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Introduction

Quark confinement is well understood based on the dual super conductor picture where
condensation of magnetic monopoles and antimonopoles occurs.

Gluon confinement is less understood with the dual superconductor picture.

→ We recall the color confinement criterion derived by Kugo and Ojima (1979).

If the Kugo and Ojima (KO) criterion is satisfied, all colored objects cannot be observed.

The KO criterion was derived only in the Lorenz gauge ∂µAµ = 0, and clearly gauge
dependent.

→ The KO criterion is not directly applied to the other gauge fixing conditions.

In the Lorenz gauge, KO criterion is also derived as the condition of the restoration of the
residual gauge symmetry with the special choice of the gauge transformation function
ω(x). (Hata(1982))

What is the residual gauge symmetry?
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Introduction

The residual local gauge symmetry is the local gauge symmetry remaining even after imposing the
gauge fixing condition.

This symmetry is “spontaneously broken” in the perturbative vacuum.

We consider the color confinement phase to be a disordered phase where all of symmetries are
unbroken.

The residual gauge symmetry is also restored in the true confining vacuum of QCD and we can
consider the condition of restoration as the condition of the disappearance of the massless NG
pole associated with sponteneously breaking.

We can generalize the condition of the restoration of the residual gauge symmetry into more
general gauge transformation including topological configurations. (Kondo, Fukushima(2022))

In the previous work, we have used the infinitesimal gauge transformation.

To correctly take into account topological configurations, we must consider a finite gauge
transformation.

→ In this talk, we reconsider the condition of the restoration of the residual local gauge symmetry by
using finite gauge transformation.
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

The restoration condition of the residual local gauge symmetry in the Maximal Abelian
gauge

Summary
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

In the operator formalism on the indefinite metric state space V, we suppose that the (nilpotent)
BRST symmetry exists.

Let Vphys be the physical state space with a semi-positive definite metric ⟨phys|phys⟩ ≥ 0. Using
BRST charge QB,

Vphys = {|phys⟩ ∈ V ;QB |phys⟩ = 0} ⊂ V . (1)

We choose the Lorenz gauge fixing:

∂µA A
µ (x) = 0. (2)

The Lagrangian density in the Lorenz gauge is given by

L = Linv + LGF+FP,

Linv = −1

4
FA

µνF
µνA + Lmatter(ψ,Dµψ),

LGF+FP = −iδB
{

C̄A
(
∂µA A

µ +
α

2
BA

)}
. (3)
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

We consider the finite local gauge transformation U(x)

δUAµ(x) =Ωµ(x) + U(x)Aµ(x)U
†(x)− Aµ(x), Ωµ(x) := ig−1U(x)∂µU

†(x) ,

δUB(x) =U(x)B(x)U†(x)− B(x), δUC (x) = U(x)C (x)U†(x)− C (x), δU C̄ (x) = U(x)C̄ (x)U†(x)− C̄ (x).
(4)

For U(x) to be a residual symmetry for the Lorenz gauge, U(x) should satisfy

DµΩ̃µ = ∂µΩ̃µ(x)− igU [A µ, Ω̃µ]U
† = 0, (Ω̃µ(x) := −ig−1U†(x)∂µU(x)). (5)

We can calculate the Noether current J µ
U associated with (4) and the divergence of this current is equal to the

transformation of the Lagrangian density under the transformation (4)

∂µJ µ
U = δUL = δULGF+FP =− iδU δB

[
tr
{

C̄ (∂µAµ +
α

2
B)

}]
= −iδBδU

[
tr
{

C̄ (∂µAµ +
α

2
B)

}]
=− iδB[tr{DµC̄ ig−1U†∂µU}] = iδB[(DµC̄ )A]Ω̃µA. (6)

→ The local gauge current J µ
U is conserved in the physical state space.((6) is BRST transformation δB exact)
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

The restoration condition of the residual symmetry is written as the condition of the disappearance of the massless
pole. In the one-gluon sector Φ = A B

ν (y), we focus on the following Ward-Takahashi (WT) identity

i∂x
µ ⟨J µ

U (x)Φ⟩ = δD(x− y)
⟨
δUA A

ν (x)
⟩
+ i ⟨∂µJ µ

U (x)A A
ν (y)⟩ . (7)

Performing Fourier transformation, we obtain∫
dDx eip(x−y)∂x

µ ⟨J µ
U (x)A A

ν (y)⟩ = ⟨δUA A
ν (y)⟩+ i

∫
dDx eip(x−y) ⟨δUL (x)A A

ν (y)⟩ . (8)

From (6), the second term of (8) is reduced to

i

∫
dDx eip(x−y) ⟨δUL (x)A B

ν (y)⟩

=−
∫

dDx eip(x−y)Ω̃µA(x) ⟨δ(DµC̄ )A(x)]A B
ν (y)⟩ = −

∫
dDx eip(x−y)Ω̃µA(x) ⟨(DµC̄ )A(x)δA B

ν (y)⟩

=−
∫

dDx eip(x−y)Ω̃µA(x)

[
∂x
µ∂

x
ν

∂2
x

δD(x− y) +

(
gµρ −

∂x
µ∂

x
ρ

∂2
x

)
⟨g(A ρ × C̄ )A(x)(DνC )B(y)⟩

]
, (9)

where we have used ⟨δB[· · · ]⟩ = 0 and Schwinger-Dyson equation
∫
dµ δ

δΦ(x)
eiSF = 0.
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ν (y)⟩ = −

∫
dDx eip(x−y)Ω̃µA(x) ⟨(DµC̄ )A(x)δA B

ν (y)⟩

=−
∫

dDx eip(x−y)Ω̃µA(x)

[
∂x
µ∂

x
ν

∂2
x

δD(x− y) +

(
gµρ −

∂x
µ∂

x
ρ

∂2
x

)
⟨g(A ρ × C̄ )A(x)(DνC )B(y)⟩

]
, (9)

where we have used ⟨δB[· · · ]⟩ = 0 and Schwinger-Dyson equation
∫
dµ δ

δΦ(x)
eiSF = 0.
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

We obtain the restoration condition of the residual local gauge symmetry in the one-gluon sector A B
ν (y)

I
B
ν = lim

p→ 0

∫
d
D
x e

ip(x−y)

{(
Ω

B
ν (x) − Ω̃

µB
(x)

∂x
µ∂

x
ν

∂2
x

)
δ
D
(x − y) + Ω̃

µA
(x)

(
gµν −

∂x
µ∂

x
ν

∂2
x

)
u
AB

(x − y)

}
{
= 0 restoration

̸= 0 no restoration
. (10)

where we have defined the Kugo-Ojima (KO) function uAB in the configuration space

(
gµν −

∂x
µ∂

x
ν

∂2
x

)
⟨g(A ν × C̄ )

A
(x)(DνC )

B
(y)⟩ = −

(
gµν −

∂x
µ∂

x
ν

∂2
x

)
u
AB

(x − y). (11)

In the non-compact gauge theory, it is enough to condider the infinitesimal gauge transformation and residual symmetry
ΩµA(x) = Ω̃µA(x) = δACbµ (C is arbitrary component of the Lie algebra).

→ (10) is reduced to Kugo-Ojima criterion as shown by Hata(1982)

0 = lim
p2→ 0

[δ
AB

+ u
AB

(p
2
)]. (12)
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

We restrict the topological configurations satisfying

0 = lim
p→ 0

∫
dDp eipx[ΩµB(x)− Ω̃µB(x)]

∂x
µ∂

x
ν

∂2
x

δD(x− y)

= lim
p→ 0

∫
dDk

(2π)2
e−i(p−k)y [ΩµB(p− k)− Ω̃µB(p− k)]

kµkν

k2
. (13)

If the condition (13) is satisfied, the restoration condition of the residual gauge symmetry (10) is reduced to

IBν = lim
p→ 0

∫
dDk

(2π)2
e−i(p−k)y

(
gµν −

kµkν

k2

)
[ΩµB(p− k)δAB + Ω̃µB(p− k)uAB(k2)]. (14)

Unlike the KO criterion (12), δ and u have different factors, Ωµ and Ω̃µ.
In order to examine the effect of the topological configuration to the restoration of the residual symmetry, in
SU(2), we consider following topological configuration with one defect:

Ωµ(x) = σAηAµν
xν

x2
h(x2), Ω̃µ(x) = −σAη̄Aµν

xν

x2
h(x2) (µ, ν = 1, · · · , D). (15)

This topological configuration is the residual symmetry.

If h(x2) ≡ 1, (15) includes D = 2: Abrikosov-Nielsen-Olesen vortex，D = 3: Wu-Yang monopole，
D = 4:Alfaro-Fubini-Furlan meron but the Euclidean action is divergent.
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

→ In order for such configurations to give a finite Euclidean action and to contribute to the
path integral, h(x2) → 0 moderately as x→ 0

e−SE > 0 ⇐ SE <∞. (16)

To obtain the finite SE , h(x
2) must approaches 0 of order r2δ (r = (x2)

1
2 , δ > 1/4) in

r ≪ 1 and it must approach h∞ (a finite value) rapidly in r ≫ 1. (D = 2: Kondo(2018),
D = 3: Nishino et al. (2018))
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

We put q := p− k

ΩB
µ (q) :=

∫
dDx eiqxΩB

µ (x), Ω̃
B
µ (q) :=

∫
dDx eiqxΩ̃B

µ (x)

lim
p→ 0

∫
dDk

(2π)D

(
ΩµB(q)gµν − Ω̃µB(q)

kµkν
k2

)
. (17)

We fix p≪ 1.

0 00

r ≪ 1 ⇒ q ≫ 1 ⇒ k ≫ 1.
→ UV region (of k).

r ≫ 1 ⇒ q ≪ 1 ⇒ k = p→ 0.
→ IR region (of k).
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The restoration condition of the residual local gauge symmetry in the Lorenzn gauge

When h(x2) ≡ 1, Fourier transformation of the topological configuration (15) is given by

Ω
A
µ (q) := iCDη

A
µν

2qν

|q|D
, Ω̃

A
µ (q) := −iCD η̄

A
µν

2qν

|q|D
, CD := 2

D−1
π

D
2 Γ

(
D

2

)
. (18)

In r ≪ 1, we take h(r2) ∼ r2δ (δ > 1/4).

→ In q ≫ 1, it corresponds to dividing Ω(q), Ω̃(q) of (18) by q2δ

Ω
A
µ (q) ∼ iCDη

A
µν

2qν

|q|D+2δ
, Ω̃

A
µ (q) ∼ −iCD η̄

A
µν

qν

|q|D+2δ
. (19)

We discuss the condition (13) by using these Ωµ, Ω̃µ.

(13) =i
2CD

D

(
D

2
+ δ

)
lim

p→ 0
2ε4Aνρp

λ
∫ 1

0
dα

∫
dDℓ

(2π)D

α
D
2

+δ−1
ℓ2

{ℓ2 + α(1 − α)p2}
D
2

+δ+1

=i

(
D

4
+

δ

2

)
Γ(δ)Γ(1 − δ)Γ

(
D
2

)
Γ
(
D
2

)
Γ
(
D
2

+ δ + 1
)
Γ
(
D
2

− δ + 1
) lim

p→ 0
2ε4Aνρp

ρ
(p

2
)
−δ

, (ℓ = k − αp). (20)

where we take y = 0.
In this case, we can take the limit p → 0 in the integrand of the k when we estimate the contribution from the UV region
k ≫ kR i.e. p ≪ k

(13) = i
CD

δ(4π)
D
2 Γ
(
D
2

+ 1
) lim

p→ 0
2ε4Aνρp

ρ 1

k2δ
R

. (21)

→ δ play the role of avoiding the UV divergence (δ > 1/4).
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

Since q ≪ 1 corresponds to r ≫ 1, δ → 0.

We cannot avoid IR divergence when the configuration has only one defect.

→ We introduce the topological configuration with the multiple pairs of defect.

ΩA
µ (x) =

n∑
s=1

ηAµν
(x− xs)

ν

(x− xs)2
g((x− xs)

2) (µ, ν = 1, · · · , D). (22)

① ②

When topological defects are sufficiently separated, the IR region of one defect 1○
corresponds to the UV region of another defect 2○.

→ IR divergence can be eliminated.

Naoki Fukushima Chiba University in colaboration with Kei-Ichi KondoRestoration of residual gauge symmetries due to topological defects and color confinement in the Lorenz, Maximal Abelian gauges2024/08/22 13 / 18



The restoration condition of the residual local gauge symmetry in the Lorenz gauge

Since q ≪ 1 corresponds to r ≫ 1, δ → 0.

We cannot avoid IR divergence when the configuration has only one defect.

→ We introduce the topological configuration with the multiple pairs of defect.

ΩA
µ (x) =

n∑
s=1

ηAµν
(x− xs)

ν

(x− xs)2
g((x− xs)

2) (µ, ν = 1, · · · , D). (22)

① ②

When topological defects are sufficiently separated, the IR region of one defect 1○
corresponds to the UV region of another defect 2○.

→ IR divergence can be eliminated.

Naoki Fukushima Chiba University in colaboration with Kei-Ichi KondoRestoration of residual gauge symmetries due to topological defects and color confinement in the Lorenz, Maximal Abelian gauges2024/08/22 13 / 18



The restoration condition of the residual local gauge symmetry in the Lorenz gauge

Since q ≪ 1 corresponds to r ≫ 1, δ → 0.

We cannot avoid IR divergence when the configuration has only one defect.

→ We introduce the topological configuration with the multiple pairs of defect.

ΩA
µ (x) =

n∑
s=1

ηAµν
(x− xs)

ν

(x− xs)2
g((x− xs)

2) (µ, ν = 1, · · · , D). (22)

① ②

When topological defects are sufficiently separated, the IR region of one defect 1○
corresponds to the UV region of another defect 2○.

→ IR divergence can be eliminated.

Naoki Fukushima Chiba University in colaboration with Kei-Ichi KondoRestoration of residual gauge symmetries due to topological defects and color confinement in the Lorenz, Maximal Abelian gauges2024/08/22 13 / 18



The restoration condition of the residual local gauge symmetry in the Lorenz gauge

Since q ≪ 1 corresponds to r ≫ 1, δ → 0.

We cannot avoid IR divergence when the configuration has only one defect.

→ We introduce the topological configuration with the multiple pairs of defect.

ΩA
µ (x) =

n∑
s=1

ηAµν
(x− xs)

ν

(x− xs)2
g((x− xs)

2) (µ, ν = 1, · · · , D). (22)

① ②

When topological defects are sufficiently separated, the IR region of one defect 1○
corresponds to the UV region of another defect 2○.

→ IR divergence can be eliminated.

Naoki Fukushima Chiba University in colaboration with Kei-Ichi KondoRestoration of residual gauge symmetries due to topological defects and color confinement in the Lorenz, Maximal Abelian gauges2024/08/22 13 / 18



The restoration condition of the residual local gauge symmetry in the Lorenz gauge

Since q ≪ 1 corresponds to r ≫ 1, δ → 0.

We cannot avoid IR divergence when the configuration has only one defect.

→ We introduce the topological configuration with the multiple pairs of defect.

ΩA
µ (x) =

n∑
s=1

ηAµν
(x− xs)

ν

(x− xs)2
g((x− xs)

2) (µ, ν = 1, · · · , D). (22)

① ②

When topological defects are sufficiently separated, the IR region of one defect 1○
corresponds to the UV region of another defect 2○.

→ IR divergence can be eliminated.
Naoki Fukushima Chiba University in colaboration with Kei-Ichi KondoRestoration of residual gauge symmetries due to topological defects and color confinement in the Lorenz, Maximal Abelian gauges2024/08/22 13 / 18



The restoration condition of the residual local gauge symmetry in the Lorenz gauge

In D = 3, we consider the topological configuration consisting of the multiple monopole.

→ Magnetic monopole plasma cause the Debye screening. (Polyakov(1977))

→ The gauge field becomes massive.

This corresponds to the origin of the appearance of the dimensional scale M−1 = R of
h(x2). (D = 4:Callan-Dashen-Gross(1978))

If we introduce a topological configuration with multiple defects, these results are
consistent with the confinement picture where the vacuum condensation of topological
defects leads to confinement.
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The restoration condition of the residual local gauge symmetry in the Maximal Abelian gauge

We decompose the Lie-algebra valued quantity to the diagonal Cartan part and remaining off-diagonal part.
The gauge field Aµ(x) = A A

µ TA with the generators TA (A = 1, · · · , N2 − 1) of the Lie algebra su(N) has the decomposition:

Aµ(x) = A A
µ (x)TA = a

j
µ(x)Hj + A

a
µ(x)Ta, (23)

where Hj are the Cartan generators and Ta are the remaining generators of the Lie algebra.

We choose the Maximal Abelian (MA) gauge

(Dµ
[a]Aµ(x))

a
:= ∂

µ
A

a
µ + gf

ajb
a
µj

A
b
µ(x) = 0. (24)

Since MA gauge does not fix the diagonal components, we further impose the Lorenz gauge for the diagonal components

∂
µ
a
j
µ = 0. (25)

The GF+FP term of the Lagrangian in the MA gauge is given as below

LGF+FP = −iδB

{
C̄

a
(
(Dµ

[a]Aµ)
a
+

α

2
B

a
)
+ c̄

j
(∂

µ
a
j
µ +

α

2
b
j
)
}
. (26)

Assuming Abelian dominance, we can calculate the divergence of the Noether current J µ
U as in the Lorenz gauge:

∂µJ µ
U = δUL = δULGF+FP = − iδUδB

[
tr
{

C̄
(
∂
µAµ +

α

2
B
)
+ gC̄

a
(a

µ × Aµ)
a
}]

→ iδB∂µc̄
j
Ω̃

µj
. (27)

U is residual local gauge symmetry, it must satisfy

∂
µ
Ω

j
µ(x) = 0. (28)
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(Dµ
[a]Aµ(x))

a
:= ∂

µ
A

a
µ + gf

ajb
a
µj

A
b
µ(x) = 0. (24)

Since MA gauge does not fix the diagonal components, we further impose the Lorenz gauge for the diagonal components

∂
µ
a
j
µ = 0. (25)

The GF+FP term of the Lagrangian in the MA gauge is given as below

LGF+FP = −iδB

{
C̄

a
(
(Dµ

[a]Aµ)
a
+

α

2
B

a
)
+ c̄

j
(∂

µ
a
j
µ +

α

2
b
j
)
}
. (26)

Assuming Abelian dominance, we can calculate the divergence of the Noether current J µ
U as in the Lorenz gauge:

∂µJ µ
U = δUL = δULGF+FP = − iδUδB

[
tr
{

C̄
(
∂
µAµ +

α

2
B
)
+ gC̄

a
(a

µ × Aµ)
a
}]

→ iδB∂µc̄
j
Ω̃

µj
. (27)

U is residual local gauge symmetry, it must satisfy

∂
µ
Ω

j
µ(x) = 0. (28)
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The restoration condition of the residual local gauge symmetry in the Maximal Abelian gauge

The restoration condition of the residual local gauge symmetry in the one diagonal gluon sector aj
ν(y) is obtained as in the Lorenz

gauge:

I
j
ν = lim

p→ 0

∫
d
D
x e

ip(x−y)

(
Ω

µj
(x)gµν − Ω̃

µj
(x)

∂x
µ∂

x
ν

∂2
x

)
δ
D
(x − y) (29)

= lim
p→ 0

∫
dDk

(2π)D
e
−i(p−k)y

(
Ω

µj
(p − k)gµν − Ω̃

µj
(p − k)

kµkν

k2

){
= 0 restoration
̸= 0 no restoration

. (30)

If the condition:

lim
p→ 0

∫
d
D
p e

ipx
[Ω

µj
(x) − Ω̃

µj
(x)]

∂x
µ∂

x
ν

∂2
x

δ
D
(x − y) = 0 (31)

is satisfied, (30) is reduced to

I
j
ν = lim

p→ 0

∫
dDk

(2π)D
e
−i(p−k)y

(
gµν −

kµkν

k2

)
Ω

µj
(p − k). (32)

Similar to the discussion of the condition (13), this restoration condition is satisfied for the same Ωµ, Ω̃µ (indeed, it satisfy the
condition of residual gauge symmetry (28)) by correcting the topological configuration to contribute to path integrals and
introducing multiple pairs of topological defects.
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Summary

We gave the generalization of the color confinement criterion in the Lorenz gauge, the
MA gauge as the residual symmetry restoration conditions for the one gauge field sector
with the finite gauge transformation.

We discussed the restoration of the residual local gauge symmetry by correcting the
topological configuration to contribute to path integrals.

The axial-like gauge is under way.
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Future work

To give the complete discussion for confinement, it is necessary to consider interactions
among various fields, including different kinds of fields such as the ghost and gauge field.

A physical picture of symmetry restoration due to topological configurations contributing
to the path integral is provided. Therefore, based on this picture, it is necessary to discuss
the condensation of topological defects in arbitrary dimensions.

The concrete calculation in the axial-like gauge.
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backup

We calculate the expected value contained in the integrand. If we break it down into a
longitudinal part and a transverse part, we get

⟨(DµC̄ (x))BδA A
ν (y)⟩

=gµρ ⟨(DρC̄ )B(x)δA A
ν (y)⟩

=
∂xµ∂

x
ρ

∂2x
⟨(DρC̄ )B(x)δA A

ν (y)⟩+
(
gµρ −

∂xµ∂
x
ρ

∂2x

)
⟨(DρC̄ )B(x)(DνC )A(y)⟩

=
∂xµ∂

x
ρ

∂2x
⟨(DρC̄ )B(x)(DνC )A(y)⟩+

(
gµρ −

∂xµ∂
x
ρ

∂2x

)
⟨g(A ρ × C̄ )A(x)(DνC )A(y)⟩ , (33)

where we have used
(
gµρ −

∂x
µ∂

x
ρ

∂2
x

)
∂ρx = 0.
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backup

If we note the left derivative δS
δCB(x)

= −i(Dρ∂ρC̄ )B(x), δS
δBB(x)

= ∂ρA ρB(x) + αBB(x), the

part of (33) that excludes
∂x
µ

∂2
x
in the first term is

∂xρ ⟨(DρC̄ )B(x)δA A
ν (y)⟩

=

∫
dµ eiS∂ρ(D

ρC̄ )B(x)δA A
ν (y)

=

∫
dµ eiS [(Dρ∂ρC̄ )B(x)δA A

ν (y) + (g∂ρA
ρ × C̄ )B(x)δA A

ν (y)]

=

∫
dµ eiS

[
i

δS

δCA(x)
δA A

ν (y) +

(
g

(
δS

δB
− αB

)
× C̄

)B

(x)δA A
ν (y)

]
. (34)
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backup

From Schwinger-Dyson equation
∫
dµ δ

δΦA(x)
(· · · ) = 0,∫

dµ eiSi
δS

δCB(x)
δA A

ν (y) =

∫
dµ

δ

δCB(x)
[eiSδA A

ν (y)]−
∫
dµ eiS

δ

δCB(x)
δA A

ν (y)

=−
∫
dµ eiS

δ

δCB(x)
δA A

ν (y) = −
⟨

δ

δCB(x)
(DνC )A(y)

⟩
= −δAB∂νδ

D(x− y). (35)

Similarly,∫
dµ eiS

(
g
δS

δB
× C̄

)B

(x)δA A
ν (y) =

∫
dµ eiSgfBCE δS

δBC(x)
C̄E(x)δA A

ν (y)

=

∫
dµ

δ

δiBC(x)
[eiSgfBCEC̄E(x)δA A

ν (y)] + i

∫
dµ eiSgfBCEC̄E(x)

δ

δBC(x)
δA A

ν (y)

= −ig

⟨(
C̄ × δ

δB(x)
δA A

ν (y)

)B
⟩

= 0. (36)
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backup

Moreover

−
∫
dµ eiSgα(B × C̄ )A(x)δΦ(y) =

∫
dµ eiSgαδ(B × C̄ )A(x)Φ(y) = 0 (37)

Finally，the first term of (33) is reduced to

∂xν ⟨(DνC̄ )B(x)δA A
ν (y)⟩ = −δAB∂νδ

D(x− y) (38)

Then, (8)

− i

∫
dDx eip(x−y)∂xµ ⟨J

µ
U (x)Φ(y)⟩

=Ων(x) +

∫
dDx eipxΩ̃µA(x)

[
∂xµ∂

x
ν

∂2x
δD(x− y)

−
(
gµρ −

∂xµ∂
x
ρ

∂2x

)
⟨g(A ρ × C̄ )A(x)(DνC )A(y)⟩

]
(39)
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backup

In what follows, we demonstrate that the finite gauge transformation δU and the BRST
transformation δB commute.
The BRST transformations are given by

δBAµ = Dµ[Aµ]C = ∂µC − ig[Aµ,C ]

δBC = igC C

δBC̄ = iB

δBB = 0. (40)

The finite gauge transformations are given by

δUAµ = UAµU
† + ig−1U∂µU

† − Aµ

δUC = UCU † − C

δU C̄ = U C̄U † − C̄

δUB = UBU † − B. (41)
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backup
Then, we obtain

δUδBB = 0, δBδUB = UδBBU
† − δBB = 0, (42)

δUδBC̄ = iδUB = i(UBU
† − B), δBδU C̄ = UδBC̄U

† − δBC̄ = iUBU
† − iB (43)

δUδBC = igδU (CC ) = ig(UCCU
† − CC ),

δBδUC = UδBCU
† − δBC = igUCCU

† − igCC , (44)

δUδBAµ = δU (Dµ[A ]C ) = UDµ[A ]CU
† − Dµ[A ]C ,

δBδUAµ = δB(UAµU
†
+ igU∂µU

† − Aµ),

= UδBAµU
† − δBAµ = UDµ[A ]CU

† − Dµ[A ]C , (45)

where we have used

δU (Dµ[A ]C ) = δU (∂µC − ig[Aµ,C ])

=∂µ(UCU
†
) − ig[UAµU

†
+ ig

−1
U∂µU

†
, UCU

†
] − (∂µC − ig[Aµ,C ])

=U∂µCU
† − igU [Aµ,C ]U

†
+ [U∂µU

†
, UCU

†
] + ∂µUCU

†
+ UC∂µU

†

=U∂µCU
† − igU [Aµ,C ]U

† − ∂µUCU
† − UC∂µU

†
+ ∂µUCU

†
+ UC∂µU

†

=U∂µCU
† − igU [Aµ,C ]U

†
= UD[A ]CU

†
, (46)

following

U∂µU
†
= −∂µUU

†
. (47)

Thus, the finite gauge transformation δU and the BRST transformation δB commute.
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0 =U †[∂µΩµ + ∂µ(UAµU
†)]U

=ig−1U †∂µU∂µU
†U + ig−1U †U∂µ∂µU

†U + U †∂µUAµ + Aµ∂µU
†U

=ig−1∂µU †UU †∂µU + ig−1∂µ∂µU
†U + igΩ̃µAµ − AµU

†∂µU

=ig−1∂µ(∂
µU †U) + igΩ̃µAµ − igAµΩ̃

µ

=− ig−1∂µ(U
†∂µU − ig[Aµ, Ω̃µ]

=∂µΩ̃
µ − ig[Aµ, Ω̃

µ] =: DµΩ̃µ (48)
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Aµ(x) =
σA

2
η̄
A
µνxνF (x

2
) (49)

is a typical example that satisfies the Lorenz condition. As a residual symmetry, we consider

Ω̃µ(x) =
σA

2
η̄
A
µνxνH(x

2
) (50)

in this case,

∂µΩ̃µ = 0, (51)

[Aµ, Ω̃µ] =

[
σA

2
η̄
A
µνxνF (x

2
),

σB

2
η̄
B
µρxρH(x

2
)

]
=

[
σA

2
,
σB

2

]
η̄
A
µν η̄

B
µρxνxρF (x

2
)H(x

2
)

= iε
ABC σC

2
η̄
A
µν η̄

B
µρxνxρF (x

2
)H(x

2
) = i

σC

2
2η̄CνρxνxρF (x

2
)H(x

2
) = 0, (52)

where we have used

εCAB η̄Aµν η̄Bµρ = δµµη̄Cνρ − δµρη̄Cνµ − δνµη̄Cµρ + δνρη̄Cµµ

= 4η̄Cνρ − η̄Cνρ − η̄Cνρ

= 2η̄Cνρ. (53)
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Now, gauge fixing condition is

n
µ
(x)Aµ(x) = 0. (54)

Lagrangian is

L = LYM + LGF+FP + LJ ,

LYM = −
1

4
(Fµν)

2
,

LGF+FP = −iδB

(
C̄A

(
n
µA A

µ +
α

2
BA

))
= iC̄A

n
µ
(DµC )

A
+ BA

n
µA A

µ +
α

2
BABA

,

LJ = A A
µ J

µA
+ BA

K
A
. (55)

To derive the propagator, we consider up to the second order of the field

∂L

∂A A
µ

− ∂ν
∂L

∂∂νA A
µ

= (g
µν

2 − ∂
µ
∂
ν
)Aν + BA

n
µ
+ J

µA
= 0. (56)

If we take the divergence, we get

− ∂µJ
µA

= n
µ
∂µBA

+ ∂µn
µBA ⇒ B

A
= −

1

∂ρnρ + nρ∂ρ

∂µJ
µA

. (57)

Then we obtain

⟨BA
(x)A B

µ (y)⟩ =
δBA(x)

δJµB(y)
= −

1

∂ρnρ + nρ∂ρ

∂µδ
D
(x − y)δ

AB (58)
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i
2QCD

D

(
D

2
+ δ

)
lim
p→ 0

η̄jνλp
λ

∫ 1

0
dα

∫
dDℓ

(2π)D
α

D
2
+δ−1ℓ2

{ℓ2 + α(1− α)p2}
D
2
+δ+1

(59)

If we estimate the contribution of the UV region k > kR ≫ 1 to Iν , we can take the limit p → 0 of the integrand, which
is equivalent to the replacement ℓµ = kµ:

→ i
2CD

D

(
D

2
+ δ

)
lim
p→ 0

2ε4Aνλp
λ

∫ 1

0
dα

∫
dΩD

∫ ∞

kR

dk kD−1

(2π)D
α

D
2
+δ−1

kD+2δ

=i
2QCD

(4π)
D
2 Γ

(
D
2

+ 1
) (

D

2
+ δ

)
lim
p→ 0

2ε4Aνλp
λ

∫ 1

0
dα

∫ ∞

kR

dk
α

D
2
+δ−1

k2δ+1

=i
2CD

(4π)
D
2 Γ

(
D
2

+ 1
) lim

p→ 0
2ε4Aνλp

λ[α
D
2
+δ ]10

[
−

1

2δ

1

k2δ

]∞
kR

=i
2CD

2δ(4π)
D
2 Γ

(
D
2

+ 1
) lim

p→ 0
2ε4Aνλp

λ 1

k2δR
= 0 (δ > 1/4) , (60)
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If we think

Aµ(x) = σAη̄Aµν
x̃νλ

2

x̃2(x̃2 + λ2)

U = U1U0, U0 =
x4I + iσjxj√

x2
, U1(x) = exp

[
iσA

xA√
x2 + λ2

(
arctan

x4√
x2 + λ2

+
π

2

)]
(61)

, gauge fixing condition is satisfied.

A ′′
µ = Aµ + δUAµ = 0 (|x| → 0) (62)

If we introduce the polar coordinate (r, θ1, θ2, θ3) as
x1
x2
x3
x4

 =


r sin θ1 sin θ2 sin θ3
r sin θ1 sin θ2 cos θ3
r sin θ1 cos θ2
r cos θ1

 (63)
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Then,

U0 = cos θ1I + sin θ1 sin θ2 sin θ3σ1 + sin θ1 sin θ2 cos θ3σ2 + sin θ1 cos θ2σ3 (64)

U1 = exp

[
ir

sin θ1 sin θ2 sin θ3σ1 + sin θ1 sin θ2 cos θ3σ2 + sin θ1 cos θ2σ3√
r2 sin2 θ1 + λ2

(
arctan

r cos θ1√
r2 sin2 θ1 + λ2

+
π

2

)]

= exp

[
i
sin θ1 sin θ2 sin θ3σ1 + sin θ1 sin θ2 cos θ3σ2 + sin θ1 cos θ2σ3√

sin2 θ1 + (λ/r)2

(
arctan

cos θ1√
sin2 θ1 + (λ/r)2

+
π

2

)]
(65)

Therefore, if we rescale r → rp, U is 0 order of p, where since λ is unphysical parameter, we can take λ → 0 as p → 0
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