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Is there minimal agreement about the nature of the X (3872)?

LHCb (2406.17006) has resolved any remaining question about the � (2S) decay:

�� 0/�� = 1.67±0.21±0.12±0.04

inconsistent with näıve/vanilla
D⇤D + DD⇤ molecular state

But this fits into a longstanding story:

pro: D⇤D threshold, 1++,
I violation, DD⇡0 coupling . . .

con: � (0), hadronic prodn, . . .
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Figure 1: Distributions of the (left) ��K+ and (right) �� mass of selected B+ candidates
summed over Run 1 and Run 2 data-taking periods. Top and bottom rows correspond to
the B+ � (�c1(3872)� �(2S)�) K+ and B+ � (�c1(3872)� J/��) K+ candidates, respectively.
The ��K+ mass spectra are shown for candidates within the narrow �� mass regions around
the �c1(3872) mass, and vice versa, the �� mass spectra are shown for candidates within
the narrow ��K+ mass regions around the B+ mass. Projections of the fit, described in the text,
are overlaid.

�c1(3872) mass, 3.842 < m�(2S)� < 3.902 GeV/c2 and 3.782 < mJ/�� < 3.962 GeV/c2. Simi-
larly, the �� mass spectra are shown for candidates within the narrow ��K+ mass regions
around the known mass of the B+ meson, 5.258 < m��K+ < 5.300 GeV/c2. To improve
the mass resolutions the ��K+ and �� masses are calculated using the kinematic fit de-
scribed above [128]. In addition, to calculate the ��K+ mass, the �� mass is constrained
to the known value of the �c1(3872) state [50,51,120]. Clear signals corresponding to both
B+ and �c1(3872) states are seen in data for both channels.

4 Signal yield determination

Signal yields of both B+ � (�c1(3872) � ��) K+ decay channels are determined using
extended unbinned maximum-likelihood fits to two-dimensional distributions of m��

and m��K+ . The fit model for the B+ � (�c1(3872) � �(2S)�) K+ decay channel consists

6

since Kalashnikova (PRD 72 (2005) 034010), we have u’stood that the 3872
might start out as cc̄ , but manifest at threshold; some lattice support . . .

9 schemes (e.g. B-O) that unify di↵erent structures as limiting cases

but what do we call the 3872 in a textbook? after all these measurements?
what should experiments look for next to add value?
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• Question 2 - Is there a favorite molecular quarkonium/quarkonium hybrid/compact tetraquark candiate? What are 
the most unambiguous experimental signatures that would provide a definite assignment for each of the three 
cases? 

• For me the  Y(4230)  state is the most interesting.  It is a natural candidate for a quarkonium hybird.   

• Consider QCD without light quarks.  We know from lattice QCD that there must states  with excitations of the gluon 
degrees of freedom.  Will be smaller contributions to R because not allowed in lowest order in 

• The  1- -  state  (                  ) with a mass in the 4.2-4.3 GeV region.  Associated with I=1 triplet:  (0, 1,2) - +  

• Decay ->                                .     Same as molecular state , but provides the binding core  like the X(3872) case. 

• Recent analysis of final states from                                :     Detten, Hanhart, Baru : ArXiv: 2309.11970 

  

• Also a near point like contribution from  

• In the BbarB system, very likely the hybrid state will be below the B BP thresholds.  

Figure 1. Leading diagrams contributing to Y(4230)! D0D⇤�⇡+ in the molecular picture.

state of D⇤D̄, further enhancing the contribution of the triangle diagram. While the narrow
D1(2420) in the heavy quark limit decays to D⇤⇡ in d-wave, the violation of heavy-quark spin
symmetry (HQSS) may lead to its mixing with the much broader D1(2430), where the s-wave
decay is HQSS allowed. With its large width of over 300 MeV, the D1(2430) e↵ectively acts
as a short range interaction, allowing us to include its contribution via an s-wave point cou-
pling of the Y(4230) to D⇤D̄⇡. For the discovery channel of the Y(4230), e+e� ! J/ ⇡⇡, the
leading order diagrams contain the D1D̄ intermediate state via box and triangle topologies as
shown in figure 2.

Figure 2. Main contributions to Y(4230)! J/ ⇡+⇡� in the molecular picture; only one
representative topology is shown.

Additionally, in this channel the chiral Lagrangian allows for a direct point-like transi-
tion of Y(4230) ! J/ ⇡⇡. The ⇡⇡/K̄K s-wave final state interaction (FSI) is included along
the lines of the Muskhelishvili Omnés formalism outlined in, e.g., [12–14]. Here however,
we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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↵s(Q2)

of all these potentials by fitting to the charmonium and
bottomonium spectrum. The shape of the quarkonium
potential evaluated on the lattice (Σ+g in Fig. 1) is well
described by the Cornell potential, which has the short
and long distance behavior expected from QCD pertur-
bation theory and the QCD effective string theory (EST)
[22, 23] respectively,

VΣ+g (r) ≈ −σg

r
+ κgr + EQQ̄

g , (1)

where we take,

σg = 0.489 , κg = 0.187 GeV2 , (2)

and we obtain from the comparison with the experimen-
tal spectrum,

Ecc̄
g = −0.242 GeV Ebb̄

g = −0.228 GeV . (3)

Note that EQQ̄
g should be flavor independent, and indeed

Ecc̄
g and Ebb̄

g agree within a 6%. The spectrum obtained
with the potential above is displayed in Tables 1 and 2.

3. Hybrids
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Figure 1: Energy spectrum in the static limit for n f = 0 [24].

The hybrid potentials together with the quarkonium
potential (Σ+g ) are displayed in Fig. 1. The labels corre-
spond to the representations of the D∞h group, the group

of a diatomic molecule. At short distances all the hy-
brid potentials must approach the repulsive Coulomb
potential of the color octet configuration, as perturba-
tion theory dictates. Furthermore, the states should
gather in short distance multiplets according to the rota-
tional group [16]. At long distance they must approach
the behavior dictated by the QCD EST, namely to the
same linear potential as the quarkonium case (Σ+g ) with
a subleading 1/r behavior that depends on the string
state [23]. Notice that the hybrid potentials, unlike
the quarkonium one, have a classical minimum, which
must sit at r ∼ 1/ΛQCD (there is no other scale avail-
able). Hence the small energy fluctuations about this
minimum have a size

√
Λ3

QCD/mQ, which is paramet-
rically smaller than ΛQCD. Hence, if we are only in-
terested in the lower lying states for each potential, we
are in a situation similar to the strong coupling regime
of pNRQCD [16], in which the scale ΛQCD can be inte-
grated out. This means that, in a leading approximation,
we can ignore the interaction with any other hybrid or
quarkonium state with an energy ! ΛQCD above or be-
low the low lying states. In Fig. 1, we observe that the
short distance degeneracies are already noticeable close
to the minima. Hence, it is natural to chose the degrees
of freedom of the effective theory as a wave function
field that describe the corresponding short distance mul-
tiplet. We are going to restrict ourselves to the lower
lying hybrid multiplet, namely that formed by (Σ−u ,Πu).
At short distances, this wave function field corresponds
to a quark-antiquark in a color octet state together with
a chromomagnetic field that makes the whole operator
color singlet [16]. Hence, we choose a vectorial wave
function matrix H(0, r, t) with the same symmetry trans-
formations as that operator. Namely, it transforms as
H → h1Hh†2, h1, h2 ∈ S U(2) under spin symmetry and
as follows under parity, time reversal and charge conju-
gation,

P : H(R, r, t) → −H(−R,−r, t)
T : H(R, r, t) → −σ2H(R, r,−t)σ2 (4)
C : H(R, r, t) → −σ2HT (R,−r, t)σ2 ,

As a consequence, the P and C quantum numbers of
a hybrid state with quark-antiquark orbital angular mo-
mentum L and quark-antiquark spin S are,

P = (−1)L+1 , C = (−1)L+S+1 . (5)

The Hamiltonian at leading order (BO approximation)
is chosen such that the projection of H to r evolves with
VΣ−u and the projection orthogonal to r with VΠu in the

J. Soto / Nuclear and Particle Physics Proceedings 294–296 (2018) 87–9488
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Final State Width DP (MeV) Partial Wave Threshold (GeV)
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Figure 8. Operator overlap values |Z| for continuum operators corresponding to a 1F supermul-
tiplet (left) and similarly a gluonic hybrid construction (right). These are subduced into different
irreps as indicated, with a consistent value found for the operator overlap across irreps.

Figure 9. A comparison of the lightest hybrid supermultiplet in charmonium and in bottomonium.
The height of the boxes represents the one-sigma statistical uncertainty about the mean. Green
boxes are non-hybrid states and red boxes indicate a hybrid candidate. The mass splitting with
the lightest state — the ηc or ηb meson in charmonium and bottomonium respectively — is shown.
The grey dashed lines indicate the lowest relevant decay thresholds in each case, determined from
lattice data.

for bottom and charm. While a comprehensive error budget is beyond the scope of this
work it is still informative to make a comparison with the existing experimental spectrum.

In figure 10, we show the experimental energies listed in ref. [41] compared with those
determined in this work. The hyperfine splitting is smaller in the lattice spectra, compared
with experiment, as discussed above. The 2S states lie slightly below their experimental
counterparts. The 1P states are in reasonable agreement with experiment while the 2P
multiplet is consistently higher in energy. Comparing spin-averaged splittings, we find that
∆2S−1S = 564(3)MeV is in good agreement with the corresponding experimental value of
563.3MeV. The spin-averaged (1P-1S) splitting is 495(3)MeV in this study compared to
455.12MeV determined from experimental values [41].
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BOEFT 
Braaten, Langmack, Smith PRL 112, 222001,(2014)   

cgc̄ bgb̄

H1/2 4.246 10.864

H3 4.566 11.097

H4/5 4.428 10.964

H ′
1/2 4.596 11.071

TABLE V. Predicted multiplet masses from [34] before adjusting to lattice data. The prime on a

multiplet stands for the first excited state of that multiplet. All values are given in units of GeV.

to the Λ-doubling effect, cf. section VC. Considering the mixing terms results in the break-

ing of the degeneracy between the H1 and H2 multiplets as well as the H4 and H5 multiplets.

In their approach they account for the breaking of this degeneracy by using different energy

offsets for positive and negative parity potentials. These offsets were set in the charmonium

sector to reproduce the spin averages of the hybrids from the direct lattice calculations of

Ref. [65] and in the bottomonium sector to reproduce the mass splittings between the 1−−,

1++, and 0++ states from the NRQCD lattice computations of Ref. [33].

We have listed the results from [34] suitable for comparison with our results in Table V,

and we have plotted them together with our results obtained using the V (0.25) potential

in Fig. 4 for both charmonium and bottomonium hybrids. The predicted H1/2 mass from

Braaten et al. (before adjusting to lattice data) should be compared with our H2 mass, since

this multiplet is a pure Πu potential state. Similarly, their H4/5 mass should be compared

with our H5 mass. The H3 multiplet is a pure Σ−
u potential state in both approaches and

can also be compared. We can see that there is a good agreement with our results from

Table III. If we shift the masses by the difference in the H1/2 state ∼ 30 MeV, then the other

states agree within 40 MeV. The mass shift of 30 MeV should be accounted for through the

uncertainty of the gluelump mass and other systematic errors, so we can take the 40 MeV

discrepancy between our results and those of [34] to be the uncertainty coming from the

fitting of the potentials and the solution of the Schrödinger equation. Overall, comparing

with the results from [34], we can see that the effect of introducing the Λ-doubling terms

lowers the masses of the multiplets that have mixed contributions from the two hybrid static

energies.

36

• Question 2 - Is there a favorite molecular quarkonium/quarkonium hybrid/compact tetraquark candiate? What are 
the most unambiguous experimental signatures that would provide a definite assignment for each of the three 
cases? 

• For me the  Y(4230)  state is the most interesting.  It is a natural candidate for a quarkonium hybird.   

• Consider QCD without light quarks.  We know from lattice QCD that there must states  with excitations of the gluon 
degrees of freedom.  Will be smaller contributions to R because not allowed in lowest order in 

• The  1- -  state  (                  ) with a mass in the 4.2-4.3 GeV region.  Associated with I=1 triplet:  (0, 1,2) - +  

• Decay ->                                .     Same as molecular state , but provides the binding core  like the X(3872) case. 

• Recent analysis of final states from                                :     Detten, Hanhart, Baru : ArXiv: 2309.11970 

  

• Also a near point like contribution from  

• In the BbarB system, very likely the hybrid state will be below the B BP thresholds.  

Figure 1. Leading diagrams contributing to Y(4230)! D0D⇤�⇡+ in the molecular picture.

state of D⇤D̄, further enhancing the contribution of the triangle diagram. While the narrow
D1(2420) in the heavy quark limit decays to D⇤⇡ in d-wave, the violation of heavy-quark spin
symmetry (HQSS) may lead to its mixing with the much broader D1(2430), where the s-wave
decay is HQSS allowed. With its large width of over 300 MeV, the D1(2430) e↵ectively acts
as a short range interaction, allowing us to include its contribution via an s-wave point cou-
pling of the Y(4230) to D⇤D̄⇡. For the discovery channel of the Y(4230), e+e� ! J/ ⇡⇡, the
leading order diagrams contain the D1D̄ intermediate state via box and triangle topologies as
shown in figure 2.

Figure 2. Main contributions to Y(4230)! J/ ⇡+⇡� in the molecular picture; only one
representative topology is shown.

Additionally, in this channel the chiral Lagrangian allows for a direct point-like transi-
tion of Y(4230) ! J/ ⇡⇡. The ⇡⇡/K̄K s-wave final state interaction (FSI) is included along
the lines of the Muskhelishvili Omnés formalism outlined in, e.g., [12–14]. Here however,
we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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tion of Y(4230) ! J/ ⇡⇡. The ⇡⇡/K̄K s-wave final state interaction (FSI) is included along
the lines of the Muskhelishvili Omnés formalism outlined in, e.g., [12–14]. Here however,
we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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↵s(Q2)

of all these potentials by fitting to the charmonium and
bottomonium spectrum. The shape of the quarkonium
potential evaluated on the lattice (Σ+g in Fig. 1) is well
described by the Cornell potential, which has the short
and long distance behavior expected from QCD pertur-
bation theory and the QCD effective string theory (EST)
[22, 23] respectively,

VΣ+g (r) ≈ −σg

r
+ κgr + EQQ̄

g , (1)

where we take,

σg = 0.489 , κg = 0.187 GeV2 , (2)

and we obtain from the comparison with the experimen-
tal spectrum,

Ecc̄
g = −0.242 GeV Ebb̄

g = −0.228 GeV . (3)

Note that EQQ̄
g should be flavor independent, and indeed

Ecc̄
g and Ebb̄

g agree within a 6%. The spectrum obtained
with the potential above is displayed in Tables 1 and 2.

3. Hybrids
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Figure 1: Energy spectrum in the static limit for n f = 0 [24].

The hybrid potentials together with the quarkonium
potential (Σ+g ) are displayed in Fig. 1. The labels corre-
spond to the representations of the D∞h group, the group

of a diatomic molecule. At short distances all the hy-
brid potentials must approach the repulsive Coulomb
potential of the color octet configuration, as perturba-
tion theory dictates. Furthermore, the states should
gather in short distance multiplets according to the rota-
tional group [16]. At long distance they must approach
the behavior dictated by the QCD EST, namely to the
same linear potential as the quarkonium case (Σ+g ) with
a subleading 1/r behavior that depends on the string
state [23]. Notice that the hybrid potentials, unlike
the quarkonium one, have a classical minimum, which
must sit at r ∼ 1/ΛQCD (there is no other scale avail-
able). Hence the small energy fluctuations about this
minimum have a size

√
Λ3

QCD/mQ, which is paramet-
rically smaller than ΛQCD. Hence, if we are only in-
terested in the lower lying states for each potential, we
are in a situation similar to the strong coupling regime
of pNRQCD [16], in which the scale ΛQCD can be inte-
grated out. This means that, in a leading approximation,
we can ignore the interaction with any other hybrid or
quarkonium state with an energy ! ΛQCD above or be-
low the low lying states. In Fig. 1, we observe that the
short distance degeneracies are already noticeable close
to the minima. Hence, it is natural to chose the degrees
of freedom of the effective theory as a wave function
field that describe the corresponding short distance mul-
tiplet. We are going to restrict ourselves to the lower
lying hybrid multiplet, namely that formed by (Σ−u ,Πu).
At short distances, this wave function field corresponds
to a quark-antiquark in a color octet state together with
a chromomagnetic field that makes the whole operator
color singlet [16]. Hence, we choose a vectorial wave
function matrix H(0, r, t) with the same symmetry trans-
formations as that operator. Namely, it transforms as
H → h1Hh†2, h1, h2 ∈ S U(2) under spin symmetry and
as follows under parity, time reversal and charge conju-
gation,

P : H(R, r, t) → −H(−R,−r, t)
T : H(R, r, t) → −σ2H(R, r,−t)σ2 (4)
C : H(R, r, t) → −σ2HT (R,−r, t)σ2 ,

As a consequence, the P and C quantum numbers of
a hybrid state with quark-antiquark orbital angular mo-
mentum L and quark-antiquark spin S are,

P = (−1)L+1 , C = (−1)L+S+1 . (5)

The Hamiltonian at leading order (BO approximation)
is chosen such that the projection of H to r evolves with
VΣ−u and the projection orthogonal to r with VΠu in the

J. Soto / Nuclear and Particle Physics Proceedings 294–296 (2018) 87–9488
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Final State Width DP (MeV) Partial Wave Threshold (GeV)
D̄(1865)DP1(2430)(j = 1/2) 314 S-wave 4.295
D̄⇤(2007)DP0(2300)(j = 1/2) 229 S-wave 4.307
D̄⇤(2007)DP1(2430)(j = 1/2) 314 S-wave 4.437
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Figure 8. Operator overlap values |Z| for continuum operators corresponding to a 1F supermul-
tiplet (left) and similarly a gluonic hybrid construction (right). These are subduced into different
irreps as indicated, with a consistent value found for the operator overlap across irreps.

Figure 9. A comparison of the lightest hybrid supermultiplet in charmonium and in bottomonium.
The height of the boxes represents the one-sigma statistical uncertainty about the mean. Green
boxes are non-hybrid states and red boxes indicate a hybrid candidate. The mass splitting with
the lightest state — the ηc or ηb meson in charmonium and bottomonium respectively — is shown.
The grey dashed lines indicate the lowest relevant decay thresholds in each case, determined from
lattice data.

for bottom and charm. While a comprehensive error budget is beyond the scope of this
work it is still informative to make a comparison with the existing experimental spectrum.

In figure 10, we show the experimental energies listed in ref. [41] compared with those
determined in this work. The hyperfine splitting is smaller in the lattice spectra, compared
with experiment, as discussed above. The 2S states lie slightly below their experimental
counterparts. The 1P states are in reasonable agreement with experiment while the 2P
multiplet is consistently higher in energy. Comparing spin-averaged splittings, we find that
∆2S−1S = 564(3)MeV is in good agreement with the corresponding experimental value of
563.3MeV. The spin-averaged (1P-1S) splitting is 495(3)MeV in this study compared to
455.12MeV determined from experimental values [41].
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cgc̄ bgb̄

H1/2 4.246 10.864

H3 4.566 11.097

H4/5 4.428 10.964

H ′
1/2 4.596 11.071

TABLE V. Predicted multiplet masses from [34] before adjusting to lattice data. The prime on a

multiplet stands for the first excited state of that multiplet. All values are given in units of GeV.

to the Λ-doubling effect, cf. section VC. Considering the mixing terms results in the break-

ing of the degeneracy between the H1 and H2 multiplets as well as the H4 and H5 multiplets.

In their approach they account for the breaking of this degeneracy by using different energy

offsets for positive and negative parity potentials. These offsets were set in the charmonium

sector to reproduce the spin averages of the hybrids from the direct lattice calculations of

Ref. [65] and in the bottomonium sector to reproduce the mass splittings between the 1−−,

1++, and 0++ states from the NRQCD lattice computations of Ref. [33].

We have listed the results from [34] suitable for comparison with our results in Table V,

and we have plotted them together with our results obtained using the V (0.25) potential

in Fig. 4 for both charmonium and bottomonium hybrids. The predicted H1/2 mass from

Braaten et al. (before adjusting to lattice data) should be compared with our H2 mass, since

this multiplet is a pure Πu potential state. Similarly, their H4/5 mass should be compared

with our H5 mass. The H3 multiplet is a pure Σ−
u potential state in both approaches and

can also be compared. We can see that there is a good agreement with our results from

Table III. If we shift the masses by the difference in the H1/2 state ∼ 30 MeV, then the other

states agree within 40 MeV. The mass shift of 30 MeV should be accounted for through the

uncertainty of the gluelump mass and other systematic errors, so we can take the 40 MeV

discrepancy between our results and those of [34] to be the uncertainty coming from the

fitting of the potentials and the solution of the Schrödinger equation. Overall, comparing

with the results from [34], we can see that the effect of introducing the Λ-doubling terms

lowers the masses of the multiplets that have mixed contributions from the two hybrid static

energies.
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• Question 2 - Is there a favorite molecular quarkonium/quarkonium hybrid/compact tetraquark candiate? What are 
the most unambiguous experimental signatures that would provide a definite assignment for each of the three 
cases? 

• For me the  Y(4230)  state is the most interesting.  It is a natural candidate for a quarkonium hybird.   

• Consider QCD without light quarks.  We know from lattice QCD that there must states  with excitations of the gluon 
degrees of freedom.  Will be smaller contributions to R because not allowed in lowest order in 

• The  1- -  state  (                  ) with a mass in the 4.2-4.3 GeV region.  Associated with I=1 triplet:  (0, 1,2) - +  

• Decay ->                                .     Same as molecular state , but provides the binding core  like the X(3872) case. 

• Recent analysis of final states from                                :     Detten, Hanhart, Baru : ArXiv: 2309.11970 

  

• Also a near point like contribution from  

• In the BbarB system, very likely the hybrid state will be below the B BP thresholds.  

Figure 1. Leading diagrams contributing to Y(4230)! D0D⇤�⇡+ in the molecular picture.

state of D⇤D̄, further enhancing the contribution of the triangle diagram. While the narrow
D1(2420) in the heavy quark limit decays to D⇤⇡ in d-wave, the violation of heavy-quark spin
symmetry (HQSS) may lead to its mixing with the much broader D1(2430), where the s-wave
decay is HQSS allowed. With its large width of over 300 MeV, the D1(2430) e↵ectively acts
as a short range interaction, allowing us to include its contribution via an s-wave point cou-
pling of the Y(4230) to D⇤D̄⇡. For the discovery channel of the Y(4230), e+e� ! J/ ⇡⇡, the
leading order diagrams contain the D1D̄ intermediate state via box and triangle topologies as
shown in figure 2.

Figure 2. Main contributions to Y(4230)! J/ ⇡+⇡� in the molecular picture; only one
representative topology is shown.

Additionally, in this channel the chiral Lagrangian allows for a direct point-like transi-
tion of Y(4230) ! J/ ⇡⇡. The ⇡⇡/K̄K s-wave final state interaction (FSI) is included along
the lines of the Muskhelishvili Omnés formalism outlined in, e.g., [12–14]. Here however,
we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
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↵s(Q2)

of all these potentials by fitting to the charmonium and
bottomonium spectrum. The shape of the quarkonium
potential evaluated on the lattice (Σ+g in Fig. 1) is well
described by the Cornell potential, which has the short
and long distance behavior expected from QCD pertur-
bation theory and the QCD effective string theory (EST)
[22, 23] respectively,

VΣ+g (r) ≈ −σg

r
+ κgr + EQQ̄

g , (1)

where we take,

σg = 0.489 , κg = 0.187 GeV2 , (2)

and we obtain from the comparison with the experimen-
tal spectrum,

Ecc̄
g = −0.242 GeV Ebb̄

g = −0.228 GeV . (3)

Note that EQQ̄
g should be flavor independent, and indeed

Ecc̄
g and Ebb̄

g agree within a 6%. The spectrum obtained
with the potential above is displayed in Tables 1 and 2.

3. Hybrids
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Figure 1: Energy spectrum in the static limit for n f = 0 [24].

The hybrid potentials together with the quarkonium
potential (Σ+g ) are displayed in Fig. 1. The labels corre-
spond to the representations of the D∞h group, the group

of a diatomic molecule. At short distances all the hy-
brid potentials must approach the repulsive Coulomb
potential of the color octet configuration, as perturba-
tion theory dictates. Furthermore, the states should
gather in short distance multiplets according to the rota-
tional group [16]. At long distance they must approach
the behavior dictated by the QCD EST, namely to the
same linear potential as the quarkonium case (Σ+g ) with
a subleading 1/r behavior that depends on the string
state [23]. Notice that the hybrid potentials, unlike
the quarkonium one, have a classical minimum, which
must sit at r ∼ 1/ΛQCD (there is no other scale avail-
able). Hence the small energy fluctuations about this
minimum have a size

√
Λ3

QCD/mQ, which is paramet-
rically smaller than ΛQCD. Hence, if we are only in-
terested in the lower lying states for each potential, we
are in a situation similar to the strong coupling regime
of pNRQCD [16], in which the scale ΛQCD can be inte-
grated out. This means that, in a leading approximation,
we can ignore the interaction with any other hybrid or
quarkonium state with an energy ! ΛQCD above or be-
low the low lying states. In Fig. 1, we observe that the
short distance degeneracies are already noticeable close
to the minima. Hence, it is natural to chose the degrees
of freedom of the effective theory as a wave function
field that describe the corresponding short distance mul-
tiplet. We are going to restrict ourselves to the lower
lying hybrid multiplet, namely that formed by (Σ−u ,Πu).
At short distances, this wave function field corresponds
to a quark-antiquark in a color octet state together with
a chromomagnetic field that makes the whole operator
color singlet [16]. Hence, we choose a vectorial wave
function matrix H(0, r, t) with the same symmetry trans-
formations as that operator. Namely, it transforms as
H → h1Hh†2, h1, h2 ∈ S U(2) under spin symmetry and
as follows under parity, time reversal and charge conju-
gation,

P : H(R, r, t) → −H(−R,−r, t)
T : H(R, r, t) → −σ2H(R, r,−t)σ2 (4)
C : H(R, r, t) → −σ2HT (R,−r, t)σ2 ,

As a consequence, the P and C quantum numbers of
a hybrid state with quark-antiquark orbital angular mo-
mentum L and quark-antiquark spin S are,

P = (−1)L+1 , C = (−1)L+S+1 . (5)

The Hamiltonian at leading order (BO approximation)
is chosen such that the projection of H to r evolves with
VΣ−u and the projection orthogonal to r with VΠu in the

J. Soto / Nuclear and Particle Physics Proceedings 294–296 (2018) 87–9488
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Final State Width DP (MeV) Partial Wave Threshold (GeV)
D̄(1865)DP1(2430)(j = 1/2) 314 S-wave 4.295
D̄⇤(2007)DP0(2300)(j = 1/2) 229 S-wave 4.307
D̄⇤(2007)DP1(2430)(j = 1/2) 314 S-wave 4.437
D̄(1865)DP2(2461)(j = 3/2) 47.3 D-wave 4.326
D̄(1865)DP1(2422)(j = 3/2) 31.3 D-wave 4.287
D̄⇤(2007)DP1(2422)(j = 3/2) 31.3 D-wave 4.429
D̄⇤(2007)DP2(2461)(j = 3/2) 47.3 D-wave 4.468
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Figure 8. Operator overlap values |Z| for continuum operators corresponding to a 1F supermul-
tiplet (left) and similarly a gluonic hybrid construction (right). These are subduced into different
irreps as indicated, with a consistent value found for the operator overlap across irreps.

Figure 9. A comparison of the lightest hybrid supermultiplet in charmonium and in bottomonium.
The height of the boxes represents the one-sigma statistical uncertainty about the mean. Green
boxes are non-hybrid states and red boxes indicate a hybrid candidate. The mass splitting with
the lightest state — the ηc or ηb meson in charmonium and bottomonium respectively — is shown.
The grey dashed lines indicate the lowest relevant decay thresholds in each case, determined from
lattice data.

for bottom and charm. While a comprehensive error budget is beyond the scope of this
work it is still informative to make a comparison with the existing experimental spectrum.

In figure 10, we show the experimental energies listed in ref. [41] compared with those
determined in this work. The hyperfine splitting is smaller in the lattice spectra, compared
with experiment, as discussed above. The 2S states lie slightly below their experimental
counterparts. The 1P states are in reasonable agreement with experiment while the 2P
multiplet is consistently higher in energy. Comparing spin-averaged splittings, we find that
∆2S−1S = 564(3)MeV is in good agreement with the corresponding experimental value of
563.3MeV. The spin-averaged (1P-1S) splitting is 495(3)MeV in this study compared to
455.12MeV determined from experimental values [41].
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ing of the degeneracy between the H1 and H2 multiplets as well as the H4 and H5 multiplets.

In their approach they account for the breaking of this degeneracy by using different energy

offsets for positive and negative parity potentials. These offsets were set in the charmonium

sector to reproduce the spin averages of the hybrids from the direct lattice calculations of

Ref. [65] and in the bottomonium sector to reproduce the mass splittings between the 1−−,

1++, and 0++ states from the NRQCD lattice computations of Ref. [33].

We have listed the results from [34] suitable for comparison with our results in Table V,

and we have plotted them together with our results obtained using the V (0.25) potential

in Fig. 4 for both charmonium and bottomonium hybrids. The predicted H1/2 mass from

Braaten et al. (before adjusting to lattice data) should be compared with our H2 mass, since

this multiplet is a pure Πu potential state. Similarly, their H4/5 mass should be compared

with our H5 mass. The H3 multiplet is a pure Σ−
u potential state in both approaches and

can also be compared. We can see that there is a good agreement with our results from

Table III. If we shift the masses by the difference in the H1/2 state ∼ 30 MeV, then the other

states agree within 40 MeV. The mass shift of 30 MeV should be accounted for through the

uncertainty of the gluelump mass and other systematic errors, so we can take the 40 MeV

discrepancy between our results and those of [34] to be the uncertainty coming from the

fitting of the potentials and the solution of the Schrödinger equation. Overall, comparing

with the results from [34], we can see that the effect of introducing the Λ-doubling terms

lowers the masses of the multiplets that have mixed contributions from the two hybrid static

energies.
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state of D⇤D̄, further enhancing the contribution of the triangle diagram. While the narrow
D1(2420) in the heavy quark limit decays to D⇤⇡ in d-wave, the violation of heavy-quark spin
symmetry (HQSS) may lead to its mixing with the much broader D1(2430), where the s-wave
decay is HQSS allowed. With its large width of over 300 MeV, the D1(2430) e↵ectively acts
as a short range interaction, allowing us to include its contribution via an s-wave point cou-
pling of the Y(4230) to D⇤D̄⇡. For the discovery channel of the Y(4230), e+e� ! J/ ⇡⇡, the
leading order diagrams contain the D1D̄ intermediate state via box and triangle topologies as
shown in figure 2.

Figure 2. Main contributions to Y(4230)! J/ ⇡+⇡� in the molecular picture; only one
representative topology is shown.

Additionally, in this channel the chiral Lagrangian allows for a direct point-like transi-
tion of Y(4230) ! J/ ⇡⇡. The ⇡⇡/K̄K s-wave final state interaction (FSI) is included along
the lines of the Muskhelishvili Omnés formalism outlined in, e.g., [12–14]. Here however,
we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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↵s(Q2)

of all these potentials by fitting to the charmonium and
bottomonium spectrum. The shape of the quarkonium
potential evaluated on the lattice (Σ+g in Fig. 1) is well
described by the Cornell potential, which has the short
and long distance behavior expected from QCD pertur-
bation theory and the QCD effective string theory (EST)
[22, 23] respectively,

VΣ+g (r) ≈ −σg

r
+ κgr + EQQ̄

g , (1)

where we take,

σg = 0.489 , κg = 0.187 GeV2 , (2)

and we obtain from the comparison with the experimen-
tal spectrum,

Ecc̄
g = −0.242 GeV Ebb̄

g = −0.228 GeV . (3)

Note that EQQ̄
g should be flavor independent, and indeed

Ecc̄
g and Ebb̄

g agree within a 6%. The spectrum obtained
with the potential above is displayed in Tables 1 and 2.

3. Hybrids
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Figure 1: Energy spectrum in the static limit for n f = 0 [24].

The hybrid potentials together with the quarkonium
potential (Σ+g ) are displayed in Fig. 1. The labels corre-
spond to the representations of the D∞h group, the group

of a diatomic molecule. At short distances all the hy-
brid potentials must approach the repulsive Coulomb
potential of the color octet configuration, as perturba-
tion theory dictates. Furthermore, the states should
gather in short distance multiplets according to the rota-
tional group [16]. At long distance they must approach
the behavior dictated by the QCD EST, namely to the
same linear potential as the quarkonium case (Σ+g ) with
a subleading 1/r behavior that depends on the string
state [23]. Notice that the hybrid potentials, unlike
the quarkonium one, have a classical minimum, which
must sit at r ∼ 1/ΛQCD (there is no other scale avail-
able). Hence the small energy fluctuations about this
minimum have a size

√
Λ3

QCD/mQ, which is paramet-
rically smaller than ΛQCD. Hence, if we are only in-
terested in the lower lying states for each potential, we
are in a situation similar to the strong coupling regime
of pNRQCD [16], in which the scale ΛQCD can be inte-
grated out. This means that, in a leading approximation,
we can ignore the interaction with any other hybrid or
quarkonium state with an energy ! ΛQCD above or be-
low the low lying states. In Fig. 1, we observe that the
short distance degeneracies are already noticeable close
to the minima. Hence, it is natural to chose the degrees
of freedom of the effective theory as a wave function
field that describe the corresponding short distance mul-
tiplet. We are going to restrict ourselves to the lower
lying hybrid multiplet, namely that formed by (Σ−u ,Πu).
At short distances, this wave function field corresponds
to a quark-antiquark in a color octet state together with
a chromomagnetic field that makes the whole operator
color singlet [16]. Hence, we choose a vectorial wave
function matrix H(0, r, t) with the same symmetry trans-
formations as that operator. Namely, it transforms as
H → h1Hh†2, h1, h2 ∈ S U(2) under spin symmetry and
as follows under parity, time reversal and charge conju-
gation,

P : H(R, r, t) → −H(−R,−r, t)
T : H(R, r, t) → −σ2H(R, r,−t)σ2 (4)
C : H(R, r, t) → −σ2HT (R,−r, t)σ2 ,

As a consequence, the P and C quantum numbers of
a hybrid state with quark-antiquark orbital angular mo-
mentum L and quark-antiquark spin S are,

P = (−1)L+1 , C = (−1)L+S+1 . (5)

The Hamiltonian at leading order (BO approximation)
is chosen such that the projection of H to r evolves with
VΣ−u and the projection orthogonal to r with VΠu in the
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Final State Width DP (MeV) Partial Wave Threshold (GeV)
D̄(1865)DP1(2430)(j = 1/2) 314 S-wave 4.295
D̄⇤(2007)DP0(2300)(j = 1/2) 229 S-wave 4.307
D̄⇤(2007)DP1(2430)(j = 1/2) 314 S-wave 4.437
D̄(1865)DP2(2461)(j = 3/2) 47.3 D-wave 4.326
D̄(1865)DP1(2422)(j = 3/2) 31.3 D-wave 4.287
D̄⇤(2007)DP1(2422)(j = 3/2) 31.3 D-wave 4.429
D̄⇤(2007)DP2(2461)(j = 3/2) 47.3 D-wave 4.468
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Figure 8. Operator overlap values |Z| for continuum operators corresponding to a 1F supermul-
tiplet (left) and similarly a gluonic hybrid construction (right). These are subduced into different
irreps as indicated, with a consistent value found for the operator overlap across irreps.

Figure 9. A comparison of the lightest hybrid supermultiplet in charmonium and in bottomonium.
The height of the boxes represents the one-sigma statistical uncertainty about the mean. Green
boxes are non-hybrid states and red boxes indicate a hybrid candidate. The mass splitting with
the lightest state — the ηc or ηb meson in charmonium and bottomonium respectively — is shown.
The grey dashed lines indicate the lowest relevant decay thresholds in each case, determined from
lattice data.

for bottom and charm. While a comprehensive error budget is beyond the scope of this
work it is still informative to make a comparison with the existing experimental spectrum.

In figure 10, we show the experimental energies listed in ref. [41] compared with those
determined in this work. The hyperfine splitting is smaller in the lattice spectra, compared
with experiment, as discussed above. The 2S states lie slightly below their experimental
counterparts. The 1P states are in reasonable agreement with experiment while the 2P
multiplet is consistently higher in energy. Comparing spin-averaged splittings, we find that
∆2S−1S = 564(3)MeV is in good agreement with the corresponding experimental value of
563.3MeV. The spin-averaged (1P-1S) splitting is 495(3)MeV in this study compared to
455.12MeV determined from experimental values [41].
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BOEFT 
Braaten, Langmack, Smith PRL 112, 222001,(2014)   

cgc̄ bgb̄

H1/2 4.246 10.864

H3 4.566 11.097

H4/5 4.428 10.964

H ′
1/2 4.596 11.071

TABLE V. Predicted multiplet masses from [34] before adjusting to lattice data. The prime on a

multiplet stands for the first excited state of that multiplet. All values are given in units of GeV.

to the Λ-doubling effect, cf. section VC. Considering the mixing terms results in the break-

ing of the degeneracy between the H1 and H2 multiplets as well as the H4 and H5 multiplets.

In their approach they account for the breaking of this degeneracy by using different energy

offsets for positive and negative parity potentials. These offsets were set in the charmonium

sector to reproduce the spin averages of the hybrids from the direct lattice calculations of

Ref. [65] and in the bottomonium sector to reproduce the mass splittings between the 1−−,

1++, and 0++ states from the NRQCD lattice computations of Ref. [33].

We have listed the results from [34] suitable for comparison with our results in Table V,

and we have plotted them together with our results obtained using the V (0.25) potential

in Fig. 4 for both charmonium and bottomonium hybrids. The predicted H1/2 mass from

Braaten et al. (before adjusting to lattice data) should be compared with our H2 mass, since

this multiplet is a pure Πu potential state. Similarly, their H4/5 mass should be compared

with our H5 mass. The H3 multiplet is a pure Σ−
u potential state in both approaches and

can also be compared. We can see that there is a good agreement with our results from

Table III. If we shift the masses by the difference in the H1/2 state ∼ 30 MeV, then the other

states agree within 40 MeV. The mass shift of 30 MeV should be accounted for through the

uncertainty of the gluelump mass and other systematic errors, so we can take the 40 MeV

discrepancy between our results and those of [34] to be the uncertainty coming from the

fitting of the potentials and the solution of the Schrödinger equation. Overall, comparing

with the results from [34], we can see that the effect of introducing the Λ-doubling terms

lowers the masses of the multiplets that have mixed contributions from the two hybrid static

energies.
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• Question 2 - Is there a favorite molecular quarkonium/quarkonium hybrid/compact tetraquark candiate? What are 
the most unambiguous experimental signatures that would provide a definite assignment for each of the three 
cases? 

• For me the  Y(4230)  state is the most interesting.  It is a natural candidate for a quarkonium hybird.   

• Consider QCD without light quarks.  We know from lattice QCD that there must states  with excitations of the gluon 
degrees of freedom.  Will be smaller contributions to R because not allowed in lowest order in 

• The  1- -  state  (                  ) with a mass in the 4.2-4.3 GeV region.  Associated with I=1 triplet:  (0, 1,2) - +  

• Decay ->                                .     Same as molecular state , but provides the binding core  like the X(3872) case. 

• Recent analysis of final states from                                :     Detten, Hanhart, Baru : ArXiv: 2309.11970 

  

• Also a near point like contribution from  

• In the BbarB system, very likely the hybrid state will be below the B BP thresholds.  

Figure 1. Leading diagrams contributing to Y(4230)! D0D⇤�⇡+ in the molecular picture.

state of D⇤D̄, further enhancing the contribution of the triangle diagram. While the narrow
D1(2420) in the heavy quark limit decays to D⇤⇡ in d-wave, the violation of heavy-quark spin
symmetry (HQSS) may lead to its mixing with the much broader D1(2430), where the s-wave
decay is HQSS allowed. With its large width of over 300 MeV, the D1(2430) e↵ectively acts
as a short range interaction, allowing us to include its contribution via an s-wave point cou-
pling of the Y(4230) to D⇤D̄⇡. For the discovery channel of the Y(4230), e+e� ! J/ ⇡⇡, the
leading order diagrams contain the D1D̄ intermediate state via box and triangle topologies as
shown in figure 2.

Figure 2. Main contributions to Y(4230)! J/ ⇡+⇡� in the molecular picture; only one
representative topology is shown.

Additionally, in this channel the chiral Lagrangian allows for a direct point-like transi-
tion of Y(4230) ! J/ ⇡⇡. The ⇡⇡/K̄K s-wave final state interaction (FSI) is included along
the lines of the Muskhelishvili Omnés formalism outlined in, e.g., [12–14]. Here however,
we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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of all these potentials by fitting to the charmonium and
bottomonium spectrum. The shape of the quarkonium
potential evaluated on the lattice (Σ+g in Fig. 1) is well
described by the Cornell potential, which has the short
and long distance behavior expected from QCD pertur-
bation theory and the QCD effective string theory (EST)
[22, 23] respectively,

VΣ+g (r) ≈ −σg

r
+ κgr + EQQ̄

g , (1)

where we take,

σg = 0.489 , κg = 0.187 GeV2 , (2)

and we obtain from the comparison with the experimen-
tal spectrum,

Ecc̄
g = −0.242 GeV Ebb̄

g = −0.228 GeV . (3)

Note that EQQ̄
g should be flavor independent, and indeed

Ecc̄
g and Ebb̄

g agree within a 6%. The spectrum obtained
with the potential above is displayed in Tables 1 and 2.
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Figure 1: Energy spectrum in the static limit for n f = 0 [24].

The hybrid potentials together with the quarkonium
potential (Σ+g ) are displayed in Fig. 1. The labels corre-
spond to the representations of the D∞h group, the group

of a diatomic molecule. At short distances all the hy-
brid potentials must approach the repulsive Coulomb
potential of the color octet configuration, as perturba-
tion theory dictates. Furthermore, the states should
gather in short distance multiplets according to the rota-
tional group [16]. At long distance they must approach
the behavior dictated by the QCD EST, namely to the
same linear potential as the quarkonium case (Σ+g ) with
a subleading 1/r behavior that depends on the string
state [23]. Notice that the hybrid potentials, unlike
the quarkonium one, have a classical minimum, which
must sit at r ∼ 1/ΛQCD (there is no other scale avail-
able). Hence the small energy fluctuations about this
minimum have a size

√
Λ3

QCD/mQ, which is paramet-
rically smaller than ΛQCD. Hence, if we are only in-
terested in the lower lying states for each potential, we
are in a situation similar to the strong coupling regime
of pNRQCD [16], in which the scale ΛQCD can be inte-
grated out. This means that, in a leading approximation,
we can ignore the interaction with any other hybrid or
quarkonium state with an energy ! ΛQCD above or be-
low the low lying states. In Fig. 1, we observe that the
short distance degeneracies are already noticeable close
to the minima. Hence, it is natural to chose the degrees
of freedom of the effective theory as a wave function
field that describe the corresponding short distance mul-
tiplet. We are going to restrict ourselves to the lower
lying hybrid multiplet, namely that formed by (Σ−u ,Πu).
At short distances, this wave function field corresponds
to a quark-antiquark in a color octet state together with
a chromomagnetic field that makes the whole operator
color singlet [16]. Hence, we choose a vectorial wave
function matrix H(0, r, t) with the same symmetry trans-
formations as that operator. Namely, it transforms as
H → h1Hh†2, h1, h2 ∈ S U(2) under spin symmetry and
as follows under parity, time reversal and charge conju-
gation,

P : H(R, r, t) → −H(−R,−r, t)
T : H(R, r, t) → −σ2H(R, r,−t)σ2 (4)
C : H(R, r, t) → −σ2HT (R,−r, t)σ2 ,

As a consequence, the P and C quantum numbers of
a hybrid state with quark-antiquark orbital angular mo-
mentum L and quark-antiquark spin S are,

P = (−1)L+1 , C = (−1)L+S+1 . (5)

The Hamiltonian at leading order (BO approximation)
is chosen such that the projection of H to r evolves with
VΣ−u and the projection orthogonal to r with VΠu in the
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Final State Width DP (MeV) Partial Wave Threshold (GeV)
D̄(1865)DP1(2430)(j = 1/2) 314 S-wave 4.295
D̄⇤(2007)DP0(2300)(j = 1/2) 229 S-wave 4.307
D̄⇤(2007)DP1(2430)(j = 1/2) 314 S-wave 4.437
D̄(1865)DP2(2461)(j = 3/2) 47.3 D-wave 4.326
D̄(1865)DP1(2422)(j = 3/2) 31.3 D-wave 4.287
D̄⇤(2007)DP1(2422)(j = 3/2) 31.3 D-wave 4.429
D̄⇤(2007)DP2(2461)(j = 3/2) 47.3 D-wave 4.468
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Figure 8. Operator overlap values |Z| for continuum operators corresponding to a 1F supermul-
tiplet (left) and similarly a gluonic hybrid construction (right). These are subduced into different
irreps as indicated, with a consistent value found for the operator overlap across irreps.
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Figure 9. A comparison of the lightest hybrid supermultiplet in charmonium and in bottomonium.
The height of the boxes represents the one-sigma statistical uncertainty about the mean. Green
boxes are non-hybrid states and red boxes indicate a hybrid candidate. The mass splitting with
the lightest state — the ηc or ηb meson in charmonium and bottomonium respectively — is shown.
The grey dashed lines indicate the lowest relevant decay thresholds in each case, determined from
lattice data.

for bottom and charm. While a comprehensive error budget is beyond the scope of this
work it is still informative to make a comparison with the existing experimental spectrum.

In figure 10, we show the experimental energies listed in ref. [41] compared with those
determined in this work. The hyperfine splitting is smaller in the lattice spectra, compared
with experiment, as discussed above. The 2S states lie slightly below their experimental
counterparts. The 1P states are in reasonable agreement with experiment while the 2P
multiplet is consistently higher in energy. Comparing spin-averaged splittings, we find that
∆2S−1S = 564(3)MeV is in good agreement with the corresponding experimental value of
563.3MeV. The spin-averaged (1P-1S) splitting is 495(3)MeV in this study compared to
455.12MeV determined from experimental values [41].
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Belle: Υ(10.75) GeV in  e+e− → Υ(nS)π+π−(n = 1, 2, 3)     Hybrid Ryan and Mitchell, HSC,  JHEP 02  (2021) 214

BOEFT 
Braaten, Langmack, Smith PRL 112, 222001,(2014)   

cgc̄ bgb̄

H1/2 4.246 10.864

H3 4.566 11.097

H4/5 4.428 10.964

H ′
1/2 4.596 11.071

TABLE V. Predicted multiplet masses from [34] before adjusting to lattice data. The prime on a

multiplet stands for the first excited state of that multiplet. All values are given in units of GeV.

to the Λ-doubling effect, cf. section VC. Considering the mixing terms results in the break-

ing of the degeneracy between the H1 and H2 multiplets as well as the H4 and H5 multiplets.

In their approach they account for the breaking of this degeneracy by using different energy

offsets for positive and negative parity potentials. These offsets were set in the charmonium

sector to reproduce the spin averages of the hybrids from the direct lattice calculations of

Ref. [65] and in the bottomonium sector to reproduce the mass splittings between the 1−−,

1++, and 0++ states from the NRQCD lattice computations of Ref. [33].

We have listed the results from [34] suitable for comparison with our results in Table V,

and we have plotted them together with our results obtained using the V (0.25) potential

in Fig. 4 for both charmonium and bottomonium hybrids. The predicted H1/2 mass from

Braaten et al. (before adjusting to lattice data) should be compared with our H2 mass, since

this multiplet is a pure Πu potential state. Similarly, their H4/5 mass should be compared

with our H5 mass. The H3 multiplet is a pure Σ−
u potential state in both approaches and

can also be compared. We can see that there is a good agreement with our results from

Table III. If we shift the masses by the difference in the H1/2 state ∼ 30 MeV, then the other

states agree within 40 MeV. The mass shift of 30 MeV should be accounted for through the

uncertainty of the gluelump mass and other systematic errors, so we can take the 40 MeV

discrepancy between our results and those of [34] to be the uncertainty coming from the

fitting of the potentials and the solution of the Schrödinger equation. Overall, comparing

with the results from [34], we can see that the effect of introducing the Λ-doubling terms

lowers the masses of the multiplets that have mixed contributions from the two hybrid static

energies.
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• Question 2 - Is there a favorite molecular quarkonium/quarkonium hybrid/compact tetraquark candiate? What are 
the most unambiguous experimental signatures that would provide a definite assignment for each of the three 
cases? 

• For me the  Y(4230)  state is the most interesting.  It is a natural candidate for a quarkonium hybird.   

• Consider QCD without light quarks.  We know from lattice QCD that there must states  with excitations of the gluon 
degrees of freedom.  Will be smaller contributions to R because not allowed in lowest order in 

• The  1- -  state  (                  ) with a mass in the 4.2-4.3 GeV region.  Associated with I=1 triplet:  (0, 1,2) - +  

• Decay ->                                .     Same as molecular state , but provides the binding core  like the X(3872) case. 

• Recent analysis of final states from                                :     Detten, Hanhart, Baru : ArXiv: 2309.11970 

  

• Also a near point like contribution from  

• In the BbarB system, very likely the hybrid state will be below the B BP thresholds.  

Figure 1. Leading diagrams contributing to Y(4230)! D0D⇤�⇡+ in the molecular picture.

state of D⇤D̄, further enhancing the contribution of the triangle diagram. While the narrow
D1(2420) in the heavy quark limit decays to D⇤⇡ in d-wave, the violation of heavy-quark spin
symmetry (HQSS) may lead to its mixing with the much broader D1(2430), where the s-wave
decay is HQSS allowed. With its large width of over 300 MeV, the D1(2430) e↵ectively acts
as a short range interaction, allowing us to include its contribution via an s-wave point cou-
pling of the Y(4230) to D⇤D̄⇡. For the discovery channel of the Y(4230), e+e� ! J/ ⇡⇡, the
leading order diagrams contain the D1D̄ intermediate state via box and triangle topologies as
shown in figure 2.

Figure 2. Main contributions to Y(4230)! J/ ⇡+⇡� in the molecular picture; only one
representative topology is shown.

Additionally, in this channel the chiral Lagrangian allows for a direct point-like transi-
tion of Y(4230) ! J/ ⇡⇡. The ⇡⇡/K̄K s-wave final state interaction (FSI) is included along
the lines of the Muskhelishvili Omnés formalism outlined in, e.g., [12–14]. Here however,
we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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as a short range interaction, allowing us to include its contribution via an s-wave point cou-
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Additionally, in this channel the chiral Lagrangian allows for a direct point-like transi-
tion of Y(4230) ! J/ ⇡⇡. The ⇡⇡/K̄K s-wave final state interaction (FSI) is included along
the lines of the Muskhelishvili Omnés formalism outlined in, e.g., [12–14]. Here however,
we assume that the principal value part of the Khuri-Treiman dispersion integral can be ap-
proximated by a contact polynomial (see Y(4230) CT in Fig. 3). For the 2-body final states
J/ ⌘, �c0! and X(3872)�, the main contribution is given by a single triangle diagram, in
combination with contact terms for HQSS allowed transitions [15].

For most final states the data call for an interference with an additional vector state —
thus we include the nearby  (4160), which is treated as a simple Breit-Wigner resonance,
with the subsequent point-like decay of the  (4160) to the given final state.

3 Results

The results for the J/ ⇡+⇡� channel are shown in the left column of figure 3. In the molecular
picture, dominant loop contributions from the box and triangle diagrams enhance the cross
section at the D1D̄ threshold, allowing for the description of the asymmetric lineshape with
just a single pole. The J/ ⇡ subsystem shows a prominent peak from the Zc(3900) and its
reflection, while the box and contact term act as a background. The general features of the ⇡⇡
lineshape are also well reproduced, resulting from an interplay of various mechanisms. The
slight deviation from the experimental data most likely arises from the approximate treatment
of the ⇡⇡ FSI. Moving to D0D⇤�⇡+ data, we found that it is not possible to describe the
new high statistics data simultaneously with J/ ⇡+⇡� including only the Y(4230), as the
left flank of peak falls o↵ significantly faster for J/ ⇡+⇡� than for D0D⇤�⇡+. However,
the inclusion of the close by  (4160) with a mass of 4191 ± 5 MeV solves this problem.
Furthermore, the interplay of the Y(4230) pole with the D1D̄ continuum provides a non-
trivial s-dependence for the cross section. At higher energies the fitted lineshape shows a
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of all these potentials by fitting to the charmonium and
bottomonium spectrum. The shape of the quarkonium
potential evaluated on the lattice (Σ+g in Fig. 1) is well
described by the Cornell potential, which has the short
and long distance behavior expected from QCD pertur-
bation theory and the QCD effective string theory (EST)
[22, 23] respectively,

VΣ+g (r) ≈ −σg

r
+ κgr + EQQ̄

g , (1)

where we take,

σg = 0.489 , κg = 0.187 GeV2 , (2)

and we obtain from the comparison with the experimen-
tal spectrum,

Ecc̄
g = −0.242 GeV Ebb̄

g = −0.228 GeV . (3)

Note that EQQ̄
g should be flavor independent, and indeed

Ecc̄
g and Ebb̄

g agree within a 6%. The spectrum obtained
with the potential above is displayed in Tables 1 and 2.
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Figure 1: Energy spectrum in the static limit for n f = 0 [24].

The hybrid potentials together with the quarkonium
potential (Σ+g ) are displayed in Fig. 1. The labels corre-
spond to the representations of the D∞h group, the group

of a diatomic molecule. At short distances all the hy-
brid potentials must approach the repulsive Coulomb
potential of the color octet configuration, as perturba-
tion theory dictates. Furthermore, the states should
gather in short distance multiplets according to the rota-
tional group [16]. At long distance they must approach
the behavior dictated by the QCD EST, namely to the
same linear potential as the quarkonium case (Σ+g ) with
a subleading 1/r behavior that depends on the string
state [23]. Notice that the hybrid potentials, unlike
the quarkonium one, have a classical minimum, which
must sit at r ∼ 1/ΛQCD (there is no other scale avail-
able). Hence the small energy fluctuations about this
minimum have a size

√
Λ3

QCD/mQ, which is paramet-
rically smaller than ΛQCD. Hence, if we are only in-
terested in the lower lying states for each potential, we
are in a situation similar to the strong coupling regime
of pNRQCD [16], in which the scale ΛQCD can be inte-
grated out. This means that, in a leading approximation,
we can ignore the interaction with any other hybrid or
quarkonium state with an energy ! ΛQCD above or be-
low the low lying states. In Fig. 1, we observe that the
short distance degeneracies are already noticeable close
to the minima. Hence, it is natural to chose the degrees
of freedom of the effective theory as a wave function
field that describe the corresponding short distance mul-
tiplet. We are going to restrict ourselves to the lower
lying hybrid multiplet, namely that formed by (Σ−u ,Πu).
At short distances, this wave function field corresponds
to a quark-antiquark in a color octet state together with
a chromomagnetic field that makes the whole operator
color singlet [16]. Hence, we choose a vectorial wave
function matrix H(0, r, t) with the same symmetry trans-
formations as that operator. Namely, it transforms as
H → h1Hh†2, h1, h2 ∈ S U(2) under spin symmetry and
as follows under parity, time reversal and charge conju-
gation,

P : H(R, r, t) → −H(−R,−r, t)
T : H(R, r, t) → −σ2H(R, r,−t)σ2 (4)
C : H(R, r, t) → −σ2HT (R,−r, t)σ2 ,

As a consequence, the P and C quantum numbers of
a hybrid state with quark-antiquark orbital angular mo-
mentum L and quark-antiquark spin S are,

P = (−1)L+1 , C = (−1)L+S+1 . (5)

The Hamiltonian at leading order (BO approximation)
is chosen such that the projection of H to r evolves with
VΣ−u and the projection orthogonal to r with VΠu in the
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Final State Width DP (MeV) Partial Wave Threshold (GeV)
D̄(1865)DP1(2430)(j = 1/2) 314 S-wave 4.295
D̄⇤(2007)DP0(2300)(j = 1/2) 229 S-wave 4.307
D̄⇤(2007)DP1(2430)(j = 1/2) 314 S-wave 4.437
D̄(1865)DP2(2461)(j = 3/2) 47.3 D-wave 4.326
D̄(1865)DP1(2422)(j = 3/2) 31.3 D-wave 4.287
D̄⇤(2007)DP1(2422)(j = 3/2) 31.3 D-wave 4.429
D̄⇤(2007)DP2(2461)(j = 3/2) 47.3 D-wave 4.468
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Figure 8. Operator overlap values |Z| for continuum operators corresponding to a 1F supermul-
tiplet (left) and similarly a gluonic hybrid construction (right). These are subduced into different
irreps as indicated, with a consistent value found for the operator overlap across irreps.

Figure 9. A comparison of the lightest hybrid supermultiplet in charmonium and in bottomonium.
The height of the boxes represents the one-sigma statistical uncertainty about the mean. Green
boxes are non-hybrid states and red boxes indicate a hybrid candidate. The mass splitting with
the lightest state — the ηc or ηb meson in charmonium and bottomonium respectively — is shown.
The grey dashed lines indicate the lowest relevant decay thresholds in each case, determined from
lattice data.

for bottom and charm. While a comprehensive error budget is beyond the scope of this
work it is still informative to make a comparison with the existing experimental spectrum.

In figure 10, we show the experimental energies listed in ref. [41] compared with those
determined in this work. The hyperfine splitting is smaller in the lattice spectra, compared
with experiment, as discussed above. The 2S states lie slightly below their experimental
counterparts. The 1P states are in reasonable agreement with experiment while the 2P
multiplet is consistently higher in energy. Comparing spin-averaged splittings, we find that
∆2S−1S = 564(3)MeV is in good agreement with the corresponding experimental value of
563.3MeV. The spin-averaged (1P-1S) splitting is 495(3)MeV in this study compared to
455.12MeV determined from experimental values [41].

– 14 –

Belle: Υ(10.75) GeV in  e+e− → Υ(nS)π+π−(n = 1, 2, 3)     Hybrid Ryan and Mitchell, HSC,  JHEP 02  (2021) 214

BOEFT 
Braaten, Langmack, Smith PRL 112, 222001,(2014)   

cgc̄ bgb̄

H1/2 4.246 10.864

H3 4.566 11.097

H4/5 4.428 10.964

H ′
1/2 4.596 11.071

TABLE V. Predicted multiplet masses from [34] before adjusting to lattice data. The prime on a

multiplet stands for the first excited state of that multiplet. All values are given in units of GeV.

to the Λ-doubling effect, cf. section VC. Considering the mixing terms results in the break-

ing of the degeneracy between the H1 and H2 multiplets as well as the H4 and H5 multiplets.

In their approach they account for the breaking of this degeneracy by using different energy

offsets for positive and negative parity potentials. These offsets were set in the charmonium

sector to reproduce the spin averages of the hybrids from the direct lattice calculations of

Ref. [65] and in the bottomonium sector to reproduce the mass splittings between the 1−−,

1++, and 0++ states from the NRQCD lattice computations of Ref. [33].

We have listed the results from [34] suitable for comparison with our results in Table V,

and we have plotted them together with our results obtained using the V (0.25) potential

in Fig. 4 for both charmonium and bottomonium hybrids. The predicted H1/2 mass from

Braaten et al. (before adjusting to lattice data) should be compared with our H2 mass, since

this multiplet is a pure Πu potential state. Similarly, their H4/5 mass should be compared

with our H5 mass. The H3 multiplet is a pure Σ−
u potential state in both approaches and

can also be compared. We can see that there is a good agreement with our results from

Table III. If we shift the masses by the difference in the H1/2 state ∼ 30 MeV, then the other

states agree within 40 MeV. The mass shift of 30 MeV should be accounted for through the

uncertainty of the gluelump mass and other systematic errors, so we can take the 40 MeV

discrepancy between our results and those of [34] to be the uncertainty coming from the

fitting of the potentials and the solution of the Schrödinger equation. Overall, comparing

with the results from [34], we can see that the effect of introducing the Λ-doubling terms

lowers the masses of the multiplets that have mixed contributions from the two hybrid static

energies.
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Makoto

Q2. Is there a favorite molecular quarkonium/quarkonium hybrid/compact 
tetraquark candidate? 
What are the most unambiguous experimental signatures that would provide a 
definite assignment for each of  the three cases? 

 will be most significant, as it is predicted to be deeply 
bound below the lowest threshold, , decaying only by the weak interaction. The 
binding energy predicted is around 150-200 MeV below the  threshold.

T−
bb(JP = 1+, I = 0) = (bbūd̄)

B̄B̄
B̄B̄*

Lattice QCD predictions

4-body quark model calculation 
Q. Meng et al., Phys.Lett. B 814 (2021) 136095



Q3: What old/new experimental signatures could  give more insight in the nature of the exotics? 



  

The vector cc exotica: it all started with Y(4260) …. after 20 years we have this: 

Q3.What old/new experimental signatures could give us more insight about 
the nature of exotics? 

We have one production mechanism, JPC fixed, and compare many decay modes.

- clear tension between the results: too simple parametrizations? Interference not properly accounted for?
- can a coupled channel analysis with global fit help understanding this landscape?  

Roberto



  

 Not yet clear indications on the nature of the Y(10750)

→ S-D mixed state model compatible with whb(1S), but not with wcbj(1P)

→ No enhancement of whb(1S) predicted by tetraquark model.

→ No indication of f0 in M(pp) in Y(10750) → pp ϒ(nS) 

What’s next: pp hb(1P), hhb(1P), hϒ(1D), h(‘)ϒ(nS), ϒ(1S) inclusive, radiative                   

transitions … stay tuned !

In bb the ϒ(5S) showed its exotic nature in Belle, where we 

learned about the Y(10750) …. 

Q3.What old/new experimental signatures could give us more insight about 
the nature of exotics? Roberto



Q4: What new detection possibilities/new analysis could be  expected from experiments in near future? 



Roberto

  

Energy range                        Physics target                                               Data already taken                        Future plans                   time allocation

Q4a.What new detection possibilities/analyses can be expected from 
experiments in the near future?

- High energy scans up to 5 GeV

- Rescan the X(3872) peak?

- Search for  pentaquarks at ppcc thresholds: 

     - pphc :4.86 GeV , ppJ/�: 4.97 GeV 



  

Outside Y(4S): 

- O(10 fb-1) : Y(6S) peak running
     - new pathways to conventional and exotic states

- O(100 fb-1) : larger scan in the 10.75 GeV region

- … but even on Y(4S): 
    - are we sure about conventional bb nature ?
    - can we explain the large HQSS violation in hbη?

- from all energies :
    - using ISR, explore ηcJ/ψ bound states 

    - using ηc,χc recoil, explore C=-1 exotica

    - Tcc searches (in double cc)

- O(300 fb-1) :Y(3S) peak running

inclusive production of charmonium-like tetraquarks and pentaquarks

- O(400 fb-1): 10 fb-1 /pt in 10 MeV steps    

                                    Mod.Phys.Lett.A 32 (2017) 04, 1750025

Q4a.What new detection possibilities/analyses can be expected from 
experiments in the near future?Roberto



Q5: What is the contribution of lattice to the identification process? Is that direct or mediated by some mode?l



2

To identify without a model, must define rigorously in QFT
what is meant by ‘molecule’, ‘tetraquark’, ‘hybrid’, …

Weinberg compositeness condition for weakly-bound states.

Scattering amplitude pole positions and sheets 
[Nucl. Phys. A543, 632 (1992); PR D48, 1185 (1993); nucl-th/0410099]

In conjunction with model or other approach:

• Number of and patterns of states
(e.g. with different quantum numbers).

• Couplings to different decay channels.

• Evolution as vary quark masses
(e.g. evolution of pole positions).

• Couplings to a current, e.g. 𝑀|𝐽|0 , 𝑀|𝐽|𝑀′
→ info decay constants, form factors, etc. unitarised pt 

[0801.2871]





increasing m

[1602.05122]

Christopher



Q6: After almost 50 years from the Cornell model, how good is our understanding of ordinary quarkonium states above 
thresholds? How is lattice QCD changing our theoretical understanding of these states?



• Question 6 - After almost 50 years from the Cornell model, how good is our understanding of ordinary quarkonium states above threshold?How 
is lattice QCD changing our theoretical understanding of these states? 

• Below Threshold -  Lattice QCD put the model of the force between  heavy quark-antiquark systems on a sound footing.  Both the leading 
behavior of the potential between heavy quarks and the relativistic corrections (                  ) have been measured using lattice methods and 
generally agree with the simple models.  The effects of light quark loops are mainly limited to give the running coupling constant                     and 
renormalizing the coefficients of the terms. Not too significant but must be included.  The situation above threshold is much more dramatic.  

• Above Threshold -   The            states can decay by strong interactions.   Cornell model PR D 21, 203 (1980). No free parameters. 

•  
• The coupling to the charmed strange mesons  are smaller in this region.  The Cornell model gives  ->                                                                                          

• As we go to higher energies must include more decay channels.  Also the resonances will become wider and overlap. 

• In addition there are new states even without light quarks. The hybrid spectrum (required by lattice QCD )                                                                     
The lowest 1 - -   state should appear in the region of  4.2-4.3 Gev (see Question 2)  

• Understanding the underlying physics is difficult without an accurate model.

CHARMONIUM: COMPARISON WITH EXPERIMENT 2l5

TABLE VII. Mass shifts in the coupled-channel cal-
culation of charmonium states; see the text for the pa-
rameters used.

State
Bare mass
(Me V)

Mass shift
(Me V)

Renormalized
mass (MeV)

1 Si
2 Si
3 Si
43s
13P
1P
1Pp
13D
2 Di

3143
3802
4280
4687
3615
3615
3615
3935
4372

-48
-118
-55
—62
-92
-98
-96
-180
-142

3095
3684
4225
4625
3523
3517
3519 '

3755
4230

shifts of 3S and 4S are presumably due to the
omission of additional thresholds involving orbital
and radi. al excitations of charmed mesons. Also
the masses of 3S and 2D are difficult to determine
because of large interference effects in this re-
gion.
The wave functions for the "physical" ( and g'

are now linear combinations of various bare
states. For example, the structure of g' is of the
form

S(cc)) + +5.1"'D (cc))
n ~

+ &~DD;p-wave) + P~D*D*;f wave)+-
(4. 6)

where a, is the largest coefficient. Although the
states in the second line have the spatial structure
of bound states of charmed mesons, these are not
"molecular" states" because g' lies below the
threshold. The amount of mixing in g and P' from

other S and D states is listed in Table VIII. The
effect of mixing with virtual charmed-meson states
is also listed in the column entitled Z«,-&. The
departure from unity, 1 -Z &,-„, is the probability
of finding the state in the charmed-meson sector.
As a consequence of mixing, the ratio of the

wave functions for g' and ( at the origin squared
is changed to 0. 67 from that given by (2. 6). The
resulting leptonic width of g' is in complete agree-
ment with experiment (see Table VIII).
Using the parameters (4. 5) determined above,

one can also find the positions of the P states by
a similar calculation. The bare masses, mass
shifts, and renormalized masses for 1P states
are shown in Table VII. The center of gravity of
the 1P states is 3.521 GeV to be compared with
the observed value 3.522 GeV.
The splitting of these levels due to the coupled-

channel effect (induced splitting) is only a few
MeV, and is far too small to account for the ob-
served splitting. Clearly the major part of the
1& state splitting must come from the sizeable
spin-orbit force which is expected to be present
in any system bound together by vector-meson ex-
change.
The amount of mixing of other P states in 1'PJ

is also listed in Table VIII.
Given the wave functions listed in Table VIH,

we can evaluate the F-1 matrix elements, including
the effects of coupling to virtual decay channels,
using Eqs. (2.21), (3.53), and (3.55) of I and other
formulas given in Appendices D, E, and F of I.
%e find that, although the DD*+D*D thresholds
are more distant from g', their effects are as
important as the DD threshold because statistical-
ly they are much stronger thresholds. Calculated
results for the El transitions g'- yy~ and y~ —yP
are shown in Tables IX and X, respectively.

TABLE VIII. Modification of cc states due to decay. The probability amplitude for a phys-
ical particle (p, p', or XJ) to be in a charmonium state is given by the number under that
state. Z(;, ~ gives the norm of the physical particle in the cc sector. I"«(P) is held fixed at
4.8 keV.

Particle +(cc) I;, {keV)
0.982
-0.090

0.040 -0.010 0.003 -2 &&10 -7 x10 0.966
0.883 0.046 -0.015 -0.031 0.006 0.791

4.8
2.3

Particle 1P 2P +(cc)

X2

Xi
Xp

0.938
0.933
0.937

.-0.063
-0.060
-0.055

-0.014
-0.014
-0.013

0.885
0.874
0.881

For this and the remaining tables the bare masses of 1 PJ states have been shifted so that
the renormalized masses are 3.415, 3.510, and 3.555 GeV for the J=O, 1, and 2 states, re-
spectively. These shifts are -107, -8, and 36 MeV, .respectively, for J=O, 1, and 2 13PJ
states.

CHARMON IUM: COMPARISON WITH EXPERIMENT 213

where g„and (~ are eigenfunctions in the discrete
and continuous spectra, respectively, and z is a
complex variable. If we wish to know the proba-
bility of finding a particle at the origin and having
an energy E in the continuous spectrum, we can
determine it from (3.4) via

~ y, (0) ~' = -(I/v)lmG(O, O;E+ i~) . (3.5)
Thus if our cc pair were interacting through a
potential that does not confine, (3.5) would provide
the way for computing e'e —c|.- above the threshold
for free quark production.
The true situation- is actually not totally unre-

lated to this unrealistic model. The coupling to
the (cq, cq) states does allow c and c to escape to
infinity, provided each of them is accompanied by
another quark, and this escape mechanism can be
represented by an effective interaction Hamiltonian
that acts only in the cc sector. One might jump to
the conclusion that this is an idiotic approximation,
t)ut the opposite is true: In any problem with N
degrees of freedom one can always confine one' s
attention to a subset of n && degrees of freedom by
constructing an effective interaction Q that will
describe the evolution of this subset exactly. Na-
turally ~4 is, in general, a very complicated oper-
ator —in particular, it will not be Hermitian if
"decay" can occur.
Assume that we already know this ~~ for our ce

subspace; it will, as we have said, implicitly con-
tain all information about the coupling between the
cc states and others that have more quarks. With
this ~~ we construct the "true" Green's function
g(r, r', z) in the cc subspace using the universal
definition (3.3) by simply replacing Ho by Ho+ Q.
The contribution to cr(e'e —hadrons) stemming
from cc creation is then computed in the usual
manner by combining (3.5) with the van Royen-
Weisskopf formula. As we showed in Appendix C
of I, this calculation yields the following formula
for the cross section due to charmed final states,
divided by o(e'e —p, 'g ):

b, R= -(32m/W )Imp (0, 0; W+is) . (3.6)
The isolated poles of g also give us the new posi-

tion of the bound states, i.e., the shifts due to cou-
pling to closed decay channels, and their residues
the components of the bound-state eigenvectors in
the cc sector. This makes it clear that when one
incorporates decay, one must "renormalize" the
parameters of the naive model (quark masses, pa-
rameters in V) so that the final spectrum of bound
states and thresholds is as in Fig. 5.
Thus a knowledge of the effective cc interaction

due to open and closed decay channels is all that
is needed to compute the quantities of interest to
us. In I (see Sec. IIIE) we showed that the ampli-

tudes depicted in Fig. 7 lead to the following ex-
pression for 4:

(3.7)

Here the matrix elements are just the expressions
(3.2), i.e., v. is a channel index (e.g. , DD~),
(E„p,) are the four-momenta of the decay pro-
ducts, and ~n) and ~m) are any pair of cc states
sharing the same conserved quantum numbers
(e.g. , I'D, and 2'S). Observe that I'c is indeed a
complex matrix once W exceeds the DD threshold.
We quickly list the approximations made in ar-

riving at (3.7): Only valence quarks are retained—
matrix elements of U that produce sea quarks are
discarded; the fact that the decay products may
themselves be unstable (i.e., D*—Dn) is ignored,
as are OZI-forbidden decays; final-state interac-
tions are neglected; all expressions are reduced
to their nonrelativistic limit. Of these the last is
probably the most serious. While the c quarks
move fairly slowly, and make a nonrelativistic
description of the cc bound states a reasonable
first approximation, there is no justification for
treating the light quarks in this way. These cal-
culations are therefore based on the hope that a
more realistic calculation would have qualitatively
similar decay amplitudes.
The Green's function g constructed with this E'?

describes the propagation of a cc pair in a manner
that incorporates all real or virtual decays into
noninteracting charmed-meson pairs, and may
therefore be depicted by Fig. 8; g contains all
diagrams of this type.
So far we have only discussed the approximations

inherent to the very scheme that culminates in the
formulas for the decay amplitudes and the effective
interaction ~&. This is the straightforward part
of the story. Unfortunately it is not practical to
evaluate ~~ for a complete set of decay channels
~
r) as well as cc states ~n). The calculations done
thus far actually involve two important truncations.
The first of these is that ~e only keep the first few
cc bound states ~n), and thereby reduce 0 to a
finite matrix. This approximation is easily con-
trolled by straightforwardly adding further states
and examining the stability of the final result. The

FIG. 8. The propagation of a cc pair in the presence
of open and closed decay channels as described in the
Green's function 8.
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FIG. 11. The charm contribution to R in the 1 3D re-
gion (3.7 & W'& 3.8 GeV) as computed with the coupled-
channel model. Only DD channels contribute in this
energy region. Contributions from B5~and D'D are
indicated separately.
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(c)

SLAC-LBL, DELCO, ' DASP, and PLUTO '
collaborations are shown in Fig. 15. In visually
comparing the various curves, one should recall
that these groups make different corrections to
the data, and claim somewhat different systematic
errors (see Refs. 44-47). Furthermore, all data
contain an uncharmed component amounting to
2-2. 5 units of R, and above 8'= 3.564 GeV, a
component from the 7 lepton. " Given that there
are differences among the various sets of data, .

and that our model breaks down rather badly
above 8' = 4. 3 Gev, we shall not attempt a detailed
and quantitative comparison of the model calcula-
tion with data points. Rather, we wil1. explain the

0
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FIG. 12. The charm contribution to R from exclusive
channels in the region 3.8&%&4.5 GeV. These curves
are computed from the coupled-channel model.
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FIG. 13. The charm contribution to R in the region 3.7& V & 4.5 GeV as computed in the coupled-channel model. Con-
tributions from F~F2 channels are included but not indicated separately since they are too small; they are shown in Fig.
12.
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Q̄Q

For the 3S - 2D region the total and individual channels are roughly  
in agreement with the observed individual channels. 
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4

If neglect unstable nature of heavy quarkonia above 
threshold, lattice QCD suggests get pattern of quark 
model states + extras that could be identified as hybrid 
mesons (including exotic JPC = 0+-, 1-+, 2+-, …).

Huge progress in last 10 or so years in lattice QCD 
calculations of hadron-hadron scattering and resonances.

Don’t yet have clear picture of most charmonium and 
bottomonium resonances.

Excited charmonia [1610.01073] m ≈ 240 MeV

[Daniel Mohler at Lattice 2024]

Lattice QCD also finds exotic-flavour states:

• 𝑏𝑏 ҧ𝑙 ҧ𝑙 and 𝑏𝑏 ҧ𝑙 ҧ𝑠 bound states with JP=1+

• Possibly bound states/virtual bound 
states/resonances in 𝑇𝑐𝑐 cc ҧ𝑙 ҧ𝑙 and other 
channels.

Christopher



Q7: What is the link of the different phenomenological approaches (quark models, molecule models, compact tetraquark 
models, chiral unitary approaches, ...) with QCD?   How well we understand the confinement of quarks in multi-quark states?



Q7C. How well do we understand the confinement of quarks in multi-quark states?  
- Is  ( ) analogous to  ( )? Or to ? 

- Confinement of multi-quark systems (which does not appear in ordinary hadrons) is 
not trivial or not well understood.  
- String-flip-flop type model may require new color configurations for color SU(3). 
 

Q7B. What is our understanding of the couplings between different Fock states, such as 
Q Qbar and Qq Qbar qbar states? 
-  ( ) decays into  by fall-apart, while the decays of 3q baryons are 
associated with  creation. 
- Molecular states may be distinguished from compact states by the production/decay 
processes.  (ex. X(3872))

TQQ QQūd̄ ΛQ Qud ΞQQ(QQu /QQd)

TQQ QQūd̄ Qū + Qd̄
qq̄

u

d

Q

Q
u

Q

Qd
Q

u

three-body confinementfour-body confinement

R

B

R

R

B

R B

B
color U(1) color SU(3) hidden color

Makoto



Q8: Is the molecular picture (and to what extent) included in the BOEFT approach?  Are compact tetraquark and molecular 
descriptions really exclusive?



• Question  8 - Is the molecular picture (and to what extent) included in the BOEFT approach? 

• Usually lattice calculations with static quarks become very difficult as the distance between heavy quarks increases much 
beyond one Fermi.  In fact, string breaking on the lattice has not been directly observed.  Instead we measure the mixing 
between quarkonium states and two heavy-light meson states. 

• When we add two dynamical light quarks the static energy doesn’t continue to grow with distance, so extracting the 
behavior at large distance is  possible (although noisy).  At large distance the system well approximates two heavy-light 
mesons. This works best for two ground state heavy-light mesons.  In fact, the Born Oppenheimer approximation is ideal 
for molecular atomic physics.  

• The behavior as a function of heavy quark  separation gives insight into the nature of the force between the two mesons. 

• It is limited because it only easily finds the ground state for any set of quantum numbers for the light quarks. Extracting 
the excited spectrum is more difficult.   Also final states of the form                                                   can appear. 

•                                                                                                              
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Q

<latexit sha1_base64="fvPPENm4EDuOVh+6NDq4BU1ba9o=">AAACDHicbVDLTgIxFL3jE/GFunTTSEwgRpwhBl2SuHEJRh7JMCGd0oGGzoO2Y0ImfIAbf8WNC41x6we4828sAwsFb9Lck3POze09bsSZVKb5baysrq1vbGa2sts7u3v7uYPDpgxjQWiDhDwUbRdLyllAG4opTtuRoNh3OW25w5up3nqgQrIwuFfjiDo+7gfMYwQrTXVzebvjYoHqhbuLclG387Q76AwVUmGERkXtMktmWmgZWHOQh3nVurmvTi8ksU8DRTiW0rbMSDkJFooRTifZTixphMkQ96mtYYB9Kp0kPWaCTjXTQ14o9AsUStnfEwn2pRz7rnb6WA3kojYl/9PsWHnXTsKCKFY0ILNFXsyRCtE0GdRjghLFxxpgIpj+KyIDLDBROr+sDsFaPHkZNMslq1Kq1C/z1co8jgwcwwkUwIIrqMIt1KABBB7hGV7hzXgyXox342NmXTHmM0fwp4zPH7sQlvc=</latexit>

[Q̄(R/2)Q(�R/2)] + (q̄q)

Can learn:   Attractive /Repulsive 

                    Exchange Potentials


                   Spin Dependency

 

Decreasing R
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Static Energies: Tetraquark

Behavior of tetraquark static energy:

0− +

S-wave +S-wave

Isospin=1

1−−

S-wave +S-wave

Isospin=1

❑ Adjoint meson behavior at small r (𝒓 → 𝟎)

❑ Heavy meson pair threshold at large r (𝒓 → ∞)

❑ Avoided crossing with quarkonium static energy (Isopsin=0)

Berwein, Brambilla, AM, Vairo, 

arXiv 2408.04719



Q9: How could the synergy between  experiments, lattice QCD, EFTs and models be improved in the quest for a general 
understanding of the XYZ states?



  

Semi-inclusive reconstruction:
→ Reconstruct one B(*) in 16 modes with 
    D(s)

(*) or J/ψ

→ Ignore g from B* to B

→ Separate processes by momentum (Mbc)

Measure the fully-inclusive e+e- → B(s)(*)B(s)(*)+X 
→ Use D0 as proxy for a B0 
→ Use Ds

- as proxy for Bs
0

[JHEP 08 2023, 131 (2023)]

Q9.Synergy between experiments and theory: open flavor cross sections

Roberto



  

BB

BsBs B*sB*s

B*B B*B*

ppY(1S)

ppY(2S) ppY(3S) pphb(1P)

pphb(2P) s(bb) s(bb)

Q9.Synergy between experiments and theory: coupled channel analyses

Global fit of both open and hidden flavor channels  [Hüsken et al. PRD 106 094013 (2022)]

Roberto


