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Background
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Introduction

Motivation
® Interested in determining the internal electromagnetic structure of the pion
® Experimentally determined in scattering experiments (elastic or deep inelastic
scattering)
® Theoretically determined using Quantum Chromodynamics (QCD)
[ ]

Due to its non-perturbative nature at low energies, take a numerical approach
using Lattice QCD
&)
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Background
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Electromagnetic Structure

Determine internal structure of hadrons via scattering experiments
Elastic Inelastic
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Background
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Lattice QCD

Determine physical structures theoretically using QCD

— non-perturbative at low energies due to «s increasing
— Path Integral approach
— Numerical calculations

Euclidean Path Integral Equation

1 o o _
(0) = 5 [ DEDYDA O, v, Ae~STF0A
Lattice Spacing a
Choice of O provides 2,3,... point correlation functions Lattice Size Ny ¢

— Energy states of system <,

==L
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Background
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Feynman-Hellmann Theorem

Perturb system by modifying the action
S—=5+20

— Energy states of the system shift

Energy Shift AE,(p) = )\aEa,\_)(\p)

N 9*Ex(p)

— + 0\
o 20 0N |

Relate energy shift to structure

Feynman-Hellmann OE\(p) 1
= ——(H(p)|O|H ,.
theorem oN 2o 2E(p)< (PIOIH(P))
THE UNIVERSITY
Determine physical structure — compute at different X shifts #ADELAIDE
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Deep Inelastic Scattering
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Deep Inelastic Scattering

Scattering Amplitude
M oc (X|J#[H(p))

with photon current J* inserted

Inclusive Cross Section
o x Z IM|?
x Z (P X)X 1" H(p))

= (H(p)IJ“JV!H(p»
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Deep Inelastic Scattering
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Compton Scattering

General description

Hadronic Tensor W,
oox Wy

Inaccessible on Euclidean lattice

Related quantity (spin-averaged, forward)

Compton Tensor Tuw(p,q) = i/d4zeiq'z<p,s[T{jM(z),j,,(O)Hp, s)
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Deep Inelastic Scattering
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Compton Structure Functions

To determine the general decomposition, apply constraints:
® Hermiticity
e Parity, Time-Reversal
® Ward Identity ¢"T,, =0

Gy ) p-q p-q \Fa(w, Q?)
TI/: - I/_’__)‘F va +( - — 5 )(V_ 1/)
" ( g+ =2 1(w, Q%)+ ( pu g2 W) P ="z a b

Isolate F7 by setting pu,v =3, p, =g, =0
Relate Compton 7 5 to Ordinary F; > via the optical theorem:

\E%W
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Deep Inelastic Scattering
0O00@000

Feynman-Hellmann Application

Modify QCD action according to:
S\ =S+ )\/d4z(eiq'z + e %) J5(z2)

Renormalised vector current J3(z) = Zyq(2)iv3q(2)
Second order energy shift related to

9*E(p)

02\

fl(wa QZ)

A=0 B E(p)
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Deep Inelastic Scattering
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Nucleon Compton Structure Function (QCDSF Collaboration)
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Deep Inelastic Scattering
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Pion Compton Structure Function

Reduced Compton Structure Function of the Pion
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Deep Inelastic Scattering
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Dispersion Relations

Dispersion Relation Comparison
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Boosted systems are more
susceptible to noise

Pion becomes dominated
by kinetic energy

— utilise noise reduction
techniques
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All-Mode Averaging
[ Je]

Noise Reduction

All Mode Averaging (AMA)
Compute solves with a lower precision (sloppy € = 1073) and correct using a strict
(e = 10712) solve

1 Nstrict
. 1 1
Correction Factor Ceorr = N E (Cétrict — sloppy)
strict i—1

Improved Sloppy CIJmp = Céoppy + Ceorr

strlct 5|°PP)’
AMA CAI\/IA | < Z Ctrlct + Z Cﬂmp)
Nstoppy

i=1 =Nsgrice+1 \E%W
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All-Mode Averaging

oe

AMA Dispersion Relation

Pion Dispersion Relation

0.81 ¢ Strict Nsource = 4
{  AMA Nstrict = 1, Nsloppy = 12 I
0.7
o b
WI 061 e
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205 B
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e
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2(L 2
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Equal cost comparison

1 Strict equivalent to 4
Sloppy
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Form Factors
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Elastic Scattering

Characterise with matrix element

(H(P")Vu(0)|H(p)) =T,
Structure in Vertex function I,

general form decomposed by previous constraints

[u=—i(p' + p)uFa(@?) 7 Y

Pion Form Factor F,(Q?)
Related to transverse charge distribution
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Form Factors
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Pion Form Factors

Modify the QCD action according to:

SO) =5+ A [ d2(e™ + e, (2) 7

Vector current V,(z) = ¥(z) v (2)
choose =4

Feynman-Hellmann application

Provides first order energy shift in Breit frame
[—

(P’ =-p)
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Form Factors
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Pion Form Factor F, (QCDSF Collaboration)
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Form Factors
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F. Comparison

Pion Form Factor

1.75
1 Feynman-Hellmann (Nsource = 2)
1.50 1 Feynman-Hellmann AMA (Nsloppy = 5)
125
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Form Factors
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AMA F. Preliminary Results

Pion Form Factor
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Form Factors
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Where am | going from here?

® Can push this further — increase Ngjoppy, Neonf

® Interested to apply this to smaller quark masses, as well as vary the lattice
characteristics

® Apply AMA to the nucleon for the electric Ge and magnetic form factors Gy, of
the proton and determine Gg/Gpy

Future Work

® Applying AMA to determine the Compton amplitude

® Combining AMA with another noise reduction technique, momentum smearing
(lan van Schalkwyk, check out his poster!) &
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Form Factors
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Thanks for Listening!
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E)((}tra Info
Lattice Specifications

Gauge ensemble details
2 + 1 flavours

Lattice Size :
Lattice Spacing :
Parameters :
Masses [GeV] :

Local Vector Renormalisation :

=550

L3x T =32 x64
a=0.074(2)fm

r; = 0.120900

m; = 0.467(12),

ks = 0.120900
my = 1.250(39)
Z\ = 0.8611(84)
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Extra Info
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Dispersion Relations

Dispersion relation from analiticity and Crossing symmetry

2 o ImFy (o', Q2
Filee, Q%) - F1(0. Q%) = 22 / dw’w/(mlefww’z(\)_),-e)

Faw, Q%) = 2_w/1 dw (ImFa(, Q%)

W? — w2 — e

Optical theorem relates 71 to Fy
ImFi(w, @) = 27F1(x, Q%)

Together provides the relation

1 2
Fiw, Q%) = 4 / e T

1 — x2w2 — &y
F2 X Qz) THE UNIVERSITY
Fo(w, d ADELAIDE
1—x2w2 — je
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Dispersion Relations
[ le]e}

Dispersion Relations

Dispersion relations not particularly easy to reverse. To avoid poles the condition
|w| < 1, physically this keeps the intermediate state X from becoming on-shell.

Reduced/Subtracted Compton amplitude is defined:
Fi(w, @) = Fi(w, Q%) — F1(0, Q%)

Taylor expanding at fixed Q? defines the moments expansion:

Qz) _ 22w2nM(1) )

- 2 ot

Fo(w, @) = g 42 1Mz(n)(Qz) iy
=1 THE UNIVERSITY
" JADELAIDE
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Dispersion Relations
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Compton Amplitude Fit Function

with the moments defined by:
(1)(02) _ 2/01 dxx® 1y (x, Q2)
(2) (@) = / A2 Fy(x, Q)

Require condition on moments

MM (Q%) = M(Q%) = - > M)(@Y) = --- >0

Ut|||se Bayesian Analysis to determine the Moments (distribution) | model up to order

(Moment /\/Ig) THE UNIVERSITY
+ADELAIDE
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Dispersion Relations
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Model Coefficients

Taking a look at the distributions of the coefficients

M2 M4
—— prior
—— posterior
= . ‘ % pmls s : ‘ .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
M8
().‘[} 0.‘2 0.‘4 0.‘6

Only the first coefficient is sufficiently isolated

My = 0.14404+3 55208

M6

0.0 0.2 0.4 0.6 0.8
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Form Factor
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Physical Interpretations of Form Factors

Transverse Charge and Magnetisisation Densities
Form factors can be interpreted as the Fourier transforms of the transverse charge and
magnetisation densities of the system

d
peatb) = [ 2101611 FL(G?)
. d
pnalb) = Iolsin?o [~ 2 Q2r(1b1)F2,(02)

J1 cylindrical Bessel function of the first kind. ¢ angle between impact parameter b and

the proton polarisation &
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Form Factor
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Physical Interpretations of Form Factors

Electric and Magnetic Radii

<r2>E - _ 6 dGE,P(Q2)

P GE,p(O) dQ? Q2=0
<r2>M - _ 6 dGM,P(Qz)

" GM,p(O) dQ? Q2=0

In the forward limits

Gep(0) = F15(0) =1 Charge Conservation
Gump(0) =1+ F2,(0) = pp Magnetic Moment
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Form Factor
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Pion Form Factor Models

Low Q? Region
Vector Meson Dominance (VMD)

1
Ny —
High Q2 Region
Perturbative QCD (pQCD)

16
Q?
Pion decay constant f; v 7

Strong coupling constant as THE UNIVERSITY
ADELAIDE
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Form Factor
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Form Factor Experimental Results

Jefferson Lab (JLab) CEBAF (2008, 2015)

Primary method uses pion electroproduction off the -
nucleon

F. up to 2.45GeV?2.

Kelly (2004)
Parameterised model using experimental results

ATt

2\ _ 2
Genl @) = 5= Go(@?) 1
: s
where 7 = Q2/4m52, and dipole form factor ! &
GD(Q2) = (1 + Q //\2)_2 N NI'HE RSITY
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