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QCD phase diagram

study of the phase diagram of QCD relevant e.g. for heavy

ion experiments

QCD has phase transition where quarks and gluons

become deconfined for sufficiently high T

Polyakov loop

order parameter for the confinement-deconfinement phase

transition

L = 〈L(~x)〉 ∝ e−Fq/T

Definition on the lattice:

L(~x) = Tr

Nt−1
∏

t=0

U4(~x , t)

T < Tc : L = 0 (center symmetry)

T > Tc : L 6= 0 (spontaneous breaking of center symmetry)
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Center symmetry

Wilson gauge action is invariant under a center

transformation

temporal links on a hyperplane x4 = const multiplied by

z ∈ Z3 = {e−i2π/3, 1, ei2π/3}

Polyakov loop L(~x) → zL(~x)
T < Tc

local PL phase equally distributed among the three sectors

L = 〈L(~x)〉 ≈ 0

T > Tc

Z3 sectors not equally populated: L 6= 0

G. Endrödi, C. Gattringer, H.-P. Schadler, arXiv:1401.7228
C. Gattringer, A. Schmidt, JHEP 01, 051 (2011)

C. Gattringer, Phys. Lett. B 690, 179 (2010)

F. M. Stokes, W. Kamleh, D. B. Leinweber, arXiv:1312.0991
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Center-symmetric Landau gauge in the continuum

Center-symmetric Landau gauge is defined by

Dµ[Āc](Aµ − Āc,µ) = 0

center symmetric background configuration:

Āc,µ =
T

g
r̄j tjδµ0

for SU(2) we consider j = 3, with r̄ = π and t3 = σ3/2

for SU(3) we have j = 3, with r̄ = 4π/3 and tj = λj/2

background covariant derivative:

Dµ[Ā] = ∂µ − ig
[

Āc,µ, . . .
]

final expression:

Dµ[Āc](Aµ) = ∂µAµ − ig
[

Ā0,A0

]
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Gauge transformations and center transformations — on
the lattice

Periodic gauge transformations

g0(n + Lν ν̂) = g0(n)

Uµ(n) → g0(n)Uµ(n)g
†
0(n + µ̂) ≡ Ug0

µ (n)

center tranformations: periodic in the time direction but

only modulo an element of the center of SU(3)

g(n + L44̂) = e±i2π/3g(n)

Wilson action invariant

but Polyakov loop changes:

PL → e∓i 2π
3 PL
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Lattice formulation

Gauge fixing functional

F =
∑

x ,µ

Re Tr
[

g
†
c(µ)g0(x)Uµ(x)g

†
0(x + µ̂)

]

where g
†
c(µ) = g

†
c(x + µ)gc(x)

g
†
c(µ) can be written as

g
†
c(µ) = eiaT r̄j tjδµ3 = eiagĀc,µδµ3

aT = 1/Lt , where Lt is the number of points in the

temporal direction.
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Lattice gauge fixing

very similar to Landau gauge fixing

infinitesimal gauge transformations g(x) = 1 + iω(x)

first variation of the gauge fixing functional

δF =
1

2

∑

x

Tr
[

iω(x)∆†(x)
]

where

∆†(x) =
∑

µ

[

Uµ(x)g
†
c(µ)− g

†
c(µ)Uµ(x − µ̂)− h.c.

]

δF > 0 for iω(x) = α∆(x), where α > 0

we use g(x) = exp (α∆(x)/2) to approach a maximum of

the gauge functional.

also suitable for FFT acceleration
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Center invariance

F is invariant under the particular center transformation

g(n) = eiπ
λ4
2 eiπ

λ1
2 e

−i
n4
L4

π
(

λ3+
λ8
√

3

)

it is periodic modulo a center element

g(n + L44̂) = ei 2π
3 g(n)

F is invariant, and Ug still maximizes F

note that the Polyakov loop changes: PL → e∓i 2π
3 PL
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Plotting (A3
4(0),A

8
4(0)) — below Tc

643 × 8, T=243 MeV
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Plotting (A3
4(0),A

8
4(0)) — above Tc

643 × 6, T=324 MeV
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Predictions for the symmetric phase

in the continuum: β〈gA3
4(x)〉 =

4π
3 that becomes

〈agA3
4(x)〉 =

4π
3Lt

van Egmond, Reinosa, Phys.Rev.D 109 (2024) 3, 036002

van Egmond, Reinosa, Phys.Rev.D 106 (2022) 7, 074005

on the lattice: 〈agA3
4(x)〉 = −2 sin

(

2π
3Lt

)

this can also be studied through the link average:

〈U4(x)〉

(det 〈U4(x)〉)1/3
= e

− i
L4

4π
3

λ3

2
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Histograms of A3
4(x) for one lattice configuration

323 × 8, T=243 MeV 323 × 6, T=324 MeV
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Link average - below Tc

643 × 8, β = 6.0, T=243 MeV

diagonal elements:

0.96726(15)− i 0.25422(56)
0.96715(13) + i 0.25456(48)
0.999800(26)− i 0.00036(60)

non-diagonal elements are zero within errors.

theoretical prediction for first element:

0.9659258263 − i 0.2588190451
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Link average - above Tc

643 × 6, β = 6.0, T=324 MeV

diagonal elements:

0.985563(39)− i 0.16827(19)
0.985569(41) + i 0.16817(18)
1.000362(20) + i 0.00010(15)

non-diagonal elements are zero within errors.

theoretical prediction for first element:

0.9396926208 − i 0.3420201433
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Simulating near Tc — standard Landau gauge
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Simulating near Tc — center-symmetric Landau gauge
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Gluon propagator

for color indices 3 and 8, the propagator decomposition

becomes the same as in the standard Landau gauge

Dab
µν(q̂) = δab

(

PT
µνDT (q4, ~q) + PL

µνDL(q4, ~q)
)

Daa
ii (q) =

2

V

〈

Tr
[

Ai(q̂)A
†
i (q̂)

] 〉

= δaa
(

PT
ii DT + PL

ii D
L
)

Daa
44(q) =

2

V

〈

Tr
[

A4(q̂)A
†
4(q̂)

] 〉

= δaa
(

PT
44DT + PL

44DL
)

theoretical prediction: D33 = D88 in the symmetric phase
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Gluon propagator — below Tc

643 × 8, T=243 MeV
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Gluon propagator — sector 0, below Tc
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Gluon propagator — sector 1, below Tc
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Gluon propagator — sector 2, below Tc
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Gluon propagator — above Tc

643 × 6, T=324 MeV
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Gluon propagator — sector 0, above Tc
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Gluon propagator — sector 1, above Tc
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Gluon propagator — sector 2, above Tc
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Center-symmetric Landau gauge

lattice implementation — first results

Main continuum properties seem to hold on the lattice

βg〈A3
4〉

D33 = D88 in the symmetric phase

Outlook:

increase statistics

other temperatures

higher-order correlation functions

Paulo Silva Confinement 2024, Cairns
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