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Motivation
1. Time dependence is a common feature of strong magnetic fields

affecting QCD properties in the early universe, magnetars,

and heavy-ion collisions

2. The quark condensate is a prominent QCD property affected

by a strong magnetic field

3. Time scales of the condensate dynamics are important

for hadron production in heavy-ion collisions

4. What is the effect of a magnetic field on the quark condensate dynamics?

5. Here: formalism to tackle time dependence based on a nonequilibrium

QFT calculation

Work with Carlisson Miller + Arthur Frazon
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Phase change - time dependence

Typical situation:

— A system is forced to change from a thermodynamic

equilibrium phase to another, out-of-equilibrium phase

— Evolution to new equilibrium through spatial fluctuations that

take the system (initially homogeneous) through a sequence

of highly (not in equilibrium) inhomogeneous states
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Theory: coarse-graining

Rational:

— It is difficult/impossible to describe the
system with microscopic d.o.f.

— Focus on a small number of semi-macroscopic
variables; order parameters φ

— Dynamics of φ is slower than that of the
microscopic degrees of freedom; described by
Ginzburg-Landau-Langevin type of equations

From A. Zee book
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Dynamical equations
Landau: system’s state characterized by a macroscopic free energy F rφs

Example: F rφs “
ş

d3x
“

κp∇φq2 ` V pφq
‰

, V pφq “ 1
2 r φ

2 ` 1
4 uφ

4

Equilibrium (r ą 0):

δF

δφ
“ 0

Out-of-equilibrium (r “ ´|r| ă 0):

φpxq Ñ φpx, tq : η
Bφ

Bt
“ ´

δF

δφ

Near equilibrium: rφpk, tq « ep|r|´k2
q t{η

Purely diffusive dynamics - no (thermal) fluctuations
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Phase change, fluctuations

T ą Tc T ă Tc

η
Bφ

Bt
“ ´

δF

δφ
` ξpx, tq Ð Ginzburg-Landau-Langevin (GLL) equation

xξpx, tqξpx1, t1qy “
a

2ηT δpx´ x1qδpt´ t1q

Fluctuation-dissipation theorem

6



Phase change
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Dynamical universality classes

Dynamical phase changes/transitions

can be classified in universality classes according

to the nature and couplings of the order parameters*

— Model A: nonconserved order parameter

— Model B: conserved order parameter

— Model C: nonconserved and conserved order parameters

— ¨ ¨ ¨ ¨ ¨ ¨

P. C. Hohenberg & M.I Halperin, Rev. Mod. Phys. 49, 435 (1977).
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Derivation of GLLeq - Linear σ model˚

L “ q̄ri{B ´ gpσ ` iγ5τ ¨ πqsq `
1

2
rBµσB

µσ ` Bµπ ¨ B
µπs ´ Upσ,πq

Upσ,πq “
λ

4
pσ2

` π2
´ v2q2 ´ hqσ ´ U0

Parameters: v2 “ f2π ´
m2

π

λ2
, m2

σ “ 2λ2f2π `m2
π, hq “ fπm

2
π, mq “ gxσy, U0 : Up0, 0q “ 0

Crossover at T » 150 MeV: g “ 3.3

Quark condensate: m xq̄qyQCD “ ´hq xσy

Coupling magnetic field: Bµ Ñ Dµ “ Bµ ` iqAµ (for the charged fields)

M. Nahrgang et al. Phys. Rev. C 84, 024912 (2011).
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The scenario, approximations

— QGP scales for temperature (T ) and magnetic field (B)

— Perturbation around local equilibrium (medium at local T and B)

— No expansion & energy transfer field and medium

— Source of dissipation η: σ Ñ q̄q (no pions)

— Look at qualitative changes due to strong B

— Analytical understanding
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Closed time path formalism

Semiclassical effective action:

Γrσ, Ss “ Γclrσs ` iTr lnS ´ iTr
`

i {D ´ m0

˘

S ` Γ2rσ, Ss

Γ2rσ, Ss “ g
ş

C d
4x tr rS``px, xqσ`pxq ` S´´px, xqσ´pxqs

– σ and S defined on the Schwinger-Keldysh contour (CTP contour), σ˘, S˘

– σ˘, S˘ are not independent, they are equal at some large time (CTP b.c.)
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Integrate out the quarks
δΓrσ, Ss

δSabpx, yq
“ 0

ó

`

i {D ´ gσ0pxq
˘

Sabpx, yq ´

ż

C
d4z

δΓ2rσ, Ss

δSacpx, zq
Scbpz, yq “ iδabδp4qpx ´ yq

Very difficult to solve (even numerically): expand around local equilibrium

σapxq “ σa
0 pxq ` δσapxq

Sabpx, yq “ Sab
thmpx, yq ` δSabpx, yq ` δ2Sabpx, yq ` ¨ ¨ ¨

where
δΓcl

δσa
0 pxq

“ ´gTrSaapx, xq and
“

i {D ´m0 ´ g σ0pxq
‰

Sab
thmpx, yq “ ´iδabδp4qpx´ yq
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GLL equation

– Dissipation (σ Ñ q̄q): imaginary part of Γrσ, Ss

– Variation of Γrσ, Ss w.r.t. σ to obtain e.o.m. not possible

– Solution: use Feynman-Vernon trick, identify the imaginary part

with a noise source coupling linearly to the field

– Obtain real action, variation w.r.t. σ leads to GLL equation

BµB
µσpxq `

δU rσs

δσpxq
` gρspσ0q ´ Dσpxq “ ξσpxq
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GLL equation

BµBµσpxq `
δUrσs

δσpxq
` gρspσ0q ´ Dσpxq “ ξσpxq

Scalar Density: ρspσ0q “ trS``
thmpx, xq

Dissipation kernel: Dσpxq “ ig2
ż

d4y θpx0 ´ y0qMpx, yq δσpyq Ð Memory

Mpx, yq “ tr
”

S`´
thmpx, yqS´`

thmpy, xq ´ S´`
thmpx, yqS`´

thmpy, xq

ı

Colored noise: xξσpxqyξ “ 0 and xξσpxqξσpyqyξ “ Npx, yq

Npx, yq “ ´
1

2
g2tr

”

S`´
thmpx, yqS´`

thmpy, xq ` S´`
thmpx, yqS`´

thmpy, xq

ı

x¨ ¨ ¨ yξ : functional average with prob. distr. P rξs “ exp

„

´
1

2

ż

d4xd4y ξpxqN´1px, yq ξpyq

ȷ
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Quark propagator Sab
thmpx, yq

Structure of ρspxq, Mpx, yq and Npx, yq

— Schwinger phase drops out, use Fourier transform

In the lowest Landau level (LLL) approximation:

S``
thmppq “ e´p2

K{|qfB| Appq

«

i

p2∥ ´ m2
q ` iϵ

´ 2πnF pp0qδpp2∥ ´ m2
qq

ff

S`´
thmppq “ e´p2

K{|qfB| Appq 2πδpp2∥ ´ m2
qq rθp´p0q ´ nF pp0qs ,

S´`
thmppq “ e´p2

K{|qfB| Appq 2πδpp2∥ ´ m2
qq rθpp0q ´ nF pp0qs

S´´
thmppq “ e´p2

K{|qfB| Appq

«

´i

p2∥ ´ m2
q ´ iϵ

´ 2πnF pp0qδpp2∥ ´ m2
qq

ff

where Appq “ p{p∥ ` mqq
“

1 ` iγ1γ2signpqBq
‰

and nF pp0q “
1

e|p0|{T ` 1
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Momentum space GLL equation

B2σpt,pq

Bt2
` p2 σpt,pq ` ηppq

Bσpt,pq

Bt
` Fσpt,pq “ ξσpt,pq

ηppq “ g2
1

2Eσppq
Mppq Ð Mppq “ MpEσ,pq, Eσ “

a

p2 `m2
σ

Fσpt,pq “

ż

d3x e´ip¨x

„

δU rσs

δσpt,xq
` g ρspσ0q

ȷ

xξσpt,pqξσpt1,pqyξ “ p2πq3δpp ` p1qNpt´ t1,pq

η “ 0: “classical” equation of motion

η ‰ 0: slows the dynamics
GK and C. Miller, Symmetry 13, 551 (2021).
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Equilibrium˚

B “ 0
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E.S. Fraga & A.J. Mizher, Phys. Rev. D 78, 025016 (2008).
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Zero-mode η

Recall, source of dissipation is σ Ñ q̄q
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B “ 0 η0 “ g2
2Nc

π
r1 ´ 2nF pmσ{2qs

1

m2
σ

`

m2
σ ´ 4m2

q

˘3{2

B ‰ 0 ηB “ g2
Nc

4π
r1 ´ 2nF pmσ{2qs peBq

1

m2
σ

b

m2
σ ´ 4m2

q pLLLq
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σ and quark masses
η ‰ 0 when mσ ą 2mq

B modifies minimum of Veff pÐ mqq and its curvature (Ð mσ)
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200

400

600

800

130 140 150 160 170

m
σ
 [
M

e
V

]

T [MeV]

eB/m
2
π
 = 0

 = 15

 = 20

 = 25

Quark mass

100

200

300

400

130 140 150 160 170

m
q
 [
M

e
V

]

T [MeV]

eB/m
2
π
 = 0

 = 15

 = 20

 = 25

mσ increases faster than mq as the temperature decreases:
– ηB increases at low temperatures
– increase in ηB delays evolution of σ
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Short-time dynamics

Linearized GLL equation:

ηppKq
Bσpt,pKq

Bt
´

`

µ2 ´ p2
K

˘

σpt,pKq ` gρspσ0q ´ fπm
2
π “ ξσpt,pKq

µ2 “ λ

ˆ

f2
π ´

m2
π

λ

˙

, σ “ σ{L3, ξ “ ξ{L3

Quench from high to low T :

xσ2pt,p2
Kq yξ “

“

gρspσ0q ´ fπm2
π

‰2

pµ2 ´ pKq2

´

eλppKq t{τs ´ 1
¯2

`
EppKq cothpEppKqq

L3pµ2 ´ p2
K

q

´

e 2λppKq t{τs ´ 1
¯

τs “
ηB

µ2
and λppKq “

1 ´ p2
K

{µ2

ηppKq{ηB
,
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Short-time dynamics
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ş
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2
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ş
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1
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Large B slows considerably the short-time dynamics

Present estimate: delays of » 1 fm{c Ð 1{10 of QGP lifetime
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Long-time dynamics
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Condensate not thermalized within QGP lifetime
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Cold matter - nucleon superposition

Figure from W. Weise
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Nucleon compositeness: quark model
Nucleon creation operator:

B:
n “

1
?
3!

Ψµ1µ2µ3
n q̂:

µ1
q̂:
µ2
q̂:
µ3

tB̂n, B̂
:

n1 u “ δnn1 ´ ∆̂nn1 , tB̂n, B̂n1 u “ 0

∆̂nn1 “ 3Ψ˚µ1µ2µ3
n Ψµ1µ2ν3

n1 q̂:
ν3
q̂µ3

´
3

2
Ψ˚µ1µ2µ3

n Ψµ1ν2ν3

n1 q̂:
ν3
q̂:
ν2
q̂µ2

q̂µ3

Two-nucleon state:

|nn1y “ B:
nB

:

n1 |0y

xnn1|nn1y “ 1 ´ δnn1 ´ ∆Nnn1

∆Nnn1 “ 3Ψ˚µ1µ2µ3
n Ψ˚ν1ν2ν3

n1 pΨµ1µ2ν3
n Ψν1ν2µ3

n1 ´ Ψµ1ν2ν3
n Ψν1µ2µ3

n1 q
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Field theory: “deformed” field algebra
Nucleon field operator:

ψpx, tq “
ÿ

k,s

“

uspkq e´ik¨x b:
spkq ` vspkq eik¨x d:

spkq
‰

bspkqb:

s1 pk
1q ` λ b:

s1 pk
1qbspkq “ δss1δkk1 , λ dspkqd:

s1 pk
1q ` d:

s1 pk
1qdspkq “ δss1δkk1

λ ” 1 ´ x Ñ tbspkq, b:

s1 pk
1qu “ δss1δkk1 ´x b:

spkqbspkq Ð x : in general density dependent

ψpx, tqψ:px1, tq ` λψ:px1, tqψpx, tq “ δpx ´ x1q

Example: equilibrium nucleon scalar density (noninteracting)

ρs “

ż

d3x xψ̄pxqψpxqy “ 4
ÿ

k

ˆ

1

eβEpkq´µλ ` λ
`

1{λ

λ eβEpkq`µλ ` 1

˙

Epkq “ pk2 `m2
N q1{2, β “ 1{T, µλ “ µ` T lnλ, 0 ă λ ď 1ppositive number densityq

Nonrelativistic: S.S. Avancini and GK, J. Phys A 28, 685 (1995)
Relativistic free gas: X-Y. Hou et al., J. Stat. Mech. (2020) 113402
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Walecka model: T “ 0
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Conclusions & Perspectives

1. Presented a nonequilibrium QFT setup to tackle magnetic field effects

on chiral dynamics, a first incursion into a complex many-body problem

2. Made umerical estimates, short- and long-time dynamics

3. Applications to HIC: beyond LLL approximation (weak fields),

include pion dynamics, couple to hydrodynamics

4. Dense matter: presented a way to into account effectively

nucleon compositeness and superposition
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Thank you
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