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When continuous global symmetry is spontaneously broken,  

hydrodynamic equation is strongly modified!

Ex. Helium II = U(1) symmetry breaking in 4He

 Superfluid Hydrodynamics (Two-fluid model) by Tisza, Landau

General consequence resulting from the Nambu-Goldstone theorem
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SSB patterns of QCD matter
QCD enjoys Poincare  symmetry× U(1)B × SU(2)R × SU(2)L

- Liquid core the neutron star  Superfluid phonon + angulons (+ Pions)→

From Chamel-Haensel (2008)

Q. What are hydrodynamic equations in symmetry-broken phases?

- Low-temperature QCD breaks (approximate) chiral symmetry  Pions→
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J⃗ ∝ −∇⃗n(x)

(2) Constitutive relation:
<latexit sha1_base64="C35ugYSEVemzxf6/xu7HcxQ9+0E=">AAAF13icjZTPbxJBFMcfrWjF1lK9mHiZiDXVVDIggWpiUn8cDKeWltKGJWRnO+CE/eXuQoubjTdjvHny4EkTD8Y/w4v/gIce/AOMx5p48eDbYTeVSIEh7M689z7fmTdvdpitC9ej9CgxM3smefbc3PnUhfmFi4vppUs7rtV1NF7VLN1ydpnqcl2YvOoJT+e7tsNVg+m8xjqPQn+txx1XWOa217d5w1DbpmgJTfXQ1Ewf+IoUqTtt1vBp9u5aMV8ortIspaVcPhd28qXCnUJAlB7X/HJAUuQ+uU22idJRbVttmgOHYqpMVwOyojDuqUQxujdJkFJcYfBnGP54OMokzXQmnozE k5F4MpJDS9gyELUNa2nmOiiwDxZo0AUDOJjgYV8HFVz81SEHFGy0NcBHm4M9If0cAkgh28UojhEqWjv4bOOoHllNHIearqQ1nEXHv4MkgWX6jX6ix/Qr/Ux/0D+navlSI1xLH99swHK7ufj6ytbviZSBbw+enlBjCIbRMm7vVr02NjcPWrAmcxKYoy0tYbbagO89f3u8da+y7N+gH+hPzPM9PaJfMFOz90v7uMkr76S6icyB3BVDrtPEOviyGgL1W6gVjuIMHOz56AuifT+NDuPESFZMxfKRLJ/IqtBDjxPtUiBPTkN6dBnVlmcmg1ZFRsWWUHWcLpOniEWrYnI1SmQLlSeti2Hl/mU7UxCHQ8ThFER/iOhPQZSHiHJEjK8Ox4qMqk5liursY31G sQ8mspr8fk7qGY65/CJ8Wc9o5fLuGVww5P9OfPfs5LO5YrawWcisP4xuoTm4CtdgBZVKsA5PYAOqqP49MZuYTywk95Ivki+TrwahM4mIuQxDLfnmLx6rR3Y=</latexit>

J⃗ = −Tκn∇⃗(βµ) ≃ −D∇⃗n



Prototype: Charge diffusion

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY=">AAACrXichVE9S8NQFD2N3/WjVRfBRSyKiNTXKihORRfHaq0KbS1JfK2haRKStFhD/4CTm4OTgoO4d1Vw8Q849CeIYwUXB2/SiGhRb3h55553z33ncSVDVSybsWZA6Oru6e3rHwgODg2PhMKjY7uWXjFlnpZ1VTf3JdHiqqLxtK3YKt83TC6WJZXvSaUN93yvyk1L0bUdu2bwXFksakpBkUWbqHx43sl6TTJmUco5LMq8WOgA9eN6Phz5zKY6QcwHEfiR1MMNZHEIHTIqKINDg01YhQiLvgxiYDCIy8EhziSkeOccdQRJW6EqThUisSX6FynL+KxGudvT8tQy3aLSMkk5hRn2 xG5Yiz2yW/bM3n/t5Xg9XC812qW2lhv50OlE6u1fVZl2G0dfqj892yhg1fOqkHfDY9xXyG199eS8lVrbnnFm2RV7If+XrMke6AVa9VW+3uLbF3/4kciLO57Yz2F0gt14NLYUjW8tRxLr/qD6MYlpzNE0VpDAJpJIU/czNHCHe2FRSAtZ4aBdKgR8zTi+hVD8ABpqnNk=</latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM="> nsmjtkZeJxoddVxcTruIm6w4ZVMzOh15Ul4cO/cv20pBdIeIbgqiN0T0UhAbQ8SGIcZ3R2BHRnWnlKI7+9ifUezjiaxD/89pP/Vc0B+RUD9N5nj2FP8/ac4KO/cLxQeF1a3V/PoTcwrNwg24BSsY6SGswzPYhDJ94w0cwtuZ71bWylmLA9fMlGEWYWhYN/8CFPoizA==</latexit>

n(x)

◆ Bulding blocks of hydrodynamic equation

(1) Conservation law: 
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fP LJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV 49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSPYAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0

<latexit sha1_base64="KWKc4lx0rU9AJjOaqwlXKADRgWE=">AAAFg3icjZTNbtNAEMenAUMpH/3ggsTFIhQVENEmtZKChFTggnJqU9IUxVHldTdhFce2bCckWHkAeAEOnEDigDhwhTMXXoBDHwFxLBIXDsxOHJWINMlGiXf/M7/JzM56ue/IMGLscC516rR25uz8 uYXzFy5eWlxaXtkNvXZgi7LtOV6wx61QONIV5UhGjtjzA2G1uCMqvPlI2SsdEYTSc59EPV/UWlbDlXVpWxFK+0tpsyPsuNg3/cDzI0+/o5NguhZ3rL7u6mvdm+jFMnc38jkjr7MMY4VsLqsmuYKxbuhZVNRIQzK2vOXUdTDhADywoQ0tEOBChHMHLAjxU4UsMPBRq0GMWoAzSXYBfVhAto1eAj0sVJv428BVNVFdXKuYIdE2/ouD3wBJHVbZd/aBHbFv7CP7wf6cGCumGCqXHj75gBX+/uKrKzu/p1ItfEbw7JiaQHD0Jr+nt6qVibVFUIcNqklijT4pqlp7wHdevD7auVdajW+wd+wn1vmWHbKvWKnb+WW/3xalNxTdReY57UqL8nSxDzF1Q2L8 OsZSq2EFAc5itPWTfT+JVn5yLCtnYsVYVkxlLeigJUh2qU8np0YWh7wadGbSqJrkNVRU1ElxOZ0inmTFKRsz0VTkaXlx7Ny/bHMGojtCdGcgeiNEbwaiOEIUE2JydwR2ZFx3SjN05wD7M459MJW16f057qdaC3ojYupnkjndPYMLRv9/Mrx7dnOZbD5jbBvpzYfJLTQPV+EarGGkAmzCY9iCMkZ/CZ/gM3zRNO22ltOMgWtqLmEuw8jQ7v8F8/8u6A==</latexit>

J⃗ ∝ −∇⃗n(x)

(2) Constitutive relation:
<latexit sha1_base64="C35ugYSEVemzxf6/xu7HcxQ9+0E=">AAAF13icjZTPbxJBFMcfrWjF1lK9mHiZiDXVVDIggWpiUn8cDKeWltKGJWRnO+CE/eXuQoubjTdjvHny4EkTD8Y/w4v/gIce/AOMx5p48eDbYTeVSIEh7M689z7fmTdvdpitC9ej9CgxM3smefbc3PnUhfmFi4vppUs7rtV1NF7VLN1ydpnqcl2YvOoJT+e7tsNVg+m8xjqPQn+txx1XWOa217d5w1DbpmgJTfXQ1Ewf+IoUqTtt1vBp9u5aMV8ortIspaVcPhd28qXCnUJAlB7X/HJAUuQ+uU22idJRbVttmgOHYqpMVwOyojDuqUQxujdJkFJcYfBnGP54OMokzXQmnozE k5F4MpJDS9gyELUNa2nmOiiwDxZo0AUDOJjgYV8HFVz81SEHFGy0NcBHm4M9If0cAkgh28UojhEqWjv4bOOoHllNHIearqQ1nEXHv4MkgWX6jX6ix/Qr/Ux/0D+navlSI1xLH99swHK7ufj6ytbviZSBbw+enlBjCIbRMm7vVr02NjcPWrAmcxKYoy0tYbbagO89f3u8da+y7N+gH+hPzPM9PaJfMFOz90v7uMkr76S6icyB3BVDrtPEOviyGgL1W6gVjuIMHOz56AuifT+NDuPESFZMxfKRLJ/IqtBDjxPtUiBPTkN6dBnVlmcmg1ZFRsWWUHWcLpOniEWrYnI1SmQLlSeti2Hl/mU7UxCHQ8ThFER/iOhPQZSHiHJEjK8Ox4qMqk5liursY31G sQ8mspr8fk7qGY65/CJ8Wc9o5fLuGVww5P9OfPfs5LO5YrawWcisP4xuoTm4CtdgBZVKsA5PYAOqqP49MZuYTywk95Ivki+TrwahM4mIuQxDLfnmLx6rR3Y=</latexit>

J⃗ = −Tκn∇⃗(βµ) ≃ −D∇⃗n

(3) Physical properties: Values of 
<latexit sha1_base64="y/L8PfcfZCcQtRbQYnUr0V27B4U="> kHlGu9KidTrYh4i6IVG/jlpqNqjARyvCWC/e99NolSdHsnIqVoxkxUTWhA5G/HiXenRyqhSxKatBZyaFXoOyBh6lOk6X0yni8ao4rcaIfUp50ro4du5ftjkFcThEHE5BdIeI7hTExhCxERPjuyOwI6O6U5yiO/vYn1Hsg4msRe/PST/VXNAbEVE/45XT3dO/YJL/G4O7ZzeT1nPp7FY2tbYe30JzcANuwV1UysMaPIJNKKH6G/gMX+GbdlNb1x5rT/qpszMxcw2GhrbzFwjQNOU=</latexit>

κn, χn

<latexit sha1_base64="M8EzbwCeyCd3HPciguwpn3SU+jo="> L7whdQeZF7QrLcrTwT5E1A2B+nXUkrNBBT5aEa714n0/ipZxYiQrpmL5SJZPZA3o4Iof71KPTk6VVmyKatCZSaJXp6iBR6qO0zXpFJlxViZlo8c+qTwpLxM79z/bnILYHSJ2pyC6Q0R3CmJtiFiLifHd4diRUd0pTNGdbezPKPbeRNai9+egn3LO6Y2IqJ9x5nT39C8Y9bAxuHu20iktm8psZJKr9+NbaA4uwWVYRqUcrMJjWIciqr+Hr/ANviuq8kh5ojzth87OxMwFGBpK+R802DWE</latexit>

(D = κn/χn)



Prototype: Charge diffusion

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY=">AAACrXichVE9S8NQFD2N3/WjVRfBRSyKiNTXKihORRfHaq0KbS1JfK2haRKStFhD/4CTm4OTgoO4d1Vw8Q849CeIYwUXB2/SiGhRb3h55553z33ncSVDVSybsWZA6Oru6e3rHwgODg2PhMKjY7uWXjFlnpZ1VTf3JdHiqqLxtK3YKt83TC6WJZXvSaUN93yvyk1L0bUdu2bwXFksakpBkUWbqHx43sl6TTJmUco5LMq8WOgA9eN6Phz5zKY6QcwHEfiR1MMNZHEIHTIqKINDg01YhQiLvgxiYDCIy8EhziSkeOccdQRJW6EqThUisSX6FynL+KxGudvT8tQy3aLSMkk5hRn2 xG5Yiz2yW/bM3n/t5Xg9XC812qW2lhv50OlE6u1fVZl2G0dfqj892yhg1fOqkHfDY9xXyG199eS8lVrbnnFm2RV7If+XrMke6AVa9VW+3uLbF3/4kciLO57Yz2F0gt14NLYUjW8tRxLr/qD6MYlpzNE0VpDAJpJIU/czNHCHe2FRSAtZ4aBdKgR8zTi+hVD8ABpqnNk=</latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM="> nsmjtkZeJxoddVxcTruIm6w4ZVMzOh15Ul4cO/cv20pBdIeIbgqiN0T0UhAbQ8SGIcZ3R2BHRnWnlKI7+9ifUezjiaxD/89pP/Vc0B+RUD9N5nj2FP8/ac4KO/cLxQeF1a3V/PoTcwrNwg24BSsY6SGswzPYhDJ94w0cwtuZ71bWylmLA9fMlGEWYWhYN/8CFPoizA==</latexit>

n(x)

◆ Bulding blocks of hydrodynamic equation

(1) Conservation law: 
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fP LJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV 49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSPYAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0

<latexit sha1_base64="KWKc4lx0rU9AJjOaqwlXKADRgWE=">AAAFg3icjZTNbtNAEMenAUMpH/3ggsTFIhQVENEmtZKChFTggnJqU9IUxVHldTdhFce2bCckWHkAeAEOnEDigDhwhTMXXoBDHwFxLBIXDsxOHJWINMlGiXf/M7/JzM56ue/IMGLscC516rR25uz8 uYXzFy5eWlxaXtkNvXZgi7LtOV6wx61QONIV5UhGjtjzA2G1uCMqvPlI2SsdEYTSc59EPV/UWlbDlXVpWxFK+0tpsyPsuNg3/cDzI0+/o5NguhZ3rL7u6mvdm+jFMnc38jkjr7MMY4VsLqsmuYKxbuhZVNRIQzK2vOXUdTDhADywoQ0tEOBChHMHLAjxU4UsMPBRq0GMWoAzSXYBfVhAto1eAj0sVJv428BVNVFdXKuYIdE2/ouD3wBJHVbZd/aBHbFv7CP7wf6cGCumGCqXHj75gBX+/uKrKzu/p1ItfEbw7JiaQHD0Jr+nt6qVibVFUIcNqklijT4pqlp7wHdevD7auVdajW+wd+wn1vmWHbKvWKnb+WW/3xalNxTdReY57UqL8nSxDzF1Q2L8 OsZSq2EFAc5itPWTfT+JVn5yLCtnYsVYVkxlLeigJUh2qU8np0YWh7wadGbSqJrkNVRU1ElxOZ0inmTFKRsz0VTkaXlx7Ny/bHMGojtCdGcgeiNEbwaiOEIUE2JydwR2ZFx3SjN05wD7M459MJW16f057qdaC3ojYupnkjndPYMLRv9/Mrx7dnOZbD5jbBvpzYfJLTQPV+EarGGkAmzCY9iCMkZ/CZ/gM3zRNO22ltOMgWtqLmEuw8jQ7v8F8/8u6A==</latexit>

J⃗ ∝ −∇⃗n(x)

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="> </latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM=">AAAFYnicjZQ/b9NAFMBf0xpK+NOmXZBgqAhFhSG6oAoqpgIL6tSmpClKosrnXsIp9tmynTTByhdgYC0SE0gMiI/Bwhdg6M6CGIvEwsC7l6tKaJr4LNvv3nu/5/funY8Hroxixo6mMtMz1oWLs5ey </latexit>

n(x)
Diffusion eq.

Diffusion mode

<latexit sha1_base64="C3f1RwhMvqRiPP4VM/885QauGxE=">AAAFh3icjZS/b9NAFMdfA4a2/GgKCxLLiVBASJhLCCZBQmqBAXVqU9IUxSG6cy/hFMe2bCc0WPkHkJgZmEBiQIysMLHwDzD0T0CMRWJh4PniqESkSS5KfPfe+3zz3r3zcc+WQUjp/lzq2HHtxMn5hcVTp8+cXUovn9sO3I5vibLl2q6/w1kgbOmIcihDW+x4vmBtbosKbz2I/ZWu8APpOo/DnidqbdZ0ZENaLERTPX3V9JgfSmbXQ+KQG+QhMbvCikyHcZv1n+YIWu8RSurpDNWLRZrPGoTqtynNGUWc0Fu5gmGQrE7VyEAyNtzl1GUwYRdcsKADbRDgQIhzGxgE+KlCFih4 aKtBhDYfZ1L5BfRhEdkORgmMYGht4W8TV9XE6uA61gwUbeG/2Pj1kSSwQr/TD/SAfqMf6Q/650itSGnEufTwyQes8OpLLy9s/Z5KtfEZwrNDagLBMVrFPblerUysLYQGFFRNEmv0lCWu1hrw3RevD7bullaiK/Qd/Yl1vqX79CtW6nR/We83RemNUneQea52pa3ydLAPkeqGRP0GasWrYQU+ziL09ZN9P4qO4+RYVs7EirGsmMoy6KLHT3apr05OTXlsFdVUZyaDVlNFDS2x6iRdrk4RT7LiKhszscXK0/Li2Ll/2dYMxN4IsTcD0RshejMQ6yPEekJM7o7AjozrTmmG7uxif8axa1NZS70/h/2M10K9EZHqZ5K5unsGFwz5fzK8e7ZzetbQ85v5 zOr95Baah4twCa6h0h1YhUewAWVUfwWf4DN80Ra0m5qhFQahqbmEOQ8jQ1v7C8T9LuA=</latexit>

∂tn−D∇⃗
2
n = 0

<latexit sha1_base64="YPbVZXOFXOvg3AZMHy2pEJtdxt4=">AAAFgHicjZS9bhNBEMcnhoMQPuKEBonmhAmKkDBr4xxxJKTwUaBUiYPjIJ+xbi9rZ+X70t3ZxJzcUvACFFQgUSBo4QVoeAGKPAKiDBINBXPjs4KFY3st+3Zn5vf3zM7ecs+SQcjY4Uzq1GnlzNnZ c3PnL1y8NJ9eWNwJ3LZvirLpWq6/y41AWNIR5VCGltj1fGHY3BIV3noY+ysd4QfSdZ6EXU/UbKPpyIY0jRBN9bSqu7ZoGuo99Zaq20a479uR7KmPVJ3bUav3LF9PZ1i2WGSFnKay7Apjea2IE3Ynv6ppai7LaGQgGZvuQuo66LAHLpjQBhsEOBDi3AIDAvxUIQcMPLTVIEKbjzNJfgE9mEO2jVECIwy0tvC3iatqYnVwHWsGRJv4LxZ+fSRVWGLf2Qd2xL6xj+wH+3OiVkQacS5dfPI+K7z6/Ksr278nUjY+Q9g/psYQHKMp7unNamVsbSE0YJVqklijR5a4WrPPd168PtpeKy1FN9g79hPrfMsO2Ves1On8Mt9vidIbUneQeU67YlOeDvYhom5I 1G+gVrwaVODjLEJfL9n3k+g4To5k5VSsGMmKiawBHfT4yS716OTUyGNRVJPOTAatOkUNLLHqOF1Op4gnWXHKRk9ssfKkvDh27l+2NQVxMEQcTEF0h4juFMTGELGREOO7I7Ajo7pTmqI7e9ifUez9iaxJ789xP+O1oDcion4mmdPd079g1P8ng7tnJ5/NadnCViGz/iC5hWbhKlyDZVS6C+vwGDahjOov4RN8hi9KSllWbiu5fmhqJmEuw9BQ1v4CjMktPw==</latexit>

ω = −iDk
2

(2) Constitutive relation:
<latexit sha1_base64="C35ugYSEVemzxf6/xu7HcxQ9+0E=">AAAF13icjZTPbxJBFMcfrWjF1lK9mHiZiDXVVDIggWpiUn8cDKeWltKGJWRnO+CE/eXuQoubjTdjvHny4EkTD8Y/w4v/gIce/AOMx5p48eDbYTeVSIEh7M689z7fmTdvdpitC9ej9CgxM3smefbc3PnUhfmFi4vppUs7rtV1NF7VLN1ydpnqcl2YvOoJT+e7tsNVg+m8xjqPQn+txx1XWOa217d5w1DbpmgJTfXQ1Ewf+IoUqTtt1vBp9u5aMV8ortIspaVcPhd28qXCnUJAlB7X/HJAUuQ+uU22idJRbVttmgOHYqpMVwOyojDuqUQxujdJkFJcYfBnGP54OMokzXQmnozE k5F4MpJDS9gyELUNa2nmOiiwDxZo0AUDOJjgYV8HFVz81SEHFGy0NcBHm4M9If0cAkgh28UojhEqWjv4bOOoHllNHIearqQ1nEXHv4MkgWX6jX6ix/Qr/Ux/0D+navlSI1xLH99swHK7ufj6ytbviZSBbw+enlBjCIbRMm7vVr02NjcPWrAmcxKYoy0tYbbagO89f3u8da+y7N+gH+hPzPM9PaJfMFOz90v7uMkr76S6icyB3BVDrtPEOviyGgL1W6gVjuIMHOz56AuifT+NDuPESFZMxfKRLJ/IqtBDjxPtUiBPTkN6dBnVlmcmg1ZFRsWWUHWcLpOniEWrYnI1SmQLlSeti2Hl/mU7UxCHQ8ThFER/iOhPQZSHiHJEjK8Ox4qMqk5liursY31G sQ8mspr8fk7qGY65/CJ8Wc9o5fLuGVww5P9OfPfs5LO5YrawWcisP4xuoTm4CtdgBZVKsA5PYAOqqP49MZuYTywk95Ivki+TrwahM4mIuQxDLfnmLx6rR3Y=</latexit>

J⃗ = −Tκn∇⃗(βµ) ≃ −D∇⃗n

(3) Physical properties: Values of 
<latexit sha1_base64="y/L8PfcfZCcQtRbQYnUr0V27B4U="> kHlGu9KidTrYh4i6IVG/jlpqNqjARyvCWC/e99NolSdHsnIqVoxkxUTWhA5G/HiXenRyqhSxKatBZyaFXoOyBh6lOk6X0yni8ao4rcaIfUp50ro4du5ftjkFcThEHE5BdIeI7hTExhCxERPjuyOwI6O6U5yiO/vYn1Hsg4msRe/PST/VXNAbEVE/45XT3dO/YJL/G4O7ZzeT1nPp7FY2tbYe30JzcANuwV1UysMaPIJNKKH6G/gMX+GbdlNb1x5rT/qpszMxcw2GhrbzFwjQNOU=</latexit>

κn, χn

<latexit sha1_base64="M8EzbwCeyCd3HPciguwpn3SU+jo="> L7whdQeZF7QrLcrTwT5E1A2B+nXUkrNBBT5aEa714n0/ipZxYiQrpmL5SJZPZA3o4Iof71KPTk6VVmyKatCZSaJXp6iBR6qO0zXpFJlxViZlo8c+qTwpLxM79z/bnILYHSJ2pyC6Q0R3CmJtiFiLifHd4diRUd0pTNGdbezPKPbeRNai9+egn3LO6Y2IqJ9x5nT39C8Y9bAxuHu20iktm8psZJKr9+NbaA4uwWVYRqUcrMJjWIciqr+Hr/ANviuq8kh5ojzth87OxMwFGBpK+R802DWE</latexit>

(D = κn/χn)



Irreversibility of diffusion

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY=">AAACrXichVE9S8NQFD2N3/WjVRfBRSyKiNTXKihORRfHaq0KbS1JfK2haRKStFhD/4CTm4OTgoO4d1Vw8Q849CeIYwUXB2/SiGhRb3h55553z33ncSVDVSybsWZA6Oru6e3rHwgODg2PhMKjY7uWXjFlnpZ1VTf3JdHiqqLxtK3YKt83TC6WJZXvSaUN93yvyk1L0bUdu2bwXFksakpBkUWbqHx43sl6TTJmUco5LMq8WOgA9eN6Phz5zKY6QcwHEfiR1MMNZHEIHTIqKINDg01YhQiLvgxiYDCIy8EhziSkeOccdQRJW6EqThUisSX6FynL+KxGudvT8tQy3aLSMkk5hRn2 xG5Yiz2yW/bM3n/t5Xg9XC812qW2lhv50OlE6u1fVZl2G0dfqj892yhg1fOqkHfDY9xXyG199eS8lVrbnnFm2RV7If+XrMke6AVa9VW+3uLbF3/4kciLO57Yz2F0gt14NLYUjW8tRxLr/qD6MYlpzNE0VpDAJpJIU/czNHCHe2FRSAtZ4aBdKgR8zTi+hVD8ABpqnNk=</latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM="> nsmjtkZeJxoddVxcTruIm6w4ZVMzOh15Ul4cO/cv20pBdIeIbgqiN0T0UhAbQ8SGIcZ3R2BHRnWnlKI7+9ifUezjiaxD/89pP/Vc0B+RUD9N5nj2FP8/ac4KO/cLxQeF1a3V/PoTcwrNwg24BSsY6SGswzPYhDJ94w0cwtuZ71bWylmLA9fMlGEWYWhYN/8CFPoizA==</latexit>

n(x)

<latexit sha1_base64="KWKc4lx0rU9AJjOaqwlXKADRgWE=">AAAFg3icjZTNbtNAEMenAUMpH/3ggsTFIhQVENEmtZKChFTggnJqU9IUxVHldTdhFce2bCckWHkAeAEOnEDigDhwhTMXXoBDHwFxLBIXDsxOHJWINMlGiXf/M7/JzM56ue/IMGLscC516rR25uz8 uYXzFy5eWlxaXtkNvXZgi7LtOV6wx61QONIV5UhGjtjzA2G1uCMqvPlI2SsdEYTSc59EPV/UWlbDlXVpWxFK+0tpsyPsuNg3/cDzI0+/o5NguhZ3rL7u6mvdm+jFMnc38jkjr7MMY4VsLqsmuYKxbuhZVNRIQzK2vOXUdTDhADywoQ0tEOBChHMHLAjxU4UsMPBRq0GMWoAzSXYBfVhAto1eAj0sVJv428BVNVFdXKuYIdE2/ouD3wBJHVbZd/aBHbFv7CP7wf6cGCumGCqXHj75gBX+/uKrKzu/p1ItfEbw7JiaQHD0Jr+nt6qVibVFUIcNqklijT4pqlp7wHdevD7auVdajW+wd+wn1vmWHbKvWKnb+WW/3xalNxTdReY57UqL8nSxDzF1Q2L8 OsZSq2EFAc5itPWTfT+JVn5yLCtnYsVYVkxlLeigJUh2qU8np0YWh7wadGbSqJrkNVRU1ElxOZ0inmTFKRsz0VTkaXlx7Ny/bHMGojtCdGcgeiNEbwaiOEIUE2JydwR2ZFx3SjN05wD7M459MJW16f057qdaC3ojYupnkjndPYMLRv9/Mrx7dnOZbD5jbBvpzYfJLTQPV+EarGGkAmzCY9iCMkZ/CZ/gM3zRNO22ltOMgWtqLmEuw8jQ7v8F8/8u6A==</latexit>

J⃗ ∝ −∇⃗n(x)

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="> </latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM=">AAAFYnicjZQ/b9NAFMBf0xpK+NOmXZBgqAhFhSG6oAoqpgIL6tSmpClKosrnXsIp9tmynTTByhdgYC0SE0gMiI/Bwhdg6M6CGIvEwsC7l6tKaJr4LNvv3nu/5/funY8Hroxixo6mMtMz1oWLs5ey </latexit>

n(x)



Irreversibility of diffusion

No-go for time-reversal process!

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY=">AAACrXichVE9S8NQFD2N3/WjVRfBRSyKiNTXKihORRfHaq0KbS1JfK2haRKStFhD/4CTm4OTgoO4d1Vw8Q849CeIYwUXB2/SiGhRb3h55553z33ncSVDVSybsWZA6Oru6e3rHwgODg2PhMKjY7uWXjFlnpZ1VTf3JdHiqqLxtK3YKt83TC6WJZXvSaUN93yvyk1L0bUdu2bwXFksakpBkUWbqHx43sl6TTJmUco5LMq8WOgA9eN6Phz5zKY6QcwHEfiR1MMNZHEIHTIqKINDg01YhQiLvgxiYDCIy8EhziSkeOccdQRJW6EqThUisSX6FynL+KxGudvT8tQy3aLSMkk5hRn2 xG5Yiz2yW/bM3n/t5Xg9XC812qW2lhv50OlE6u1fVZl2G0dfqj892yhg1fOqkHfDY9xXyG199eS8lVrbnnFm2RV7If+XrMke6AVa9VW+3uLbF3/4kciLO57Yz2F0gt14NLYUjW8tRxLr/qD6MYlpzNE0VpDAJpJIU/czNHCHe2FRSAtZ4aBdKgR8zTi+hVD8ABpqnNk=</latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM="> nsmjtkZeJxoddVxcTruIm6w4ZVMzOh15Ul4cO/cv20pBdIeIbgqiN0T0UhAbQ8SGIcZ3R2BHRnWnlKI7+9ifUezjiaxD/89pP/Vc0B+RUD9N5nj2FP8/ac4KO/cLxQeF1a3V/PoTcwrNwg24BSsY6SGswzPYhDJ94w0cwtuZ71bWylmLA9fMlGEWYWhYN/8CFPoizA==</latexit>

n(x)

<latexit sha1_base64="KWKc4lx0rU9AJjOaqwlXKADRgWE=">AAAFg3icjZTNbtNAEMenAUMpH/3ggsTFIhQVENEmtZKChFTggnJqU9IUxVHldTdhFce2bCckWHkAeAEOnEDigDhwhTMXXoBDHwFxLBIXDsxOHJWINMlGiXf/M7/JzM56ue/IMGLscC516rR25uz8 uYXzFy5eWlxaXtkNvXZgi7LtOV6wx61QONIV5UhGjtjzA2G1uCMqvPlI2SsdEYTSc59EPV/UWlbDlXVpWxFK+0tpsyPsuNg3/cDzI0+/o5NguhZ3rL7u6mvdm+jFMnc38jkjr7MMY4VsLqsmuYKxbuhZVNRIQzK2vOXUdTDhADywoQ0tEOBChHMHLAjxU4UsMPBRq0GMWoAzSXYBfVhAto1eAj0sVJv428BVNVFdXKuYIdE2/ouD3wBJHVbZd/aBHbFv7CP7wf6cGCumGCqXHj75gBX+/uKrKzu/p1ItfEbw7JiaQHD0Jr+nt6qVibVFUIcNqklijT4pqlp7wHdevD7auVdajW+wd+wn1vmWHbKvWKnb+WW/3xalNxTdReY57UqL8nSxDzF1Q2L8 OsZSq2EFAc5itPWTfT+JVn5yLCtnYsVYVkxlLeigJUh2qU8np0YWh7wadGbSqJrkNVRU1ElxOZ0inmTFKRsz0VTkaXlx7Ny/bHMGojtCdGcgeiNEbwaiOEIUE2JydwR2ZFx3SjN05wD7M459MJW16f057qdaC3ojYupnkjndPYMLRv9/Mrx7dnOZbD5jbBvpzYfJLTQPV+EarGGkAmzCY9iCMkZ/CZ/gM3zRNO22ltOMgWtqLmEuw8jQ7v8F8/8u6A==</latexit>

J⃗ ∝ −∇⃗n(x)

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="> </latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM=">AAAFYnicjZQ/b9NAFMBf0xpK+NOmXZBgqAhFhSG6oAoqpgIL6tSmpClKosrnXsIp9tmynTTByhdgYC0SE0gMiI/Bwhdg6M6CGIvEwsC7l6tKaJr4LNvv3nu/5/funY8Hroxixo6mMtMz1oWLs5ey </latexit>

n(x)



Irreversibility of diffusion

No-go for time-reversal process!

Thermodynamic concepts, especially, The 2nd law, should be there!

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY=">AAACrXichVE9S8NQFD2N3/WjVRfBRSyKiNTXKihORRfHaq0KbS1JfK2haRKStFhD/4CTm4OTgoO4d1Vw8Q849CeIYwUXB2/SiGhRb3h55553z33ncSVDVSybsWZA6Oru6e3rHwgODg2PhMKjY7uWXjFlnpZ1VTf3JdHiqqLxtK3YKt83TC6WJZXvSaUN93yvyk1L0bUdu2bwXFksakpBkUWbqHx43sl6TTJmUco5LMq8WOgA9eN6Phz5zKY6QcwHEfiR1MMNZHEIHTIqKINDg01YhQiLvgxiYDCIy8EhziSkeOccdQRJW6EqThUisSX6FynL+KxGudvT8tQy3aLSMkk5hRn2 xG5Yiz2yW/bM3n/t5Xg9XC812qW2lhv50OlE6u1fVZl2G0dfqj892yhg1fOqkHfDY9xXyG199eS8lVrbnnFm2RV7If+XrMke6AVa9VW+3uLbF3/4kciLO57Yz2F0gt14NLYUjW8tRxLr/qD6MYlpzNE0VpDAJpJIU/czNHCHe2FRSAtZ4aBdKgR8zTi+hVD8ABpqnNk=</latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM="> nsmjtkZeJxoddVxcTruIm6w4ZVMzOh15Ul4cO/cv20pBdIeIbgqiN0T0UhAbQ8SGIcZ3R2BHRnWnlKI7+9ifUezjiaxD/89pP/Vc0B+RUD9N5nj2FP8/ac4KO/cLxQeF1a3V/PoTcwrNwg24BSsY6SGswzPYhDJ94w0cwtuZ71bWylmLA9fMlGEWYWhYN/8CFPoizA==</latexit>

n(x)

<latexit sha1_base64="KWKc4lx0rU9AJjOaqwlXKADRgWE=">AAAFg3icjZTNbtNAEMenAUMpH/3ggsTFIhQVENEmtZKChFTggnJqU9IUxVHldTdhFce2bCckWHkAeAEOnEDigDhwhTMXXoBDHwFxLBIXDsxOHJWINMlGiXf/M7/JzM56ue/IMGLscC516rR25uz8 uYXzFy5eWlxaXtkNvXZgi7LtOV6wx61QONIV5UhGjtjzA2G1uCMqvPlI2SsdEYTSc59EPV/UWlbDlXVpWxFK+0tpsyPsuNg3/cDzI0+/o5NguhZ3rL7u6mvdm+jFMnc38jkjr7MMY4VsLqsmuYKxbuhZVNRIQzK2vOXUdTDhADywoQ0tEOBChHMHLAjxU4UsMPBRq0GMWoAzSXYBfVhAto1eAj0sVJv428BVNVFdXKuYIdE2/ouD3wBJHVbZd/aBHbFv7CP7wf6cGCumGCqXHj75gBX+/uKrKzu/p1ItfEbw7JiaQHD0Jr+nt6qVibVFUIcNqklijT4pqlp7wHdevD7auVdajW+wd+wn1vmWHbKvWKnb+WW/3xalNxTdReY57UqL8nSxDzF1Q2L8 OsZSq2EFAc5itPWTfT+JVn5yLCtnYsVYVkxlLeigJUh2qU8np0YWh7wadGbSqJrkNVRU1ElxOZ0inmTFKRsz0VTkaXlx7Ny/bHMGojtCdGcgeiNEbwaiOEIUE2JydwR2ZFx3SjN05wD7M459MJW16f057qdaC3ojYupnkjndPYMLRv9/Mrx7dnOZbD5jbBvpzYfJLTQPV+EarGGkAmzCY9iCMkZ/CZ/gM3zRNO22ltOMgWtqLmEuw8jQ7v8F8/8u6A==</latexit>

J⃗ ∝ −∇⃗n(x)

x
<latexit sha1_base64="jidVvlPLYVj4sbfoNJP3X7Lp1xY="> </latexit>

<latexit sha1_base64="947wetmpH/9Z3iGnWxkrU/7L3OM=">AAAFYnicjZQ/b9NAFMBf0xpK+NOmXZBgqAhFhSG6oAoqpgIL6tSmpClKosrnXsIp9tmynTTByhdgYC0SE0gMiI/Bwhdg6M6CGIvEwsC7l6tKaJr4LNvv3nu/5/funY8Hroxixo6mMtMz1oWLs5ey </latexit>

n(x)



Phenomenological derivation



Phenomenological derivation

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

<latexit sha1_base64="Lg50kcGmiCBzjH9wkuyi7zCmlmo=">AAAFY3icjZS9bhNBEMcnJgchAfJBCiSEZGGCAoW1RhEgqgANSpU4OA6yrej2sjYr3+2d7s7GzskvQEMJiAokCsRj0PACFHkACkQZpDQpmB1vFEwc+9ayb3Z2fn/P7OwtD1wZxYztT2TOTVrnL0xdnJ65dPnK7Nz8wlbkt0JHlBzf9cNtbkfClUqUYhm7YjsIhe1xV5R586leL7dFGElfPY+7gah5dkPJunTsGF0llV3u3NmZy7E8o5E9bRSMkQMz1v35zC2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AT2YRraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBaW 2A/2hR2w7+wr+8WOztRKSEPn0sUn77Mi2Jl9fW3zcCzl4TOGlyfUCIJjNMW9uFspj6wthjo8pJok1hiQR1fr9Pn23tuDzUfFpeQ2+8R+Y50f2T77hpWq9h/n84YofiB1hcwr2hWP8lTYh4S6IVG/jlp6dlxBiFaCaz2z72fROk4OZWUqVgxlxVjWhjauhGaXenRyarTiUlSDzkwOvVWKOvZo1VG6nE4RN1lxyqZqfFp5XF4cO/cv20xBdAaITgqiO0B0UxBrA8SaIUZ3R2BHhnWnmKI7u9ifYezjsaxD789JP/Vc0BuRUD9N5nj3FP6/aU4bW/fyhfv5lY2V3OoTcwtNwXW4Ccuo9ABW4RmsQwnVJbyBd/B+8qc1Yy1Yi/3QzIRhrsLAsG78Bd2J IvY=</latexit>

n(x)
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fPLJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg 28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSP YAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0



Phenomenological derivation

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

<latexit sha1_base64="Lg50kcGmiCBzjH9wkuyi7zCmlmo=">AAAFY3icjZS9bhNBEMcnJgchAfJBCiSEZGGCAoW1RhEgqgANSpU4OA6yrej2sjYr3+2d7s7GzskvQEMJiAokCsRj0PACFHkACkQZpDQpmB1vFEwc+9ayb3Z2fn/P7OwtD1wZxYztT2TOTVrnL0xdnJ65dPnK7Nz8wlbkt0JHlBzf9cNtbkfClUqUYhm7YjsIhe1xV5R586leL7dFGElfPY+7gah5dkPJunTsGF0llV3u3NmZy7E8o5E9bRSMkQMz1v35zC2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AT2YRraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBaW 2A/2hR2w7+wr+8WOztRKSEPn0sUn77Mi2Jl9fW3zcCzl4TOGlyfUCIJjNMW9uFspj6wthjo8pJok1hiQR1fr9Pn23tuDzUfFpeQ2+8R+Y50f2T77hpWq9h/n84YofiB1hcwr2hWP8lTYh4S6IVG/jlp6dlxBiFaCaz2z72fROk4OZWUqVgxlxVjWhjauhGaXenRyarTiUlSDzkwOvVWKOvZo1VG6nE4RN1lxyqZqfFp5XF4cO/cv20xBdAaITgqiO0B0UxBrA8SaIUZ3R2BHhnWnmKI7u9ifYezjsaxD789JP/Vc0BuRUD9N5nj3FP6/aU4bW/fyhfv5lY2V3OoTcwtNwXW4Ccuo9ABW4RmsQwnVJbyBd/B+8qc1Yy1Yi/3QzIRhrsLAsG78Bd2J IvY=</latexit>

n(x)
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fPLJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg 28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSP YAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable with 1st law

<latexit sha1_base64="oGHbcexK/zePSJAEy/Q8eSzYaKQ=">AAAFY3icjZS9bhNBEMcnJkdCAuQDCiSEZGGCAoW1jqKAqAI0KFXi4DjItqLby9pZ+W7vdHc2MSe/AA0lICqQKBCPQcMLUOQBKBBlkNKkYHa8UTBx7FvLvtnZ+f09s7O3PHBlFDN2MJa5MG5dnJi8NDV9+crVmdm5+a3Ib4WOKDm+64fb3I6EK5UoxTJ2xXYQCtvjrijz5lO9Xm6LMJK+eh53AlHz7IaSdenYMbpKUXZR3duZzbE8o5E9axSMkQMz1v25zB2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AV2YQraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBYW 2A/2hR2y7+wr+8WOz9VKSEPn0sEn77Ei2Jl5fWPzaCTl4TOGvVNqCMExmuJe3K+Uh9YWQx0eUk0SawzIo6t1enz71dvDzUfFheQu+8R+Y50f2QH7hpWq9h/n84YofiB1hcxL2hWP8lTYh4S6IVG/jlp6dlJBiFaCa12z7+fROk4OZGUqVgxkxUjWhjauhGaXunRyarTiUlSDzkwOvVWKOvFo1WG6nE4RN1lxyqZqfFp5VF4cO/cv20xB7PcR+ymITh/RSUGs9RFrhhjeHYEdGdSdYoru7GJ/BrGPR7IOvT+n/dRzQW9EQv00mePdU/j/pjlrbC3lCyv55Y3l3OoTcwtNwk24DYuo9ABW4RmsQwnVJbyBd/B+/Kc1bc1b13uhmTHDXIO+Yd36C8Ss IvE=</latexit>

s(n)
<latexit sha1_base64="tgnF0bRUgQ6PNaVy68VD3+9yBUA=">AAAFg3icjZS9bhNBEMcnDgdJ+EgCTSSaEyYIgWKtIwsipEgBGpQqceI4yLai2/PaWfm+dHc2MSc/ALwABRVIFIiCFmoaXoAij4Aog0RDwex4o8TEsW8t+2b/O7/xzM7e8sCRUczY4URm8oJx8dLU9MzlK1evzc7NX9+J/HZoi5LtO364y61IONITpVjGjtgNQmG53BFl3nqq1ssdEUbS97bjbiBqrtX0ZEPaVozS3lx226y6Vrwfukm9Z0bmqrmEQvu0qLxYjtEwzxp5bWRBjw1/PnMbqlAHH2xogwsCPIjRdsCCCD8VyAODALUaJKiFaElaF9CDGWTb6CXQw0K1hb9NnFW0 6uFcxYyItvFfHPyGSJqwyH6wj+yIfWef2E/299xYCcVQuXTxyfusCPZmXy9s/RlLufiMYf+EGkFw9Ca/5/cq5ZG1xdCAFapJYo0BKapau893Xr452npUXEzusPfsF9b5jh2yb1ip1/ltf9gUxbcU3UPmBe2KS3l62IeEuiExfgNjqdlxBSFaCa719L6fRys/OZSVqVgxlBVjWQs6uBLqXerRyanRikNeTTozWVSr5HWsqKij4nI6RVxnxSmbqtZU5HF5cezcabaVgjgYIA5SEN0BopuCWB8g1jUxujsCOzKsO8UU3aljf4axj8eyNr0/J/1Uc0FvREL91Jnj3ZP//6Y5a+ws5/IPcoXNQnbtib6FpuAm3IK7GOkhrMEz2IASRn8Fn+ELfDUM476x bBT6rpkJzdyAgWGs/gN5TS48</latexit>

Tds = −µdn

<latexit sha1_base64="pFs5V5/BXoIzIte7ziEKYxo1yE8="> 6nvwCb7AV2PRuG+UDR2bm9HMIgwN4+lf8q00rQ==</latexit>

βµ ≡ −

∂s

∂n



Phenomenological derivation

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

<latexit sha1_base64="Lg50kcGmiCBzjH9wkuyi7zCmlmo=">AAAFY3icjZS9bhNBEMcnJgchAfJBCiSEZGGCAoW1RhEgqgANSpU4OA6yrej2sjYr3+2d7s7GzskvQEMJiAokCsRj0PACFHkACkQZpDQpmB1vFEwc+9ayb3Z2fn/P7OwtD1wZxYztT2TOTVrnL0xdnJ65dPnK7Nz8wlbkt0JHlBzf9cNtbkfClUqUYhm7YjsIhe1xV5R586leL7dFGElfPY+7gah5dkPJunTsGF0llV3u3NmZy7E8o5E9bRSMkQMz1v35zC2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AT2YRraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBaW 2A/2hR2w7+wr+8WOztRKSEPn0sUn77Mi2Jl9fW3zcCzl4TOGlyfUCIJjNMW9uFspj6wthjo8pJok1hiQR1fr9Pn23tuDzUfFpeQ2+8R+Y50f2T77hpWq9h/n84YofiB1hcwr2hWP8lTYh4S6IVG/jlp6dlxBiFaCaz2z72fROk4OZWUqVgxlxVjWhjauhGaXenRyarTiUlSDzkwOvVWKOvZo1VG6nE4RN1lxyqZqfFp5XF4cO/cv20xBdAaITgqiO0B0UxBrA8SaIUZ3R2BHhnWnmKI7u9ifYezjsaxD789JP/Vc0BuRUD9N5nj3FP6/aU4bW/fyhfv5lY2V3OoTcwtNwXW4Ccuo9ABW4RmsQwnVJbyBd/B+8qc1Yy1Yi/3QzIRhrsLAsG78Bd2J IvY=</latexit>

n(x)
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fPLJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg 28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSP YAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable with 1st law

<latexit sha1_base64="oGHbcexK/zePSJAEy/Q8eSzYaKQ=">AAAFY3icjZS9bhNBEMcnJkdCAuQDCiSEZGGCAoW1jqKAqAI0KFXi4DjItqLby9pZ+W7vdHc2MSe/AA0lICqQKBCPQcMLUOQBKBBlkNKkYHa8UTBx7FvLvtnZ+f09s7O3PHBlFDN2MJa5MG5dnJi8NDV9+crVmdm5+a3Ib4WOKDm+64fb3I6EK5UoxTJ2xXYQCtvjrijz5lO9Xm6LMJK+eh53AlHz7IaSdenYMbpKUXZR3duZzbE8o5E9axSMkQMz1v25zB2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AV2YQraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBYW 2A/2hR2y7+wr+8WOz9VKSEPn0sEn77Ei2Jl5fWPzaCTl4TOGvVNqCMExmuJe3K+Uh9YWQx0eUk0SawzIo6t1enz71dvDzUfFheQu+8R+Y50f2QH7hpWq9h/n84YofiB1hcxL2hWP8lTYh4S6IVG/jlp6dlJBiFaCa12z7+fROk4OZGUqVgxkxUjWhjauhGaXunRyarTiUlSDzkwOvVWKOvFo1WG6nE4RN1lxyqZqfFp5VF4cO/cv20xB7PcR+ymITh/RSUGs9RFrhhjeHYEdGdSdYoru7GJ/BrGPR7IOvT+n/dRzQW9EQv00mePdU/j/pjlrbC3lCyv55Y3l3OoTcwtNwk24DYuo9ABW4RmsQwnVJbyBd/B+/Kc1bc1b13uhmTHDXIO+Yd36C8Ss IvE=</latexit>

s(n)
<latexit sha1_base64="tgnF0bRUgQ6PNaVy68VD3+9yBUA=">AAAFg3icjZS9bhNBEMcnDgdJ+EgCTSSaEyYIgWKtIwsipEgBGpQqceI4yLai2/PaWfm+dHc2MSc/ALwABRVIFIiCFmoaXoAij4Aog0RDwex4o8TEsW8t+2b/O7/xzM7e8sCRUczY4URm8oJx8dLU9MzlK1evzc7NX9+J/HZoi5LtO364y61IONITpVjGjtgNQmG53BFl3nqq1ssdEUbS97bjbiBqrtX0ZEPaVozS3lx226y6Vrwfukm9Z0bmqrmEQvu0qLxYjtEwzxp5bWRBjw1/PnMbqlAHH2xogwsCPIjRdsCCCD8VyAODALUaJKiFaElaF9CDGWTb6CXQw0K1hb9NnFW0 6uFcxYyItvFfHPyGSJqwyH6wj+yIfWef2E/299xYCcVQuXTxyfusCPZmXy9s/RlLufiMYf+EGkFw9Ca/5/cq5ZG1xdCAFapJYo0BKapau893Xr452npUXEzusPfsF9b5jh2yb1ip1/ltf9gUxbcU3UPmBe2KS3l62IeEuiExfgNjqdlxBSFaCa719L6fRys/OZSVqVgxlBVjWQs6uBLqXerRyanRikNeTTozWVSr5HWsqKij4nI6RVxnxSmbqtZU5HF5cezcabaVgjgYIA5SEN0BopuCWB8g1jUxujsCOzKsO8UU3aljf4axj8eyNr0/J/1Uc0FvREL91Jnj3ZP//6Y5a+ws5/IPcoXNQnbtib6FpuAm3IK7GOkhrMEz2IASRn8Fn+ELfDUM476x bBT6rpkJzdyAgWGs/gN5TS48</latexit>

Tds = −µdn

<latexit sha1_base64="pFs5V5/BXoIzIte7ziEKYxo1yE8="> 6nvwCb7AV2PRuG+UDR2bm9HMIgwN4+lf8q00rQ==</latexit>

βµ ≡ −

∂s

∂n

Step 3. Find  up to finite derivatives compatible with 2nd law⃗J

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY="> w6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0
<latexit sha1_base64="lOJn+yY+tDjU+eyQqr7itQcHDn0=">AAADBXichVG/TxRBFP5YUPEUOaAxsZl4gWCClzlyQWNFtCFW/DogYclldhnuJre/3J27CJerTfwHTKSCxMIYO2KrCQ3aW1D4BxhKSGgsfDu3hgABZzIzb773vjffvOdEnko054c9Vm/fjZu3+m/n7twduDeYHxpeSsJm7MqKG3phvOKIRHoqkBWttCdXolgK3/HkstN4kfqXWzJOVBgs6s1IrvmiFqgN5QpNUDVftlvSbb/sMDtRvnzFHrNFZjdEFIlqwIzPDoTjiQ4btx2pBbP95qNqvsCL3Ax22ShlRgHZmA3zv2BjHSFcNOFDIoAm24NAQnMVJXBEhK2hTVhMljJ+iQ5y xG1SlKQIQWiD9hrdVjM0oHuaMzFsl17xaMXEZBjlP/lHfswP+Cf+m/+5Mlfb5Ei1bNLpdLkyqg6+vb9w+l+WT6dG/Yx1rWaNDTw1WhVpjwyS/sLt8ltb744Xns2Ptsf4Lj8i/Tv8kO/TD4LWifthTs5vX6PHoeljIttrVAVBMXVTzdeE/FOqqUJpnRLCzio2QfduT+qUbd3UPkfNLl1s7WVjabJYmiqW58qF6edZ2/vxAA8xTr19gmnMYBYVeus9vuE7flhvrM/WnvWlG2r1ZJwRnBvW178/o7P9</latexit>

J⃗ ≃ −Tκn∇⃗(βµ)



Phenomenological derivation

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

<latexit sha1_base64="Lg50kcGmiCBzjH9wkuyi7zCmlmo=">AAAFY3icjZS9bhNBEMcnJgchAfJBCiSEZGGCAoW1RhEgqgANSpU4OA6yrej2sjYr3+2d7s7GzskvQEMJiAokCsRj0PACFHkACkQZpDQpmB1vFEwc+9ayb3Z2fn/P7OwtD1wZxYztT2TOTVrnL0xdnJ65dPnK7Nz8wlbkt0JHlBzf9cNtbkfClUqUYhm7YjsIhe1xV5R586leL7dFGElfPY+7gah5dkPJunTsGF0llV3u3NmZy7E8o5E9bRSMkQMz1v35zC2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AT2YRraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBaW 2A/2hR2w7+wr+8WOztRKSEPn0sUn77Mi2Jl9fW3zcCzl4TOGlyfUCIJjNMW9uFspj6wthjo8pJok1hiQR1fr9Pn23tuDzUfFpeQ2+8R+Y50f2T77hpWq9h/n84YofiB1hcwr2hWP8lTYh4S6IVG/jlp6dlxBiFaCaz2z72fROk4OZWUqVgxlxVjWhjauhGaXenRyarTiUlSDzkwOvVWKOvZo1VG6nE4RN1lxyqZqfFp5XF4cO/cv20xBdAaITgqiO0B0UxBrA8SaIUZ3R2BHhnWnmKI7u9ifYezjsaxD789JP/Vc0BuRUD9N5nj3FP6/aU4bW/fyhfv5lY2V3OoTcwtNwXW4Ccuo9ABW4RmsQwnVJbyBd/B+8qc1Yy1Yi/3QzIRhrsLAsG78Bd2J IvY=</latexit>

n(x)
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fPLJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg 28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSP YAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable with 1st law

<latexit sha1_base64="oGHbcexK/zePSJAEy/Q8eSzYaKQ=">AAAFY3icjZS9bhNBEMcnJkdCAuQDCiSEZGGCAoW1jqKAqAI0KFXi4DjItqLby9pZ+W7vdHc2MSe/AA0lICqQKBCPQcMLUOQBKBBlkNKkYHa8UTBx7FvLvtnZ+f09s7O3PHBlFDN2MJa5MG5dnJi8NDV9+crVmdm5+a3Ib4WOKDm+64fb3I6EK5UoxTJ2xXYQCtvjrijz5lO9Xm6LMJK+eh53AlHz7IaSdenYMbpKUXZR3duZzbE8o5E9axSMkQMz1v25zB2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AV2YQraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBYW 2A/2hR2y7+wr+8WOz9VKSEPn0sEn77Ei2Jl5fWPzaCTl4TOGvVNqCMExmuJe3K+Uh9YWQx0eUk0SawzIo6t1enz71dvDzUfFheQu+8R+Y50f2QH7hpWq9h/n84YofiB1hcxL2hWP8lTYh4S6IVG/jlp6dlJBiFaCa12z7+fROk4OZGUqVgxkxUjWhjauhGaXunRyarTiUlSDzkwOvVWKOvFo1WG6nE4RN1lxyqZqfFp5VF4cO/cv20xB7PcR+ymITh/RSUGs9RFrhhjeHYEdGdSdYoru7GJ/BrGPR7IOvT+n/dRzQW9EQv00mePdU/j/pjlrbC3lCyv55Y3l3OoTcwtNwk24DYuo9ABW4RmsQwnVJbyBd/B+/Kc1bc1b13uhmTHDXIO+Yd36C8Ss IvE=</latexit>

s(n)
<latexit sha1_base64="tgnF0bRUgQ6PNaVy68VD3+9yBUA=">AAAFg3icjZS9bhNBEMcnDgdJ+EgCTSSaEyYIgWKtIwsipEgBGpQqceI4yLai2/PaWfm+dHc2MSc/ALwABRVIFIiCFmoaXoAij4Aog0RDwex4o8TEsW8t+2b/O7/xzM7e8sCRUczY4URm8oJx8dLU9MzlK1evzc7NX9+J/HZoi5LtO364y61IONITpVjGjtgNQmG53BFl3nqq1ssdEUbS97bjbiBqrtX0ZEPaVozS3lx226y6Vrwfukm9Z0bmqrmEQvu0qLxYjtEwzxp5bWRBjw1/PnMbqlAHH2xogwsCPIjRdsCCCD8VyAODALUaJKiFaElaF9CDGWTb6CXQw0K1hb9NnFW0 6uFcxYyItvFfHPyGSJqwyH6wj+yIfWef2E/299xYCcVQuXTxyfusCPZmXy9s/RlLufiMYf+EGkFw9Ca/5/cq5ZG1xdCAFapJYo0BKapau893Xr452npUXEzusPfsF9b5jh2yb1ip1/ltf9gUxbcU3UPmBe2KS3l62IeEuiExfgNjqdlxBSFaCa719L6fRys/OZSVqVgxlBVjWQs6uBLqXerRyanRikNeTTozWVSr5HWsqKij4nI6RVxnxSmbqtZU5HF5cezcabaVgjgYIA5SEN0BopuCWB8g1jUxujsCOzKsO8UU3aljf4axj8eyNr0/J/1Uc0FvREL91Jnj3ZP//6Y5a+ws5/IPcoXNQnbtib6FpuAm3IK7GOkhrMEz2IASRn8Fn+ELfDUM476x bBT6rpkJzdyAgWGs/gN5TS48</latexit>

Tds = −µdn

<latexit sha1_base64="pFs5V5/BXoIzIte7ziEKYxo1yE8="> 6nvwCb7AV2PRuG+UDR2bm9HMIgwN4+lf8q00rQ==</latexit>

βµ ≡ −

∂s

∂n

Step 3. Find  up to finite derivatives compatible with 2nd law⃗J

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY="> w6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0
<latexit sha1_base64="lOJn+yY+tDjU+eyQqr7itQcHDn0=">AAADBXichVG/TxRBFP5YUPEUOaAxsZl4gWCClzlyQWNFtCFW/DogYclldhnuJre/3J27CJerTfwHTKSCxMIYO2KrCQ3aW1D4BxhKSGgsfDu3hgABZzIzb773vjffvOdEnko054c9Vm/fjZu3+m/n7twduDeYHxpeSsJm7MqKG3phvOKIRHoqkBWttCdXolgK3/HkstN4kfqXWzJOVBgs6s1IrvmiFqgN5QpNUDVftlvSbb/sMDtRvnzFHrNFZjdEFIlqwIzPDoTjiQ4btx2pBbP95qNqvsCL3Ax22ShlRgHZmA3zv2BjHSFcNOFDIoAm24NAQnMVJXBEhK2hTVhMljJ+iQ5y xG1SlKQIQWiD9hrdVjM0oHuaMzFsl17xaMXEZBjlP/lHfswP+Cf+m/+5Mlfb5Ei1bNLpdLkyqg6+vb9w+l+WT6dG/Yx1rWaNDTw1WhVpjwyS/sLt8ltb744Xns2Ptsf4Lj8i/Tv8kO/TD4LWifthTs5vX6PHoeljIttrVAVBMXVTzdeE/FOqqUJpnRLCzio2QfduT+qUbd3UPkfNLl1s7WVjabJYmiqW58qF6edZ2/vxAA8xTr19gmnMYBYVeus9vuE7flhvrM/WnvWlG2r1ZJwRnBvW178/o7P9</latexit>

J⃗ ≃ −Tκn∇⃗(βµ)

Step 4. Identify how parameters (e.g., ) can be matchedκn

Green-Kubo formula:

<latexit sha1_base64="DYPDvS9XDzqUF7zgN28h3ToECVQ=">AAAF6XicjZTPbxJBFMcf6GqtP0o1JiYmOhFrqiFkFglUE5OqB5VTS6XUsJTsbge62Z9ZFgQn+wfozZNGT2o8GP8ML/4DHvonGA8eauLFg2+HJZVIgeHHzrx5n++8N292NM8y2gGle4nkkaPSseNz  I0QpJiZXh2FFxlWnPEN1drA+49i7U1ldvD8H9YzGTLwRXNQzjlzcPYMLhvzfGd49m7msXMjm1/Pp1XvxLTQHF+EKLKNSEVbhIaxBBdV/Js4nLiUuS6b0UnotvRm4JhMxcw5GmvThL6bOUG0=</latexit>

κn = lim
ω→0

1

ω

ImGJ
x

J
x

R
(ω,k = 0)



Phenomenological derivation

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

<latexit sha1_base64="Lg50kcGmiCBzjH9wkuyi7zCmlmo=">AAAFY3icjZS9bhNBEMcnJgchAfJBCiSEZGGCAoW1RhEgqgANSpU4OA6yrej2sjYr3+2d7s7GzskvQEMJiAokCsRj0PACFHkACkQZpDQpmB1vFEwc+9ayb3Z2fn/P7OwtD1wZxYztT2TOTVrnL0xdnJ65dPnK7Nz8wlbkt0JHlBzf9cNtbkfClUqUYhm7YjsIhe1xV5R586leL7dFGElfPY+7gah5dkPJunTsGF0llV3u3NmZy7E8o5E9bRSMkQMz1v35zC2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AT2YRraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBaW 2A/2hR2w7+wr+8WOztRKSEPn0sUn77Mi2Jl9fW3zcCzl4TOGlyfUCIJjNMW9uFspj6wthjo8pJok1hiQR1fr9Pn23tuDzUfFpeQ2+8R+Y50f2T77hpWq9h/n84YofiB1hcwr2hWP8lTYh4S6IVG/jlp6dlxBiFaCaz2z72fROk4OZWUqVgxlxVjWhjauhGaXenRyarTiUlSDzkwOvVWKOvZo1VG6nE4RN1lxyqZqfFp5XF4cO/cv20xBdAaITgqiO0B0UxBrA8SaIUZ3R2BHhnWnmKI7u9ifYezjsaxD789JP/Vc0BuRUD9N5nj3FP6/aU4bW/fyhfv5lY2V3OoTcwtNwXW4Ccuo9ABW4RmsQwnVJbyBd/B+8qc1Yy1Yi/3QzIRhrsLAsG78Bd2J IvY=</latexit>

n(x)
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fPLJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg 28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSP YAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable with 1st law

<latexit sha1_base64="oGHbcexK/zePSJAEy/Q8eSzYaKQ=">AAAFY3icjZS9bhNBEMcnJkdCAuQDCiSEZGGCAoW1jqKAqAI0KFXi4DjItqLby9pZ+W7vdHc2MSe/AA0lICqQKBCPQcMLUOQBKBBlkNKkYHa8UTBx7FvLvtnZ+f09s7O3PHBlFDN2MJa5MG5dnJi8NDV9+crVmdm5+a3Ib4WOKDm+64fb3I6EK5UoxTJ2xXYQCtvjrijz5lO9Xm6LMJK+eh53AlHz7IaSdenYMbpKUXZR3duZzbE8o5E9axSMkQMz1v25zB2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AV2YQraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBYW 2A/2hR2y7+wr+8WOz9VKSEPn0sEn77Ei2Jl5fWPzaCTl4TOGvVNqCMExmuJe3K+Uh9YWQx0eUk0SawzIo6t1enz71dvDzUfFheQu+8R+Y50f2QH7hpWq9h/n84YofiB1hcxL2hWP8lTYh4S6IVG/jlp6dlJBiFaCa12z7+fROk4OZGUqVgxkxUjWhjauhGaXunRyarTiUlSDzkwOvVWKOvFo1WG6nE4RN1lxyqZqfFp5VF4cO/cv20xB7PcR+ymITh/RSUGs9RFrhhjeHYEdGdSdYoru7GJ/BrGPR7IOvT+n/dRzQW9EQv00mePdU/j/pjlrbC3lCyv55Y3l3OoTcwtNwk24DYuo9ABW4RmsQwnVJbyBd/B+/Kc1bc1b13uhmTHDXIO+Yd36C8Ss IvE=</latexit>

s(n)
<latexit sha1_base64="tgnF0bRUgQ6PNaVy68VD3+9yBUA=">AAAFg3icjZS9bhNBEMcnDgdJ+EgCTSSaEyYIgWKtIwsipEgBGpQqceI4yLai2/PaWfm+dHc2MSc/ALwABRVIFIiCFmoaXoAij4Aog0RDwex4o8TEsW8t+2b/O7/xzM7e8sCRUczY4URm8oJx8dLU9MzlK1evzc7NX9+J/HZoi5LtO364y61IONITpVjGjtgNQmG53BFl3nqq1ssdEUbS97bjbiBqrtX0ZEPaVozS3lx226y6Vrwfukm9Z0bmqrmEQvu0qLxYjtEwzxp5bWRBjw1/PnMbqlAHH2xogwsCPIjRdsCCCD8VyAODALUaJKiFaElaF9CDGWTb6CXQw0K1hb9NnFW0 6uFcxYyItvFfHPyGSJqwyH6wj+yIfWef2E/299xYCcVQuXTxyfusCPZmXy9s/RlLufiMYf+EGkFw9Ca/5/cq5ZG1xdCAFapJYo0BKapau893Xr452npUXEzusPfsF9b5jh2yb1ip1/ltf9gUxbcU3UPmBe2KS3l62IeEuiExfgNjqdlxBSFaCa719L6fRys/OZSVqVgxlBVjWQs6uBLqXerRyanRikNeTTozWVSr5HWsqKij4nI6RVxnxSmbqtZU5HF5cezcabaVgjgYIA5SEN0BopuCWB8g1jUxujsCOzKsO8UU3aljf4axj8eyNr0/J/1Uc0FvREL91Jnj3ZP//6Y5a+ws5/IPcoXNQnbtib6FpuAm3IK7GOkhrMEz2IASRn8Fn+ELfDUM476x bBT6rpkJzdyAgWGs/gN5TS48</latexit>

Tds = −µdn

<latexit sha1_base64="pFs5V5/BXoIzIte7ziEKYxo1yE8="> 6nvwCb7AV2PRuG+UDR2bm9HMIgwN4+lf8q00rQ==</latexit>

βµ ≡ −

∂s

∂n

Step 3. Find  up to finite derivatives compatible with 2nd law⃗J

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY="> w6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0
<latexit sha1_base64="lOJn+yY+tDjU+eyQqr7itQcHDn0=">AAADBXichVG/TxRBFP5YUPEUOaAxsZl4gWCClzlyQWNFtCFW/DogYclldhnuJre/3J27CJerTfwHTKSCxMIYO2KrCQ3aW1D4BxhKSGgsfDu3hgABZzIzb773vjffvOdEnko054c9Vm/fjZu3+m/n7twduDeYHxpeSsJm7MqKG3phvOKIRHoqkBWttCdXolgK3/HkstN4kfqXWzJOVBgs6s1IrvmiFqgN5QpNUDVftlvSbb/sMDtRvnzFHrNFZjdEFIlqwIzPDoTjiQ4btx2pBbP95qNqvsCL3Ax22ShlRgHZmA3zv2BjHSFcNOFDIoAm24NAQnMVJXBEhK2hTVhMljJ+iQ5y xG1SlKQIQWiD9hrdVjM0oHuaMzFsl17xaMXEZBjlP/lHfswP+Cf+m/+5Mlfb5Ei1bNLpdLkyqg6+vb9w+l+WT6dG/Yx1rWaNDTw1WhVpjwyS/sLt8ltb744Xns2Ptsf4Lj8i/Tv8kO/TD4LWifthTs5vX6PHoeljIttrVAVBMXVTzdeE/FOqqUJpnRLCzio2QfduT+qUbd3UPkfNLl1s7WVjabJYmiqW58qF6edZ2/vxAA8xTr19gmnMYBYVeus9vuE7flhvrM/WnvWlG2r1ZJwRnBvW178/o7P9</latexit>

J⃗ ≃ −Tκn∇⃗(βµ)

Step 4. Identify how parameters (e.g., ) can be matchedκn

Green-Kubo formula:

<latexit sha1_base64="DYPDvS9XDzqUF7zgN28h3ToECVQ=">AAAF6XicjZTPbxJBFMcf6GqtP0o1JiYmOhFrqiFkFglUE5OqB5VTS6XUsJTsbge62Z9ZFgQn+wfozZNGT2o8GP8ML/4DHvonGA8eauLFg2+HJZVIgeHHzrx5n++8N292NM8y2gGle4nkkaPSseNz  I0QpJiZXh2FFxlWnPEN1drA+49i7U1ldvD8H9YzGTLwRXNQzjlzcPYMLhvzfGd49m7msXMjm1/Pp1XvxLTQHF+EKLKNSEVbhIaxBBdV/Js4nLiUuS6b0UnotvRm4JhMxcw5GmvThL6bOUG0=</latexit>

κn = lim
ω→0

1

ω

ImGJ
x
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x
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≃

  Effective Lagrangian 
(Hamiltonian)
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QFT interpretation



Phenomenological derivation

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

<latexit sha1_base64="Lg50kcGmiCBzjH9wkuyi7zCmlmo=">AAAFY3icjZS9bhNBEMcnJgchAfJBCiSEZGGCAoW1RhEgqgANSpU4OA6yrej2sjYr3+2d7s7GzskvQEMJiAokCsRj0PACFHkACkQZpDQpmB1vFEwc+9ayb3Z2fn/P7OwtD1wZxYztT2TOTVrnL0xdnJ65dPnK7Nz8wlbkt0JHlBzf9cNtbkfClUqUYhm7YjsIhe1xV5R586leL7dFGElfPY+7gah5dkPJunTsGF0llV3u3NmZy7E8o5E9bRSMkQMz1v35zC2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AT2YRraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBaW 2A/2hR2w7+wr+8WOztRKSEPn0sUn77Mi2Jl9fW3zcCzl4TOGlyfUCIJjNMW9uFspj6wthjo8pJok1hiQR1fr9Pn23tuDzUfFpeQ2+8R+Y50f2T77hpWq9h/n84YofiB1hcwr2hWP8lTYh4S6IVG/jlp6dlxBiFaCaz2z72fROk4OZWUqVgxlxVjWhjauhGaXenRyarTiUlSDzkwOvVWKOvZo1VG6nE4RN1lxyqZqfFp5XF4cO/cv20xBdAaITgqiO0B0UxBrA8SaIUZ3R2BHhnWnmKI7u9ifYezjsaxD789JP/Vc0BuRUD9N5nj3FP6/aU4bW/fyhfv5lY2V3OoTcwtNwXW4Ccuo9ABW4RmsQwnVJbyBd/B+8qc1Yy1Yi/3QzIRhrsLAsG78Bd2J IvY=</latexit>

n(x)
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fPLJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg 28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSP YAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable with 1st law

<latexit sha1_base64="oGHbcexK/zePSJAEy/Q8eSzYaKQ=">AAAFY3icjZS9bhNBEMcnJkdCAuQDCiSEZGGCAoW1jqKAqAI0KFXi4DjItqLby9pZ+W7vdHc2MSe/AA0lICqQKBCPQcMLUOQBKBBlkNKkYHa8UTBx7FvLvtnZ+f09s7O3PHBlFDN2MJa5MG5dnJi8NDV9+crVmdm5+a3Ib4WOKDm+64fb3I6EK5UoxTJ2xXYQCtvjrijz5lO9Xm6LMJK+eh53AlHz7IaSdenYMbpKUXZR3duZzbE8o5E9axSMkQMz1v25zB2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AV2YQraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBYW 2A/2hR2y7+wr+8WOz9VKSEPn0sEn77Ei2Jl5fWPzaCTl4TOGvVNqCMExmuJe3K+Uh9YWQx0eUk0SawzIo6t1enz71dvDzUfFheQu+8R+Y50f2QH7hpWq9h/n84YofiB1hcxL2hWP8lTYh4S6IVG/jlp6dlJBiFaCa12z7+fROk4OZGUqVgxkxUjWhjauhGaXunRyarTiUlSDzkwOvVWKOvFo1WG6nE4RN1lxyqZqfFp5VF4cO/cv20xB7PcR+ymITh/RSUGs9RFrhhjeHYEdGdSdYoru7GJ/BrGPR7IOvT+n/dRzQW9EQv00mePdU/j/pjlrbC3lCyv55Y3l3OoTcwtNwk24DYuo9ABW4RmsQwnVJbyBd/B+/Kc1bc1b13uhmTHDXIO+Yd36C8Ss IvE=</latexit>

s(n)
<latexit sha1_base64="tgnF0bRUgQ6PNaVy68VD3+9yBUA=">AAAFg3icjZS9bhNBEMcnDgdJ+EgCTSSaEyYIgWKtIwsipEgBGpQqceI4yLai2/PaWfm+dHc2MSc/ALwABRVIFIiCFmoaXoAij4Aog0RDwex4o8TEsW8t+2b/O7/xzM7e8sCRUczY4URm8oJx8dLU9MzlK1evzc7NX9+J/HZoi5LtO364y61IONITpVjGjtgNQmG53BFl3nqq1ssdEUbS97bjbiBqrtX0ZEPaVozS3lx226y6Vrwfukm9Z0bmqrmEQvu0qLxYjtEwzxp5bWRBjw1/PnMbqlAHH2xogwsCPIjRdsCCCD8VyAODALUaJKiFaElaF9CDGWTb6CXQw0K1hb9NnFW0 6uFcxYyItvFfHPyGSJqwyH6wj+yIfWef2E/299xYCcVQuXTxyfusCPZmXy9s/RlLufiMYf+EGkFw9Ca/5/cq5ZG1xdCAFapJYo0BKapau893Xr452npUXEzusPfsF9b5jh2yb1ip1/ltf9gUxbcU3UPmBe2KS3l62IeEuiExfgNjqdlxBSFaCa719L6fRys/OZSVqVgxlBVjWQs6uBLqXerRyanRikNeTTozWVSr5HWsqKij4nI6RVxnxSmbqtZU5HF5cezcabaVgjgYIA5SEN0BopuCWB8g1jUxujsCOzKsO8UU3aljf4axj8eyNr0/J/1Uc0FvREL91Jnj3ZP//6Y5a+ws5/IPcoXNQnbtib6FpuAm3IK7GOkhrMEz2IASRn8Fn+ELfDUM476x bBT6rpkJzdyAgWGs/gN5TS48</latexit>

Tds = −µdn

<latexit sha1_base64="pFs5V5/BXoIzIte7ziEKYxo1yE8="> 6nvwCb7AV2PRuG+UDR2bm9HMIgwN4+lf8q00rQ==</latexit>

βµ ≡ −

∂s

∂n

Step 3. Find  up to finite derivatives compatible with 2nd law⃗J

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY="> w6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0
<latexit sha1_base64="lOJn+yY+tDjU+eyQqr7itQcHDn0=">AAADBXichVG/TxRBFP5YUPEUOaAxsZl4gWCClzlyQWNFtCFW/DogYclldhnuJre/3J27CJerTfwHTKSCxMIYO2KrCQ3aW1D4BxhKSGgsfDu3hgABZzIzb773vjffvOdEnko054c9Vm/fjZu3+m/n7twduDeYHxpeSsJm7MqKG3phvOKIRHoqkBWttCdXolgK3/HkstN4kfqXWzJOVBgs6s1IrvmiFqgN5QpNUDVftlvSbb/sMDtRvnzFHrNFZjdEFIlqwIzPDoTjiQ4btx2pBbP95qNqvsCL3Ax22ShlRgHZmA3zv2BjHSFcNOFDIoAm24NAQnMVJXBEhK2hTVhMljJ+iQ5y xG1SlKQIQWiD9hrdVjM0oHuaMzFsl17xaMXEZBjlP/lHfswP+Cf+m/+5Mlfb5Ei1bNLpdLkyqg6+vb9w+l+WT6dG/Yx1rWaNDTw1WhVpjwyS/sLt8ltb744Xns2Ptsf4Lj8i/Tv8kO/TD4LWifthTs5vX6PHoeljIttrVAVBMXVTzdeE/FOqqUJpnRLCzio2QfduT+qUbd3UPkfNLl1s7WVjabJYmiqW58qF6edZ2/vxAA8xTr19gmnMYBYVeus9vuE7flhvrM/WnvWlG2r1ZJwRnBvW178/o7P9</latexit>

J⃗ ≃ −Tκn∇⃗(βµ)

Step 4. Identify how parameters (e.g., ) can be matchedκn

Green-Kubo formula:

<latexit sha1_base64="DYPDvS9XDzqUF7zgN28h3ToECVQ=">AAAF6XicjZTPbxJBFMcf6GqtP0o1JiYmOhFrqiFkFglUE5OqB5VTS6XUsJTsbge62Z9ZFgQn+wfozZNGT2o8GP8ML/4DHvonGA8eauLFg2+HJZVIgeHHzrx5n++8N292NM8y2gGle4nkkaPSseNz  I0QpJiZXh2FFxlWnPEN1drA+49i7U1ldvD8H9YzGTLwRXNQzjlzcPYMLhvzfGd49m7msXMjm1/Pp1XvxLTQHF+EKLKNSEVbhIaxBBdV/Js4nLiUuS6b0UnotvRm4JhMxcw5GmvThL6bOUG0=</latexit>

κn = lim
ω→0

1

ω

ImGJ
x

J
x

R
(ω,k = 0)
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QFT interpretation



Outline
　  Motivation:

　  Approach:

　  Result & Outlook: 

Hydrodynamics for 
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　  Result & Outlook: 
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Application to U(1)-symmetry breaking



Application to U(1)-symmetry breaking

In addition to the conserved charge density 

superfluid phonon  appears!φ



Phenomenological derivation

Charge density: EoM:  

Step 1. Determine dynamical d.o.m (& its equation of motion)

<latexit sha1_base64="Lg50kcGmiCBzjH9wkuyi7zCmlmo=">AAAFY3icjZS9bhNBEMcnJgchAfJBCiSEZGGCAoW1RhEgqgANSpU4OA6yrej2sjYr3+2d7s7GzskvQEMJiAokCsRj0PACFHkACkQZpDQpmB1vFEwc+9ayb3Z2fn/P7OwtD1wZxYztT2TOTVrnL0xdnJ65dPnK7Nz8wlbkt0JHlBzf9cNtbkfClUqUYhm7YjsIhe1xV5R586leL7dFGElfPY+7gah5dkPJunTsGF0llV3u3NmZy7E8o5E9bRSMkQMz1v35zC2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AT2YRraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBaW 2A/2hR2w7+wr+8WOztRKSEPn0sUn77Mi2Jl9fW3zcCzl4TOGlyfUCIJjNMW9uFspj6wthjo8pJok1hiQR1fr9Pn23tuDzUfFpeQ2+8R+Y50f2T77hpWq9h/n84YofiB1hcwr2hWP8lTYh4S6IVG/jlp6dlxBiFaCaz2z72fROk4OZWUqVgxlxVjWhjauhGaXenRyarTiUlSDzkwOvVWKOvZo1VG6nE4RN1lxyqZqfFp5XF4cO/cv20xBdAaITgqiO0B0UxBrA8SaIUZ3R2BHhnWnmKI7u9ifYezjsaxD789JP/Vc0BuRUD9N5nj3FP6/aU4bW/fyhfv5lY2V3OoTcwtNwXW4Ccuo9ABW4RmsQwnVJbyBd/B+8qc1Yy1Yi/3QzIRhrsLAsG78Bd2J IvY=</latexit>

n(x)
<latexit sha1_base64="z97IHZ4p3pxcu3yWbihnOGxBMbo=">AAAFj3icjZTNbtNAEMenAUMpH03ggsTFIhQhkNJNVbUICRTgAjm1KWmK4ijadTZhFce27I1psPIC3BEHTiBxQDwCR0DiBTj0ERDHInHhwHizVQlNE2+UeHZ2fv/M7KyX+Y4IJSF7c5kTJ41Tp+fPLJw9d/7CYjZ3cTv0+oHNq7bneMEOoyF3hMurUkiH7/gBpz3m8BrrPkzWaxEPQuG5T+TA540e7biiLWwq0dXMLpuWTwMpqNOUpmveMq2I27HlUubQoWnZLU+OXOWhedckZjObJwWihnnUKGojD3pseLnMNbCgBR7Y0IcecHBBou0AhRA/dSgCAR99DYjRF6Al1DqHISwg 28cojhEUvV387eCsrr0uzhPNUNE2/ouD3wBJE5bId/KB7JNv5CP5Qf4cqxUrjSSXAT7ZiOV+c/Hl5a3fM6kePiU8O6SmEAyjVdzTm/Xa1NoktOG2qklgjb7yJNXaIz568Xp/605lKb5O3pGfWOdbskc+Y6Vu9Mt+v8krb5S6i8xztSs9laeLfYhVNwTqt1ErmR1UEKAV49pQ7/txdBInJrIiFcsnsnwmSyHClUDv0lCdnIZacVRUR52ZPHotFXXgSVSn6TJ1ipjOiqlsLO1LlGflxbBz/7LdFMTuGLGbghiMEYMURHmMKGtienc4dmRSdyoputPC/kxi789kbfX+HPYzmXP1RsSqnzpzvHuK/980R43tlUJxrbC6uZovPdC30DxcgatwA5XWoQSP YAOqqP4KPsEX+GrkjHXjnlEahWbmNHMJxobx+C8Y7zKF</latexit>

∂tn+ ∇⃗ · J⃗ = 0

Entropy density: Chemical pot.:

Step 2. Introduce entropy & conjugate variable with 1st law

<latexit sha1_base64="oGHbcexK/zePSJAEy/Q8eSzYaKQ=">AAAFY3icjZS9bhNBEMcnJkdCAuQDCiSEZGGCAoW1jqKAqAI0KFXi4DjItqLby9pZ+W7vdHc2MSe/AA0lICqQKBCPQcMLUOQBKBBlkNKkYHa8UTBx7FvLvtnZ+f09s7O3PHBlFDN2MJa5MG5dnJi8NDV9+crVmdm5+a3Ib4WOKDm+64fb3I6EK5UoxTJ2xXYQCtvjrijz5lO9Xm6LMJK+eh53AlHz7IaSdenYMbpKUXZR3duZzbE8o5E9axSMkQMz1v25zB2owi744EALPBCgIEbbBRsi/FSgAAwC9NUgQV+IlqR1AV2YQraFUQIjbPQ28beBs4rxKpxrzYhoB//FxW+IZBYW 2A/2hR2y7+wr+8WOz9VKSEPn0sEn77Ei2Jl5fWPzaCTl4TOGvVNqCMExmuJe3K+Uh9YWQx0eUk0SawzIo6t1enz71dvDzUfFheQu+8R+Y50f2QH7hpWq9h/n84YofiB1hcxL2hWP8lTYh4S6IVG/jlp6dlJBiFaCa12z7+fROk4OZGUqVgxkxUjWhjauhGaXunRyarTiUlSDzkwOvVWKOvFo1WG6nE4RN1lxyqZqfFp5VF4cO/cv20xB7PcR+ymITh/RSUGs9RFrhhjeHYEdGdSdYoru7GJ/BrGPR7IOvT+n/dRzQW9EQv00mePdU/j/pjlrbC3lCyv55Y3l3OoTcwtNwk24DYuo9ABW4RmsQwnVJbyBd/B+/Kc1bc1b13uhmTHDXIO+Yd36C8Ss IvE=</latexit>

s(n)
<latexit sha1_base64="tgnF0bRUgQ6PNaVy68VD3+9yBUA=">AAAFg3icjZS9bhNBEMcnDgdJ+EgCTSSaEyYIgWKtIwsipEgBGpQqceI4yLai2/PaWfm+dHc2MSc/ALwABRVIFIiCFmoaXoAij4Aog0RDwex4o8TEsW8t+2b/O7/xzM7e8sCRUczY4URm8oJx8dLU9MzlK1evzc7NX9+J/HZoi5LtO364y61IONITpVjGjtgNQmG53BFl3nqq1ssdEUbS97bjbiBqrtX0ZEPaVozS3lx226y6Vrwfukm9Z0bmqrmEQvu0qLxYjtEwzxp5bWRBjw1/PnMbqlAHH2xogwsCPIjRdsCCCD8VyAODALUaJKiFaElaF9CDGWTb6CXQw0K1hb9NnFW0 6uFcxYyItvFfHPyGSJqwyH6wj+yIfWef2E/299xYCcVQuXTxyfusCPZmXy9s/RlLufiMYf+EGkFw9Ca/5/cq5ZG1xdCAFapJYo0BKapau893Xr452npUXEzusPfsF9b5jh2yb1ip1/ltf9gUxbcU3UPmBe2KS3l62IeEuiExfgNjqdlxBSFaCa719L6fRys/OZSVqVgxlBVjWQs6uBLqXerRyanRikNeTTozWVSr5HWsqKij4nI6RVxnxSmbqtZU5HF5cezcabaVgjgYIA5SEN0BopuCWB8g1jUxujsCOzKsO8UU3aljf4axj8eyNr0/J/1Uc0FvREL91Jnj3ZP//6Y5a+ws5/IPcoXNQnbtib6FpuAm3IK7GOkhrMEz2IASRn8Fn+ELfDUM476x bBT6rpkJzdyAgWGs/gN5TS48</latexit>

Tds = −µdn

<latexit sha1_base64="pFs5V5/BXoIzIte7ziEKYxo1yE8="> 6nvwCb7AV2PRuG+UDR2bm9HMIgwN4+lf8q00rQ==</latexit>

βµ ≡ −

∂s

∂n

Step 3. Find  up to finite derivatives compatible with 2nd law⃗J

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY="> w6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0
<latexit sha1_base64="lOJn+yY+tDjU+eyQqr7itQcHDn0=">AAADBXichVG/TxRBFP5YUPEUOaAxsZl4gWCClzlyQWNFtCFW/DogYclldhnuJre/3J27CJerTfwHTKSCxMIYO2KrCQ3aW1D4BxhKSGgsfDu3hgABZzIzb773vjffvOdEnko054c9Vm/fjZu3+m/n7twduDeYHxpeSsJm7MqKG3phvOKIRHoqkBWttCdXolgK3/HkstN4kfqXWzJOVBgs6s1IrvmiFqgN5QpNUDVftlvSbb/sMDtRvnzFHrNFZjdEFIlqwIzPDoTjiQ4btx2pBbP95qNqvsCL3Ax22ShlRgHZmA3zv2BjHSFcNOFDIoAm24NAQnMVJXBEhK2hTVhMljJ+iQ5y xG1SlKQIQWiD9hrdVjM0oHuaMzFsl17xaMXEZBjlP/lHfswP+Cf+m/+5Mlfb5Ei1bNLpdLkyqg6+vb9w+l+WT6dG/Yx1rWaNDTw1WhVpjwyS/sLt8ltb744Xns2Ptsf4Lj8i/Tv8kO/TD4LWifthTs5vX6PHoeljIttrVAVBMXVTzdeE/FOqqUJpnRLCzio2QfduT+qUbd3UPkfNLl1s7WVjabJYmiqW58qF6edZ2/vxAA8xTr19gmnMYBYVeus9vuE7flhvrM/WnvWlG2r1ZJwRnBvW178/o7P9</latexit>

J⃗ ≃ −Tκn∇⃗(βµ)

Step 4. Identify how parameters (e.g., ) can be matchedκn

Green-Kubo formula:

<latexit sha1_base64="DYPDvS9XDzqUF7zgN28h3ToECVQ=">AAAF6XicjZTPbxJBFMcf6GqtP0o1JiYmOhFrqiFkFglUE5OqB5VTS6XUsJTsbge62Z9ZFgQn+wfozZNGT2o8GP8ML/4DHvonGA8eauLFg2+HJZVIgeHHzrx5n++8N292NM8y2gGle4nkkaPSseNz  I0QpJiZXh2FFxlWnPEN1drA+49i7U1ldvD8H9YzGTLwRXNQzjlzcPYMLhvzfGd49m7msXMjm1/Pp1XvxLTQHF+EKLKNSEVbhIaxBBdV/Js4nLiUuS6b0UnotvRm4JhMxcw5GmvThL6bOUG0=</latexit>

κn = lim
ω→0
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Phenomenological derivation

Charge density:  & Superfluid phonons: n φ EoM:   & ∂tn + ∂iJ
i = 0 ∂tφ = Π

Step 1. Determine dynamical d.o.m (& its equation of motion)

Entropy density:

Step 2. Introduce entropy & conjugate variable with 1st law

with 
<latexit sha1_base64="V0xkdlFqIx00hDRSbYFYO/wgozw=">AAAC23ichVJLS1tBFP5ybdWmaqJuCt1cGhSFECYSVAQhIEiXeRgTiEHuvY7JxfviziSooVBwF9zaLrroA7oo/gw3/oEuXPgDpEsFN1303EeRVtQZ7sw535zvzDfnXN2zTCEZu0goQ8+eD4+Mvki+HBufSKUnpzaF2/UNXjNcy/Ubuia4ZTq8Jk1p8Ybnc83WLV7X99aC83qP+8J0nQ154PGWrbUdc9c0NEnQllBXVaHOOdnevLqdzrAcC4d638jHRgbxKLnpS2xhBy4MdGGDw4Ek24IGQbOJPBg8wlroE+aTZYbnHO+QJG6XojhFaITu0domrxmjDvlBThGyDbrFos8npooZ 9pP9YNfsnJ2yK/b7wVz9MEeg5YB2PeJybzs1eFW9fZJl0y7RuWM9qlliF8uhVpO0eyESvMKI+L3Dj9fVlcpMf5Z9Y79I/1d2wc7oBU7vxvhe5pVPj+jRadrIxmubqqBRTCes5j4hf5VKqlBQJ0HYXcWy5Ec96VC2nbD2SWp2/v/W3jc2F3L5xVyhXMgU199HbR/Fa7zBHPV2CUW8RQk1usvDB3zGF6WlHCkD5TgKVRLxrzKNf4Zy8gfdSqNj</latexit>

s = s(n, v) βµ = −

∂s

∂n
, βf2

= −

∂s

∂v
.

<latexit sha1_base64="PgFDLBDd3dyXiOxtSL30IBV7fD8=">AAAC+HichVJLSxxBEP6cvHTzcKMXIZchi4mBZelZJJFAQBAkR1+rgmuWnrF3t3Fe9PQO0WHBs+DZgxcNhCC5Jdfk5CV/IAcP+QEhRwO55JCaR5BEYrqZ7qqv66v+umrs0JWRZux0wLhy9dr1G4ND pZu3bt8ZLt8dWY6CnnJEwwncQK3aPBKu9EVDS+2K1VAJ7tmuWLE3Z9LzlVioSAb+kt4KxbrHO75sS4drglrlh7H5zGy2FXcSq5/U++ZEM+RKS+62pNmMuQq78tGLerVVrrAay4Z50bAKo4JizAXlL2hiAwEc9OBBwIcm2wVHRHMNFhhCwtaREKbIktm5QB8l4vYoSlAEJ3ST1g55awXqk5/mjDK2Q7e49Climhhnn9kxO2Of2Fv2lf38Z64ky5Fq2aLdzrkibA3vji3++C/Lo12je866VLNGG1OZVknawwxJX+Hk/Hh7/2zx6cJ48oC9Yt9I/xE7ZSf0Aj/+7ryeFwsHl+ixaXqoFmuHqsAppptV8yUhv5VqqlBap4iw84pVyc970qVsG1ntS9Rs6+/WXjSW6zXrcW1yfrIyPbuTt30Q93AfE9TbJ5jGc8yhQXft4T0+4KOxbRwab4zjPNQYKH6VUfwxjHe/AM8/ryA=</latexit>

v =
1

2
(∂iϕ)

2
,



Phenomenological derivation

Charge density:  & Superfluid phonons: n φ EoM:   & ∂tn + ∂iJ
i = 0 ∂tφ = Π

Step 1. Determine dynamical d.o.m (& its equation of motion)

Entropy density:

Step 2. Introduce entropy & conjugate variable with 1st law

with 
<latexit sha1_base64="V0xkdlFqIx00hDRSbYFYO/wgozw=">AAAC23ichVJLS1tBFP5ybdWmaqJuCt1cGhSFECYSVAQhIEiXeRgTiEHuvY7JxfviziSooVBwF9zaLrroA7oo/gw3/oEuXPgDpEsFN1303EeRVtQZ7sw535zvzDfnXN2zTCEZu0goQ8+eD4+Mvki+HBufSKUnpzaF2/UNXjNcy/Ubuia4ZTq8Jk1p8Ybnc83WLV7X99aC83qP+8J0nQ154PGWrbUdc9c0NEnQllBXVaHOOdnevLqdzrAcC4d638jHRgbxKLnpS2xhBy4MdGGDw4Ek24IGQbOJPBg8wlroE+aTZYbnHO+QJG6XojhFaITu0domrxmjDvlBThGyDbrFos8npooZ 9pP9YNfsnJ2yK/b7wVz9MEeg5YB2PeJybzs1eFW9fZJl0y7RuWM9qlliF8uhVpO0eyESvMKI+L3Dj9fVlcpMf5Z9Y79I/1d2wc7oBU7vxvhe5pVPj+jRadrIxmubqqBRTCes5j4hf5VKqlBQJ0HYXcWy5Ec96VC2nbD2SWp2/v/W3jc2F3L5xVyhXMgU199HbR/Fa7zBHPV2CUW8RQk1usvDB3zGF6WlHCkD5TgKVRLxrzKNf4Zy8gfdSqNj</latexit>

s = s(n, v) βµ = −

∂s

∂n
, βf2

= −

∂s

∂v
.

<latexit sha1_base64="PgFDLBDd3dyXiOxtSL30IBV7fD8=">AAAC+HichVJLSxxBEP6cvHTzcKMXIZchi4mBZelZJJFAQBAkR1+rgmuWnrF3t3Fe9PQO0WHBs+DZgxcNhCC5Jdfk5CV/IAcP+QEhRwO55JCaR5BEYrqZ7qqv66v+umrs0JWRZux0wLhy9dr1G4ND pZu3bt8ZLt8dWY6CnnJEwwncQK3aPBKu9EVDS+2K1VAJ7tmuWLE3Z9LzlVioSAb+kt4KxbrHO75sS4drglrlh7H5zGy2FXcSq5/U++ZEM+RKS+62pNmMuQq78tGLerVVrrAay4Z50bAKo4JizAXlL2hiAwEc9OBBwIcm2wVHRHMNFhhCwtaREKbIktm5QB8l4vYoSlAEJ3ST1g55awXqk5/mjDK2Q7e49Climhhnn9kxO2Of2Fv2lf38Z64ky5Fq2aLdzrkibA3vji3++C/Lo12je866VLNGG1OZVknawwxJX+Hk/Hh7/2zx6cJ48oC9Yt9I/xE7ZSf0Aj/+7ryeFwsHl+ixaXqoFmuHqsAppptV8yUhv5VqqlBap4iw84pVyc970qVsG1ntS9Rs6+/WXjSW6zXrcW1yfrIyPbuTt30Q93AfE9TbJ5jGc8yhQXft4T0+4KOxbRwab4zjPNQYKH6VUfwxjHe/AM8/ryA=</latexit>

v =
1

2
(∂iϕ)

2
,

Step 3. Find  up to finite derivatives compatible with 2nd law{Ji
a, Π, f i}

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY=">AAADDnichVE9b9RAEB2br+Qg5AAJkGhWnIIQRKfxceQCVQQNZT64XND5OK03mzsr/sK7PpFYF4mWio6CCiQKRE+DohQ0+QMU+QVRRBkkGgrGPksIIsJa9r55M2/GT+NEnqs04p5hnjh56vSZsfHS2XMT5yfLFy4uqzCJhWyK0AvjFYcr6bmBbGpXe3IliiX3HU+2nPWHWb41kLFyw+Cx3ohkx+e9wF1zBddEdcsvbPmcpih7mqmntp+wLWb7XPdjP1WJ6G/pPtdDIlM7n9WOe04nxeq92ZlafWYaq4gNq2ZloNao36kPmR3xWLvc62qm2G1mD6RI7YA7HqecWA31iFIU9eQz hsNuuZK1yQ47CqwCVKA482H5M9iwCiEISMAHCQFowh5wUPS0wQKEiLgOpMTFhNw8L2EIJdImVCWpghO7Tt8eRe2CDSjOeqpcLWiKR29MSgZT+BU/4CHu4kc8wJ//7JXmPbJ/2aDbGWll1J18eXXpx39VPt0a+r9Vxygcqs7rntxqt471pmENZnNPLnmMciZzK0b6webrw6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0



Phenomenological derivation

Charge density:  & Superfluid phonons: n φ EoM:   & ∂tn + ∂iJ
i = 0 ∂tφ = Π

Step 1. Determine dynamical d.o.m (& its equation of motion)

Entropy density:

Step 2. Introduce entropy & conjugate variable with 1st law

with 
<latexit sha1_base64="V0xkdlFqIx00hDRSbYFYO/wgozw=">AAAC23ichVJLS1tBFP5ybdWmaqJuCt1cGhSFECYSVAQhIEiXeRgTiEHuvY7JxfviziSooVBwF9zaLrroA7oo/gw3/oEuXPgDpEsFN1303EeRVtQZ7sw535zvzDfnXN2zTCEZu0goQ8+eD4+Mvki+HBufSKUnpzaF2/UNXjNcy/Ubuia4ZTq8Jk1p8Ybnc83WLV7X99aC83qP+8J0nQ154PGWrbUdc9c0NEnQllBXVaHOOdnevLqdzrAcC4d638jHRgbxKLnpS2xhBy4MdGGDw4Ek24IGQbOJPBg8wlroE+aTZYbnHO+QJG6XojhFaITu0domrxmjDvlBThGyDbrFos8npooZ 9pP9YNfsnJ2yK/b7wVz9MEeg5YB2PeJybzs1eFW9fZJl0y7RuWM9qlliF8uhVpO0eyESvMKI+L3Dj9fVlcpMf5Z9Y79I/1d2wc7oBU7vxvhe5pVPj+jRadrIxmubqqBRTCes5j4hf5VKqlBQJ0HYXcWy5Ec96VC2nbD2SWp2/v/W3jc2F3L5xVyhXMgU199HbR/Fa7zBHPV2CUW8RQk1usvDB3zGF6WlHCkD5TgKVRLxrzKNf4Zy8gfdSqNj</latexit>

s = s(n, v) βµ = −

∂s

∂n
, βf2

= −

∂s

∂v
.

<latexit sha1_base64="PgFDLBDd3dyXiOxtSL30IBV7fD8=">AAAC+HichVJLSxxBEP6cvHTzcKMXIZchi4mBZelZJJFAQBAkR1+rgmuWnrF3t3Fe9PQO0WHBs+DZgxcNhCC5Jdfk5CV/IAcP+QEhRwO55JCaR5BEYrqZ7qqv66v+umrs0JWRZux0wLhy9dr1G4ND pZu3bt8ZLt8dWY6CnnJEwwncQK3aPBKu9EVDS+2K1VAJ7tmuWLE3Z9LzlVioSAb+kt4KxbrHO75sS4drglrlh7H5zGy2FXcSq5/U++ZEM+RKS+62pNmMuQq78tGLerVVrrAay4Z50bAKo4JizAXlL2hiAwEc9OBBwIcm2wVHRHMNFhhCwtaREKbIktm5QB8l4vYoSlAEJ3ST1g55awXqk5/mjDK2Q7e49Climhhnn9kxO2Of2Fv2lf38Z64ky5Fq2aLdzrkibA3vji3++C/Lo12je866VLNGG1OZVknawwxJX+Hk/Hh7/2zx6cJ48oC9Yt9I/xE7ZSf0Aj/+7ryeFwsHl+ixaXqoFmuHqsAppptV8yUhv5VqqlBap4iw84pVyc970qVsG1ntS9Rs6+/WXjSW6zXrcW1yfrIyPbuTt30Q93AfE9TbJ5jGc8yhQXft4T0+4KOxbRwab4zjPNQYKH6VUfwxjHe/AM8/ryA=</latexit>

v =
1

2
(∂iϕ)

2
,

<latexit sha1_base64="p2iup81jxcOewAPVQimg47wa+R4="> 9kmzK3+39rKx8aBceVieW5krLS49z9o+gjuYxj3q7SMs4imWUaW7PuAUP/HLemt9tr5Y37JQayj/VW7jwrB6vwE58MrD</latexit>

∂ts =
∂s

∂n
∂tn+

∂s

∂v
∂tv

Step 3. Find  up to finite derivatives compatible with 2nd law{Ji
a, Π, f i}

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY=">AAADDnichVE9b9RAEB2br+Qg5AAJkGhWnIIQRKfxceQCVQQNZT64XND5OK03mzsr/sK7PpFYF4mWio6CCiQKRE+DohQ0+QMU+QVRRBkkGgrGPksIIsJa9r55M2/GT+NEnqs04p5hnjh56vSZsfHS2XMT5yfLFy4uqzCJhWyK0AvjFYcr6bmBbGpXe3IliiX3HU+2nPWHWb41kLFyw+Cx3ohkx+e9wF1zBddEdcsvbPmcpih7mqmntp+wLWb7XPdjP1WJ6G/pPtdDIlM7n9WOe04nxeq92ZlafWYaq4gNq2ZloNao36kPmR3xWLvc62qm2G1mD6RI7YA7HqecWA31iFIU9eQz hsNuuZK1yQ47CqwCVKA482H5M9iwCiEISMAHCQFowh5wUPS0wQKEiLgOpMTFhNw8L2EIJdImVCWpghO7Tt8eRe2CDSjOeqpcLWiKR29MSgZT+BU/4CHu4kc8wJ//7JXmPbJ/2aDbGWll1J18eXXpx39VPt0a+r9Vxygcqs7rntxqt471pmENZnNPLnmMciZzK0b6webrw6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0



Phenomenological derivation

Charge density:  & Superfluid phonons: n φ EoM:   & ∂tn + ∂iJ
i = 0 ∂tφ = Π

Step 1. Determine dynamical d.o.m (& its equation of motion)

Entropy density:

Step 2. Introduce entropy & conjugate variable with 1st law

with 
<latexit sha1_base64="V0xkdlFqIx00hDRSbYFYO/wgozw=">AAAC23ichVJLS1tBFP5ybdWmaqJuCt1cGhSFECYSVAQhIEiXeRgTiEHuvY7JxfviziSooVBwF9zaLrroA7oo/gw3/oEuXPgDpEsFN1303EeRVtQZ7sw535zvzDfnXN2zTCEZu0goQ8+eD4+Mvki+HBufSKUnpzaF2/UNXjNcy/Ubuia4ZTq8Jk1p8Ybnc83WLV7X99aC83qP+8J0nQ154PGWrbUdc9c0NEnQllBXVaHOOdnevLqdzrAcC4d638jHRgbxKLnpS2xhBy4MdGGDw4Ek24IGQbOJPBg8wlroE+aTZYbnHO+QJG6XojhFaITu0domrxmjDvlBThGyDbrFos8npooZ 9pP9YNfsnJ2yK/b7wVz9MEeg5YB2PeJybzs1eFW9fZJl0y7RuWM9qlliF8uhVpO0eyESvMKI+L3Dj9fVlcpMf5Z9Y79I/1d2wc7oBU7vxvhe5pVPj+jRadrIxmubqqBRTCes5j4hf5VKqlBQJ0HYXcWy5Ec96VC2nbD2SWp2/v/W3jc2F3L5xVyhXMgU199HbR/Fa7zBHPV2CUW8RQk1usvDB3zGF6WlHCkD5TgKVRLxrzKNf4Zy8gfdSqNj</latexit>

s = s(n, v) βµ = −

∂s

∂n
, βf2

= −

∂s

∂v
.

<latexit sha1_base64="PgFDLBDd3dyXiOxtSL30IBV7fD8=">AAAC+HichVJLSxxBEP6cvHTzcKMXIZchi4mBZelZJJFAQBAkR1+rgmuWnrF3t3Fe9PQO0WHBs+DZgxcNhCC5Jdfk5CV/IAcP+QEhRwO55JCaR5BEYrqZ7qqv66v+umrs0JWRZux0wLhy9dr1G4ND pZu3bt8ZLt8dWY6CnnJEwwncQK3aPBKu9EVDS+2K1VAJ7tmuWLE3Z9LzlVioSAb+kt4KxbrHO75sS4drglrlh7H5zGy2FXcSq5/U++ZEM+RKS+62pNmMuQq78tGLerVVrrAay4Z50bAKo4JizAXlL2hiAwEc9OBBwIcm2wVHRHMNFhhCwtaREKbIktm5QB8l4vYoSlAEJ3ST1g55awXqk5/mjDK2Q7e49Climhhnn9kxO2Of2Fv2lf38Z64ky5Fq2aLdzrkibA3vji3++C/Lo12je866VLNGG1OZVknawwxJX+Hk/Hh7/2zx6cJ48oC9Yt9I/xE7ZSf0Aj/+7ryeFwsHl+ixaXqoFmuHqsAppptV8yUhv5VqqlBap4iw84pVyc970qVsG1ntS9Rs6+/WXjSW6zXrcW1yfrIyPbuTt30Q93AfE9TbJ5jGc8yhQXft4T0+4KOxbRwab4zjPNQYKH6VUfwxjHe/AM8/ryA=</latexit>

v =
1

2
(∂iϕ)

2
,

<latexit sha1_base64="zbFkiV38Cowqf1WnLXi7rJLCL9g=">AAADGXichVLLahRBFD1pX8n4yKibgJvGIeIiDjUhqAhCQJDgapI4SSCdDNWdmpki/aK7ZjAOgmt/wEVWCi5E8B/ETXCrLrKIe3EZwY0LTz80ajBW0VW3zr3n1ql72419nRohdkesY8dPnDw1OlY5febsufHq+QtLadRPPNXyIj9KVlyZKl+HqmW08dVKnCgZuL5adjfvZP7lgUpSHYX3zVas1gLZDXVHe9IQalfnbtuOq4y0naBvO7FMjJZ+W9v31rV9rXR11qd/dzkDmcQ9/QtipNPU7WpN1EU+7MNGozRqKEczqu7BwQYieOgjgEIIQ9uHRMq5igYEYmJrGBJLaOncr/AI FXL7jFKMkEQ3uXZ5Wi3RkOcsZ5qzPd7i80vItDEpPoqXYl/siFfis/j+z1zDPEemZYu7W3BV3B5/MrH47b+sgLtB74B1pGaDDm7mWjW1xzmSvcIr+IOHT/cXby1MDq+I5+IL9T8Tu+ItXxAOvnov5tXC9hF6XM4AU+XaZRUkY3p5NR8Q+anUsEJZnVJiBxWb4rnoSY/ZNvLaV9jsxt+tPWwsTdcb1+sz8zO12buPi7aP4hIu4yp7ewOzmEMTLd71Gh+wh0/WtvXG2rHeFaHWSPmrXMQfw3r/A2pAvBQ=</latexit>

= βµ∂iJ
i
− βf2∂iϕ∂

i
Π

<latexit sha1_base64="p2iup81jxcOewAPVQimg47wa+R4="> 9kmzK3+39rKx8aBceVieW5krLS49z9o+gjuYxj3q7SMs4imWUaW7PuAUP/HLemt9tr5Y37JQayj/VW7jwrB6vwE58MrD</latexit>

∂ts =
∂s

∂n
∂tn+

∂s

∂v
∂tv

Step 3. Find  up to finite derivatives compatible with 2nd law{Ji
a, Π, f i}

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY=">AAADDnichVE9b9RAEB2br+Qg5AAJkGhWnIIQRKfxceQCVQQNZT64XND5OK03mzsr/sK7PpFYF4mWio6CCiQKRE+DohQ0+QMU+QVRRBkkGgrGPksIIsJa9r55M2/GT+NEnqs04p5hnjh56vSZsfHS2XMT5yfLFy4uqzCJhWyK0AvjFYcr6bmBbGpXe3IliiX3HU+2nPWHWb41kLFyw+Cx3ohkx+e9wF1zBddEdcsvbPmcpih7mqmntp+wLWb7XPdjP1WJ6G/pPtdDIlM7n9WOe04nxeq92ZlafWYaq4gNq2ZloNao36kPmR3xWLvc62qm2G1mD6RI7YA7HqecWA31iFIU9eQz hsNuuZK1yQ47CqwCVKA482H5M9iwCiEISMAHCQFowh5wUPS0wQKEiLgOpMTFhNw8L2EIJdImVCWpghO7Tt8eRe2CDSjOeqpcLWiKR29MSgZT+BU/4CHu4kc8wJ//7JXmPbJ/2aDbGWll1J18eXXpx39VPt0a+r9Vxygcqs7rntxqt471pmENZnNPLnmMciZzK0b6webrw6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0



Phenomenological derivation

Charge density:  & Superfluid phonons: n φ EoM:   & ∂tn + ∂iJ
i = 0 ∂tφ = Π

Step 1. Determine dynamical d.o.m (& its equation of motion)

Entropy density:

Step 2. Introduce entropy & conjugate variable with 1st law

with 
<latexit sha1_base64="V0xkdlFqIx00hDRSbYFYO/wgozw=">AAAC23ichVJLS1tBFP5ybdWmaqJuCt1cGhSFECYSVAQhIEiXeRgTiEHuvY7JxfviziSooVBwF9zaLrroA7oo/gw3/oEuXPgDpEsFN1303EeRVtQZ7sw535zvzDfnXN2zTCEZu0goQ8+eD4+Mvki+HBufSKUnpzaF2/UNXjNcy/Ubuia4ZTq8Jk1p8Ybnc83WLV7X99aC83qP+8J0nQ154PGWrbUdc9c0NEnQllBXVaHOOdnevLqdzrAcC4d638jHRgbxKLnpS2xhBy4MdGGDw4Ek24IGQbOJPBg8wlroE+aTZYbnHO+QJG6XojhFaITu0domrxmjDvlBThGyDbrFos8npooZ 9pP9YNfsnJ2yK/b7wVz9MEeg5YB2PeJybzs1eFW9fZJl0y7RuWM9qlliF8uhVpO0eyESvMKI+L3Dj9fVlcpMf5Z9Y79I/1d2wc7oBU7vxvhe5pVPj+jRadrIxmubqqBRTCes5j4hf5VKqlBQJ0HYXcWy5Ec96VC2nbD2SWp2/v/W3jc2F3L5xVyhXMgU199HbR/Fa7zBHPV2CUW8RQk1usvDB3zGF6WlHCkD5TgKVRLxrzKNf4Zy8gfdSqNj</latexit>

s = s(n, v) βµ = −

∂s

∂n
, βf2

= −

∂s

∂v
.

<latexit sha1_base64="PgFDLBDd3dyXiOxtSL30IBV7fD8=">AAAC+HichVJLSxxBEP6cvHTzcKMXIZchi4mBZelZJJFAQBAkR1+rgmuWnrF3t3Fe9PQO0WHBs+DZgxcNhCC5Jdfk5CV/IAcP+QEhRwO55JCaR5BEYrqZ7qqv66v+umrs0JWRZux0wLhy9dr1G4ND pZu3bt8ZLt8dWY6CnnJEwwncQK3aPBKu9EVDS+2K1VAJ7tmuWLE3Z9LzlVioSAb+kt4KxbrHO75sS4drglrlh7H5zGy2FXcSq5/U++ZEM+RKS+62pNmMuQq78tGLerVVrrAay4Z50bAKo4JizAXlL2hiAwEc9OBBwIcm2wVHRHMNFhhCwtaREKbIktm5QB8l4vYoSlAEJ3ST1g55awXqk5/mjDK2Q7e49Climhhnn9kxO2Of2Fv2lf38Z64ky5Fq2aLdzrkibA3vji3++C/Lo12je866VLNGG1OZVknawwxJX+Hk/Hh7/2zx6cJ48oC9Yt9I/xE7ZSf0Aj/+7ryeFwsHl+ixaXqoFmuHqsAppptV8yUhv5VqqlBap4iw84pVyc970qVsG1ntS9Rs6+/WXjSW6zXrcW1yfrIyPbuTt30Q93AfE9TbJ5jGc8yhQXft4T0+4KOxbRwab4zjPNQYKH6VUfwxjHe/AM8/ryA=</latexit>

v =
1

2
(∂iϕ)

2
,

<latexit sha1_base64="zbFkiV38Cowqf1WnLXi7rJLCL9g=">AAADGXichVLLahRBFD1pX8n4yKibgJvGIeIiDjUhqAhCQJDgapI4SSCdDNWdmpki/aK7ZjAOgmt/wEVWCi5E8B/ETXCrLrKIe3EZwY0LTz80ajBW0VW3zr3n1ql72419nRohdkesY8dPnDw1OlY5febsufHq+QtLadRPPNXyIj9KVlyZKl+HqmW08dVKnCgZuL5adjfvZP7lgUpSHYX3zVas1gLZDXVHe9IQalfnbtuOq4y0naBvO7FMjJZ+W9v31rV9rXR11qd/dzkDmcQ9/QtipNPU7WpN1EU+7MNGozRqKEczqu7BwQYieOgjgEIIQ9uHRMq5igYEYmJrGBJLaOncr/AI FXL7jFKMkEQ3uXZ5Wi3RkOcsZ5qzPd7i80vItDEpPoqXYl/siFfis/j+z1zDPEemZYu7W3BV3B5/MrH47b+sgLtB74B1pGaDDm7mWjW1xzmSvcIr+IOHT/cXby1MDq+I5+IL9T8Tu+ItXxAOvnov5tXC9hF6XM4AU+XaZRUkY3p5NR8Q+anUsEJZnVJiBxWb4rnoSY/ZNvLaV9jsxt+tPWwsTdcb1+sz8zO12buPi7aP4hIu4yp7ewOzmEMTLd71Gh+wh0/WtvXG2rHeFaHWSPmrXMQfw3r/A2pAvBQ=</latexit>

= βµ∂iJ
i
− βf2∂iϕ∂

i
Π

<latexit sha1_base64="p2iup81jxcOewAPVQimg47wa+R4="> 9kmzK3+39rKx8aBceVieW5krLS49z9o+gjuYxj3q7SMs4imWUaW7PuAUP/HLemt9tr5Y37JQayj/VW7jwrB6vwE58MrD</latexit>

∂ts =
∂s

∂n
∂tn+

∂s

∂v
∂tv

Step 3. Find  up to finite derivatives compatible with 2nd law{Ji
a, Π, f i}

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY=">AAADDnichVE9b9RAEB2br+Qg5AAJkGhWnIIQRKfxceQCVQQNZT64XND5OK03mzsr/sK7PpFYF4mWio6CCiQKRE+DohQ0+QMU+QVRRBkkGgrGPksIIsJa9r55M2/GT+NEnqs04p5hnjh56vSZsfHS2XMT5yfLFy4uqzCJhWyK0AvjFYcr6bmBbGpXe3IliiX3HU+2nPWHWb41kLFyw+Cx3ohkx+e9wF1zBddEdcsvbPmcpih7mqmntp+wLWb7XPdjP1WJ6G/pPtdDIlM7n9WOe04nxeq92ZlafWYaq4gNq2ZloNao36kPmR3xWLvc62qm2G1mD6RI7YA7HqecWA31iFIU9eQz hsNuuZK1yQ47CqwCVKA482H5M9iwCiEISMAHCQFowh5wUPS0wQKEiLgOpMTFhNw8L2EIJdImVCWpghO7Tt8eRe2CDSjOeqpcLWiKR29MSgZT+BU/4CHu4kc8wJ//7JXmPbJ/2aDbGWll1J18eXXpx39VPt0a+r9Vxygcqs7rntxqt471pmENZnNPLnmMciZzK0b6webrw6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0



Phenomenological derivation

Charge density:  & Superfluid phonons: n φ EoM:   & ∂tn + ∂iJ
i = 0 ∂tφ = Π

Step 1. Determine dynamical d.o.m (& its equation of motion)

Entropy density:

Step 2. Introduce entropy & conjugate variable with 1st law

with 
<latexit sha1_base64="V0xkdlFqIx00hDRSbYFYO/wgozw=">AAAC23ichVJLS1tBFP5ybdWmaqJuCt1cGhSFECYSVAQhIEiXeRgTiEHuvY7JxfviziSooVBwF9zaLrroA7oo/gw3/oEuXPgDpEsFN1303EeRVtQZ7sw535zvzDfnXN2zTCEZu0goQ8+eD4+Mvki+HBufSKUnpzaF2/UNXjNcy/Ubuia4ZTq8Jk1p8Ybnc83WLV7X99aC83qP+8J0nQ154PGWrbUdc9c0NEnQllBXVaHOOdnevLqdzrAcC4d638jHRgbxKLnpS2xhBy4MdGGDw4Ek24IGQbOJPBg8wlroE+aTZYbnHO+QJG6XojhFaITu0domrxmjDvlBThGyDbrFos8npooZ 9pP9YNfsnJ2yK/b7wVz9MEeg5YB2PeJybzs1eFW9fZJl0y7RuWM9qlliF8uhVpO0eyESvMKI+L3Dj9fVlcpMf5Z9Y79I/1d2wc7oBU7vxvhe5pVPj+jRadrIxmubqqBRTCes5j4hf5VKqlBQJ0HYXcWy5Ec96VC2nbD2SWp2/v/W3jc2F3L5xVyhXMgU199HbR/Fa7zBHPV2CUW8RQk1usvDB3zGF6WlHCkD5TgKVRLxrzKNf4Zy8gfdSqNj</latexit>

s = s(n, v) βµ = −

∂s

∂n
, βf2

= −

∂s

∂v
.

<latexit sha1_base64="PgFDLBDd3dyXiOxtSL30IBV7fD8=">AAAC+HichVJLSxxBEP6cvHTzcKMXIZchi4mBZelZJJFAQBAkR1+rgmuWnrF3t3Fe9PQO0WHBs+DZgxcNhCC5Jdfk5CV/IAcP+QEhRwO55JCaR5BEYrqZ7qqv66v+umrs0JWRZux0wLhy9dr1G4ND pZu3bt8ZLt8dWY6CnnJEwwncQK3aPBKu9EVDS+2K1VAJ7tmuWLE3Z9LzlVioSAb+kt4KxbrHO75sS4drglrlh7H5zGy2FXcSq5/U++ZEM+RKS+62pNmMuQq78tGLerVVrrAay4Z50bAKo4JizAXlL2hiAwEc9OBBwIcm2wVHRHMNFhhCwtaREKbIktm5QB8l4vYoSlAEJ3ST1g55awXqk5/mjDK2Q7e49Climhhnn9kxO2Of2Fv2lf38Z64ky5Fq2aLdzrkibA3vji3++C/Lo12je866VLNGG1OZVknawwxJX+Hk/Hh7/2zx6cJ48oC9Yt9I/xE7ZSf0Aj/+7ryeFwsHl+ixaXqoFmuHqsAppptV8yUhv5VqqlBap4iw84pVyc970qVsG1ntS9Rs6+/WXjSW6zXrcW1yfrIyPbuTt30Q93AfE9TbJ5jGc8yhQXft4T0+4KOxbRwab4zjPNQYKH6VUfwxjHe/AM8/ryA=</latexit>

v =
1

2
(∂iϕ)

2
,

<latexit sha1_base64="zbFkiV38Cowqf1WnLXi7rJLCL9g=">AAADGXichVLLahRBFD1pX8n4yKibgJvGIeIiDjUhqAhCQJDgapI4SSCdDNWdmpki/aK7ZjAOgmt/wEVWCi5E8B/ETXCrLrKIe3EZwY0LTz80ajBW0VW3zr3n1ql72419nRohdkesY8dPnDw1OlY5febsufHq+QtLadRPPNXyIj9KVlyZKl+HqmW08dVKnCgZuL5adjfvZP7lgUpSHYX3zVas1gLZDXVHe9IQalfnbtuOq4y0naBvO7FMjJZ+W9v31rV9rXR11qd/dzkDmcQ9/QtipNPU7WpN1EU+7MNGozRqKEczqu7BwQYieOgjgEIIQ9uHRMq5igYEYmJrGBJLaOncr/AI FXL7jFKMkEQ3uXZ5Wi3RkOcsZ5qzPd7i80vItDEpPoqXYl/siFfis/j+z1zDPEemZYu7W3BV3B5/MrH47b+sgLtB74B1pGaDDm7mWjW1xzmSvcIr+IOHT/cXby1MDq+I5+IL9T8Tu+ItXxAOvnov5tXC9hF6XM4AU+XaZRUkY3p5NR8Q+anUsEJZnVJiBxWb4rnoSY/ZNvLaV9jsxt+tPWwsTdcb1+sz8zO12buPi7aP4hIu4yp7ewOzmEMTLd71Gh+wh0/WtvXG2rHeFaHWSPmrXMQfw3r/A2pAvBQ=</latexit>

= βµ∂iJ
i
− βf2∂iϕ∂

i
Π

<latexit sha1_base64="p2iup81jxcOewAPVQimg47wa+R4="> 9kmzK3+39rKx8aBceVieW5krLS49z9o+gjuYxj3q7SMs4imWUaW7PuAUP/HLemt9tr5Y37JQayj/VW7jwrB6vwE58MrD</latexit>

∂ts =
∂s

∂n
∂tn+

∂s

∂v
∂tv

Step 3. Find  up to finite derivatives compatible with 2nd law{Ji
a, Π, f i}

<latexit sha1_base64="n8qxBmVv4P6FotztiI2WOPVyRnY=">AAADDnichVE9b9RAEB2br+Qg5AAJkGhWnIIQRKfxceQCVQQNZT64XND5OK03mzsr/sK7PpFYF4mWio6CCiQKRE+DohQ0+QMU+QVRRBkkGgrGPksIIsJa9r55M2/GT+NEnqs04p5hnjh56vSZsfHS2XMT5yfLFy4uqzCJhWyK0AvjFYcr6bmBbGpXe3IliiX3HU+2nPWHWb41kLFyw+Cx3ohkx+e9wF1zBddEdcsvbPmcpih7mqmntp+wLWb7XPdjP1WJ6G/pPtdDIlM7n9WOe04nxeq92ZlafWYaq4gNq2ZloNao36kPmR3xWLvc62qm2G1mD6RI7YA7HqecWA31iFIU9eQz hsNuuZK1yQ47CqwCVKA482H5M9iwCiEISMAHCQFowh5wUPS0wQKEiLgOpMTFhNw8L2EIJdImVCWpghO7Tt8eRe2CDSjOeqpcLWiKR29MSgZT+BU/4CHu4kc8wJ//7JXmPbJ/2aDbGWll1J18eXXpx39VPt0a+r9Vxygcqs7rntxqt471pmENZnNPLnmMciZzK0b6webrw6X7i1PpDXyH38jnW9zDL+Q0GHwX7xfk4hso0aKsv9dyFCzXqtbdKi7UK3MPipWNwTW4DjdpLw2Yg0cwD02au29MGJeNK+Yr85O5be6MSk2j0FyCP465+wsm/L8v</latexit>

∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0

Choosing works!
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Result for the simple superfluid
◆Equation of motion

Supercurrent/Diffusion Josephson eq./Damping effect

◆ Onsager coefficient

Charge conductivity: ,   Damping coefficient: κn ζs

Gapless mode: appears!

◆Constitutive relation



Application to Hydrodynamics  

in the neutron star inner crust
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From Chamel-Haensel (2008)

SSB pattern in the NS inner crust

- Nuclei form a Coulomb lattice: 

   Translational symmetry is spontaneously broken  Lattice phonons  appears! 

- Cooper pairs of dripped neutrons realize an s-wave condensate: 

   U(1)n symmetry is spontaneously broken  Superfluid phonon  appears!

→ ξi

→ φ

Key properties: [See Cirigliano et al. et al, PRC (2011) for low-energy EFT]



From Chamel-Haensel (2008)

SSB pattern in the NS inner crust

What is the corresponding hydrodynamics at  for the inner crust?T ≠ 0

- Nuclei form a Coulomb lattice: 

   Translational symmetry is spontaneously broken  Lattice phonons  appears! 

- Cooper pairs of dripped neutrons realize an s-wave condensate: 

   U(1)n symmetry is spontaneously broken  Superfluid phonon  appears!

→ ξi

→ φ

Key properties: [See Cirigliano et al. et al, PRC (2011) for low-energy EFT]
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Phenomenological derivation

Charge densities:  & Phonons: ca = {T0
μ, ρn} {φ, ξi} EoM:   & ∂tca + ∂iJ

i
a = 0 uμ∂μφ = Π, uμ∂μξi = f i

Step 1. Determine dynamical d.o.m (& its equation of motion) (Tμ
νu

ν = − euμ)



Phenomenological derivation

Entropy 
density

Step 2. Introduce entropy & conjugate variable with 1st law

with 

<latexit sha1_base64="yI9Bvuz8a4M4fDxbnCsTUYSs8Jk="></latexit>

β =

∂s

∂e
, βµn = −

∂s

∂ρn

<latexit sha1_base64="kDQNigqjDBEnPaFFrbBO80iP5cE=">AAADZ3ichVJLb9NAEB7HPEp4JICEKnFZGhWlahptogoQp0pIiGMfpK1UN9ba3cTb+MV6E7VYkTjzA+DACSQOiJ/BhT/AoQd+QMWxSFx6YLw2Cm1F2ZV3Z779ZvbbGTuxLxJF6YFRMi9cvHR56kr56rXrNyrVm7fWk2goXd5xIz+Smw5LuC9C3lFC+XwzlpwFjs83nMGT7HxjxGUiovC52o/5dsD6oegJlymE7OqbhFiJCPgLktiU1HnDkl5khwt9YsVMKsF8WxBrT3TFHFkgVk8yN7UcrhjpddvjtD0m9b+JIyZjT8x12yfJmmgFw24qdgf++FRue3cCDDTg29UabVI9yFmj VRg1KMZyVP0OFuxABC4MIQAOISi0fWCQ4NyCFlCIEduGFDGJltDnHMZQxtghsjgyGKIDXPvobRVoiH6WM9HRLt7i4ycxksAs/UY/0SP6lX6mh/T4n7lSnSPTso+7k8fy2K68nl779d+oAHcF3iTqXM0KevBIaxWoPdZI9go3jx+9fHu09nh1Nr1PP9AfqP89PaBf8AXh6Kf7cYWvvjtHj4MzgEax9rEKDDmeruYeIn+UKqxQVqcEsUnFGujnPfEw246ufRmb3Trd2rPGervZetBcXFmsLT19lbd9Cu7CDNSxtw9hCZ7BMnTwrmNjxpg3GqVDs2LeMadzaskofpXbcGKY934DfErUxA==</latexit>

s ≃ s0(e, ρn − g∂iξ
i)−

βf2

2
(∂iϕ)

2
−

β

2
µijkl∂iξj∂kξl

[Cirigliano et al. et al, PRC (2011)]

Charge densities:  & Phonons: ca = {T0
μ, ρn} {φ, ξi} EoM:   & ∂tca + ∂iJ

i
a = 0 uμ∂μφ = Π, uμ∂μξi = f i

Step 1. Determine dynamical d.o.m (& its equation of motion) (Tμ
νu

ν = − euμ)



Phenomenological derivation

Step 3. Find  up to finite derivatives compatible with 2nd law{Ji
a, Π, f i}
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<latexit sha1_base64="zajswLM1Mbvg361EpEiWnJh1hIw=">AAAC/nichVG/SyNBFP5cPfXiaaI2BzbB4GERw0RERRAEG++q+CMqGA27m0kyuL/YnQQ1KNa2V1xx1Ql3ICK22mrjP2Bh4R8glh5cc4VvNyvxB+oMM/PeN+978817mmMITzJ21aQ0t3xobWv/GOn4 1NkVjXX3LHp2xdV5VrcN213WVI8bwuJZKaTBlx2Xq6Zm8CVtfdq/X6py1xO2tSA3Hb5qqiVLFIWuSoLysaFvayJf21G345PxnF6wpZfcyWXEI6+41vDysQRLsWDEXxrp0EggHBk7do0cCrChowITHBYk2QZUeDRXkAaDQ9gqaoS5ZIngnmMbEeJWKIpThEroOu0l8lZC1CLfz+kFbJ1eMWi5xIxjgF2yA3bHLtghu2H/X81VC3L4Wjbp1Opc7uSje5/n/73LMumUKDdYb2qWKGI80CpIuxMg/i/0Or+69eNufmJuoPaF7bNb0v+LXbFz+oFV/av/nuVzP9/Qo9E0kQz3ElVBpZhyUM0NQh6USqqQXyePsEbFkuTXe1KmbIWg9hFqdvp5a18ai8Op9GhqZHYkMfU1bHs7+tCPQertGKYwgwyy9NZ3nOIM58qu8kc5Uo7roUpTyOnFk6Gc3ANW3bEc</latexit>

J i
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density
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with 
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s ≃ s0(e, ρn − g∂iξ
i)−

βf2

2
(∂iϕ)
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−

β

2
µijkl∂iξj∂kξl

[Cirigliano et al. et al, PRC (2011)]

Charge densities:  & Phonons: ca = {T0
μ, ρn} {φ, ξi} EoM:   & ∂tca + ∂iJ

i
a = 0 uμ∂μφ = Π, uμ∂μξi = f i

Step 1. Determine dynamical d.o.m (& its equation of motion) (Tμ
νu

ν = − euμ)



Phenomenological derivation

Step 3. Find  up to finite derivatives compatible with 2nd law{Ji
a, Π, f i}
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∃ sµ such that ∂ts+ ∇⃗ · s⃗ ≥ 0
<latexit sha1_base64="zajswLM1Mbvg361EpEiWnJh1hIw=">AAAC/nichVG/SyNBFP5cPfXiaaI2BzbB4GERw0RERRAEG++q+CMqGA27m0kyuL/YnQQ1KNa2V1xx1Ql3ICK22mrjP2Bh4R8glh5cc4VvNyvxB+oMM/PeN+978817mmMITzJ21aQ0t3xobWv/GOn4 1NkVjXX3LHp2xdV5VrcN213WVI8bwuJZKaTBlx2Xq6Zm8CVtfdq/X6py1xO2tSA3Hb5qqiVLFIWuSoLysaFvayJf21G345PxnF6wpZfcyWXEI6+41vDysQRLsWDEXxrp0EggHBk7do0cCrChowITHBYk2QZUeDRXkAaDQ9gqaoS5ZIngnmMbEeJWKIpThEroOu0l8lZC1CLfz+kFbJ1eMWi5xIxjgF2yA3bHLtghu2H/X81VC3L4Wjbp1Opc7uSje5/n/73LMumUKDdYb2qWKGI80CpIuxMg/i/0Or+69eNufmJuoPaF7bNb0v+LXbFz+oFV/av/nuVzP9/Qo9E0kQz3ElVBpZhyUM0NQh6USqqQXyePsEbFkuTXe1KmbIWg9hFqdvp5a18ai8Op9GhqZHYkMfU1bHs7+tCPQertGKYwgwyy9NZ3nOIM58qu8kc5Uo7roUpTyOnFk6Gc3ANW3bEc</latexit>

J i

a
= · · · , Π = · · · , f i

= · · ·

The procedure looks complicated in this case, but we can do it!

Entropy 
density

Step 2. Introduce entropy & conjugate variable with 1st law

with 
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β =
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s ≃ s0(e, ρn − g∂iξ
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Hydrodynamics for inner crust (preliminary)
◆Equation of motion

<latexit sha1_base64="Pca0N/2Q9mOUDzMw6vSIBU19tOk=">AAADXXichVJNaxRBEK3ZMRrXmKx6MOBlzBLxsCy9IagIQkAI4mnzsUkgkx16Zjs7TebLmZ4lcQl4ltw9eFLwIP4ML/4BDzmIZ/FmBC8efPMRwxqN3Ux19etX1a+rxo48mSjGDrWKfm7s/IXxi9VLE5cnp2pXrq4lYRo7ouOEXhhv2DwRngxER0nliY0oFty3PbFu7zzMztcHIk5kGKyqvUhs+bwfyG3pcAXIqh2YEY+V5J5l+qmx2h1iMYN033hgMKNhmE9S3jNGOI+7sFaQEY7Pq2mGjdLMAY8jV4JmtuXvTH8j7spuRnO70qrVWZPlwzjttEqnTuVoh7VPZFKPQnIoJZ8E BaTge8QpwdykFjGKgG3REFgMT+bngvapitgULAEGB7oD28dus0QD7LOcSR7t4BYPX4xIg2bZR/aWHbEP7B37wn7+M9cwz5Fp2cNqF7EisqaeT6/8+G+Uj1WRexJ1pmZF23Qv1yqhPcqR7BVOET94+uJo5f7y7PAWe82+Qv8rdsje4wXB4LvzZkksvzxDj43pU6O0fVSBg+Pm1dwFcqxUoUJZnRJgJxVrYF/0xEW2Xl77Kprd+rO1p521uWbrTnN+ab6+sPisaPs43aAZuo3e3qUFekRt6uCub9q0dlObqXzWx/QJfbKgVrTyV7lGI0O//gsRns8Q</latexit>

∂µT
µν

= 0, ∂µJ
µ
n = 0, uµ∂µϕ = Π, uµ∂µξ

i
= hi



Hydrodynamics for inner crust (preliminary)
◆Equation of motion
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◆Constitutive relation



Hydrodynamics for inner crust (preliminary)
◆Equation of motion
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∂µT
µν

= 0, ∂µJ
µ
n = 0, uµ∂µϕ = Π, uµ∂µξ

i
= hi

◆ Onsager coefficient

◆Constitutive relation



Summary
　  Motivation:

　  Approach:

　  Result & Outlook: 

Hydrodynamics for 
symmetry-broken phases?

Semi-phenomenology based on local thermodynamics

Derivation of hydrodynamics for symmetry-broken phases

Matching condition (Kubo formula) for all Onsager coeff.

Application to NS physics (e.g., neutrino reaction, …)


