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Collinear and TMD Factorization
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• QCD gains its predictive power through factorization theorems.

• Collinear factorization: well understood and tested.

• Enormous effort for extracting PDFs and FFs: CTEQ, MRST, HERA PDF, NNPDF ...

• Status for TMD Phenomenology

• CSS Approach : No direct link with TMDs, fits process dependent.

• Generalized Parton Model : Gaussian approximations at fixed scales.

• No TMD repositories.

• No agreed upon definitions of TMDs...

} Universal ?
Predictive ?

Want:  Analogous to collinear factorization



Main Philosophy and the Goal

Extend collinear factorization methodology to TMD 
factorization.

• TMD Factorization

Wµν =
∑

f

|Hf (Q2, µ)|µν

∫
d2k1T d2k2T F̃f/P1(x1,k1T , µ, ζF )F̃f̄/P2

(x2,k2T , µ, ζF )δ(2)(k1T + k2T − qT )

+ corrections

From Foundations of Perturbative QCD, J. Collins

• Repositiory of well defined TMDs 
with QCD evolution included

https://projects.hepforge.org/tmd
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https://projects.hepforge.org/tmd
https://projects.hepforge.org/tmd


Evolution for TMDs

Energy evolution from Collins-Soper equation

Renormalization group equations

and

∂ lnF̃ (x, bT , µ, ζ)
∂ ln
√

ζ
= K̃(bT , µ)

dK̃

dlnµ
= −γK(g(µ))

d lnF̃ (x, bT , µ, ζ)
d lnµ

= −γF (g(µ), ζ/µ2)

Important: Evolution equations are in configuration space!
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Evolution for TMDs

bT• Use collinear factorization treatment for small      .

• Implement matching procedure.

• Apply evolution equations.

F̃f/P (x, bT , µ, ζF ) =
∑

j

∫ 1

x

dx̂

x̂
C̃f/j(x/x̂, bT , ζF , µ, g(µ)) fj/P (x̂, µ) +O((λQCDbT )a)

b∗(bT ) =
bT√

1 + b2
T /b2

max
Collins and Soper (1982)
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Evolved TMDs

C̃j′/j(x, bT , µ, ζF /µ2) = δj′jδ(1− x) + δj′j
αsCF

2π

{
2

[
ln

(
2

µbT

)
− γE

][ (
2

1− x

)

+

− 1− x

]
+ 1− x

+δ(1− x)

[
− 1

2
[ln(b2

T µ2)− 2(ln2− γE)]2 − [ln(b2
T µ2)− 2(ln2− γE)]ln

(
ζF

µ2

) ]}
+O(α2

s)

F̃f/P (x, bT , µ, ζF ) =
∑

j

∫ 1

x

dx̂

x̂
C̃f/j(x/x̂, b∗, ζF , µ, g(µ)) fj/P (x̂, µb)

×exp

{
ln
√

ζF

µb
K̃(b∗, µb) +

∫ µ

µb

dµ′

µ′

[
γF (g(µ′), 1)− ln

√
ζF

µ′ γK(g(µ′))

]}
× exp

{
gj/P (x, bT ) + gK(bT )ln

√
ζF√
ζF,0

}
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Some ResultsSome Results
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Some Results
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Unambiguous Hard Part

• Definition:
|Hf (Q, µ/Q)2|µν =

Wµν

Ff/P1 ⊗ Ff/P2

• Drell-Yan:

|Hf (Q, µ/Q)2|µν = e2
f |H2

0 |µν

(
1 +

CF αs

π

[
3
2
ln(Q2/µ2)− 1

2
ln2(Q2/µ2)− 4 +

π2

2

])
+O(α2

s)

• SIDIS:

|Hf (Q, µ/Q)2|µν = e2
f |H2

0 |µν

(
1 +

CF αs

π

[
3
2
ln(Q2/µ2)− 1

2
ln2(Q2/µ2)− 4

])
+O(α2

s)
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Sivers Function

Using spin decomposition

Ff/P↑(x, kT , S;µ, ζF ) = Ff/P (x, kT ;µ, ζF )− F⊥ f
1T (x, kT ;µ, ζF )

εijki
T Sj

Mp

unpolarized TMD Sivers function

• Written in momentum space.

• Evolution equations in configuration space.

• Extra momentum in prefactor will complicate things.
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Evolution for the Sivers Function

dK̃

dlnµ
= −γK(g(µ))

∂ ln F̃ ′ ⊥ f
1T (x, bT ;µ, ζF )
∂ ln

√
ζF

= K̃(bT ;µ)

d ln F̃ ′ ⊥ f
1T (x, bT ;µ, ζF )

d lnµ
= γF (g(µ); ζF /µ2)

• It is            not            that appears in the physically 
relevant formulas.

•             and            satisfies the same evolution equations.

•Anomalous dimensions for the unpolarized TMDs and the 
polarized TMDs are the same.

F̃⊥ ′
1T (b)F̃⊥1T (b)

F̃⊥1T (b)F̃⊥ ′
1T (b)
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Evolution for the Sivers Function

Using analogous steps to the unpolarized case

recall for the unpolarized TMD PDF

)F̃ ′⊥f
1T (x, bT ;µ, ζF ) =

∑

j

∫ 1

x

dx̂1dx̂2

x̂1x̂2
C̃f/j(x̂1, x̂2, b∗;µ2

b , µb, g(µb))TFj/P (x̂1, x̂2, µb)

× exp
{

ln
√

ζF

µb
K̃(b∗;µb) +

∫ µ

µb

dµ′

µ′

[
γF (g(µ′); 1)− ln

√
ζF

µ′
γK(g(µ′))

]}
× exp

{
gSivers

j/P (x, bT ) + gK(bT ) ln
√

ζF

Q0

}

F̃f/P (x, bT , µ, ζF ) =
∑

j

∫ 1

x

dx̂

x̂
C̃f/j(x/x̂, b∗, ζF , µ, g(µ)) fj/P (x̂, µb)

×exp

{
ln
√

ζF

µb
K̃(b∗, µb) +

∫ µ

µb

dµ′

µ′

[
γF (g(µ′), 1)− ln

√
ζF

µ′ γK(g(µ′))

]}
× exp

{
gj/P (x, bT ) + gK(bT )ln

√
ζF√
ζF,0

}
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Twist 2 Large b Behaviour

• Small     region is twist-three (Qiu-Sterman).

• Tail of the momentum space Sivers function is power suppressed relative to the 
unpolarized TMD.

• Starting point: neglect twist-3 tail and study the large      behavior, which is the 
experimentally interesting region.

• Use already existing gaussian fits to determine the non-perturbative information.

bT

bT
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Some Results: Torino Fits
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Mp
F⊥ f
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Some Results: Bochum Fits
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Epilogue:  What is next ?

• Polarized TMDs: twist 3 large transverse momentum 
region - NLO coefficient function.

• Y term corrections: matching to large transverse 
momentum collinear factorization formalism.

• Global Fits for unpolarized and polarized TMDs!

• Higher orders in anomalous dimensions.

Ultimate Goal: Global Fits!
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Stay tuned for new and improved results 
at

https://projects.hepforge.org/tmd

Don’t forget to subscribe to the mailing list! 

https://projects.hepforge.org/tmd
https://projects.hepforge.org/tmd


Backup Slides

QCD gains its predictive power through factorization

Consider Drell-Yan process:

dσP1P2→ll′(Q2)+X(s, Q2)
dQ2

=
∑

i,j

∫ 1

0
dx1 dx2 fi/P1(x1, µ

2) fj/P2(x2, µ
2)Hij

(
Q2

x1x2s
,
Q2

µ2
, αs(µ2)

)

P1 + P2 → ll̄(Q2) + X

Collins, Soper and Sterman (1985,1988)

PDFs: Long distance dynamics, 
non-perturbative, universal,
evolution through DGLAP

Hard scattering function: 
short distance dynamics,

pQCD calculations

Not complete description         transverse momentum of incoming partons are important              
                                                                                                                

examples: DY, SIDIS, hadron production at          collisions...e+e−



CSS Formalism:Typical Implementation

Collins-Soper-Sterman formalism for DY gives
(1985)

Where is the TMD PDF ?

dσ ∼
∫

d2be−ib·qT

∫ 1

x1

dx̂1

x̂1
C̃f/j(x1/x̂1, b∗, µ

2
b , µb, g(µb)) fj/P1(x̂1, µb)

∫ 1

x2

dx̂2

x̂2
C̃f/j(x2/x̂2, b∗, µ

2
b , µb, g(µb)) fj/P2(x̂2, µb)

exp

[ ∫ Q2

1/b2

dµ
′2

µ′2

{
A(αs(µ

′
))ln

Q2

µ′2
+ B(αs(µ

′
))

}]

exp

[
− gK(b)ln

Q2

Q2
0

− g1(x1, b)− g2(x2, b)

]

+ Large qT term



New TMD Definitions

Click to edit Master title style

• Click to edit Master text styles

– Second level

• Third level

– Fourth level

» Fifth level
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“Unsubtracted”

Implements Subtractions/Cancellations

From Foundations of Perturbative QCD, J.C. Collins,

(See also, Collins, TMD 2010 Trento Workshop)

.) Let us just present the definitions and make some comments about them.

.) Collins claims that this is unique under requirements of factorization.

.) Infinity in the sense of a limit.

.) The factor outside the square root is just like naïve definition.

.) Also need UV renormalization.

.) Unique definition… see collins talk.

.) Full expressions at end of talk as backup slides.

.) Remnant of light-cone divergence cutoff in the y_s.

From Foundations of Perturbative QCD, J. Collins



Fourier Transform is Complicated

F⊥ f
1T (x, kT ;µ, ζF ) =

−1
2πkT

∫ ∞

0
dbT bT J1(kT bT )F̃ ′ ⊥ f

1T (x, bT ;µ, ζF )

with

F̃ ′ ⊥ f
1T (x, bT ;µ, ζF ) ≡ ∂F̃⊥ f

1T (x, bT ;µ, ζF )
∂bT

It is F̃ ′(bT ), not F̃ (bT ) that appears in the physically relevant formulas.

F̃ ′ ⊥ f
1T (x, bT ;µ, ζF ) = −2π

∫ ∞

0
dkT k2

T J1(kT bT )F⊥ f
1T (x, kT ;µ, ζF )


