP asymetries and unitarity constraints

S†S → T = T † + iT †T (5)

∆
∣∣Tfi

∣∣2 = ∣∣∣T∗
if + i

∑
n

T †
fnTni

∣∣∣2 − ∣∣Tif
∣∣2 = −2 Im

[∑
n

Tif T †
fnTni

]
+

∣∣∣∑
n

T †
fnTni

∣∣∣2 (6)

[Kolb, Wolfram ’80]

No further on-shell cuts means T∗
if = Tfi → ∆

∣∣Tfi
∣∣2 = −2 Im

[∑
n

Tif TfnTni

]
(7)

∆
∣∣Tfi

∣∣2 = ∑
n

iTiniTnf iTfi −
∑

n
iTif iTfniTni (8)

[Covi, Roulet, Vissani ’98]
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Asymmetries and holomorphic cutting rules

S†S = 1 → iT † = iT − iT iT † (9)

|Tfi |
2 = −iT †

if iTfi = −iTif iTfi +
∑

n
iTiniTnf iTfi −

∑
n,k

iTiniTnk iTkf iTfi + . . . (10)

[Coster, Stapp ’70; Bourjaily, Hannesdottir, et al. ’21]

∆|Tfi |2 = |Tfi |2 − |Tif |2 =
∑

n

(
iTiniTnf iTfi − iTif iTfniTni

)
(11)

−
∑
n,k

(
iTiniTnk iTkf iTfi − iTif iTfk iTkniTni

)
+ . . .

[Blažek, Maták ’21a]

https://doi.org/10.1063/1.1665443
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Example I.

L =
1

2
L̄cFiLX̄i + ēcGiνX̄i + H.c. (12)

[Heeck, Heisig, Thapa ’23]

• Dirac leptogenesis, ∆Yν = −∆YL −∆Ye. [Dick, Lindner, Ratz, Wright ’00]

• Right-handed neutrino freezes-in out of thermal equilibrium.

• Mi > Treh, Xi is absent in the universe and can be integrated out.

e

ν

e

ν

= i
∑

i

F†
i Fi

M 2
i

,

e

ν

L

L

= i
∑

i

F†
i Gi
M 2

i
,

L

L

L

L

= i
∑

i

G†
i Gi

M 2
i

https://link.aps.org/doi/10.1103/PhysRevD.108.035014
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.84.4039
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Example I.

L =
1

2
L̄cFiLX̄i + ēcGiνX̄i + H.c. (12)
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∆|Tνe→LL|2 =

L

L

e

ν

e

ν

e

ν

−

e

ν

L

L

e

ν

e

ν

(13)

+

L

L

L

L

e

ν

e

ν

−

L

L

L

L

e

ν

e

ν

= 0

∆|Tνe→LL|2 +∆|Tνe→νe|2 = 0 (14)

https://link.aps.org/doi/10.1103/PhysRevD.108.035014
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Example II.

L = Q̄cFiLX̄i + d̄cGiνX̄i + ūcKieX̄i + H.c. (15)

[Heeck, Heisig, Thapa ’23]

∆|Tνd→LQ|2 =

Q

L

u

e

d

ν

d

ν

−

u

e

Q

L

d

ν

d

ν

(16)

∆|Tνd→eu|2 =

u

e

Q

L

d

ν

d

ν

−

Q

L

u

e

d

ν

d

ν

∆|Tνd→LQ|2 = −∆|Tνd→eu|2 6= 0 (17)

[Blažek, Heeck, Heisig, Maták, Zaujec ’24]
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Vacuum diagrams and complex phases
• Used to represent the weak-basis invariants. [Botella, Nebot, Vives ’06]

• Reversing the arrows on charged-particle propagators must lead to a topologically
inequivalent vacuum diagram.

∆|Tfi |2 =
∑

n

(
iTiniTnf iTfi − iTif iTfniTni

)
− . . . (18)

e

ν

e

ν

L

L

= L

L

e

ν

e

ν

d

ν

u

e

Q

L

6= Q

L

d

ν

u

e

https://iopscience.iop.org/article/10.1088/1126-6708/2006/01/106


Vacuum diagrams and the Boltzmann equation

Change in # of particles ↔ average # of interactions the particles participate in

ṅi1 + 3Hni1 =
∑

all reactions
−γfi + γif (19)

γeq
fi =

∫ ∏
∀i
[dpi ] f eq

i (pi)

∫ ∏
∀f

[dpf ](2π)
4δ(4)(pf − pi)

∣∣Mfi
∣∣2 (20)

=

∫ ∏
∀i
[dpi ] f eq

i (pi)

∫ ∏
∀f

[dpf ]
1

V4

(
− iTif iTfi +

∑
n

iTiniTnf iTfi − . . .

)

[dp] = d3p
(2π)32Ep

|Tfi |2 = V4(2π)
3δ(3)(pf − pi)|Mfi |2



Vacuum diagrams and the Boltzmann equation

γeq
fi =

∫ ∏
∀i
[dpi ] f eq

i (pi)

∫ ∏
∀f

[dpf ]
1

V4

(
− iTif iTfi + . . .

)
(21)

∫
[dp1]e−Ep1/T

∫
[dk1][dk2](2π)

4δ(4)(p1 − k1 − k2)

?
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Vacuum diagrams and the Boltzmann equation

+ + + . . .

∫
[dp1]e−Ep1/T

∫
[dk1][dk2]

[
1 +

1

eEk1/T − 1

]
(2π)4δ(4)(p1 − k1 − k2) (22)

[Blažek, Maták ’21b]

https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3


Vacuum diagrams and the Boltzmann equation
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d
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(23)

u

d

Q L

ē

ν

ē

ν

→
u

L

ē

ν

ē

ν

Q Q +

u

ē

ν

ē

ν

Q

Q
+ . . . (24)

i
p2 + iε

→ 2π

∞∑
w=1

(
− 1

)w[f eq(|p0|)
]w

δ(p2) = −2πfFD(|p0|)δ(p2) (25)



Vacuum diagrams and the Boltzmann equation

d
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u

d

Q L

ē
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ē
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→
u

L

ē
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ē
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Q Q +

u

ē
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ē

ν

Q
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∆γeq
νē(Q)→ud̄(Q)

+∆γeq
(ν)ēQ→(ν)L̄u = 0 (26)



The assumeptions we made

ρ =
∏

p
ρp =

1

Z
exp

{
−
∑

p
Fpa†

pap

}
,Z =

∏
p

Zp (27)

e−Ep/T → e−Fp =
fp

1± fp
fp = Tr

[
a†

papρ
]

(28)

ρ′ = SρS† → (1 + iT)ρ(1− iT + iT iT − . . .) (29)

The collision term for the Boltzmann equation is obtained as Tr
[
a†

pap
(
ρ− ρ′

)]
/V4.

[McKellar, Thomson ’94; Blažek, Maták ’21b]

https://doi.org/10.1103/PhysRevD.49.2710
https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3


What else can be done?
• Thermal masses from anomalous thresholds. [Blažek, Maták ’22]

• CPT and unitarity constraints generalized to thermal-corrected asymmetries. In the
seesaw type-I leptogenesis at O(Y 4Y 2

t ) they look like

∆γeq
NiQ→lt +∆γeq

Ni(Q)→lH(Q)
+∆γeq

Ni(Q)→l̄H̄(Q)
+∆γeq

NiQ→l̄QQt̄ =0, (30)

m2
H ,Yt(T)

∂

∂m2
H

∣∣∣∣
0

(
∆γeq

Ni→lH +∆γeq
Ni→l̄H̄

)
=0. (31)

[Blažek, Maták, Zaujec ’22]

• No double-counting from intermediate states. Resonant dark matter annihilation at
fixed order. [Maták ’24; see also Ala-Mattinen, Heikinheimo, Tuominen, Kainulainen ’24]

https://link.springer.com/article/10.1140/epjc/s10052-022-10165-8
https://iopscience.iop.org/article/10.1088/1475-7516/2022/10/042
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.043008
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.096034


Conclusions
• CPT and unitarity constraints can be formulated diagrammatically at any

perturbative order.

• Vacuum diagrams must not be invariant under the arrow reversal to come with a
complex phase.

• Completing the Boltzmann equations by all possible unitary cuts represents thermal
corrections (even when you do not notice that).

Thank you for your attention!


