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• Reivew transverse spin Effects - TSSAs

• Gauge links-Color Gauge Inv.-“T-odd” TMDs

• T-odd PDFs via ISI/FSIs ... Phases & gauge link
“QCD calc “  FSIs Gauge Links-Color Gauge Inv. “T-odd” TMDs 

• Generalizing the Generalized Parton Model 
(GPM) color gauge invariance   CGI-GPM

• Some pheno results 

• Connection w/ twist three approach

      

Outline 



• Single inclusive hadron production  in hadronic                      
collisions largest/oldest observed  TSSAs  

• From theory view most challenging understand-best theory 
description-twist 3 power suppressed (compared w/ SIDIS, DY, e+e-) 

• Can we use twist 2: There are connections w/ twist 2 approach

• Operator level ETQS fnct 1st moment of Sivers            

• Connection btwn twist 3 approach and twist 2 in overlap regime  

• Same mechanism in both approaches ISI/FSI

• Explore role parton model processes in tw-2&3  approaches    
LG & Z. Kang PLB 2011 and for Collins in prep

Comments I

+   “UV” ...

gTF (x, x; |bT |) = −2M
∫
d2pT

|pT |
|bT |M J1(|bT ||pT |)f⊥

1T (x, p
2
T )

gTF (x, x) = −
∫

d2pT
|p2T |
M

f⊥
1T (x, p

2
T )

= −2Mf⊥(1)
1T

Boer, LG, Musch, Prokudin arXiv:1107.5294 see also Abyat’s talk

Ji,Qiu,Vogelsang, Yuan PRL 2006 ...
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Large Transverse Polarization in Inclusive Reactions

Fixed target Collider

pbeam=12 Gev/c pbeam=22 Gev/c pbeam=200 Gev/c



Modern Era Transverse SSAʼs at √s = 62.4 & 200 GeV at RHIC

PRL101, 042001 (2008)

Transverse SPIN Observables SSA (TSSA) p↑ p → πX

P

ST

R

−
P⊥

L

!P⊥π

−!P⊥π

P

ST

−P

π

π

• Single Spin Asymmetry AN = σ↑(xF ,p⊥)−σ↑(xF ,−p⊥)
σ↑(xF ,p⊥)+σ↑(xF ,−p⊥)

≡ ∆σ

• Rotational invariance σ↓(xF , p⊥) = σ↑(xF ,−p⊥)
⇒ Left-Right Asymmetry

# Parity Conserving interactions: SSAs “Transverse” Scattering plane
=⇒ ∆σ ∼ iST · (P × P π

T )

• Correlation in Transverse Momentum PT & Transverse SPIN ST

patterns of polarization signs. The unfilled 9 bunches are
sequential and correspond to the abort gap needed to eject
the stored beams. Pb was measured every 3 h during RHIC
stores by a polarimeter that detected recoil carbon ions
produced in elastic scattering of protons from carbon rib-
bon targets inserted into the beams. The effective AN of this
polarimeter was determined from p" þ p" elastic scattering
from a polarized gas jet target [24] thereby determining
Pb ¼ 55:0# 2:6% (56:0# 2:6%) for the Blue (Yellow)
beam in the 2006 run [25].

The FPD comprises four modules, each containing a
matrix of lead glass (PbGl) cells of dimension 3:8 cm$
3:8 cm$ 18 radiation lengths. Pairs of modules were
positioned symmetrically left (L) and right (R) of the
beam line in both directions, at a distance of %750 cm
from the interaction point [21]. The modules facing the
Yellow (Blue) beam are square matrices of 7$ 7 (6$ 6)
PbGl cells. Data from all FPD cells were encoded for each
bunch crossing, but only recorded when the summed en-
ergy from any module crossed a preset threshold.

Neutral pions are reconstructed via the decay !0 ! "".
The offline event analysis included conversion of the data
to energy for each cell, formation of clusters and recon-
struction of photons using a fit with the function that
parametrizes the average transverse profile of electromag-
netic showers. Collision events were identified by requiring
a coincidence between the east and west STAR beam-beam
counters, as used for cross section measurements [26].
Events were selected when two reconstructed photons
were contained in a fiducial volume, whose boundary
excludes a region of width 1=2 cell at the module edges.
Detector calibration was determined from the !0 peak
position in diphoton invariant mass (M"") distributions.

The estimated calibration accuracy is 2%. The analysis was
validated by checking against full PYTHIA/GEANT simula-
tions [27]. The reconstructed !0 energy resolution is given
by #E!=E! & 0:16=

ffiffiffiffiffiffiffi
E!

p
.

Because of the limited acceptance there is a strong
correlation between xF and pT for reconstructed !0

(Fig. 1). Spin effects in the xF-pT plane are studied by
positioning the calorimeters at different transverse dis-
tances from the beam, maintaining L=R symmetry for pairs
of modules. Figure 1 shows loci from h$i ¼ 3:3, 3.7, and
4.0. There is overlap between the loci, providing cross-
checks between the measurements. Because the measure-
ments were made at a colliding beam facility, both xF > 0
and xF < 0 results are obtained concurrently.
Events with 0:08<M"" < 0:19 GeV=c2 were counted

separately by spin state from one or the other beam, with
no condition on the spin state of the second beam, in the xF
bins shown in Fig. 1. For each run i, AN;i for each bin was
then determined by forming a cross ratio

AN;i ¼
1

Pb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL";iNR#;i

p ' ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL#;iNR";i

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL";iNR#;i

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL#;iNR";i

p ; (1)

whereNLðRÞ"ð#Þ;i is the number of events in the L (R) module
when the beam polarization was up (down). Equation (1)
cancels spin dependent luminosity differences through
second order. Statistical errors were approximated by
!AN;i ¼ ½Pb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL";i þ NL#;i þ NR";i þ NR#;i

p +'1, valid for
small asymmetries. All measurements of Pb for a store
were averaged and applied to get AN;i for each bin. The
run-averaged AN #!AN values are shown in Fig. 2.

FIG. 1 (color online). Correlation between pion longitudinal
momentum scaled by

ffiffiffi
s

p
=2 (xF) and transverse momentum (pT)

for all events. Bins in xF used in Figs. 2 and 4 are indicated by
the vertical lines. There is a strong correlation between xF and
pT at a single pseudorapidity (h$i).

FIG. 2 (color online). Analyzing powers in xF bins (see Fig. 1)
at two different h$i. Statistical errors are indicated for each
point. Systematic errors are given by the shaded band, excluding
normalization uncertainty. The calculations are described in the
text. The inset shows examples of the spin-sorted invariant mass
distributions. The vertical lines mark the !0 mass.

PRL 101, 222001 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

28 NOVEMBER 2008

222001-4

STAR

September 3, 2008 19:54 WSPC - Proceedings Trim Size: 9in x 6in AidalaTransversity2008

4

flight walls.
With no spin rotator magnets outside the BRAHMS interaction region,

all proton-proton collisions at BRAHMS are transversely polarized in the
vertical direction.

4. Results

A number of results are now available from transversely polarized data
taken by the BRAHMS and PHENIX experiments at center-of-mass ener-
gies of 200 and 62.4 GeV. The transverse single-spin asymmetries discussed
below are all left-right asymmetries, which can be calculated by

ALeft
N =

1

P

N↑ − RN↓

N↑ + RN↓

where ALeft
N

indicates the asymmetry calculated to the left of the polar-
ized beam, P is the beam polarization, N↑ (N↓) is the particle yield from
bunches polarized up (down), and R = L

↑

L↓ is the relative luminosity be-
tween up- and down-polarized bunches. Both beams at RHIC are polarized;
in the calculation of single-spin asymmetries, the polarization of one beam
is considered while averaging over the polarization states of the other.
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Fig. 2. Charged pion asymmetries measured at 200 and 62.4 GeV by the BRAHMS
experiment and at 19.4 GeV by the E704 experiment, shown for overlapping kinematic
ranges (see text).

In the early 1990’s large transverse single-spin asymmetries in forward
pion production were observed by the E704 experiment at Fermilab at a



• “WTIM” consider hadronic processes taking into 
account ISI/FSI in gen. parton model GPM

• Consider impact in three cases

• Inclusive pion production at forward rapidity-
Both Collins and Sivers can contribute

• Direct photon - Sivers only, can be used to test 
sign change as in DY

• and ...

{\em Model Assumptions}



• Collins effect  Yuan PRL 2008

• Pion about jet-Can disentangle Collins & Sivers                

•                                                                                                                  
w/o ISI/FSI-    D’Alesio, Murgia, Pisano PRD10,                                                                                                                      
w/ ISI/FSI-      D’Alesio, LG, Kang, Murgia, Pisano w/ ISI/FSI-arXiv:1108.0827 [hep-ph]  

• Inclusive jet - Only Sivers, can be used to test sign change 
as in DY 

• Talk of Cristian Pisano Wednesday                              

p↑ p −→ h1 jet X

Azimuthal asymmetric distribution of hadrons inside a high energy jet 
in transverse polarized nucleon-nucleon scattering

Asymmetric Azimuthal Distribution of Hadrons inside a Jet from Hadron-Hadron Collisions

Feng Yuan
Nuclear Science Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

RIKEN BNL Research Center, Building 510A, Brookhaven National Laboratory, Upton, New York 11973, USA
(Received 20 September 2007; published 23 January 2008)

We study the azimuthal asymmetric distribution of hadrons inside a high energy jet in the single-
transverse polarized nucleon-nucleon scattering, coming from the Collins effect multiplied by the quark
transversity distribution. We argue that the Collins function in this process is the same as that in the semi-
inclusive deep inelastic scattering. The experimental study of this process will provide us with important
information on the quark transversity distribution and test the universality of the fragmentation functions.

DOI: 10.1103/PhysRevLett.100.032003 PACS numbers: 12.38.Bx, 12.39.St, 13.87.Fh, 13.88.+e

I. Introduction.—Quark transversity distribution is one
of the most important quark distributions of nucleon that
remains unknown [1–3]. It is a quark distribution when the
nucleon is transversely polarized. Unlike the polarized
quark distribution in a longitudinal polarized nucleon, the
quark transversity is difficult to measure because it is a
chiral-odd distribution [2]. For example, it cannot be
studied in the inclusive deep inelastic scattering (DIS),
which can only probe the chiral-even parton distributions.
The Drell-Yan lepton pair production in pp scattering can
be used to study the quark transversity distributions [1,2],
but these have limited access to them at the collider ex-
periment at RHIC [4].

There have been suggestions to probe the quark trans-
versity from other processes [3]. For example, in Ref. [5], it
was proposed to study the quark transversity distributions
from the semi-inclusive hadron production in the DIS
(SIDIS) process, which can couple with another chiral-
odd fragmentation function, the so-called Collins fragmen-
tation function, to lead to a nonzero azimuthal single spin
asymmetry (SSA). This SSA has been studied by the
HERMES Collaboration at DESY [6], and a very interest-
ing result on the Collins fragmentation function was found
[7]. The Collins effect in the back-to-back two-hadron
production in e!e" annihilation has also been explored
by the BELLE Collaboration [8], and a first attempt to
extract the quark transversity distribution from the com-
bined analysis of these two experiments has been reported
recently [9]. The interference fragmentation function for
two-hadron production has also been suggested to study
quark transversity distribution in DIS and hadronic reac-
tions [10,11].

In this Letter, we investigate the possibility of exploring
the quark transversity distribution in pp collision at RHIC
by studying the azimuthal asymmetric distribution of had-
rons inside a jet [10,12]. We are interested in the hadron
production from the fragmentation of a transversely polar-
ized quark, which inherits transverse spin from the incident
nucleon through transverse-spin transfer in the hard par-
tonic scattering processes [10,13]. As we show in Fig. 1,

we will study the process,

 p#PA; S?$ ! p#PB$ ! jet#PJ$ ! X ! H#Ph$ ! X; (1)

where a transversely polarized proton with momentum PA
scatters on another proton with momentum PB, and pro-
duces a jet with momentum PJ (transverse momentum P?
and rapidity y1 in the laboratory frame). The three mo-
menta of PA, PB, and PJ form the so-called reaction plane.
Inside the produced jet, the hadrons are distributed around
the jet axis, and we are interested in studying the azimuthal
distribution of a particular hadron H, whose transverse
momentum PhT relative to the jet axis will define an
azimuthal angle with the reaction plane: !h, as shown in
Fig. 1. We also define the azimuthal angle of the transverse
polarization vector of the incident polarized proton: !s.

The leading order contribution to the jet production in
pp collision comes from 2 ! 2 subprocesses, where two
jets are produced back-to-back in the transverse plane. For
the reaction process of (1), one of the two jets shall frag-
ment into the final observed hadron. In this Letter, we study
the physics in the kinematic region of PhT % P?.
Following [14], we assume a factorization for this process,
where we can separate the jet production from the hadron
fragmentation. From our calculations, we find that there
exists a correlation between the above two azimuthal an-
gles !h and !s, coming from the quark transversity multi-
plied with the Collins fragmentation function. The study of
this azimuthal asymmetry will provide us with important
information on the quark transversity distributions, and
will also provide a crucial test for the universality of the

FIG. 1 (color online). Illustration of the kinematics for the
azimuthal distribution of hadrons inside a jet in pp scattering.

PRL 100, 032003 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
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• photon Jet                         Bacchetta Bomhof, D’Alesio, Mulders, Murgia PRL 09

• 2-particle inclusive hadron production                  
Bacchetta Bomhof, Mulders, Piljman PRD05,  Qiu Vogelsang Yuan PRD2007,   Vogelsang Yuan PRD 2007                

Similar studies performed  for weighted       and unweighted  kT

p↑ p −→ h1 h2 X

p↑ p −→ γ jet X

    Merits “Pre-Collins Qiu Mulders Rogers”  “PCQMR period”
1) two scale problem--TMD factorization            
2) weighted submits to transverse moments leads to gluonic pole factors & 
gluonic pole matrix elements--connection to twist three  formalism
 
 Problems/Challenges-“post CQMR period”   
Collins Qiu PRD 2007 & Mulders Rogers 2010

*) factorization violated cannot define even a
generalized gauge link   

Caution !!! Comments  

17

p1

⊗⊗Hdσ ∼

p2

FIG. 9: Color flow resulting from the single gluon contributions for each of the Wilson loops in the TMD-factorization formula
Eq. (32). H is the standard zeroth order hard part and the second two factors are the TMD PDFs. The narrow double lines
represent Wilson lines. The boxes associated with each of the TMD PDFs correspond to the Wilson loops. The thick solid red
and dotted blue lines (color online) illustrate the flow of color in each TMD PDF. Each of the contributions to a TMD PDF
shown here is exactly zero because each includes a factor TrC [ta] = 0.

p2

p1

FIG. 10: Color flow in the unfactorized graph with a single gluon collinear to each of the incoming hadrons as in Fig. 8. The
thick solid red and dotted blue lines (color online) again illustrate the flow of color. Non-singlet color can easily be exchanged
and results in a non-zero contribution. Compare with Fig. 9.

ing hadrons. If the overall phase were simply the product
of the phases induced by the A+ fields from hadron H1

and the A− fields from hadron H2, then one could asso-
ciate any process-dependent phases induced by the A+

field in hadron H1 with a modified Wilson line for the
TMD PDF of H1 and, likewise, any process-dependent
phases induced by the A− field from H2 could be asso-
ciated with a modified Wilson line for the TMD PDF of
H2. However, in the non-Abelian theory the role of the
A− gluons in H2 is affected by the presence of the A+

gluons from H1 and visa-versa. A direct example of this
is Fig. 8/Eq. (38), where a single A− gluon exchanged
between H2 and the opposite-side struck quark gives a
non-zero contribution, but only because there is simul-
taneously an A+ gluon exchanged between H1 and the
other struck quark. This means that one cannot address
the role of phases induced by the A+ and A− fields inde-

pendently, but instead must deal with them simultane-
ously. The result is a kind of nonperturbative correlation
which cannot be identified as arising strictly from gluons
coming from either hadron independently, but only from
the combination.
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• Single Spin Asymmetry AN = σ↑(xF ,p⊥)−σ↑(xF ,−p⊥)
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⇒ Left-Right Asymmetry

# Parity Conserving interactions: SSAs “Transverse” Scattering plane
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Parity Conserving interactions: SSAs Transverse Scattering plane
∆σ ∼ iST · (P× Pπ

⊥)

Transverse SPIN Observable kinematics (TSSA) P ↑P → π X



    Reaction Mechanism w/ Partonic Description

âN =
σ̂↑ − σ̂↓

σ̂↑ + σ̂↓
∼

Im
(
M+∗M−)

|M+|2 + |M−|2

| ↑ / ↓〉 = (|+〉 ± i|−〉)
D

f

M∗

f

M

∆σpp↑→πX ∼ fa ⊗ fb ⊗∆σ̂ ⊗Dq→π

Collinear factorized QCD parton dynamics

∆σ̂ ≡ σ̂↑ − σ̂↓

P ↑P → π X

Interference of helicity flip and non-flip amps
1) requires breaking of chiral symmetry mq /E
2) relative phases require higher order corrections

Transv. polarization cross section 
“interference” of helicity flip and 
non-flip  amps. 



Transverse SPIN Observables SSA (TSSA) p↑ p → πX
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• Single Spin Asymmetry AN = σ↑(xF ,p⊥)−σ↑(xF ,−p⊥)
σ↑(xF ,p⊥)+σ↑(xF ,−p⊥)

≡ ∆σ

• Rotational invariance σ↓(xF , p⊥) = σ↑(xF ,−p⊥)
⇒ Left-Right Asymmetry
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• Correlation in Transverse Momentum PT & Transverse SPIN ST

quark-gluon-quark
correlator

+ −

+ +

PT ∼ Q >> Λqcd Co-linear Twist Three Mechanism

Phases in soft poles of propagator in hard subprocess Efremov & Teryaev :PLB 1982

! Get helicity flips and phases mq →∼ MH

• ∆σ ∼ fa ⊗ TF ⊗ HETQS ⊗ Dq→π

Qiu-Sterman:PLB 1991, 1999, Koike et al. PLB 2000. . . 2007,
Ji,Qiu,Vogelsang,Yuan:PR 2006,2007. . .

                             One scale Collinear fact  Twist 3Q ∼ PT >> Λqcd

Phases in soft poles of prop in hard processes Efremov & Teryaev PLB 1982

Phases come from interference of two parton and three parton 
scattering amplitudes 

Factorization and Pheno: Qiu, Sterman 1991,1999...,  Koike et al, 2000, ... 2010,  Ji, Qiu, Vogelsang, Yuan, 2005 ... 2008 ...,   
Yuan, Zhou 2008, 2009, Kang, Qiu, 2008, 2009 ...  Kouvaris Ji,  Qiu,Vogelsang! 2006,  Vogelsang and Yuan PRD 2007

⊗

1
xs + iε

= P
(

1
xs

)
± iπδ(xs)

Not the full story @ Twist 3 approach ETQS approach



Sensitivity to pT ∼ k⊥ << Q2 TSSAs thru “T -Odd”TMD

• Sivers PRD: 1990 TSSA is associated w/ correlation transverse spin and
momenta in initial state hadron

∆σpp↑→πX ∼ D ⊗ f⊗∆f⊥⊗σ̂Born ⇒ iST · (P × k⊥) → f⊥
1T (x, k⊥)

• Collins NPB: 1993 TSSA is associated with transverse spin of fragmenting
quark and transverse momentum of final state hadron

∆σep↑→eπX ∼ ∆D⊥ ⊗ δf ⊗ σ̂Born ⇒ isT · (P × p⊥) → H⊥
1 (x, p⊥)

9

Sensitivity to pT ∼ k⊥ <<
√

Q2 TSSAs thru “T -Odd”TMD

• Sivers PRD: 1990 TSSA is associated w/ correlation transverse spin and
momenta in initial state hadron

P −
ST

k⊥ k⊥

ST

P

x

∆σpp↑→πX ∼ D ⊗ f⊗∆f⊥⊗σ̂Born ⇒ iST · (P × k⊥) → f⊥
1T (x, k⊥)

• Collins NPB: 1993 TSSA is associated with transverse spin of fragmenting
quark and transverse momentum of final state hadron

k −k⊥ k⊥k

Pπ Pπ

x

sT

sT

Explanation, pT ∼ k⊥ << Q2 TSSAs thru “T -Odd”TMD

• Sivers PRD: 1990 TSSA is “T -odd” correlation transverse spin and
momenta

∆σpp↑→πX ∼ D ⊗ f⊗∆f⊥⊗σ̂Born ⇒ iST · (P × k⊥) → f⊥
1T (x, k⊥)

• Collins NPB: 1993

∆σep↑→eπX ∼ ∆D⊥ ⊗ f ⊗ σ̂Born ⇒ isT · (P × p⊥) → H⊥
1 (x, p⊥)
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Explanation, pT ∼ k⊥ << Q2 TSSAs thru “T -Odd”TMD

• Sivers PRD: 1990 TSSA is “T -odd” correlation transverse spin and
momenta

∆σpp↑→πX ∼ D ⊗ f⊗∆f⊥⊗σ̂Born ⇒ iST · (P × k⊥) → f⊥
1T (x, k⊥)

• Collins NPB: 1993

∆σep↑→eπX ∼ ∆D⊥ ⊗ f ⊗ σ̂Born ⇒ isT · (P × p⊥) → H⊥
1 (x, p⊥)

8

∆f⊥(x, k⊥) = iST · (P × k⊥)

TSSAs thru “T-odd” non-pertb. spin-orbit correlations....

pT ∼ kT <<
√

Q2Sensitivity to 



Mechanism FSI produce phase in TSSAs-Leading Twist

Brodsky, Hwang, Schmidt PLB: 2002

SIDIS w/ transverse polarized nucleon target SIDIS

Ji, Yuan PLB: 2002 -Sivers fnct. FSI emerge from Color Gauge-links

∆σ ∼ D⊗∆f⊥⊗σ̂Born

Ji, Ma, Yuan: PLB, PRD 2004, 2005 Extend factorization of CS-NPB: 81

Collins, Metz: PRL 2005 Universality & Factorization “Maximally” Correlated in Frag.

Collins, Qui PRD 08 Factorization in jeopardy for H H → h h X at high PT

11

   LG, Goldstein, Oganessyan, Schlegel  2002, 2003 2008 Boer-Mulders Fnct, and Sivers -spectator model

LG, M. Schlegel, PLB 2010 & arXiv:1012.3395   B-M, Sivers  sum FSIs  w/color Chromo Lensing M. Schegel

FSI phases in TSSAs unsuppressed

Explanation, pT ∼ k⊥ << Q2 TSSAs thru “T -Odd”TMD

• Sivers PRD: 1990 TSSA is “T -odd” correlation transverse spin and
momenta

∆σpp↑→πX ∼ D ⊗ f⊗∆f⊥⊗σ̂Born ⇒ iST · (P × k⊥) → f⊥
1T (x, k⊥)

• Collins NPB: 1993

∆σep↑→eπX ∼ ∆D⊥ ⊗ f ⊗ σ̂Born ⇒ isT · (P × p⊥) → H⊥
1 (x, p⊥)

8

∆f⊥(x, k⊥) = iST · (P × k⊥)

Collins PLB 2002- Gauge link Sivers function doesn’t vanish 

Unsuppressed reaction mech.  Boer PRD 1999 context of DY @ RHIC
Brodsky Hwang Schmidt PLB 2002- SIDIS w/ transverse polarized target 

Figure 1: The amplitude W including FSIs between re-scattered eikonalized quark

and antiquark. The FSIs are described by a non-perturbative scattering amplitude M that

is calculated in a generalized ladder approximation. Gluon interactions as shown in the

second diagram are not taken into account (see text).

non-perturbative eikonal methods [70, 71] to calculate higher-

order soft gluon contributions from the gauge link and study

how these soft gluons impact Eq. (5). Up till now the relation

(5) was used to predict the sign of T-odd TMDs in conjunc-

tion with numbers for the u- and d-quark contributions to the

anomalous magnetic moment of the nucleon and the assump-

tion that FSIs are attractive [66]. We will also investigate the

latter assumption.

3. TMD-GPD Relation for a Pion

We focus our attention on a pion in a valence quark configu-

ration that one expects for relatively large Bjorken x. Working

in the spectator framework [35, 36, 38, 72, 73] and inserting

a complete set of states, 1 =
∑
x |X〉〈X| in the quark corre-

lation function Eq. (1), we truncate this sum to an antiquark

and neglect multi-particle intermediate states. The usefulness

of this approach is twofold: First, we are able to improve on

the one gluon exchange approximation for FSIs to studying T-

odd PDFs by including higher order gluonic contributions and

color degrees of freedom. Second we are able to explore to

what extent transverse polarization effects due to T-odd PDFs

can be described in terms of factorization of FSIs and a spatial

distortion of impact parameter space including higher gluonic

corrections [46, 48] with color. Thus, we express the pion Boer-

Mulders function (1) in the following way

εi j
T
k
j

T
h⊥1 (x,"k

2
T ) =

mπ

8(2π)3(1 − x)P+
∑

σ,d

W̄iσi+γ5W, (6)

with the matrix elementW given by

W
α,δ
i
(P, k;σ) = 〈P − k,σ, δ| [∞n ; 0]αβ qβ

i
(0) |P〉. (7)

where σ and δ represent the helicity and color of the interme-
diate spectator antiquark. We model (7) by the diagram shown

in Fig. 1, where the FSIs – generated by the gauge link in (7)

– are described by a non-perturbative amputated scattering am-

plitude (M)
αβ
γδ with β, α (γ, δ) color indices of incoming and

outgoing quark (antiquark). In the next section we calculate

the scattering amplitude using non-perturbative eikonal meth-

ods thereby considering a subclass of possible diagrams with

interactions between quark and antiquark. We neglect classes

of gluon exchanges in the second diagram in Fig. 1 represented

by the red rungs since they would be attributed to the “inter-

action” between the quark fields and the operator I in (2) and

lead to terms which break the relation (5). We also neglect real

gluon emission and (self)-interactions of quark and antiquark

lines the second diagram in Fig. 1 since they represent radiative

corrections of the GPD and are effectively modeled in terms of

spectator masses and a phenomenological vertex function.

The pion-quark vertex is modeled with the interaction La-

grangian

L = − gπ√
Nc
δαβq̄αγ5"τ · "ϕqβ, (8)

where we allow the coupling gπ to depend on the momentum of

the active quark in order to take into account the compositeness

of the hadron and to suppress large quark virtualities [42, 43,

73]. Applying the Feynman rules we obtain an expression for

the matrix elementW in (7) from the first diagram in Fig. 1

W
αβ
i,σ(P, k) =

−iτ√
Nc


δ
αβgπ(k

2)

[
( /k+mq)v(Ps,σ)

]
i

k2−m2q+i0
+

∫
d4q

(2π)4

gπ
(
(P−q)2

) [
( /P− /q+mq)γ5( /q−ms) (M)

αδ
δβ (q, Ps)v(Ps,σ)

]
i

[
n · (Ps−q) + i0

] [
(P−q)2−m2q+i0

] [
q2−m2s+i0

]


, (9)

where Ps ≡ P − k is the spectator momentum. The first term
in (9) represents the contribution without FSIs while the sec-

ond term corresponds to the first diagram in Fig. 1. We then

express the FSIs through the amputated quark - antiquark scat-

tering amplitude M. Here both incoming quark and antiquark

are subject to the eikonal approximation (see, e.g. [74] and ref-

erences therein). While the active quark undergoes a natural

eikonalization for a massless fermion since it represents the

gauge link contribution, the eikonalization for a massive spec-

tator fermion is a simplification that is justified by the phys-

ical picture of partons in an infinite momentum frame. The

eikonalization of a massive fermion can be traced back to the

Nordsieck-Bloch approximation [75] which describes a highly

energetic helicity conserving fermion undergoingmultiple scat-

tering with very small momentum transfer. In this approxi-

mation the Dirac vertex structure ū(p1)γµu(p2) ∼ pµ/m ≡ vµ
where (p1 + p2)/2 ≡ p. For a massive anti-fermion one iden-

tifies the velocity vµ = −pµ/m, and the numerator of a fermion
propagator becomes i(− /p + m)→ i(−v · p + m).
We proceed by performing a contour-integration of the light-

cone loop-momentum q− in Eq. (9) where we consider poles
which originate from the denominators in (9). This assumes

that the scattering amplitude M does not contain poles in q−

and the integrand is well behaved on the contour in q −. Be-
fore we proceed, it is important to point out that one-loop cal-

culations of T-odd functions were performed in a scalar di-

quark model [33, 35, 38] and a quark target model [76] where

there are no contributions from a pole in q− in the exchanged

3

Bacchetta, Schaefer, Yang, PLB 2004, Bacchetta Conti Radici ... 2008,2010,2011 PRD  

Burkardt  Sivers chromdynamic lensing NPA 2004

Many more model calcs.
talk of A. Bacchetta



(P, Λ) (P, Λ′)

(p, λ) (p, λ′)

(k, µ) (k, µ′)
(γ∗, ε)

Ph

q

PX

PX ′ ∆

Φ

Small transverse 
momentum !!!

Minimal requirement satisfy color 
gauge invariance

Factorization parton model when PT of the hadron small

Wµν(q, P, S, Ph) =

∫
d2pT

(2π)4

∫
d2kT

(2π)4
δ2(pT − Ph⊥

z
− kT )Tr

[(∫
dp−Φ

)
γµ

(∫
dk+∆

)
γν

]

Φ(x,pT , S) ≡
∫

dp−Φ(p, P, S)
∣∣∣
p+=xBP+

, ∆(z,kT ) ≡
∫

dk+∆(k, Ph)
∣∣∣
k−=P−

zh



∫
d4pd4kδ4(p + q − k)Tr

[
Φ[UC

[∞;ξ](p)H†
µ(p, k)∆(k)Hν(p, k)

]

T-Odd Effects From Color Gauge Inv. Factorized QCD-Wilson Line

• Leading twist Gauge Invariant Distribution and Fragmentation Functions

Boer, Mulders: NPB 2000, Ji et al PLB: 2002, NPB 2003, Boer et al NPB 2003

. . .

. . .

k

p

P

K

Φ

∆

. . .

Φ

∆

etc . . .

• Sub-class of interactions of colinear & transverse gluons re-summed to render
physical process color gauge invariant

• Wilson line emerges from resummation of gluon ISI and FSI btw. active quark and
hadron remnants → U [C]

[ξ,∞]
= Pexp(−ig

R ∞
ξ dη · A)

• The path [C] is fixed by hard subprocess within hadronic process.

14

Gauge link for TMDs

ξ−

ξT

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉

∣∣∣∣
ξ+=0

ξ−

ξT

ξ−

ξT

!"#"!

#$%&&'()*

!!+,-+.)/$-*0

U[+]

U[−]

U[!]U[+]

1+0%2%$)&+-,.%$0

"#$%#&'()*+,-./'(012+$34'(05"(678(9:;<(

Gauge link determined re-summing leading gluon interactions btwn soft and hard 
Efremov,Radyushkin Theor. Math. Phys. 1981,Belitsky, Ji, Yuan NPB 2003,
Boer, Bomhof, Mulders Pijlman, et al.  2003 - 2008- NPB, PLB, PRD 

Φ[U[C]](x, pT ) =
∫

dξ−d2ξT

2(2π)3
eip·ξ〈P |ψ(0)U [C]

[0,ξ]ψ(ξ−, ξT )|P 〉|ξ+=0

P

ν µq

k

∆(k)

Ph

p1

p−p1

Φ
aρ
A (p,p1)

H †µHρν;a

p

“T-Odd” Effects From Color Gauge Inv. Via Gauge links



“Generalized Universality” Fund. Prediction of  QCD Factorization
T-Odd Effects From Color Gauge Inv. via Wilson Line

• Leading twist Gauge Invariant Distribution Functions

Boer, Mulders: NPB 2000, & Pijlman (BPM) NPB 2003, Belitsky Ji Yuan NPB 2003

dσ = LµνWµν ⇒

∆

. . .
Φ

Φ̄

. . .
Φ

SIDIS Hadronic Tensor Drell-Yan Hadronic Tensor
(ξ−, 0, ξ⊥)

ξ− Φ[+] futurepointing

ξT (ξ−, 0, ξ⊥)

ξ−

ξT

Φ[−] pastpointing

Process Dependence Collins PLB 02, Brodsky, Hwang, Schmidt NPB 02

P&T

Process Dependence Collins PLB 02, Brodsky, Hwang, Schmidt NPB 02

f⊥
1TSIDIS

(x, kT ) = −f⊥
1TDY

(x, kT )

Φ[+]∗(x, pT ) = iγ1γ3Φ[−](x, pT )iγ1γ3

∆[+]∗(x, pT ) "= iγ1γ3∆[−](x, pT )iγ1γ3

Gauge link for TMDs

ξ−

ξT

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉

∣∣∣∣
ξ+=0

ξ−

ξT

ξ−

ξT

!"#"!

#$%&&'()*

!!+,-+.)/$-*0

U[+]

U[−]

U[!]U[+]

1+0%2%$)&+-,.%$0

"#$%#&'()*+,-./'(012+$34'(05"(678(9:;<(

Gauge link for TMDs

ξ−

ξT

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉
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ξ+=0

ξ−

ξT

ξ−

ξT
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Gauge link for TMDs

ξ−

ξT

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉

∣∣∣∣
ξ+=0

ξ−

ξT
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Gauge link for TMDs

ξ−

ξT

Φij(x, pT ) =
∫

dξ−d2ξT

8π3
eip·ξ〈P |ψ̄j(0)U[0,ξ]ψi(ξ)|P 〉

∣∣∣∣
ξ+=0

ξ−

ξT

ξ−

ξT

!"#"!
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!!+,-+.)/$-*0

U[+]

U[−]
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EIC  conjunction with DY exp. E906-Fermi, RHIC II, Compass,  JPARC  

Process Dependence,  Collins PLB 02, Brodsky et al. NPB 02, Boer Mulders Pijlman Bomhoff 03, 04 ...

f⊥1T sidis
(x, kT ) = −f⊥1T DY

(x, kT ) pT ∼ kT <<
√

Q2

SIDIS DY



• Realization that FSI and ISI btwn struck parton 
and target remnant provide necessary phases 
that lead to non-vanishing TSSAs

• Two scale factorization in terms  TMDs twist 2

• One large scale factorization in terms twist 3 
approach

• Connection btwn two approaches overlap 
region for DY and SIDIS Unified picture 
Ji,Qiu,Vogelsang,Yuan PRL 2006 ...

pT ∼ kT <<
√

Q2

Q ∼ PT >> Λqcd

ΛQCD << qT << Q

Summary of Trans polz effects in QCD



• Feynman, Field, Fox (PRD 77 & 78)-incorporate intrisic    

• Include Transverse spin pol.  w/ intrisic kt --Anselmino, Boglione, 
Murgia,  ... et al. PLB 95         see talk of D’Alesio  

• Pheno, Torino Cagliari group .... 1995-2011 inclusive processes

• Inclusive processes studied tw-3 formalism Kouvaris, Qiu, 
Vogelsang,  Yuan PRD 2006,                      &

• What happens when you adopt  ansatz  of GPM including 
dynamical reaction mechanism of FSI/ISI in inclusive processes

• Take into account ISI/FSI process dependent Sivers function

• Since this one scale process-twist three connection w/ twist 3 ?

Generalizing the GPM   CGI-GPM

pp→ πX pp→ γX

kT



• Crucial point: Sivers function in inclusive single 
particle production contains both ISI and FSI

• Color factors entirely due to color structure 
of the partonic subprocess

•  consider channel   

Observation

qq′ → qq′

P ,A ST

p c

p
b

a

p

k

d

(a)

p
AP , TS

k

b

(b)

p p
a

pdp

c a c

dpb

(c)

SA T

p k

p

p
P , AP , TS

a k

b

c

(d)

pdp

p p



Method

• Use diagramatic rather than helicity approach          
Bacchetta Bomhoff Mulders Pijlman 2005 PRD     

• Has advantage of directly connecting to matrix 
elements of quark and gluon fields  

• Allows inclusion of effects of ISI/FSI to determine color 
structure 



∆σpp↑→γX ∼ ∆fa ⊗ fb ⊗∆σ̂

Consider direct Photon in GPM  

Get Sivers function for this process to use in GPM

3

and the other one is that the Sivers functions is assumed to be universal and equal to those in SIDIS process,
∆Nfa/A(xa, kaT ) = ∆NfSIDIS

a/A (xa, kaT ). In this paper, we will still work within the framework of the GPM approach,
in other words, we will assume the TMD factorization is a reasonable phenomenological starting point. However, at
the same time, we will take into account the initial- and final-state interactions. Since both ISIs and FSIs contribute
for single inclusive particle production, in principle the Sivers functions in inclusive particle production in hadronic
collisions should be different from those probed in SIDIS process. We thus need to carefully analyze these ISIs and
FSIs for all the partonic scattering processes relevant to single inclusive particle production to determine the proper
Sivers functions to be used in the formalism. In other words, this new formalism will be

Eh
d∆σ

d3Ph
=

α2
s

S

∑

a,b,c

∫
dxa

xa
d2kaT ∆Nfab→c

a/A (xa, kaT )
1
2
SA · (P̂A × k̂aT )

∫
dxb

xb
d2kbT fb/B(xb, kbT )

×
∫

dzc

z2
c

Dh/c(zc)HU
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (5)

in which a process-dependent Sivers function denoted as ∆Nfab→c
a/A (xa, kaT ) is used rather than that from SIDIS

∆NfSIDIS
a/A (xa, kaT ) as in the conventional GPM approach.

B. Initial- and final-state interactions

In this subsection, we will discuss how to formulate the initial- and final-state interactions. The crucial point is
that the existence of the Sivers function in the polarized nucleon relies on the initial- and final-state interactions
between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
and the initial-state interaction for DY process. To the leading order (one-gluon exchange), they are shown in Fig. 1.
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FIG. 1: Final-state interaction in SIDIS (left) and initial-state interaction in DY (right) processes.

For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to

ū(pc)(−ig)γ−T a i(p/c − k/)
(pc − k)2 + iε

≈ ū(pc)
[

g

−k+ + iε
T a

]
, (6)

where the gamma matrix γ− appears because of the interaction with a longitudinal polarized gluon (∼ A+), and a is
the color index for this gluon. The eikonal part (the term in the bracket) is exactly the first order of the gauge link
in the definition of a gauge-invariant TMD PDFs in SIDIS process, see Fig. 2(a). The imaginary part of the eikonal
propagator 1/(−k+ + iε) provides the necessary phase for the SSAs.
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FIG. 2: Sivers function in SIDIS process in the first non-trivial order (one-gluon exchange).
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a/A (xa, kaT ). In this paper, we will still work within the framework of the GPM approach,
in other words, we will assume the TMD factorization is a reasonable phenomenological starting point. However, at
the same time, we will take into account the initial- and final-state interactions. Since both ISIs and FSIs contribute
for single inclusive particle production, in principle the Sivers functions in inclusive particle production in hadronic
collisions should be different from those probed in SIDIS process. We thus need to carefully analyze these ISIs and
FSIs for all the partonic scattering processes relevant to single inclusive particle production to determine the proper
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between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
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For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to

ū(pc)(−ig)γ−T a i(p/c − k/)
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where the gamma matrix γ− appears because of the interaction with a longitudinal polarized gluon (∼ A+), and a is
the color index for this gluon. The eikonal part (the term in the bracket) is exactly the first order of the gauge link
in the definition of a gauge-invariant TMD PDFs in SIDIS process, see Fig. 2(a). The imaginary part of the eikonal
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FIG. 2: Sivers function in SIDIS process in the first non-trivial order (one-gluon exchange).

CI

Factorize w/ leading 1 gluon exchange get color phase
  Vogelsang & Yuan PRD 2007 & agrees w/ “color flow” approach Bomhoff, Mulders, Pijlman 

GPM w/color
LG & Z. Kang

Phys.Lett. B696 2011



Color modification of hard cross sections due to  “phases”       

t-channel

s-channel

s-t interference

qg → γq

q̄q → γg

t & u-channel

t-u interference

unobserved final state 
contribution vanishes

etc ....



In the so-called generalized parton model (GPM) approach developed by Anselmino and collaborators, the spin-

dependent one could be written as

Eγ
d∆σ

d3Pγ
=
αemαs

S

∑

a,b

∫

dxa

xa
d2kaT∆

N fDISa/A (xa, kaT )
1

2
S A · (P̂A × k̂aT )

×

∫

dxb

xb
d2kbT fb/B(xb, kbT )H

U
ab→γ(ŝ, t̂, û)δ(ŝ + t̂ + û). (40)

Then the single transverse spin asymmetry AN is defined by the ration

AN = Eγ
d∆σ

d3Pγ

/

Eγ
dσ

d3Pγ
. (41)

In this approach, it has been assumed that the Sivers function in this process is the same as those measured in SIDIS

process. As we have shown in last section, this is not the case. One needs to take into account the process-dependence

of the Sivers function. With the process-dependence for the Sivers function, we propose a new formalism for the

spin-dependent cross section:

Eγ
d∆σ

d3Pγ
=
αemαs

S

∑

a,b

∫

dxa

xa
d2kaT∆

N f
ab→γ

a/A
(xa, kaT )

1

2
S A · (P̂A × k̂aT )

×

∫

dxb

xb
d2kbT fb/B(xb, kbT )Hab→γ(ŝ, t̂, û)δ(ŝ + t̂ + û), (42)

where ∆N f
ab→γ

a/A
(xa, kaT ) is the process-dependent Sivers function calculated in last section. Since they are directly
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û
+
û
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and the other one is that the Sivers functions is assumed to be universal and equal to those in SIDIS process,
∆Nfa/A(xa, kaT ) = ∆NfSIDIS

a/A (xa, kaT ). In this paper, we will still work within the framework of the GPM approach,
in other words, we will assume the TMD factorization is a reasonable phenomenological starting point. However, at
the same time, we will take into account the initial- and final-state interactions. Since both ISIs and FSIs contribute
for single inclusive particle production, in principle the Sivers functions in inclusive particle production in hadronic
collisions should be different from those probed in SIDIS process. We thus need to carefully analyze these ISIs and
FSIs for all the partonic scattering processes relevant to single inclusive particle production to determine the proper
Sivers functions to be used in the formalism. In other words, this new formalism will be

Eh
d∆σ

d3Ph
=

α2
s

S

∑

a,b,c

∫
dxa

xa
d2kaT ∆Nfab→c

a/A (xa, kaT )
1
2
SA · (P̂A × k̂aT )

∫
dxb

xb
d2kbT fb/B(xb, kbT )

×
∫

dzc

z2
c

Dh/c(zc)HU
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (5)

in which a process-dependent Sivers function denoted as ∆Nfab→c
a/A (xa, kaT ) is used rather than that from SIDIS

∆NfSIDIS
a/A (xa, kaT ) as in the conventional GPM approach.

B. Initial- and final-state interactions

In this subsection, we will discuss how to formulate the initial- and final-state interactions. The crucial point is
that the existence of the Sivers function in the polarized nucleon relies on the initial- and final-state interactions
between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
and the initial-state interaction for DY process. To the leading order (one-gluon exchange), they are shown in Fig. 1.
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FIG. 1: Final-state interaction in SIDIS (left) and initial-state interaction in DY (right) processes.

For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to

ū(pc)(−ig)γ−T a i(p/c − k/)
(pc − k)2 + iε

≈ ū(pc)
[

g

−k+ + iε
T a

]
, (6)

where the gamma matrix γ− appears because of the interaction with a longitudinal polarized gluon (∼ A+), and a is
the color index for this gluon. The eikonal part (the term in the bracket) is exactly the first order of the gauge link
in the definition of a gauge-invariant TMD PDFs in SIDIS process, see Fig. 2(a). The imaginary part of the eikonal
propagator 1/(−k+ + iε) provides the necessary phase for the SSAs.
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FIG. 2: Sivers function in SIDIS process in the first non-trivial order (one-gluon exchange).

fq/A↑(x,!kT ) = fq/A(x, k2
T ) + 1

2∆Nfq/A↑(x, k2
T )!S · (P̂ × !kT )



Spin Dependent Cross Section in GPM

In the so-called generalized parton model (GPM) approach developed by Anselmino and collaborators, the spin-

dependent one could be written as

Eγ
d∆σ

d3Pγ
=
αemαs

S

∑

a,b

∫

dxa

xa
d2kaT∆

N fDISa/A (xa, kaT )
1

2
S A · (P̂A × k̂aT )

×

∫

dxb

xb
d2kbT fb/B(xb, kbT )H

U
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In this approach, it has been assumed that the Sivers function in this process is the same as those measured in SIDIS

process. As we have shown in last section, this is not the case. One needs to take into account the process-dependence

of the Sivers function. With the process-dependence for the Sivers function, we propose a new formalism for the

spin-dependent cross section:
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Similarly for inclusive hadron production A + B → h + X, where the spin-averaged differential cross section can

be written as
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and the other one is that the Sivers functions is assumed to be universal and equal to those in SIDIS process,
∆Nfa/A(xa, kaT ) = ∆NfSIDIS

a/A (xa, kaT ). In this paper, we will still work within the framework of the GPM approach,
in other words, we will assume the TMD factorization is a reasonable phenomenological starting point. However, at
the same time, we will take into account the initial- and final-state interactions. Since both ISIs and FSIs contribute
for single inclusive particle production, in principle the Sivers functions in inclusive particle production in hadronic
collisions should be different from those probed in SIDIS process. We thus need to carefully analyze these ISIs and
FSIs for all the partonic scattering processes relevant to single inclusive particle production to determine the proper
Sivers functions to be used in the formalism. In other words, this new formalism will be
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ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (5)

in which a process-dependent Sivers function denoted as ∆Nfab→c
a/A (xa, kaT ) is used rather than that from SIDIS

∆NfSIDIS
a/A (xa, kaT ) as in the conventional GPM approach.

B. Initial- and final-state interactions

In this subsection, we will discuss how to formulate the initial- and final-state interactions. The crucial point is
that the existence of the Sivers function in the polarized nucleon relies on the initial- and final-state interactions
between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
and the initial-state interaction for DY process. To the leading order (one-gluon exchange), they are shown in Fig. 1.
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FIG. 1: Final-state interaction in SIDIS (left) and initial-state interaction in DY (right) processes.

For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to

ū(pc)(−ig)γ−T a i(p/c − k/)
(pc − k)2 + iε

≈ ū(pc)
[

g

−k+ + iε
T a

]
, (6)

where the gamma matrix γ− appears because of the interaction with a longitudinal polarized gluon (∼ A+), and a is
the color index for this gluon. The eikonal part (the term in the bracket) is exactly the first order of the gauge link
in the definition of a gauge-invariant TMD PDFs in SIDIS process, see Fig. 2(a). The imaginary part of the eikonal
propagator 1/(−k+ + iε) provides the necessary phase for the SSAs.
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FIG. 2: Sivers function in SIDIS process in the first non-trivial order (one-gluon exchange).
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carefully move the process-dependence of the Sivers function to the squared hard partonic scattering amplitude under
one-gluon exchange approximation, and these modified hard parts are exactly same as those in the twist-3 collinear
approach in terms of Mandelstam variables ŝ, t̂, û (see [15]). This suggests a close connection between this modified
GPM formalism and the twist-3 approach. However, it is important to mention that Mandelstam variables ŝ, t̂, û are
themselves a function of partonic intrinsic transverse momentum in the GPM approach. We comment on these issues
at the end of Section II. The rest of the paper is organized as follows: In Sec. II, we introduce the GPM approach,
and discuss how to formulate the initial- and final-state interaction effects. In Sec. III, we estimate the asymmetry
for inclusive pion and direct photon production at RHIC energy, and compare our predictions with those from the
conventional GPM approach. We conclude our paper in Sec. IV.

II. INITIAL- AND FINAL-STATE INTERACTIONS IN SINGLE INCLUSIVE PARTICLE
PRODUCTION

In this section, we introduce the basic ideas and assumptions of the GPM approach. Then we discuss how to
formulate the initial- and final-state interactions for single inclusive particle production. Within the same framework
of GPM approach, we thus derive a new formalism for the SSAs of single inclusive particle production, with the
process-dependence of the Sivers function taken into account.

A. Generalized Parton Model

Generalized parton model was introduced by Feynman and collaborators [22], as an generalization of the usual
collinear pQCD approach. It was adapted and used to describe the SSAs for inclusive particle production recently
[17–19], which has had phenomenological success [18]. According to this approach, for the inclusive production of
large PhT hadrons (or photons), A↑(PA) + B(PB) → h(Ph) + X , the differential cross section can be written as

Eh
dσ

d3Ph
=

α2
s

S

∑

a,b,c

∫
dxa

xa
d2kaT fa/A↑(xa,#kaT )

∫
dxb

xb
d2kbT fb/B(xb, kbT )

∫
dzc

z2
c

Dh/c(zc)HU
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (1)

where S = (PA + PB)2, fa/A↑(xa,#kaT ) is the TMD parton distribution functions with kaT the intrinsic transverse
momentum of parton a with respect to the light-cone direction of hadron A, and Dh/c(zc) is the fragmentation
function. Since we will only consider the SSAs generated from the parton distribution functions in this paper, we
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and the other one is that the Sivers functions is assumed to be universal and equal to those in SIDIS process,
∆Nfa/A(xa, kaT ) = ∆NfSIDIS

a/A (xa, kaT ). In this paper, we will still work within the framework of the GPM approach,
in other words, we will assume the TMD factorization is a reasonable phenomenological starting point. However, at
the same time, we will take into account the initial- and final-state interactions. Since both ISIs and FSIs contribute
for single inclusive particle production, in principle the Sivers functions in inclusive particle production in hadronic
collisions should be different from those probed in SIDIS process. We thus need to carefully analyze these ISIs and
FSIs for all the partonic scattering processes relevant to single inclusive particle production to determine the proper
Sivers functions to be used in the formalism. In other words, this new formalism will be

Eh
d∆σ

d3Ph
=

α2
s

S

∑

a,b,c

∫
dxa

xa
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2
SA · (P̂A × k̂aT )
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dxb

xb
d2kbT fb/B(xb, kbT )

×
∫

dzc

z2
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Dh/c(zc)HU
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (5)

in which a process-dependent Sivers function denoted as ∆Nfab→c
a/A (xa, kaT ) is used rather than that from SIDIS

∆NfSIDIS
a/A (xa, kaT ) as in the conventional GPM approach.

B. Initial- and final-state interactions

In this subsection, we will discuss how to formulate the initial- and final-state interactions. The crucial point is
that the existence of the Sivers function in the polarized nucleon relies on the initial- and final-state interactions
between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
and the initial-state interaction for DY process. To the leading order (one-gluon exchange), they are shown in Fig. 1.

!

"
!

#$%

&

'

()

*

+

*

,

'

!

#$%) (+

!
"

FIG. 1: Final-state interaction in SIDIS (left) and initial-state interaction in DY (right) processes.

For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to

ū(pc)(−ig)γ−T a i(p/c − k/)
(pc − k)2 + iε

≈ ū(pc)
[

g

−k+ + iε
T a

]
, (6)

where the gamma matrix γ− appears because of the interaction with a longitudinal polarized gluon (∼ A+), and a is
the color index for this gluon. The eikonal part (the term in the bracket) is exactly the first order of the gauge link
in the definition of a gauge-invariant TMD PDFs in SIDIS process, see Fig. 2(a). The imaginary part of the eikonal
propagator 1/(−k+ + iε) provides the necessary phase for the SSAs.
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FIG. 2: Sivers function in SIDIS process in the first non-trivial order (one-gluon exchange).
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On the other hand, for DY process, the initial-state interaction (as in Fig. 1(right)) leads to

v̄(pb)(−ig)γ−T a −i(p/b + k/)
(pb + k)2 + iε

≈ v̄(pb)
[

g

−k+ − iε
T a

]
, (7)

which has the same real part and opposite imaginary part compared to SIDIS process. This leads to the fact that the
spin-averaged TMD PDFs are the same, while the Sivers function will be opposite in SIDIS and DY processes. This
conclusion can be generalized to all order, and has been proven to be true using parity and time-reversal invariant
arguments [6, 8].
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FIG. 3: Initial- and final-state interactions in qq′ → qq′: (a) initial-state interaction, (b) final-state interaction, (c) and (d) the
final-state interactions for the unobserved particle.

Now let us turn to the case for inclusive single particle production in hadronic collisions, in which 2 → 2 partonic
scattering is the leading order contribution, where both initial- and final-state interactions contribute. We will
start with a simple example: qq′ → qq′. Here the initial-quark q is from the polarized nucleon, and the final-quark q
fragments to the final-state hadron. The one-gluon exchange approximation for the initial- and final-state interactions
are shown in Fig. 3. Under the eikonal approximation, for initial-state interaction Fig. 3(a),

i(p/b + k/)
(pb + k)2 + iε

(−ig)γ−T aū(pb) =
[

−g

−k+ − iε
T a

]
ū(pb), (8)

Likewise, for the final-state interaction Fig. 3(b), we have
[

g

−k+ + iε
T a

]
. (9)

Thus both interactions contribute to the phase −iπδ(k+), which is the same as in the SIDIS process as in Eq. (6).
However, they will have different color flow. To extract the extra color factors for Fig. 3(a) and (b) as compared to
the usual qq′ → qq′ without gluon attachments, we resort to the method developed in [14, 15, 25]. We obtain the
color factors CI (CFc) for initial (final)-state interaction

CI = − 1
2N2

c

, CFc = − 1
4N2

c

, (10)

while the color factors for unpolarized cross section is given by

Cu =
N2

c − 1
4N2

c
. (11)

In other words, the Sivers function in qq′ → qq′ should be the one as shown in Fig. 4, which comes from the sum of the
ISIs and FSIs with the corresponding color factors CI and CFc respectively. Thus by comparing the imaginary part
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Now let us turn to the case for inclusive single particle production in hadronic collisions, in which 2 → 2 partonic
scattering is the leading order contribution, where both initial- and final-state interactions contribute. We will
start with a simple example: qq′ → qq′. Here the initial-quark q is from the polarized nucleon, and the final-quark q
fragments to the final-state hadron. The one-gluon exchange approximation for the initial- and final-state interactions
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ū(pb), (8)

Likewise, for the final-state interaction Fig. 3(b), we have
[

g

−k+ + iε
T a

]
. (9)

Thus both interactions contribute to the phase −iπδ(k+), which is the same as in the SIDIS process as in Eq. (6).
However, they will have different color flow. To extract the extra color factors for Fig. 3(a) and (b) as compared to
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FIG. 4: Sivers function in qq′ → qq′ from ISIs and FSIs, with the corresponding color factors CI and CFc respectively.

of the eikonal propagators in Eq. (6) for SIDIS and those in Eqs. (8) and (9) for initial- and final-state interaction for
qq′ → qq′, we immediately find the Sivers function probed in qq′ → qq′ process is related to those in SIDIS as follows

∆Nf qq′→qq′

a/A =
CI + CFc

Cu
∆NfSIDIS

a/A . (12)

Thus in the GPM model, using the correct Sivers function, one should replace

∆NfSIDIS
a/A HU

qq′→qq′ ≡ ∆NfSIDIS
a/A [Cuhqq′→qq′ ] , (13)

by the following form

∆Nf qq′→qq′

a/A HU
qq′→qq′ =

CI + CFc

Cu
∆NfSIDIS

a/A HU
qq′→qq′ = ∆NfSIDIS

a/A [CIhqq′→qq′ + CFchqq′→qq′ ] , (14)

where hqq′→qq′ is the partonic cross section without color factors included. For qq′ → qq′, one has

hqq′→qq′ = 2
ŝ2 + û2

t̂2
. (15)

This example tells us that if one uses ∆NfSIDIS
a/A for the single inclusive particle production, while accounting for the

process-dependence of the Sivers function, one should move the process-dependence to the hard parts. In other words,
instead of using HU

qq′→qq′ in Eq. (3) for the spin-dependent cross section, one should use

HInc
qq′→qq′ ≡ HInc−I

qq′→qq′ + HInc−F
qq′→qq′ , (16)

where

HInc−I
qq′→qq′ = CIhqq′→qq′ , HInc−F

qq′→qq′ = CFchqq′→qq′ , (17)

are the corresponding hard parts related to initial- and final-state interactions, respectively.
There are many other partonic processes contributing to the single inclusive particle production. Similar to the

analysis in qq′ → qq′, one needs to analyze each individual Feynman diagram accordingly, carefully moving the extra
factors (process-dependence) from the corresponding Sivers function to the hard parts, thus obtaining HInc−I

ab→cd and
HInc−F

ab→cd for every channel. The modfied formalism will be given in the next subsection.
There are some cautions to our results presented here, especially in Fig. 4. It looks like Figs. 3(a), (b) can be

factorized into a convolution of Sivers function and a hard part function as shown in Fig. 4. However, this is not a
TMD factorization in the strict sense. Currently TMD factorization theorems have been established for both SIDIS
and DY processes [23, 24]. To the order we are studying, this means, the one-gluon exchange diagram for SIDIS in
Fig. 1 can be factorized into a convolution of a Sivers function ∆NfSIDIS

a/A (x, kaT ) and a hard part function H(Q),
as shown in Fig. 2. Here all the soft physics (those depending on kaT ) has been absorbed into the Sivers function
∆NfSIDIS

a/A (x, kaT ), and the hard part function H(Q) only depends on the hard scale Q, not kaT . On the other hand,
for qq′ → qq′, we write the corresponding diagram Fig. 3(a) into a similar form: a product of a Sivers function
∆Nf qq′→qq′

a/A (xa, kaT ) and a hard part function Hqq′→qq′ (ŝ, t̂, û), as shown in Fig. 4. But as we will comment later,
besides the kaT dependence in the Sivers function, one will also need to keep the kaT dependence in the hard part
functions Hqq′→qq′ , without which the SSAs will vanish in both the GPM and this modified GPM formalism. Even
though this is not a TMD factorization, one hopes this formalism is a reasonable approximation. There are two
reasons to suggest this might be the case. First of all, from phenomenological point of view, this formalism had some
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FIG. 4: Sivers function in qq′ → qq′ from ISIs and FSIs, with the corresponding color factors CI and CFc respectively.

of the eikonal propagators in Eq. (6) for SIDIS and those in Eqs. (8) and (9) for initial- and final-state interaction for
qq′ → qq′, we immediately find the Sivers function probed in qq′ → qq′ process is related to those in SIDIS as follows

∆Nf qq′→qq′

a/A =
CI + CFc

Cu
∆NfSIDIS

a/A . (12)

Thus in the GPM model, using the correct Sivers function, one should replace

∆NfSIDIS
a/A HU

qq′→qq′ ≡ ∆NfSIDIS
a/A [Cuhqq′→qq′ ] , (13)

by the following form

∆Nf qq′→qq′

a/A HU
qq′→qq′ =

CI + CFc

Cu
∆NfSIDIS

a/A HU
qq′→qq′ = ∆NfSIDIS

a/A [CIhqq′→qq′ + CFchqq′→qq′ ] , (14)

where hqq′→qq′ is the partonic cross section without color factors included. For qq′ → qq′, one has

hqq′→qq′ = 2
ŝ2 + û2

t̂2
. (15)

This example tells us that if one uses ∆NfSIDIS
a/A for the single inclusive particle production, while accounting for the

process-dependence of the Sivers function, one should move the process-dependence to the hard parts. In other words,
instead of using HU

qq′→qq′ in Eq. (3) for the spin-dependent cross section, one should use

HInc
qq′→qq′ ≡ HInc−I

qq′→qq′ + HInc−F
qq′→qq′ , (16)

where

HInc−I
qq′→qq′ = CIhqq′→qq′ , HInc−F

qq′→qq′ = CFchqq′→qq′ , (17)

are the corresponding hard parts related to initial- and final-state interactions, respectively.
There are many other partonic processes contributing to the single inclusive particle production. Similar to the

analysis in qq′ → qq′, one needs to analyze each individual Feynman diagram accordingly, carefully moving the extra
factors (process-dependence) from the corresponding Sivers function to the hard parts, thus obtaining HInc−I

ab→cd and
HInc−F

ab→cd for every channel. The modfied formalism will be given in the next subsection.
There are some cautions to our results presented here, especially in Fig. 4. It looks like Figs. 3(a), (b) can be

factorized into a convolution of Sivers function and a hard part function as shown in Fig. 4. However, this is not a
TMD factorization in the strict sense. Currently TMD factorization theorems have been established for both SIDIS
and DY processes [23, 24]. To the order we are studying, this means, the one-gluon exchange diagram for SIDIS in
Fig. 1 can be factorized into a convolution of a Sivers function ∆NfSIDIS

a/A (x, kaT ) and a hard part function H(Q),
as shown in Fig. 2. Here all the soft physics (those depending on kaT ) has been absorbed into the Sivers function
∆NfSIDIS

a/A (x, kaT ), and the hard part function H(Q) only depends on the hard scale Q, not kaT . On the other hand,
for qq′ → qq′, we write the corresponding diagram Fig. 3(a) into a similar form: a product of a Sivers function
∆Nf qq′→qq′

a/A (xa, kaT ) and a hard part function Hqq′→qq′ (ŝ, t̂, û), as shown in Fig. 4. But as we will comment later,
besides the kaT dependence in the Sivers function, one will also need to keep the kaT dependence in the hard part
functions Hqq′→qq′ , without which the SSAs will vanish in both the GPM and this modified GPM formalism. Even
though this is not a TMD factorization, one hopes this formalism is a reasonable approximation. There are two
reasons to suggest this might be the case. First of all, from phenomenological point of view, this formalism had some
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and the other one is that the Sivers functions is assumed to be universal and equal to those in SIDIS process,
∆Nfa/A(xa, kaT ) = ∆NfSIDIS

a/A (xa, kaT ). In this paper, we will still work within the framework of the GPM approach,
in other words, we will assume the TMD factorization is a reasonable phenomenological starting point. However, at
the same time, we will take into account the initial- and final-state interactions. Since both ISIs and FSIs contribute
for single inclusive particle production, in principle the Sivers functions in inclusive particle production in hadronic
collisions should be different from those probed in SIDIS process. We thus need to carefully analyze these ISIs and
FSIs for all the partonic scattering processes relevant to single inclusive particle production to determine the proper
Sivers functions to be used in the formalism. In other words, this new formalism will be

Eh
d∆σ

d3Ph
=

α2
s

S

∑

a,b,c

∫
dxa

xa
d2kaT ∆Nfab→c

a/A (xa, kaT )
1
2
SA · (P̂A × k̂aT )

∫
dxb

xb
d2kbT fb/B(xb, kbT )

×
∫

dzc

z2
c

Dh/c(zc)HU
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (5)

in which a process-dependent Sivers function denoted as ∆Nfab→c
a/A (xa, kaT ) is used rather than that from SIDIS

∆NfSIDIS
a/A (xa, kaT ) as in the conventional GPM approach.

B. Initial- and final-state interactions

In this subsection, we will discuss how to formulate the initial- and final-state interactions. The crucial point is
that the existence of the Sivers function in the polarized nucleon relies on the initial- and final-state interactions
between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
and the initial-state interaction for DY process. To the leading order (one-gluon exchange), they are shown in Fig. 1.
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FIG. 1: Final-state interaction in SIDIS (left) and initial-state interaction in DY (right) processes.

For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to

ū(pc)(−ig)γ−T a i(p/c − k/)
(pc − k)2 + iε

≈ ū(pc)
[

g

−k+ + iε
T a

]
, (6)

where the gamma matrix γ− appears because of the interaction with a longitudinal polarized gluon (∼ A+), and a is
the color index for this gluon. The eikonal part (the term in the bracket) is exactly the first order of the gauge link
in the definition of a gauge-invariant TMD PDFs in SIDIS process, see Fig. 2(a). The imaginary part of the eikonal
propagator 1/(−k+ + iε) provides the necessary phase for the SSAs.

)

-".

!

-,.

+ "

" &

(

!

#$%

!

FIG. 2: Sivers function in SIDIS process in the first non-trivial order (one-gluon exchange).
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success [18]. Secondly, as we will show later this formalism has some connection with the well-established collinear
twist-3 approach [15]. As we see here, our identification of the color factors with the hard cross-sections is reminiscent
of the results of the twist 3 approach (see in particular [15]). Indeed we will see that upon calculating all partonic
processes that contribute from each channel they have the same form in terms of Mandelstam variables ŝ, t̂, û, as
compared to those in the twist-3 collinear factorization approach [15].

To close this subsection, we want to point out the following important fact: the interaction with the unobserved
particle (the quark q′ for qq′ → qq′) vanishes after summing different cut diagrams [14, 15, 26]. To see this clearly,
we have for Fig. 3(c),

1
(pd − k)2 + iε

δ(p2
d) → −iπδ((pd − k)2)δ(p2

d), (18)

while the contribution from Fig. 3(d) will be

1
p2

d − iε
δ((pd − k)2) → +iπδ((pd − k)2)δ(p2

d). (19)

Since the remaining parts of the scattering amplitudes for these two diagrams are exactly the same except for the
above pole contributions which are opposite to each other, the contribution from the unobserved particle vanishes.
This could also be used to explain why the inclusive DIS process, the SSA vanishes. As shown in Fig. 1 (left), we
don’t observe the final-state quark for the inclusive DIS process, thus the contribution from the cut to the left and to
the right will cancel which results in a vanishing asymmetry.

We want to emphasize that the above analysis holds true only under one-gluon exchange approximation. Going
beyond one-gluon exchange, the Sivers functions are typically more complicated, there seems no simple relation (as
extra color factors) to those in the SIDIS process [27].

C. Single inclusive hadron production

Now after carefully taking into account both initial- and final-state interactions, the conventional GPM formalism
for spin-dependent cross section should be written as

Eh
d∆σ

d3Ph
=

α2
s

S

∑

a,b,c

∫
dxa

xa
d2kaT ∆NfSIDIS

a/A (xa, kaT )
1
2
SA · (P̂A × k̂aT )

∫
dxb

xb
d2kbT fb/B(xb, kbT )

×
∫

dzc

z2
c

Dh/c(zc)HInc
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (20)

where we have a new hard part function HInc
ab→c instead of HU

ab→c used in the conventional GPM approach. Here the
process dependence in the Sivers function has been absorbed into HInc

ab→c, which can be written as

HInc
ab→c(ŝ, t̂, û) = HInc−I

ab→c (ŝ, t̂, û) + HInc−F
ab→c (ŝ, t̂, û), (21)

where HInc−I
ab→c and HInc−F

ab→c are associated with initial- and final-state interactions, respectively. The contributions for
the various contributing partonic subprocesses are given by

HInc−I
qq′→qq′ = −HInc−I

q̄q̄′→q̄q̄′ = − 1
N2

c

[
ŝ2 + û2

t̂2

]
(22)

HInc−F
qq′→qq′ = −HInc−F

q̄q̄′→q̄q̄′ = − 1
2N2

c

[
ŝ2 + û2

t̂2

]
(23)

HInc−I
qq̄′→qq̄′ = −HInc−I

q̄q′→q̄q′ = −N2
c − 2
2N2

c

[
ŝ2 + û2

t̂2

]
(24)

HInc−F
qq̄′→qq̄′ = −HInc−F

q̄q′→q̄q′ = − 1
2N2

c

[
ŝ2 + û2

t̂2

]
(25)

HInc−I
qq′→q′q = −HInc−I

q̄q̄′→q̄′ q̄ = − 1
N2

c

[
ŝ2 + t̂2

û2

]
(26)

HInc−F
qq′→q′q = −HInc−F

q̄q̄′→q̄′ q̄ =
N2

c − 2
2N2

c

[
ŝ2 + t̂2

û2

]
(27)

In spirit of twist 3 approach, color factors from hard part
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FIG. 4: Sivers function in qq′ → qq′ from ISIs and FSIs, with the corresponding color factors CI and CFc respectively.

of the eikonal propagators in Eq. (6) for SIDIS and those in Eqs. (8) and (9) for initial- and final-state interaction for
qq′ → qq′, we immediately find the Sivers function probed in qq′ → qq′ process is related to those in SIDIS as follows

∆Nf qq′→qq′

a/A =
CI + CFc

Cu
∆NfSIDIS

a/A . (12)

Thus in the GPM model, using the correct Sivers function, one should replace

∆NfSIDIS
a/A HU

qq′→qq′ ≡ ∆NfSIDIS
a/A [Cuhqq′→qq′ ] , (13)

by the following form

∆Nf qq′→qq′

a/A HU
qq′→qq′ =

CI + CFc

Cu
∆NfSIDIS

a/A HU
qq′→qq′ = ∆NfSIDIS

a/A [CIhqq′→qq′ + CFchqq′→qq′ ] , (14)

where hqq′→qq′ is the partonic cross section without color factors included. For qq′ → qq′, one has

hqq′→qq′ = 2
ŝ2 + û2

t̂2
. (15)

This example tells us that if one uses ∆NfSIDIS
a/A for the single inclusive particle production, while accounting for the

process-dependence of the Sivers function, one should move the process-dependence to the hard parts. In other words,
instead of using HU

qq′→qq′ in Eq. (3) for the spin-dependent cross section, one should use

HInc
qq′→qq′ ≡ HInc−I

qq′→qq′ + HInc−F
qq′→qq′ , (16)

where

HInc−I
qq′→qq′ = CIhqq′→qq′ , HInc−F

qq′→qq′ = CFchqq′→qq′ , (17)

are the corresponding hard parts related to initial- and final-state interactions, respectively.
There are many other partonic processes contributing to the single inclusive particle production. Similar to the

analysis in qq′ → qq′, one needs to analyze each individual Feynman diagram accordingly, carefully moving the extra
factors (process-dependence) from the corresponding Sivers function to the hard parts, thus obtaining HInc−I

ab→cd and
HInc−F

ab→cd for every channel. The modfied formalism will be given in the next subsection.
There are some cautions to our results presented here, especially in Fig. 4. It looks like Figs. 3(a), (b) can be

factorized into a convolution of Sivers function and a hard part function as shown in Fig. 4. However, this is not a
TMD factorization in the strict sense. Currently TMD factorization theorems have been established for both SIDIS
and DY processes [23, 24]. To the order we are studying, this means, the one-gluon exchange diagram for SIDIS in
Fig. 1 can be factorized into a convolution of a Sivers function ∆NfSIDIS

a/A (x, kaT ) and a hard part function H(Q),
as shown in Fig. 2. Here all the soft physics (those depending on kaT ) has been absorbed into the Sivers function
∆NfSIDIS

a/A (x, kaT ), and the hard part function H(Q) only depends on the hard scale Q, not kaT . On the other hand,
for qq′ → qq′, we write the corresponding diagram Fig. 3(a) into a similar form: a product of a Sivers function
∆Nf qq′→qq′

a/A (xa, kaT ) and a hard part function Hqq′→qq′ (ŝ, t̂, û), as shown in Fig. 4. But as we will comment later,
besides the kaT dependence in the Sivers function, one will also need to keep the kaT dependence in the hard part
functions Hqq′→qq′ , without which the SSAs will vanish in both the GPM and this modified GPM formalism. Even
though this is not a TMD factorization, one hopes this formalism is a reasonable approximation. There are two
reasons to suggest this might be the case. First of all, from phenomenological point of view, this formalism had some
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FIG. 4: Sivers function in qq′ → qq′ from ISIs and FSIs, with the corresponding color factors CI and CFc respectively.

of the eikonal propagators in Eq. (6) for SIDIS and those in Eqs. (8) and (9) for initial- and final-state interaction for
qq′ → qq′, we immediately find the Sivers function probed in qq′ → qq′ process is related to those in SIDIS as follows

∆Nf qq′→qq′

a/A =
CI + CFc

Cu
∆NfSIDIS

a/A . (12)

Thus in the GPM model, using the correct Sivers function, one should replace

∆NfSIDIS
a/A HU

qq′→qq′ ≡ ∆NfSIDIS
a/A [Cuhqq′→qq′ ] , (13)

by the following form

∆Nf qq′→qq′

a/A HU
qq′→qq′ =

CI + CFc

Cu
∆NfSIDIS

a/A HU
qq′→qq′ = ∆NfSIDIS

a/A [CIhqq′→qq′ + CFchqq′→qq′ ] , (14)

where hqq′→qq′ is the partonic cross section without color factors included. For qq′ → qq′, one has

hqq′→qq′ = 2
ŝ2 + û2

t̂2
. (15)

This example tells us that if one uses ∆NfSIDIS
a/A for the single inclusive particle production, while accounting for the

process-dependence of the Sivers function, one should move the process-dependence to the hard parts. In other words,
instead of using HU

qq′→qq′ in Eq. (3) for the spin-dependent cross section, one should use

HInc
qq′→qq′ ≡ HInc−I

qq′→qq′ + HInc−F
qq′→qq′ , (16)

where

HInc−I
qq′→qq′ = CIhqq′→qq′ , HInc−F

qq′→qq′ = CFchqq′→qq′ , (17)

are the corresponding hard parts related to initial- and final-state interactions, respectively.
There are many other partonic processes contributing to the single inclusive particle production. Similar to the

analysis in qq′ → qq′, one needs to analyze each individual Feynman diagram accordingly, carefully moving the extra
factors (process-dependence) from the corresponding Sivers function to the hard parts, thus obtaining HInc−I

ab→cd and
HInc−F

ab→cd for every channel. The modfied formalism will be given in the next subsection.
There are some cautions to our results presented here, especially in Fig. 4. It looks like Figs. 3(a), (b) can be

factorized into a convolution of Sivers function and a hard part function as shown in Fig. 4. However, this is not a
TMD factorization in the strict sense. Currently TMD factorization theorems have been established for both SIDIS
and DY processes [23, 24]. To the order we are studying, this means, the one-gluon exchange diagram for SIDIS in
Fig. 1 can be factorized into a convolution of a Sivers function ∆NfSIDIS

a/A (x, kaT ) and a hard part function H(Q),
as shown in Fig. 2. Here all the soft physics (those depending on kaT ) has been absorbed into the Sivers function
∆NfSIDIS

a/A (x, kaT ), and the hard part function H(Q) only depends on the hard scale Q, not kaT . On the other hand,
for qq′ → qq′, we write the corresponding diagram Fig. 3(a) into a similar form: a product of a Sivers function
∆Nf qq′→qq′

a/A (xa, kaT ) and a hard part function Hqq′→qq′ (ŝ, t̂, û), as shown in Fig. 4. But as we will comment later,
besides the kaT dependence in the Sivers function, one will also need to keep the kaT dependence in the hard part
functions Hqq′→qq′ , without which the SSAs will vanish in both the GPM and this modified GPM formalism. Even
though this is not a TMD factorization, one hopes this formalism is a reasonable approximation. There are two
reasons to suggest this might be the case. First of all, from phenomenological point of view, this formalism had some

where hard partonic c.s. w/o color factors
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6

success [18]. Secondly, as we will show later this formalism has some connection with the well-established collinear
twist-3 approach [15]. As we see here, our identification of the color factors with the hard cross-sections is reminiscent
of the results of the twist 3 approach (see in particular [15]). Indeed we will see that upon calculating all partonic
processes that contribute from each channel they have the same form in terms of Mandelstam variables ŝ, t̂, û, as
compared to those in the twist-3 collinear factorization approach [15].

To close this subsection, we want to point out the following important fact: the interaction with the unobserved
particle (the quark q′ for qq′ → qq′) vanishes after summing different cut diagrams [14, 15, 26]. To see this clearly,
we have for Fig. 3(c),

1
(pd − k)2 + iε

δ(p2
d) → −iπδ((pd − k)2)δ(p2

d), (18)

while the contribution from Fig. 3(d) will be

1
p2

d − iε
δ((pd − k)2) → +iπδ((pd − k)2)δ(p2

d). (19)

Since the remaining parts of the scattering amplitudes for these two diagrams are exactly the same except for the
above pole contributions which are opposite to each other, the contribution from the unobserved particle vanishes.
This could also be used to explain why the inclusive DIS process, the SSA vanishes. As shown in Fig. 1 (left), we
don’t observe the final-state quark for the inclusive DIS process, thus the contribution from the cut to the left and to
the right will cancel which results in a vanishing asymmetry.

We want to emphasize that the above analysis holds true only under one-gluon exchange approximation. Going
beyond one-gluon exchange, the Sivers functions are typically more complicated, there seems no simple relation (as
extra color factors) to those in the SIDIS process [27].

C. Single inclusive hadron production

Now after carefully taking into account both initial- and final-state interactions, the conventional GPM formalism
for spin-dependent cross section should be written as

Eh
d∆σ

d3Ph
=

α2
s

S

∑

a,b,c

∫
dxa

xa
d2kaT ∆NfSIDIS

a/A (xa, kaT )
1
2
SA · (P̂A × k̂aT )

∫
dxb

xb
d2kbT fb/B(xb, kbT )

×
∫

dzc

z2
c

Dh/c(zc)HInc
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (20)

where we have a new hard part function HInc
ab→c instead of HU

ab→c used in the conventional GPM approach. Here the
process dependence in the Sivers function has been absorbed into HInc

ab→c, which can be written as

HInc
ab→c(ŝ, t̂, û) = HInc−I

ab→c (ŝ, t̂, û) + HInc−F
ab→c (ŝ, t̂, û), (21)

where HInc−I
ab→c and HInc−F

ab→c are associated with initial- and final-state interactions, respectively. The contributions for
the various contributing partonic subprocesses are given by

HInc−I
qq′→qq′ = −HInc−I

q̄q̄′→q̄q̄′ = − 1
N2

c

[
ŝ2 + û2

t̂2

]
(22)

HInc−F
qq′→qq′ = −HInc−F

q̄q̄′→q̄q̄′ = − 1
2N2

c

[
ŝ2 + û2

t̂2

]
(23)

HInc−I
qq̄′→qq̄′ = −HInc−I

q̄q′→q̄q′ = −N2
c − 2
2N2

c

[
ŝ2 + û2

t̂2

]
(24)

HInc−F
qq̄′→qq̄′ = −HInc−F

q̄q′→q̄q′ = − 1
2N2

c

[
ŝ2 + û2

t̂2

]
(25)

HInc−I
qq′→q′q = −HInc−I

q̄q̄′→q̄′ q̄ = − 1
N2

c

[
ŝ2 + t̂2

û2

]
(26)

HInc−F
qq′→q′q = −HInc−F

q̄q̄′→q̄′ q̄ =
N2

c − 2
2N2

c

[
ŝ2 + t̂2

û2

]
(27)
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FIG. 4: Sivers function in qq′ → qq′ from ISIs and FSIs, with the corresponding color factors CI and CFc respectively.

of the eikonal propagators in Eq. (6) for SIDIS and those in Eqs. (8) and (9) for initial- and final-state interaction for
qq′ → qq′, we immediately find the Sivers function probed in qq′ → qq′ process is related to those in SIDIS as follows

∆Nf qq′→qq′

a/A =
CI + CFc

Cu
∆NfSIDIS

a/A . (12)

Thus in the GPM model, using the correct Sivers function, one should replace
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qq′→qq′ ≡ ∆NfSIDIS
a/A [Cuhqq′→qq′ ] , (13)

by the following form

∆Nf qq′→qq′

a/A HU
qq′→qq′ =

CI + CFc

Cu
∆NfSIDIS

a/A HU
qq′→qq′ = ∆NfSIDIS

a/A [CIhqq′→qq′ + CFchqq′→qq′ ] , (14)

where hqq′→qq′ is the partonic cross section without color factors included. For qq′ → qq′, one has

hqq′→qq′ = 2
ŝ2 + û2

t̂2
. (15)

This example tells us that if one uses ∆NfSIDIS
a/A for the single inclusive particle production, while accounting for the

process-dependence of the Sivers function, one should move the process-dependence to the hard parts. In other words,
instead of using HU

qq′→qq′ in Eq. (3) for the spin-dependent cross section, one should use

HInc
qq′→qq′ ≡ HInc−I

qq′→qq′ + HInc−F
qq′→qq′ , (16)

where

HInc−I
qq′→qq′ = CIhqq′→qq′ , HInc−F

qq′→qq′ = CFchqq′→qq′ , (17)

are the corresponding hard parts related to initial- and final-state interactions, respectively.
There are many other partonic processes contributing to the single inclusive particle production. Similar to the

analysis in qq′ → qq′, one needs to analyze each individual Feynman diagram accordingly, carefully moving the extra
factors (process-dependence) from the corresponding Sivers function to the hard parts, thus obtaining HInc−I

ab→cd and
HInc−F

ab→cd for every channel. The modfied formalism will be given in the next subsection.
There are some cautions to our results presented here, especially in Fig. 4. It looks like Figs. 3(a), (b) can be

factorized into a convolution of Sivers function and a hard part function as shown in Fig. 4. However, this is not a
TMD factorization in the strict sense. Currently TMD factorization theorems have been established for both SIDIS
and DY processes [23, 24]. To the order we are studying, this means, the one-gluon exchange diagram for SIDIS in
Fig. 1 can be factorized into a convolution of a Sivers function ∆NfSIDIS

a/A (x, kaT ) and a hard part function H(Q),
as shown in Fig. 2. Here all the soft physics (those depending on kaT ) has been absorbed into the Sivers function
∆NfSIDIS

a/A (x, kaT ), and the hard part function H(Q) only depends on the hard scale Q, not kaT . On the other hand,
for qq′ → qq′, we write the corresponding diagram Fig. 3(a) into a similar form: a product of a Sivers function
∆Nf qq′→qq′

a/A (xa, kaT ) and a hard part function Hqq′→qq′ (ŝ, t̂, û), as shown in Fig. 4. But as we will comment later,
besides the kaT dependence in the Sivers function, one will also need to keep the kaT dependence in the hard part
functions Hqq′→qq′ , without which the SSAs will vanish in both the GPM and this modified GPM formalism. Even
though this is not a TMD factorization, one hopes this formalism is a reasonable approximation. There are two
reasons to suggest this might be the case. First of all, from phenomenological point of view, this formalism had some
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û2

]

HInc−I
qq̄′→q̄′q = −HInc−I

q̄q′→q′ q̄ = −N2
c − 2
2N2

c

[
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ŝ2

]

HInc−F
qq̄→q̄′q′ = −HInc−F

q̄q→q′ q̄′ =
1

N2
c

[
t̂2 + û2
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û2
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ŝ
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is negative, which is consistent with the predictions from twist-3 collinear factorization approach [15]. This can also be easily understood
as follows. In the conventional GPM approach, one use HU in the calculation of the spin-dependent cross section. For direct photon
production, the dominant channel comes from qg → γ q, with [15,33]

HU
qg→γ q = 1

Nc
e2q

[
− t̂

ŝ
− ŝ

t̂

]
(48)

while the hard part in the modified GPM formalism is given by

H Inc
qg→γ q = − Nc

N2
c − 1

e2q

[
− t̂

ŝ
− ŝ

t̂

]
. (49)

This introduces an extra color factor −N2
c /(N

2
c − 1), thus opposite to the conventional GPM formalism. This prediction comes from the

process-dependence of the Sivers functions, and has the same origin as in the photon+jet calculation [36]. On the other hand, for the
inclusive π0 production, the dominant channel comes from qg → qg , particularly in the forward direction, one has

H Inc
qg→qg = H Inc-I

qg→qg + H Inc-F
qg→qg → − N2

c

2(N2
c − 1)

2ŝ2

t̂2
− 1

N2
c − 1

2ŝ2

t̂2
= −N2

c + 2

N2
c − 1

ŝ2

t̂2
, (50)

where we have used that in the forward direction, t̂ is small, while û ∼ −ŝ, whereas [15,33]

HU
qg→qg = N2

c − 1

2N2
c

[
− ŝ

û
− û

ŝ

]
+ ŝ2 + û2

t̂2
→ 2ŝ2

t̂2
. (51)

We thus also see the sign is reversed in our modified GPM formalism compared with the conventional GPM approach.
We observe that the xF -dependence in both modified and conventional GPM formalisms are different from those observed in the

RHIC experiments where larger asymmetries have been observed in the forward direction (large xF ) [4]. Of course, in order to have a
comparison with the experimental data for inclusive hadron production at RHIC experiments, one must include both Sivers (as studied
in this Letter) and Collins effects [37]. The latter describes a transversely polarized quark jet fragmenting into an unpolarized hadron,
whose transverse momentum relative to the jet axis correlates with the transverse polarization vector of the fragmenting quark. This
latter correlation can also generate the transverse spin asymmetry (which is not studied here). Currently attempts at global fitting with
both SIDIS and pp experimental data are ongoing [19]. We encourage the use of the modified GPM formalism in such a global analysis,
to study the effect of the associated ISIs and FSIs (process-dependence of the Sivers functions). We also emphasize [36] that there is only
Sivers contribution in direct photon production. Since the modified and conventional GPM predict opposite asymmetries, direct photon
production presents a favorable opportunity to test the process dependence of the Sivers function, or the effect of the associated ISIs.

4. Summary

In this Letter, we have studied the single transverse spin asymmetries in the single inclusive particle production in hadronic collisions.
We point out the Sivers functions in such processes are generally different from those probed in the SIDIS process because of different
initial- and final-state interactions. By carefully taking into account the process-dependence in the Sivers functions (under one-gluon ex-
change approximation), we derive a new formalism within the framework of GPM approach. We find this formalism has close connections
with the collinear twist-3 approach. With our modified GPM formalism, we make predictions for the inclusive π0 and direct photon
production in pp collisions at RHIC energies. We find that the asymmetries predicted from the modified GPM formalism are opposite
to those in the conventional GPM approach. This sign difference comes from the color gauge interaction, which has the same origin as
the sign change for Sivers functions between SIDIS and DY processes. Our predictions about the sign are consistent with those from the
twist-3 collinear factorization approach. We encourage a global analysis of both SIDIS and pp experimental data using this modified GPM
formalism.

Acknowledgements

We are grateful to M. Anselmino, U. D’Alesio, A. Metz, P. Mulders, F. Murgia, J.W. Qiu, W. Vogelsang, F. Yuan and J. Zhou for useful
discussions and comments. L.G. acknowledges support from U.S. Department of Energy under contract DE-FG02-07ER41460. Z.K. is grateful
to RIKEN, Brookhaven National Laboratory, and the U.S. Department of Energy (Contract No. DE-AC02-98CH10886) for supporting this
work.

References

[1] For reviews, see: U. D’Alesio, F. Murgia, Prog. Part. Nucl. Phys. 61 (2008) 394, arXiv:0712.4328 [hep-ph].
[2] A. Airapetian, et al., HERMES Collaboration, Phys. Rev. Lett. 94 (2005) 012002, arXiv:hep-ex/0408013;

A. Airapetian, et al., HERMES Collaboration, Phys. Rev. Lett. 103 (2009) 152002, arXiv:0906.3918 [hep-ex].
[3] V.Y. Alexakhin, et al., COMPASS Collaboration, Phys. Rev. Lett. 94 (2005) 202002, arXiv:hep-ex/0503002;

A. Martin, COMPASS Collaboration, Czech. J. Phys. 56 (2006) F33, arXiv:hep-ex/0702002;
M. Alekseev, et al., COMPASS Collaboration, Phys. Lett. B 673 (2009) 127, arXiv:0802.2160 [hep-ex].

[4] J. Adams, et al., STAR Collaboration, Phys. Rev. Lett. 92 (2004) 171801, arXiv:hep-ex/0310058;
B.I. Abelev, et al., STAR Collaboration, Phys. Rev. Lett. 99 (2007) 142003, arXiv:0705.4629 [hep-ex];
B.I. Abelev, et al., STAR Collaboration, Phys. Rev. Lett. 101 (2008) 222001, arXiv:0801.2990 [hep-ex];
S.S. Adler, et al., PHENIX Collaboration, Phys. Rev. Lett. 95 (2005) 202001, arXiv:hep-ex/0507073;
I. Arsene, et al., BRAHMS Collaboration, Phys. Rev. Lett. 101 (2008) 042001, arXiv:0801.1078 [nucl-ex].

L. Gamberg, Z.-B. Kang / Physics Letters B 696 (2011) 109–118 117

is negative, which is consistent with the predictions from twist-3 collinear factorization approach [15]. This can also be easily understood
as follows. In the conventional GPM approach, one use HU in the calculation of the spin-dependent cross section. For direct photon
production, the dominant channel comes from qg → γ q, with [15,33]

HU
qg→γ q = 1

Nc
e2q

[
− t̂

ŝ
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t̂

]
(48)

while the hard part in the modified GPM formalism is given by

H Inc
qg→γ q = − Nc

N2
c − 1

e2q

[
− t̂

ŝ
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where we have used that in the forward direction, t̂ is small, while û ∼ −ŝ, whereas [15,33]
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We thus also see the sign is reversed in our modified GPM formalism compared with the conventional GPM approach.
We observe that the xF -dependence in both modified and conventional GPM formalisms are different from those observed in the

RHIC experiments where larger asymmetries have been observed in the forward direction (large xF ) [4]. Of course, in order to have a
comparison with the experimental data for inclusive hadron production at RHIC experiments, one must include both Sivers (as studied
in this Letter) and Collins effects [37]. The latter describes a transversely polarized quark jet fragmenting into an unpolarized hadron,
whose transverse momentum relative to the jet axis correlates with the transverse polarization vector of the fragmenting quark. This
latter correlation can also generate the transverse spin asymmetry (which is not studied here). Currently attempts at global fitting with
both SIDIS and pp experimental data are ongoing [19]. We encourage the use of the modified GPM formalism in such a global analysis,
to study the effect of the associated ISIs and FSIs (process-dependence of the Sivers functions). We also emphasize [36] that there is only
Sivers contribution in direct photon production. Since the modified and conventional GPM predict opposite asymmetries, direct photon
production presents a favorable opportunity to test the process dependence of the Sivers function, or the effect of the associated ISIs.

4. Summary

In this Letter, we have studied the single transverse spin asymmetries in the single inclusive particle production in hadronic collisions.
We point out the Sivers functions in such processes are generally different from those probed in the SIDIS process because of different
initial- and final-state interactions. By carefully taking into account the process-dependence in the Sivers functions (under one-gluon ex-
change approximation), we derive a new formalism within the framework of GPM approach. We find this formalism has close connections
with the collinear twist-3 approach. With our modified GPM formalism, we make predictions for the inclusive π0 and direct photon
production in pp collisions at RHIC energies. We find that the asymmetries predicted from the modified GPM formalism are opposite
to those in the conventional GPM approach. This sign difference comes from the color gauge interaction, which has the same origin as
the sign change for Sivers functions between SIDIS and DY processes. Our predictions about the sign are consistent with those from the
twist-3 collinear factorization approach. We encourage a global analysis of both SIDIS and pp experimental data using this modified GPM
formalism.
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2ŝ2

t̂2
= −N2

c + 2

N2
c − 1

ŝ2
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t̂2
. (51)

We thus also see the sign is reversed in our modified GPM formalism compared with the conventional GPM approach.
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RHIC experiments where larger asymmetries have been observed in the forward direction (large xF ) [4]. Of course, in order to have a
comparison with the experimental data for inclusive hadron production at RHIC experiments, one must include both Sivers (as studied
in this Letter) and Collins effects [37]. The latter describes a transversely polarized quark jet fragmenting into an unpolarized hadron,
whose transverse momentum relative to the jet axis correlates with the transverse polarization vector of the fragmenting quark. This
latter correlation can also generate the transverse spin asymmetry (which is not studied here). Currently attempts at global fitting with
both SIDIS and pp experimental data are ongoing [19]. We encourage the use of the modified GPM formalism in such a global analysis,
to study the effect of the associated ISIs and FSIs (process-dependence of the Sivers functions). We also emphasize [36] that there is only
Sivers contribution in direct photon production. Since the modified and conventional GPM predict opposite asymmetries, direct photon
production presents a favorable opportunity to test the process dependence of the Sivers function, or the effect of the associated ISIs.

4. Summary

In this Letter, we have studied the single transverse spin asymmetries in the single inclusive particle production in hadronic collisions.
We point out the Sivers functions in such processes are generally different from those probed in the SIDIS process because of different
initial- and final-state interactions. By carefully taking into account the process-dependence in the Sivers functions (under one-gluon ex-
change approximation), we derive a new formalism within the framework of GPM approach. We find this formalism has close connections
with the collinear twist-3 approach. With our modified GPM formalism, we make predictions for the inclusive π0 and direct photon
production in pp collisions at RHIC energies. We find that the asymmetries predicted from the modified GPM formalism are opposite
to those in the conventional GPM approach. This sign difference comes from the color gauge interaction, which has the same origin as
the sign change for Sivers functions between SIDIS and DY processes. Our predictions about the sign are consistent with those from the
twist-3 collinear factorization approach. We encourage a global analysis of both SIDIS and pp experimental data using this modified GPM
formalism.
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is negative, which is consistent with the predictions from twist-3 collinear factorization approach [15]. This can also be easily understood
as follows. In the conventional GPM approach, one use HU in the calculation of the spin-dependent cross section. For direct photon
production, the dominant channel comes from qg → γ q, with [15,33]
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process-dependence of the Sivers functions, and has the same origin as in the photon+jet calculation [36]. On the other hand, for the
inclusive π0 production, the dominant channel comes from qg → qg , particularly in the forward direction, one has
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2ŝ2

t̂2
− 1

N2
c − 1

2ŝ2
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We thus also see the sign is reversed in our modified GPM formalism compared with the conventional GPM approach.
We observe that the xF -dependence in both modified and conventional GPM formalisms are different from those observed in the

RHIC experiments where larger asymmetries have been observed in the forward direction (large xF ) [4]. Of course, in order to have a
comparison with the experimental data for inclusive hadron production at RHIC experiments, one must include both Sivers (as studied
in this Letter) and Collins effects [37]. The latter describes a transversely polarized quark jet fragmenting into an unpolarized hadron,
whose transverse momentum relative to the jet axis correlates with the transverse polarization vector of the fragmenting quark. This
latter correlation can also generate the transverse spin asymmetry (which is not studied here). Currently attempts at global fitting with
both SIDIS and pp experimental data are ongoing [19]. We encourage the use of the modified GPM formalism in such a global analysis,
to study the effect of the associated ISIs and FSIs (process-dependence of the Sivers functions). We also emphasize [36] that there is only
Sivers contribution in direct photon production. Since the modified and conventional GPM predict opposite asymmetries, direct photon
production presents a favorable opportunity to test the process dependence of the Sivers function, or the effect of the associated ISIs.

4. Summary

In this Letter, we have studied the single transverse spin asymmetries in the single inclusive particle production in hadronic collisions.
We point out the Sivers functions in such processes are generally different from those probed in the SIDIS process because of different
initial- and final-state interactions. By carefully taking into account the process-dependence in the Sivers functions (under one-gluon ex-
change approximation), we derive a new formalism within the framework of GPM approach. We find this formalism has close connections
with the collinear twist-3 approach. With our modified GPM formalism, we make predictions for the inclusive π0 and direct photon
production in pp collisions at RHIC energies. We find that the asymmetries predicted from the modified GPM formalism are opposite
to those in the conventional GPM approach. This sign difference comes from the color gauge interaction, which has the same origin as
the sign change for Sivers functions between SIDIS and DY processes. Our predictions about the sign are consistent with those from the
twist-3 collinear factorization approach. We encourage a global analysis of both SIDIS and pp experimental data using this modified GPM
formalism.
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is negative, which is consistent with the predictions from twist-3 collinear factorization approach [15]. This can also be easily understood
as follows. In the conventional GPM approach, one use HU in the calculation of the spin-dependent cross section. For direct photon
production, the dominant channel comes from qg → γ q, with [15,33]
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We thus also see the sign is reversed in our modified GPM formalism compared with the conventional GPM approach.
We observe that the xF -dependence in both modified and conventional GPM formalisms are different from those observed in the

RHIC experiments where larger asymmetries have been observed in the forward direction (large xF ) [4]. Of course, in order to have a
comparison with the experimental data for inclusive hadron production at RHIC experiments, one must include both Sivers (as studied
in this Letter) and Collins effects [37]. The latter describes a transversely polarized quark jet fragmenting into an unpolarized hadron,
whose transverse momentum relative to the jet axis correlates with the transverse polarization vector of the fragmenting quark. This
latter correlation can also generate the transverse spin asymmetry (which is not studied here). Currently attempts at global fitting with
both SIDIS and pp experimental data are ongoing [19]. We encourage the use of the modified GPM formalism in such a global analysis,
to study the effect of the associated ISIs and FSIs (process-dependence of the Sivers functions). We also emphasize [36] that there is only
Sivers contribution in direct photon production. Since the modified and conventional GPM predict opposite asymmetries, direct photon
production presents a favorable opportunity to test the process dependence of the Sivers function, or the effect of the associated ISIs.

4. Summary

In this Letter, we have studied the single transverse spin asymmetries in the single inclusive particle production in hadronic collisions.
We point out the Sivers functions in such processes are generally different from those probed in the SIDIS process because of different
initial- and final-state interactions. By carefully taking into account the process-dependence in the Sivers functions (under one-gluon ex-
change approximation), we derive a new formalism within the framework of GPM approach. We find this formalism has close connections
with the collinear twist-3 approach. With our modified GPM formalism, we make predictions for the inclusive π0 and direct photon
production in pp collisions at RHIC energies. We find that the asymmetries predicted from the modified GPM formalism are opposite
to those in the conventional GPM approach. This sign difference comes from the color gauge interaction, which has the same origin as
the sign change for Sivers functions between SIDIS and DY processes. Our predictions about the sign are consistent with those from the
twist-3 collinear factorization approach. We encourage a global analysis of both SIDIS and pp experimental data using this modified GPM
formalism.
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ŝ
−

ŝ
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û
+

û
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1. The latest one: Sivers function from [2], along with DSS fragmentation function [3].

It is important to realize that this set of Sivers function gives too small asymmtry for RHIC energy. It even gives wrong

xF behavior. As most experiments observed so far, AN gets bigger when xF increases. However, this set of Sivers

function gives opposite trend.

The predictions using GPM are given by the dashed blue curves in Fig. 1. Our new prediction by including the

process-dependence are given by the solid red curves. As we can see, particularly for direct photon, GPM predicts

positive AN , while our new approach predicts negative AN .
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Figure 1: AN for inclusive particle production as a function of xF : p
↑p → γ + X (left) and p↑p → π0 + X (right). We use GRV98 LO parton

distribution function [1], the latest Sivers function from [2], and DSS fragmentation function [3].

2. The old one: Sivers function from [4], along with Kretzer fragmentation function [5].

It is important to realize that this set of Sivers function has only u and d Sivers function, all others have been set to

zero. It could generate large asymmetry if one uses GPM, as shown in the dashed blue curves in Fig. 2. In fact, the

predictions are consistent with RHIC data.

As we can see, the predictions by taking the process dependence of the Sivers function into account somehow

predict almost vanishing small AN for π
0, though the nice sign change in the direct photon production is still there.
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Figure 2: AN for inclusive particle production as a function of xF : p
↑p → γ + X (left) and p↑p → π0 + X (right). We use GRV98 LO parton

distribution function [1], the old Sivers function from [4], and Kretzer fragmentation function [5].
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Figure 1: AN for inclusive particle production as a function of xF : p
↑p → γ + X (left) and p↑p → π0 + X (right). We use GRV98 LO parton

distribution function [1], the latest Sivers function from [2], and DSS fragmentation function [3].

2. The old one: Sivers function from [4], along with Kretzer fragmentation function [5].

It is important to realize that this set of Sivers function has only u and d Sivers function, all others have been set to

zero. It could generate large asymmetry if one uses GPM, as shown in the dashed blue curves in Fig. 2. In fact, the

predictions are consistent with RHIC data.

As we can see, the predictions by taking the process dependence of the Sivers function into account somehow

predict almost vanishing small AN for π
0, though the nice sign change in the direct photon production is still there.
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Figure 2: AN for inclusive particle production as a function of xF : p
↑p → γ + X (left) and p↑p → π0 + X (right). We use GRV98 LO parton

distribution function [1], the old Sivers function from [4], and Kretzer fragmentation function [5].

To understand what’s going on, one could trace back to the hard parts. It is good to realize that for the inclusive

6

Sivers from Anselmino et al PRD72 (2005)
Fragmentation from Kretzer PRD62 (2000)

Sivers from Anselmino et al EPJA (2009)
Fragmentation from DSS  PRD75 (2007)
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is negative, which is consistent with the predictions from twist-3 collinear factorization approach [15]. This can also be easily understood
as follows. In the conventional GPM approach, one use HU in the calculation of the spin-dependent cross section. For direct photon
production, the dominant channel comes from qg → γ q, with [15,33]

HU
qg→γ q = 1

Nc
e2q

[
− t̂

ŝ
− ŝ

t̂

]
(48)

while the hard part in the modified GPM formalism is given by

H Inc
qg→γ q = − Nc

N2
c − 1

e2q

[
− t̂

ŝ
− ŝ

t̂

]
. (49)

This introduces an extra color factor −N2
c /(N

2
c − 1), thus opposite to the conventional GPM formalism. This prediction comes from the

process-dependence of the Sivers functions, and has the same origin as in the photon+jet calculation [36]. On the other hand, for the
inclusive π0 production, the dominant channel comes from qg → qg , particularly in the forward direction, one has

H Inc
qg→qg = H Inc-I

qg→qg + H Inc-F
qg→qg → − N2

c

2(N2
c − 1)

2ŝ2

t̂2
− 1

N2
c − 1

2ŝ2

t̂2
= −N2

c + 2

N2
c − 1

ŝ2

t̂2
, (50)

where we have used that in the forward direction, t̂ is small, while û ∼ −ŝ, whereas [15,33]

HU
qg→qg = N2

c − 1

2N2
c

[
− ŝ

û
− û

ŝ

]
+ ŝ2 + û2

t̂2
→ 2ŝ2

t̂2
. (51)

We thus also see the sign is reversed in our modified GPM formalism compared with the conventional GPM approach.
We observe that the xF -dependence in both modified and conventional GPM formalisms are different from those observed in the

RHIC experiments where larger asymmetries have been observed in the forward direction (large xF ) [4]. Of course, in order to have a
comparison with the experimental data for inclusive hadron production at RHIC experiments, one must include both Sivers (as studied
in this Letter) and Collins effects [37]. The latter describes a transversely polarized quark jet fragmenting into an unpolarized hadron,
whose transverse momentum relative to the jet axis correlates with the transverse polarization vector of the fragmenting quark. This
latter correlation can also generate the transverse spin asymmetry (which is not studied here). Currently attempts at global fitting with
both SIDIS and pp experimental data are ongoing [19]. We encourage the use of the modified GPM formalism in such a global analysis,
to study the effect of the associated ISIs and FSIs (process-dependence of the Sivers functions). We also emphasize [36] that there is only
Sivers contribution in direct photon production. Since the modified and conventional GPM predict opposite asymmetries, direct photon
production presents a favorable opportunity to test the process dependence of the Sivers function, or the effect of the associated ISIs.

4. Summary

In this Letter, we have studied the single transverse spin asymmetries in the single inclusive particle production in hadronic collisions.
We point out the Sivers functions in such processes are generally different from those probed in the SIDIS process because of different
initial- and final-state interactions. By carefully taking into account the process-dependence in the Sivers functions (under one-gluon ex-
change approximation), we derive a new formalism within the framework of GPM approach. We find this formalism has close connections
with the collinear twist-3 approach. With our modified GPM formalism, we make predictions for the inclusive π0 and direct photon
production in pp collisions at RHIC energies. We find that the asymmetries predicted from the modified GPM formalism are opposite
to those in the conventional GPM approach. This sign difference comes from the color gauge interaction, which has the same origin as
the sign change for Sivers functions between SIDIS and DY processes. Our predictions about the sign are consistent with those from the
twist-3 collinear factorization approach. We encourage a global analysis of both SIDIS and pp experimental data using this modified GPM
formalism.
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ŝ, t̂, û

ŝ, t̂, û kT

see Kouvaris,Qiu , Vogelsang, and Yuan PRD 2006

kT



• Here                depend on

• Implement delta function 

• expand       and study contribution from Sivers 
function and hard cross section

kaT

kaT

Collinear Expansion in GPM

Eh
d∆σ

d2Ph
=

αs

s

∑

abc

∫
d2kaT

1

M
εαSTnn̂kaTα

1

xa
f⊥ SIDIS
1T (xa, k

2
aT )

∣∣∣∣∣
xa=X+

2PhT ·kaT /zc
xbs+T/zc

×
∫

dxb

xb
fb/B(xb)

∫
dzc
z2c

HInc
ab→c(ŝ, t̂, û)

1

xbs+ T/zc

HInc−F
qq̄→qq̄ = −HInc−F

q̄q→q̄q = − 1
2N2

c

[
ŝ2 + û2

t̂2

]
+

N2
c − 2
2N2

c

[
t̂2 + û2

ŝ2

]
+

1
N3

c

û2

ŝt̂
(29)

HInc−I
qq̄→q̄q = −HInc−I

q̄q→qq̄ = −N2
c − 2
2N2

c

[
ŝ2 + t̂2

û2

]
+

1
2N2

c

[
t̂2 + û2

ŝ2

]
− 1

N3
c

t̂2

ŝû
,

HInc−F
qq̄→q̄q = −HInc−F

q̄q→qq̄ =
1

N2
c

[
ŝ2 + t̂2

û2
+

t̂2 + û2

ŝ2

]
− N2

c + 1
N3

c

t̂2

ŝû
(30)

HInc−I
qg→qg = −HInc−I

q̄g→q̄g =
1

2(N2
c − 1)

[
− ŝ

û
− û

ŝ

]
+

N2
c

2(N2
c − 1)

[
ŝ2 + û2

t̂2
û

ŝ

]
,

HInc−F
qg→qg = −HInc−F

q̄g→q̄g =
1

2N2
c (N2

c − 1)

[
− ŝ

û
− û

ŝ

]
− 1

N2
c − 1

[
ŝ2 + û2

t̂2

]
, (31)

HInc−I
qg→gq = −HInc−I

q̄g→gq̄ =
1

2(N2
c − 1)

[
− ŝ

t̂
− t̂

ŝ

]
+

N2
c

2(N2
c − 1)

[
ŝ2 + t̂2

û2

t̂

ŝ

]
,

HInc−F
qg→gq = −HInc−F

q̄g→gq̄ = − 1
2(N2

c − 1)

[
− ŝ

t̂
− t̂

ŝ

]
− N2

c

2(N2
c − 1)

[
ŝ2 + t̂2

û2

ŝ

t̂

]
(32)

HInc−I
qq̄→gg = −HInc−I

q̄q→gg = − 1
2N3

c

[
û

t̂
+

t̂

û

]
− 1

Nc

[
t̂2 + û2

ŝ2

]
,

HInc−F
qq̄→gg = −HInc−F

q̄q→gg = − 1
2Nc

[
û

t̂
+

t̂

û

]
+

Nc

2

[
t̂2 + û2

ŝ2

û

t̂

]
(33)

We also calculate the corresponding hard part functions for direct photon production, and they are given by

HInc
qg→γq = −HInc

q̄g→γq̄ = − Nc

N2
c − 1

e2
q

[
− t̂

ŝ
− ŝ

t̂

]
, HInc

qq̄→γg = −HInc
q̄q→γg =

1
N2

c
e2

q

[
t̂

û
+

û

t̂

]
. (34)

Here again we note that all these hard part functions have the same form in terms of Mandelstam variables ŝ, t̂,
û, compared to those in the twist-3 collinear factorization approach [15]. However, the formalisms are different. In
the twist-3 collinear factorization approach, all the parton momenta are collinear to the corresponding hadrons, thus
ŝ, t̂, û does not depend on the parton intrinsic transverse momentum. On the other hand, in the GPM approach
the parton momenta involve intrinsic transverse momentum, thus ŝ, t̂, û all depend on the the parton transverse
momentum, kaT and kbT . In fact, because of the existence of the linear kaT -dependence in εkaT SAnn̄, one has to keep
another linear kaT -dependence from the rest of the integrand in Eq. (20), otherwise the integral over d2kaT vanishes.
In other words, it is the linear in kaT term in the hard part functions HInc

ab→c(ŝ, t̂, û) and δ(ŝ+ t̂+ t̂) that contributes to
the asymmetry. Even with this difference, the similarities in terms of ŝ, t̂, û suggest that there are close connections
between our modified GPM formalism and the twist-3 collinear factorization approach. We explore this potential
connection in the next subsection.

D. Connection to the twist-3 collinear factorization formalism

As pointed out in the last subsection, it is the linear in kaT dependence from the rest of the integral in Eq. (20)
that contributes to the asymmetry. We thus make an expansion and keep only the linear in kaT terms. We will show
the leading term in this expansion has a close connection to the twist-3 collinear factorization formalism.

We start by specifying the partonic kinematics. Keeping the linear in kaT terms and dropping all the kbT -dependence
we have pµ

a ≈ xaPµ
A + kaT and pµ

b ≈ xbP
µ
B , thus

ŝ ≈ xaxbS, t̂ ≈ xa

zc
T − 2PhT · kaT

zc
, û =

xb

zc
U. (35)

Thus we can write the δ-function as

δ(ŝ + t̂ + û) =
1

xbS + T/zc
δ

(
xa − x − 2PhT · kaT

zcxbS + T

)
where, xa = x +

2PhT · kaT

zcxbS + T
, (36)

and where x = −xbU/(zcxbS + T ) is independent of kaT . Now performing the integrate over xa in Eq. (20) and using
the δ-function we get,

Eh
d∆σ

d3Ph
=

α2
s

S

∑

a,b,c

∫
d2kaT

εkaT SAnn̄

M

1
xa

f⊥a,SIDIS
1T (xa, k2

aT )
∫

dxb

xb
fb/B(xb)

ŝ, t̂, û



That is....    in GPM

t̂ = (xaPA + kaT −
Ph

z
)2 =

xa

z
T − 2PhT · kaT

z

û = (pb − pc)2 = (xbPB −
Ph

z
)2 =

xb

z
U

ŝ = (pa + pb)2 = xaxbS + O(k2
T )
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2.4. Connection to the twist-3 collinear factorization formalism

As pointed out in the last subsection, it is the linear in kaT dependence from the rest of the integral in Eq. (20) that contributes to the
asymmetry. We thus make an expansion and keep only the linear in kaT terms. We will show that the leading term in this expansion has
a close connection to the twist-3 collinear factorization formalism.

We start by specifying the partonic kinematics. Keeping the linear in kaT terms and dropping all the kbT -dependence we have pµ
a ≈

xa P
µ
A + kaT and pµ

b ≈ xb P
µ
B , thus

ŝ ≈ xaxb S, t̂ ≈ xa
zc

T − 2PhT · kaT
zc

, û = xb
zc

U . (36)

Thus we can write the δ-function as

δ(ŝ + t̂ + û) = 1
xb S + T /zc

δ

(
xa − x− 2PhT · kaT

zcxb S + T

)
where xa = x+ 2PhT · kaT

zcxb S + T
, (37)

and x = −xbU/(zcxb S + T ) is independent of kaT . Now performing the integrate over xa in Eq. (20) and using the δ-function we get,

Eh
d"σ

d3Ph
= α2

s

S

∑

a,b,c

∫
d2kaT

εkaT S Ann̄

M
1
xa

f ⊥a,SIDIS
1T

(
xa,k2aT

)∫
dxb
xb

fb/B(xb)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(ŝ, t̂, û)

1
xb S + T /zc

∣∣∣∣
xa=x+ 2PhT ·kaT

zc xb S+T

. (38)

After replacing xa as above, one has

ŝ = s̃ − s̃
ũ
2PhT · kaT /zc, t̂ = t̃ + s̃

ũ
2PhT · kaT /zc, û = ũ, (39)

where s̃ = xxb S , t̃ = xT /zc , ũ = xbU/zc and they are all independent of kaT . Note ŝ + t̂ + û = 0 implies s̃ + t̃ + ũ = 0. Now besides the
εkaT S Ann̄ , the linear in kaT contributions in Eq. (38) can come from, either (a) xa-dependence in f ⊥a,SIDIS

1T (xa,k2aT ), or (b) the ŝ- and t̂-
dependence in H Inc

ab→c(ŝ, t̂, û). This is because xa , ŝ, and t̂ are the only terms in Eq. (38) which depend linearly in kaT . We now make kaT
expansion one by one. First for contribution (a), since

∂xa
∂kα

aT
= 2PhTα

zcxb S + T
, (40)

to the linear term in kaT , we have

Eh
d"σ (a)

d3Ph
= α2

s

S

∑

a,b,c

∫
d2kaT

εkaT S Ann̄

M
kα
aT

2PhTα

zcxb S + T
d
dxa

[
f ⊥a,SIDIS
1T (xa,k2aT )

xa

]

xa→x

∫
dxb
xb

fb/B(xb)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(s̃, t̃, ũ)

1
xb S + T /zc

, (41)

where we have dropped all kaT dependence in H Inc
ab→c , thus replacing the kaT -dependent ŝ, t̂ , û by the kaT -independent s̃, t̃ , ũ in H Inc

ab→c .
Then using

∫
d2kaT k

β
aT k

α
aT f ⊥a,SIDIS

1T

(
xa,k2aT

)
= −1

2

∫
d2kaT gβα|&kaT |2 f ⊥a,SIDIS

1T

(
xa,k2aT

)
, (42)

and the relation between the Sivers function and the Efremov–Teryaev–Qiu–Sterman function Ta,F (x, x) [8],

Ta,F (x, x) = − 1
M

∫
d2kaT |&kaT |2 f ⊥a,SIDIS

1T

(
x,k2aT

)
, (43)

one can rewrite Eq. (41) as

Eh
d"σ (a)

d3Ph
= α2

s

S

∑

a,b,c

∫
dzc
z2c

Dh/c(zc)
ε PhT S Ann̄

zc ũ
1
x

[
Ta,F (x, x) − x

d
dx

Ta,F (x, x)
]∫

dxb
xb

fb/B(xb)H
Inc
ab→c(s̃, t̃, ũ)

1
xb S + T /zc

. (44)

We observe that this form is the same as that in the twist-3 collinear factorization approach. In particular, note that there is no kaT -
dependence in the hard part functions H Inc

ab→c . The difference to the twist-3 collinear factorization formalism [15] (as mentioned above) is
the extra factor (1 + û/t̂) accompanying the hard part functions associated with final-state interactions, see Eqs. (21) and (35).

However, in our modified GPM formalism, we have another contribution from (b), due to the kaT -dependence from H Inc
ab→c(ŝ, t̂, û) in

Eq. (38). Let’s now study this contribution (b). As is explicit in Eq. (39) û is independent of kaT while both ŝ and t̂ depend on kaT . Since
ŝ + t̂ + û = 0, one could then set t̂ = −ŝ − û in H Inc

ab→c and then expand only ŝ in kaT . That is,

∂

∂kα
aT

H Inc
ab→c(ŝ, t̂, û)

∣∣∣∣
kaT →0

= ∂ ŝ
∂kα

aT

∂

∂ ŝ
H Inc

ab→c(ŝ,−ŝ − û, û)

∣∣∣∣
kaT →0

= −2s̃
ũ

PhTα

zc

∂

∂ s̃
H Inc(s̃,−s̃ − ũ, ũ). (45)

δ(ŝ+ t̂+ û) =
1

xbs+
T
zc

δ(xa − x− 2PhT · kaT
xbs+

T
zc

)



Almost same as Kouvaris,Qiu , Vogelsang, and Yuan PRD 2006

Collinear twist three 
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H Inc-I
qq→qq = −H Inc-I

q̄q̄→q̄q̄ = − 1

N2
c

[
ŝ2 + û2

t̂2
+ ŝ2 + t̂2

û2

]
+ N2

c + 1

N3
c

ŝ2

t̂û
,

H Inc-F
qq→qq = −H Inc-F

q̄q̄→q̄q̄ = − 1
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c

[
ŝ2 + û2

t̂2

]
+ N2

c − 2

2N2
c

[
ŝ2 + t̂2

û2

]
+ 1

N3
c

ŝ2

t̂ û
, (26)

H Inc-I
qq̄→q′q̄′ = −H Inc-I

q̄q→q̄′q′ = 1

2N2
c

[
t̂2 + û2

ŝ2

]
, H Inc-F

qq̄→q′q̄′ = −H Inc-F
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c − 2

2N2
c

[
t̂2 + û2

ŝ2

]
, (27)
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c
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ŝ2

]
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q̄q→q′q̄′ = 1

N2
c

[
t̂2 + û2

ŝ2

]
, (28)
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q̄q→q̄q = −N2
c − 2
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c
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ŝ2 + û2

t̂2

]
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2N2
c

[
t̂2 + û2

ŝ2

]
− 1

N3
c

û2

ŝt̂
,

H Inc-F
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c
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ŝ2 + û2

t̂2

]
+ N2

c − 2

2N2
c

[
t̂2 + û2

ŝ2

]
+ 1

N3
c

û2

ŝt̂
, (29)

H Inc-I
qq̄→q̄q = −H Inc-I

q̄q→qq̄ = −N2
c − 2

2N2
c

[
ŝ2 + t̂2

û2

]
+ 1

2N2
c

[
t̂2 + û2

ŝ2

]
− 1

N3
c

t̂2

ŝû
,

H Inc-F
qq̄→q̄q = −H Inc-F

q̄q→qq̄ = 1

N2
c

[
ŝ2 + t̂2

û2 + t̂2 + û2

ŝ2

]
− N2

c + 1

N3
c

t̂2

ŝû
, (30)

H Inc-I
qg→qg = −H Inc-I

q̄g→q̄g = 1

2(N2
c − 1)

[
− ŝ

û
− û

ŝ

]
+ N2

c

2(N2
c − 1)

[
ŝ2 + û2

t̂2
û
ŝ

]
,

H Inc-F
qg→qg = −H Inc-F

q̄g→q̄g = 1

2N2
c (N2

c − 1)

[
− ŝ

û
− û

ŝ

]
− 1

N2
c − 1

[
ŝ2 + û2

t̂2

]
, (31)

H Inc-I
qg→gq = −H Inc-I

q̄g→gq̄ = 1

2(N2
c − 1)

[
− ŝ

t̂
− t̂

ŝ

]
+ N2

c

2(N2
c − 1)

[
ŝ2 + t̂2

û2

t̂
ŝ

]
,

H Inc-F
qg→gq = −H Inc-F

q̄g→gq̄ = − 1

2(N2
c − 1)

[
− ŝ

t̂
− t̂

ŝ

]
− N2

c

2(N2
c − 1)

[
ŝ2 + t̂2

û2

ŝ

t̂

]
, (32)

H Inc-I
qq̄→gg = −H Inc-I

q̄q→gg = − 1

2N3
c

[
û

t̂
+ t̂

û

]
− 1

Nc

[
t̂2 + û2

ŝ2

]
,

H Inc-F
qq̄→gg = −H Inc-F

q̄q→gg = − 1
2Nc

[
û

t̂
+ t̂

û

]
+ Nc

2

[
t̂2 + û2

ŝ2
û

t̂

]
. (33)

We also calculate the corresponding hard part functions for direct photon production, and they are given by

H Inc
qg→γ q = −H Inc

q̄g→γ q̄ = − Nc

N2
c − 1

e2q

[
− t̂

ŝ
− ŝ

t̂

]
, H Inc

qq̄→γ g = −H Inc
q̄q→γ g = 1

N2
c
e2q

[
t̂
û

+ û

t̂

]
. (34)

Here again we note that all these hard part functions have the same form in terms of Mandelstam variables ŝ, t̂ , û, compared to those in
the twist-3 collinear factorization approach [15]: H Inc-I

ab→c and H Inc-F
ab→c have the same functional form as the corresponding ones H twist-3-I

ab→c
and H twist-3-F

ab→c (defined below) in the twist-3 collinear factorization formalism, respectively. However, there are two differences in the
formalisms. First, in the twist-3 collinear approach, the hard part functions are given by

H twist-3
ab→c (ŝ, t̂, û) = H twist-3-I

ab→c (ŝ, t̂, û) + H twist-3-F
ab→c (ŝ, t̂, û)

(
1+ û

t̂

)
, (35)

i.e., there is an extra factor (1 + û/t̂) accompanying the hard part functions H twist-3-F
ab→c associated with final state interactions. However, in

our modified GPM formalism as in Eq. (21), there is no such factor. This difference can be traced back to the eikonal approximation we are
using, see, e.g., Eq. (10), where we only keep the pole contribution −k+ + iε in the denominator under this approximation. However, there
is an extra term linear in k⊥ (∝ pc ·k⊥) which exists in the twist-3 collinear factorization formalism. This leads to the extra factor (1+ û/t̂)
for the final-state interaction contribution (for details, see Ref. [15]). Second, in the twist-3 collinear factorization approach, all the parton
momenta are collinear to the corresponding hadrons, thus ŝ, t̂ , û does not depend on the parton intrinsic transverse momentum. On
the other hand, in the GPM approach the parton momenta involve intrinsic transverse momentum, thus ŝ, t̂ , û all depend on the parton
transverse momentum, kaT and kbT . In fact, because of the existence of the linear kaT -dependence in εkaT S Ann̄ , one has to keep another
linear kaT -dependence from the rest of the integrand in Eq. (20), otherwise the integral over d2kaT vanishes. In other words, it is the linear
in kaT term in the hard part functions H Inc

ab→c(ŝ, t̂, û) and δ(ŝ + t̂ + t̂) that contributes to the asymmetry. Even with these two differences,
the similarities in terms of ŝ, t̂ , û suggest that there are close connections between our modified GPM formalism and the twist-3 collinear
factorization approach. We explore this potential connection in the next subsection.

JID:PLB AID:27234 /SCO Doctopic: Theory [m5Gv1.3; v 1.49; Prn:30/11/2010; 14:42] P.5 (1-10)

L. Gamberg, Z.-B. Kang / Physics Letters B ••• (••••) •••–••• 5

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

33 33

34 34

35 35

36 36

37 37

38 38

39 39

40 40

41 41

42 42

43 43

44 44

45 45

46 46

47 47

48 48

49 49

50 50

51 51

52 52

53 53

54 54

55 55

56 56

57 57

58 58

59 59

60 60

61 61

62 62

63 63

64 64

65 65

H Inc-I
qq′→qq′ = CIhqq′→qq′ , H Inc-F

qq′→qq′ = CFchqq′→qq′ , (18)

are the corresponding hard parts related to initial- and final-state interactions, respectively.
There are many other partonic processes contributing to the single inclusive particle production. Similar to the analysis in qq′ → qq′ ,

one needs to analyze each individual Feynman diagram accordingly, carefully moving the extra factors (process-dependence) from the
corresponding Sivers function to the hard parts, thus obtaining H Inc-I

ab→cd and H Inc-F
ab→cd for every channel. The modified formalism will be

given in the next subsection.
There are some comments to our results presented to this point: in particular those displayed in Fig. 4. It looks like Fig. 3(a), (b) can

be factorized into a convolution of Sivers function and a hard part function as shown in Fig. 4. However, this is not a TMD factorization
in the strict sense. Currently TMD factorization theorems have been established for both SIDIS and DY processes [24,25]. To the order we
are studying, this means, the one-gluon exchange diagram for SIDIS in Fig. 1 can be factorized into a convolution of a Sivers function
f ⊥a,SIDIS
1T (xa,k2aT ) and a hard part function H(Q ), as shown in Fig. 2. Here all the soft physics (those depending on kaT ) has been absorbed

into the Sivers function f ⊥a,SIDIS
1T (xa,k2aT ), and the hard part function H(Q ) only depends on the hard scale Q , not kaT . On the other

hand, for qq′ → qq′ , we write the corresponding diagram Fig. 3(a) into a similar form: a product of a Sivers function f ⊥a,qq′→qq′
1T (xa,k2aT )

and a hard part function Hqq′→qq′ (ŝ, t̂, û), as shown in Fig. 4. But as we will comment later, besides the kaT dependence from the Sivers
function, one will also need to keep the kaT dependence in the hard part functions Hqq′→qq′ , without which the SSAs will vanish in both
the conventional GPM and this modified GPM formalism. Even though this is not a TMD factorization, one hopes this formalism is a
reasonable approximation. There are two reasons to suggest this might be the case. First of all, from phenomenological point of view, this
formalism had some success [18]. Secondly, as we will show in Section 2 D this formalism has a connection with the well-established
collinear twist-3 approach [15]. In this respect, our identification of the color factors with the hard cross sections is reminiscent of the
results of the twist-3 approach (see in particular [15]). Indeed we will see that upon calculating all partonic processes that contribute
from each channel, they have the same form in terms of Mandelstam variables ŝ, t̂ , û, as compared to those in the twist-3 collinear
factorization approach [15] (up to a prefactor associated with final state interactions).

To close this subsection, we want to point out the following important fact: the interaction with the unobserved particle (the quark q′

for qq′ → qq′) vanishes after summing different cut diagrams [14,15,27]. To see this clearly, we have for Figs. 3(c) and 3(d)

1
(pd − k)2 + iε

δ
(
p2
d

)
→ −iπδ

(
(pd − k)2

)
δ
(
p2
d

)
, and

1

p2
d − iε

δ
(
(pd − k)2

)
→ +iπδ

(
(pd − k)2

)
δ
(
p2
d

)
, (19)

respectively. Since the remaining parts of the scattering amplitudes for these two diagrams are exactly the same except for the above pole
contributions which are opposite to each other, the contribution from the unobserved particle vanishes. This could also be used to explain
why the inclusive DIS process, the SSA vanishes. As shown in Fig. 1 (left), we don’t observe the final-state quark for the inclusive DIS
process, thus the contribution from the cut to the left and to the right will cancel which results in a vanishing asymmetry.

We want to emphasize that the above analysis holds true only under one-gluon exchange approximation. Going beyond one-gluon
exchange, the Sivers functions are typically more complicated, there seems no simple relation (as extra color factors) to those in the SIDIS
process [28].

2.3. Single inclusive hadron production

Now after carefully taking into account both initial- and final-state interactions, the more appropriate GPM formalism for spin-
dependent cross section should be written as

Eh
d$σ

d3Ph
= α2

s

S

∑

a,b,c

∫
dxa
xa

d2kaT f ⊥a,SIDIS
1T

(
xa,k2aT

)εkaT S Ann̄

M

∫
dxb
xb

d2kbT fb/B
(
xb,k

2
bT

)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (20)

where we have a new hard part function H Inc
ab→c instead of HU

ab→c used in the conventional GPM approach. Here the process dependence
in the Sivers function has been absorbed into H Inc

ab→c , which can be written as

H Inc
ab→c(ŝ, t̂, û) = H Inc-I

ab→c(ŝ, t̂, û) + H Inc-F
ab→c(ŝ, t̂, û), (21)

where H Inc-I
ab→c and H Inc-F

ab→c are associated with initial- and final-state interactions, respectively. The contributions for the various contributing
partonic subprocesses are given by

H Inc-I
qq′→qq′ = −H Inc-I

q̄q̄′→q̄q̄′ = − 1

N2
c

[
ŝ2 + û2

t̂2

]
, H Inc-F

qq′→qq′ = −H Inc-F
q̄q̄′→q̄q̄′ = − 1

2N2
c

[
ŝ2 + û2

t̂2

]
, (22)

H Inc-I
qq̄′→qq̄′ = −H Inc-I

q̄q′→q̄q′ = −N2
c − 2

2N2
c

[
ŝ2 + û2

t̂2

]
, H Inc-F

qq̄′→qq̄′ = −H Inc-F
q̄q′→q̄q′ = − 1

2N2
c

[
ŝ2 + û2

t̂2

]
, (23)

H Inc-I
qq′→q′q = −H Inc-I

q̄q̄′→q̄′q̄ = − 1

N2
c

[
ŝ2 + t̂2

û2

]
, H Inc-F

qq′→q′q = −H Inc-F
q̄q̄′→q̄′q̄ = N2

c − 2

2N2
c

[
ŝ2 + t̂2

û2

]
, (24)

H Inc-I
qq̄′→q̄′q = −H Inc-I

q̄q′→q′q̄ = −N2
c − 2

2N2
c

[
ŝ2 + t̂2

û2

]
, H Inc-F

qq̄′→q̄′q = −H Inc-F
q̄q′→q′q̄ = 1

N2
c

[
ŝ2 + t̂2

û2

]
, (25)

CGI GPM

Kouvaris  et al.
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2.4. Connection to the twist-3 collinear factorization formalism

As pointed out in the last subsection, it is the linear in kaT dependence from the rest of the integral in Eq. (20) that contributes to the
asymmetry. We thus make an expansion and keep only the linear in kaT terms. We will show that the leading term in this expansion has
a close connection to the twist-3 collinear factorization formalism.

We start by specifying the partonic kinematics. Keeping the linear in kaT terms and dropping all the kbT -dependence we have pµ
a ≈

xa P
µ
A + kaT and pµ

b ≈ xb P
µ
B , thus

ŝ ≈ xaxb S, t̂ ≈ xa
zc

T − 2PhT · kaT
zc

, û = xb
zc

U . (36)

Thus we can write the δ-function as

δ(ŝ + t̂ + û) = 1
xb S + T /zc

δ

(
xa − x− 2PhT · kaT

zcxb S + T

)
where xa = x+ 2PhT · kaT

zcxb S + T
, (37)

and x = −xbU/(zcxb S + T ) is independent of kaT . Now performing the integrate over xa in Eq. (20) and using the δ-function we get,

Eh
d"σ

d3Ph
= α2

s

S

∑

a,b,c

∫
d2kaT

εkaT S Ann̄

M
1
xa

f ⊥a,SIDIS
1T

(
xa,k2aT

)∫
dxb
xb

fb/B(xb)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(ŝ, t̂, û)

1
xb S + T /zc

∣∣∣∣
xa=x+ 2PhT ·kaT

zc xb S+T

. (38)

After replacing xa as above, one has

ŝ = s̃ − s̃
ũ
2PhT · kaT /zc, t̂ = t̃ + s̃

ũ
2PhT · kaT /zc, û = ũ, (39)

where s̃ = xxb S , t̃ = xT /zc , ũ = xbU/zc and they are all independent of kaT . Note ŝ + t̂ + û = 0 implies s̃ + t̃ + ũ = 0. Now besides the
εkaT S Ann̄ , the linear in kaT contributions in Eq. (38) can come from, either (a) xa-dependence in f ⊥a,SIDIS

1T (xa,k2aT ), or (b) the ŝ- and t̂-
dependence in H Inc

ab→c(ŝ, t̂, û). This is because xa , ŝ, and t̂ are the only terms in Eq. (38) which depend linearly in kaT . We now make kaT
expansion one by one. First for contribution (a), since

∂xa
∂kα

aT
= 2PhTα

zcxb S + T
, (40)

to the linear term in kaT , we have

Eh
d"σ (a)

d3Ph
= α2

s

S

∑

a,b,c

∫
d2kaT

εkaT S Ann̄

M
kα
aT

2PhTα

zcxb S + T
d
dxa

[
f ⊥a,SIDIS
1T (xa,k2aT )

xa

]

xa→x

∫
dxb
xb

fb/B(xb)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(s̃, t̃, ũ)

1
xb S + T /zc

, (41)

where we have dropped all kaT dependence in H Inc
ab→c , thus replacing the kaT -dependent ŝ, t̂ , û by the kaT -independent s̃, t̃ , ũ in H Inc

ab→c .
Then using

∫
d2kaT k

β
aT k

α
aT f ⊥a,SIDIS

1T

(
xa,k2aT

)
= −1

2

∫
d2kaT gβα|&kaT |2 f ⊥a,SIDIS

1T

(
xa,k2aT

)
, (42)

and the relation between the Sivers function and the Efremov–Teryaev–Qiu–Sterman function Ta,F (x, x) [8],

Ta,F (x, x) = − 1
M

∫
d2kaT |&kaT |2 f ⊥a,SIDIS

1T

(
x,k2aT

)
, (43)

one can rewrite Eq. (41) as

Eh
d"σ (a)

d3Ph
= α2

s

S

∑

a,b,c

∫
dzc
z2c

Dh/c(zc)
ε PhT S Ann̄

zc ũ
1
x

[
Ta,F (x, x) − x

d
dx

Ta,F (x, x)
]∫

dxb
xb

fb/B(xb)H
Inc
ab→c(s̃, t̃, ũ)

1
xb S + T /zc

. (44)

We observe that this form is the same as that in the twist-3 collinear factorization approach. In particular, note that there is no kaT -
dependence in the hard part functions H Inc

ab→c . The difference to the twist-3 collinear factorization formalism [15] (as mentioned above) is
the extra factor (1 + û/t̂) accompanying the hard part functions associated with final-state interactions, see Eqs. (21) and (35).

However, in our modified GPM formalism, we have another contribution from (b), due to the kaT -dependence from H Inc
ab→c(ŝ, t̂, û) in

Eq. (38). Let’s now study this contribution (b). As is explicit in Eq. (39) û is independent of kaT while both ŝ and t̂ depend on kaT . Since
ŝ + t̂ + û = 0, one could then set t̂ = −ŝ − û in H Inc

ab→c and then expand only ŝ in kaT . That is,

∂

∂kα
aT

H Inc
ab→c(ŝ, t̂, û)

∣∣∣∣
kaT →0

= ∂ ŝ
∂kα

aT

∂

∂ ŝ
H Inc

ab→c(ŝ,−ŝ − û, û)

∣∣∣∣
kaT →0

= −2s̃
ũ

PhTα

zc

∂

∂ s̃
H Inc(s̃,−s̃ − ũ, ũ). (45)
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2.4. Connection to the twist-3 collinear factorization formalism

As pointed out in the last subsection, it is the linear in kaT dependence from the rest of the integral in Eq. (20) that contributes to the
asymmetry. We thus make an expansion and keep only the linear in kaT terms. We will show that the leading term in this expansion has
a close connection to the twist-3 collinear factorization formalism.

We start by specifying the partonic kinematics. Keeping the linear in kaT terms and dropping all the kbT -dependence we have pµ
a ≈

xa P
µ
A + kaT and pµ

b ≈ xb P
µ
B , thus

ŝ ≈ xaxb S, t̂ ≈ xa
zc

T − 2PhT · kaT
zc

, û = xb
zc

U . (36)

Thus we can write the δ-function as

δ(ŝ + t̂ + û) = 1
xb S + T /zc

δ

(
xa − x− 2PhT · kaT

zcxb S + T

)
where xa = x+ 2PhT · kaT

zcxb S + T
, (37)

and x = −xbU/(zcxb S + T ) is independent of kaT . Now performing the integrate over xa in Eq. (20) and using the δ-function we get,

Eh
d"σ

d3Ph
= α2

s

S

∑

a,b,c

∫
d2kaT

εkaT S Ann̄

M
1
xa

f ⊥a,SIDIS
1T

(
xa,k2aT

)∫
dxb
xb

fb/B(xb)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(ŝ, t̂, û)

1
xb S + T /zc

∣∣∣∣
xa=x+ 2PhT ·kaT

zc xb S+T

. (38)

After replacing xa as above, one has

ŝ = s̃ − s̃
ũ
2PhT · kaT /zc, t̂ = t̃ + s̃

ũ
2PhT · kaT /zc, û = ũ, (39)

where s̃ = xxb S , t̃ = xT /zc , ũ = xbU/zc and they are all independent of kaT . Note ŝ + t̂ + û = 0 implies s̃ + t̃ + ũ = 0. Now besides the
εkaT S Ann̄ , the linear in kaT contributions in Eq. (38) can come from, either (a) xa-dependence in f ⊥a,SIDIS

1T (xa,k2aT ), or (b) the ŝ- and t̂-
dependence in H Inc

ab→c(ŝ, t̂, û). This is because xa , ŝ, and t̂ are the only terms in Eq. (38) which depend linearly in kaT . We now make kaT
expansion one by one. First for contribution (a), since

∂xa
∂kα

aT
= 2PhTα

zcxb S + T
, (40)

to the linear term in kaT , we have

Eh
d"σ (a)

d3Ph
= α2

s

S

∑

a,b,c

∫
d2kaT

εkaT S Ann̄

M
kα
aT

2PhTα

zcxb S + T
d
dxa

[
f ⊥a,SIDIS
1T (xa,k2aT )

xa

]

xa→x

∫
dxb
xb

fb/B(xb)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(s̃, t̃, ũ)

1
xb S + T /zc

, (41)

where we have dropped all kaT dependence in H Inc
ab→c , thus replacing the kaT -dependent ŝ, t̂ , û by the kaT -independent s̃, t̃ , ũ in H Inc

ab→c .
Then using

∫
d2kaT k

β
aT k

α
aT f ⊥a,SIDIS

1T

(
xa,k2aT

)
= −1

2

∫
d2kaT gβα|&kaT |2 f ⊥a,SIDIS

1T

(
xa,k2aT

)
, (42)

and the relation between the Sivers function and the Efremov–Teryaev–Qiu–Sterman function Ta,F (x, x) [8],

Ta,F (x, x) = − 1
M

∫
d2kaT |&kaT |2 f ⊥a,SIDIS

1T

(
x,k2aT

)
, (43)

one can rewrite Eq. (41) as

Eh
d"σ (a)

d3Ph
= α2

s

S

∑

a,b,c

∫
dzc
z2c

Dh/c(zc)
ε PhT S Ann̄

zc ũ
1
x

[
Ta,F (x, x) − x

d
dx

Ta,F (x, x)
]∫

dxb
xb

fb/B(xb)H
Inc
ab→c(s̃, t̃, ũ)

1
xb S + T /zc

. (44)

We observe that this form is the same as that in the twist-3 collinear factorization approach. In particular, note that there is no kaT -
dependence in the hard part functions H Inc

ab→c . The difference to the twist-3 collinear factorization formalism [15] (as mentioned above) is
the extra factor (1 + û/t̂) accompanying the hard part functions associated with final-state interactions, see Eqs. (21) and (35).

However, in our modified GPM formalism, we have another contribution from (b), due to the kaT -dependence from H Inc
ab→c(ŝ, t̂, û) in

Eq. (38). Let’s now study this contribution (b). As is explicit in Eq. (39) û is independent of kaT while both ŝ and t̂ depend on kaT . Since
ŝ + t̂ + û = 0, one could then set t̂ = −ŝ − û in H Inc

ab→c and then expand only ŝ in kaT . That is,

∂

∂kα
aT

H Inc
ab→c(ŝ, t̂, û)

∣∣∣∣
kaT →0

= ∂ ŝ
∂kα

aT

∂

∂ ŝ
H Inc

ab→c(ŝ,−ŝ − û, û)

∣∣∣∣
kaT →0

= −2s̃
ũ

PhTα

zc

∂

∂ s̃
H Inc(s̃,−s̃ − ũ, ũ). (45)
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Fig. 5. AN for inclusive particle production as a function of xF at RHIC energy
√
s = 200 GeV: p↑p → π0 + X (left) and p↑p → γ + X (right). The dashed curves are for

the conventional GPM calculation, and the solid curves are for our modified GPM calculation. We have used the latest Sivers function from [22], and DSS fragmentation
function [35].

Then we have the contribution (b)

Eh
d#σ (b)

d3Ph
= α2

s

S

∑

a,b,c

∫
dzc
z2c

Dh/c(zc)
ε PhT S Ann̄

zc ũ
1
x
Ta,F (x, x)

∫
dxb
xb

fb/B(xb)
[
−s̃

∂

∂ s̃
H Inc

ab→c(s̃,−s̃ − ũ, ũ)

]
1

xb S + T /zc
. (46)

Thus to the leading order (linear in kaT terms), the spin-dependent cross section in our modified GPM formalism can be written as

Eh
d#σ

d3Ph
= Eh

d#σ (a)

d3Ph
+ Eh

d#σ (b)

d3Ph
, (47)

with the contributions (a) and (b) given by Eqs. (44) and (46), respectively. The term (a) almost reproduces the twist-3 collinear factoriza-
tion formalism in Ref. [15] modular the extra factor (1+ û/t̂) associated with final state interactions, for which the origin of the difference
is understood in last subsection. On the other hand, for the extra term (b), theoretically how to interpret this “mismatch” and why the
term (b) does not appear in the usual twist-3 collinear factorization formalism deserves further investigation [29]. Here it is important to
note, from the phenomenological perspective, as already shown in [15], the derivative of the correlation function Ta,F (x, x) is the dom-
inant contribution to the SSAs, thus we expect the term (b), which contains no derivative, to play a less important role in generating
the SSAs compared with term (a). In other words, even though this modified GPM has an extra piece compared with the well-known
twist-3 collinear factorization formalism, phenomenologically (numerically) this formalism could give a good approximation to the SSAs.
This remains to be confirmed [29] because there is still a difference in term (a) on the extra factor (1+ û/t̂) associated with the final state
interactions between the twist-3 collinear factorization approach and our modified GPM formalism. If this were the case, it will provide
further support to the modified GPM approach to the SSAs.

To close this section, we want to emphasize that the contribution calculated in Ref. [15] only comes from the so-called soft-gluon-pole
(SGP) in the twist-3 collinear factorization approach. However, there are also contributions from so-called soft-fermon-pole (SFP) [30].
Even though our modified GPM formalism might capture the main feature of SGP contributions, it seems unlikely to reproduce the SFP
contributions. In this respect the twist-3 formalism is “internally complete” in the sense that the collinear factorization is expected to
hold for this formalism [31]. Finally, while TMD factorization is assumed in both GPM and our modified GPM formalisms, it is likely not
to hold in these processes [28]. However, the extent to which it is broken is not known numerically. Thus, calculations within (modified)
GPM formalisms should bear this in mind and thus be used with extra care.

3. Numerical estimate of the SSAs

In this section, we will estimate the SSAs for single inclusive hadron and direct photon production in pp collisions at RHIC energy by
using our modified GPM formalism in Eq. (20). We will compare our results with those calculated from the conventional GPM formalism
as in Eq. (4).

To calculate the spin-averaged cross section, we use GRV98 LO parton distribution functions [32] along with a Gaussian-type kT -
dependence [22,21]. The hard part functions for different partonic scattering channels are available in the literature [15,33,34]. For the
spin-dependent cross section, we use the latest Sivers functions from [22] which are extracted from the recent SIDIS experiments. To
consistently use this set of Sivers function, we will use DSS fragmentation function [35]. For the numerical predictions below, we work in
a frame in which the polarized hadron moves in the +z-direction, choosing S⊥, Ph⊥ along y- and x-directions, respectively, where all the
relevant distribution functions and fragmentation functions evaluated at the scale Ph⊥ [17].

In Fig. 5, we plot the AN as a function of xF for inclusive π0 (left) and direct photon (right) production at rapidity y = 3.3 for RHIC
energy

√
s = 200 GeV. The estimates using the conventional GPM formalism in Eq. (4) are shown as dashed lines, while those using

our modified GPM formalism in Eq. (20) are shown as solid lines. One immediately see that for both inclusive π0 and direct photon,
AN change signs compare to the conventional GPM formalism. For π0, the conventional GPM predicts a negative asymmetry (though
very small from this set of Sivers functions), while the modified GPM formalism predicts a positive asymmetry. On the other hand, for
direct photon, conventional GPM formalism predicts a positive asymmetry, while modified GPM formalism predicts that the asymmetry
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Fig. 5. AN for inclusive particle production as a function of xF at RHIC energy
√
s = 200 GeV: p↑p → π0 + X (left) and p↑p → γ + X (right). The dashed curves are for

the conventional GPM calculation, and the solid curves are for our modified GPM calculation. We have used the latest Sivers function from [22], and DSS fragmentation
function [35].

Then we have the contribution (b)

Eh
d#σ (b)

d3Ph
= α2

s

S

∑

a,b,c

∫
dzc
z2c

Dh/c(zc)
ε PhT S Ann̄

zc ũ
1
x
Ta,F (x, x)

∫
dxb
xb

fb/B(xb)
[
−s̃

∂

∂ s̃
H Inc

ab→c(s̃,−s̃ − ũ, ũ)

]
1

xb S + T /zc
. (46)

Thus to the leading order (linear in kaT terms), the spin-dependent cross section in our modified GPM formalism can be written as

Eh
d#σ

d3Ph
= Eh

d#σ (a)

d3Ph
+ Eh

d#σ (b)

d3Ph
, (47)

with the contributions (a) and (b) given by Eqs. (44) and (46), respectively. The term (a) almost reproduces the twist-3 collinear factoriza-
tion formalism in Ref. [15] modular the extra factor (1+ û/t̂) associated with final state interactions, for which the origin of the difference
is understood in last subsection. On the other hand, for the extra term (b), theoretically how to interpret this “mismatch” and why the
term (b) does not appear in the usual twist-3 collinear factorization formalism deserves further investigation [29]. Here it is important to
note, from the phenomenological perspective, as already shown in [15], the derivative of the correlation function Ta,F (x, x) is the dom-
inant contribution to the SSAs, thus we expect the term (b), which contains no derivative, to play a less important role in generating
the SSAs compared with term (a). In other words, even though this modified GPM has an extra piece compared with the well-known
twist-3 collinear factorization formalism, phenomenologically (numerically) this formalism could give a good approximation to the SSAs.
This remains to be confirmed [29] because there is still a difference in term (a) on the extra factor (1+ û/t̂) associated with the final state
interactions between the twist-3 collinear factorization approach and our modified GPM formalism. If this were the case, it will provide
further support to the modified GPM approach to the SSAs.

To close this section, we want to emphasize that the contribution calculated in Ref. [15] only comes from the so-called soft-gluon-pole
(SGP) in the twist-3 collinear factorization approach. However, there are also contributions from so-called soft-fermon-pole (SFP) [30].
Even though our modified GPM formalism might capture the main feature of SGP contributions, it seems unlikely to reproduce the SFP
contributions. In this respect the twist-3 formalism is “internally complete” in the sense that the collinear factorization is expected to
hold for this formalism [31]. Finally, while TMD factorization is assumed in both GPM and our modified GPM formalisms, it is likely not
to hold in these processes [28]. However, the extent to which it is broken is not known numerically. Thus, calculations within (modified)
GPM formalisms should bear this in mind and thus be used with extra care.

3. Numerical estimate of the SSAs

In this section, we will estimate the SSAs for single inclusive hadron and direct photon production in pp collisions at RHIC energy by
using our modified GPM formalism in Eq. (20). We will compare our results with those calculated from the conventional GPM formalism
as in Eq. (4).

To calculate the spin-averaged cross section, we use GRV98 LO parton distribution functions [32] along with a Gaussian-type kT -
dependence [22,21]. The hard part functions for different partonic scattering channels are available in the literature [15,33,34]. For the
spin-dependent cross section, we use the latest Sivers functions from [22] which are extracted from the recent SIDIS experiments. To
consistently use this set of Sivers function, we will use DSS fragmentation function [35]. For the numerical predictions below, we work in
a frame in which the polarized hadron moves in the +z-direction, choosing S⊥, Ph⊥ along y- and x-directions, respectively, where all the
relevant distribution functions and fragmentation functions evaluated at the scale Ph⊥ [17].

In Fig. 5, we plot the AN as a function of xF for inclusive π0 (left) and direct photon (right) production at rapidity y = 3.3 for RHIC
energy

√
s = 200 GeV. The estimates using the conventional GPM formalism in Eq. (4) are shown as dashed lines, while those using

our modified GPM formalism in Eq. (20) are shown as solid lines. One immediately see that for both inclusive π0 and direct photon,
AN change signs compare to the conventional GPM formalism. For π0, the conventional GPM predicts a negative asymmetry (though
very small from this set of Sivers functions), while the modified GPM formalism predicts a positive asymmetry. On the other hand, for
direct photon, conventional GPM formalism predicts a positive asymmetry, while modified GPM formalism predicts that the asymmetry
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Fig. 5. AN for inclusive particle production as a function of xF at RHIC energy
√
s = 200 GeV: p↑p → π0 + X (left) and p↑p → γ + X (right). The dashed curves are for

the conventional GPM calculation, and the solid curves are for our modified GPM calculation. We have used the latest Sivers function from [22], and DSS fragmentation
function [35].

Then we have the contribution (b)

Eh
d#σ (b)

d3Ph
= α2

s

S

∑

a,b,c

∫
dzc
z2c

Dh/c(zc)
ε PhT S Ann̄

zc ũ
1
x
Ta,F (x, x)

∫
dxb
xb

fb/B(xb)
[
−s̃

∂

∂ s̃
H Inc

ab→c(s̃,−s̃ − ũ, ũ)

]
1

xb S + T /zc
. (46)

Thus to the leading order (linear in kaT terms), the spin-dependent cross section in our modified GPM formalism can be written as

Eh
d#σ

d3Ph
= Eh

d#σ (a)

d3Ph
+ Eh

d#σ (b)

d3Ph
, (47)

with the contributions (a) and (b) given by Eqs. (44) and (46), respectively. The term (a) almost reproduces the twist-3 collinear factoriza-
tion formalism in Ref. [15] modular the extra factor (1+ û/t̂) associated with final state interactions, for which the origin of the difference
is understood in last subsection. On the other hand, for the extra term (b), theoretically how to interpret this “mismatch” and why the
term (b) does not appear in the usual twist-3 collinear factorization formalism deserves further investigation [29]. Here it is important to
note, from the phenomenological perspective, as already shown in [15], the derivative of the correlation function Ta,F (x, x) is the dom-
inant contribution to the SSAs, thus we expect the term (b), which contains no derivative, to play a less important role in generating
the SSAs compared with term (a). In other words, even though this modified GPM has an extra piece compared with the well-known
twist-3 collinear factorization formalism, phenomenologically (numerically) this formalism could give a good approximation to the SSAs.
This remains to be confirmed [29] because there is still a difference in term (a) on the extra factor (1+ û/t̂) associated with the final state
interactions between the twist-3 collinear factorization approach and our modified GPM formalism. If this were the case, it will provide
further support to the modified GPM approach to the SSAs.

To close this section, we want to emphasize that the contribution calculated in Ref. [15] only comes from the so-called soft-gluon-pole
(SGP) in the twist-3 collinear factorization approach. However, there are also contributions from so-called soft-fermon-pole (SFP) [30].
Even though our modified GPM formalism might capture the main feature of SGP contributions, it seems unlikely to reproduce the SFP
contributions. In this respect the twist-3 formalism is “internally complete” in the sense that the collinear factorization is expected to
hold for this formalism [31]. Finally, while TMD factorization is assumed in both GPM and our modified GPM formalisms, it is likely not
to hold in these processes [28]. However, the extent to which it is broken is not known numerically. Thus, calculations within (modified)
GPM formalisms should bear this in mind and thus be used with extra care.

3. Numerical estimate of the SSAs

In this section, we will estimate the SSAs for single inclusive hadron and direct photon production in pp collisions at RHIC energy by
using our modified GPM formalism in Eq. (20). We will compare our results with those calculated from the conventional GPM formalism
as in Eq. (4).

To calculate the spin-averaged cross section, we use GRV98 LO parton distribution functions [32] along with a Gaussian-type kT -
dependence [22,21]. The hard part functions for different partonic scattering channels are available in the literature [15,33,34]. For the
spin-dependent cross section, we use the latest Sivers functions from [22] which are extracted from the recent SIDIS experiments. To
consistently use this set of Sivers function, we will use DSS fragmentation function [35]. For the numerical predictions below, we work in
a frame in which the polarized hadron moves in the +z-direction, choosing S⊥, Ph⊥ along y- and x-directions, respectively, where all the
relevant distribution functions and fragmentation functions evaluated at the scale Ph⊥ [17].

In Fig. 5, we plot the AN as a function of xF for inclusive π0 (left) and direct photon (right) production at rapidity y = 3.3 for RHIC
energy

√
s = 200 GeV. The estimates using the conventional GPM formalism in Eq. (4) are shown as dashed lines, while those using

our modified GPM formalism in Eq. (20) are shown as solid lines. One immediately see that for both inclusive π0 and direct photon,
AN change signs compare to the conventional GPM formalism. For π0, the conventional GPM predicts a negative asymmetry (though
very small from this set of Sivers functions), while the modified GPM formalism predicts a positive asymmetry. On the other hand, for
direct photon, conventional GPM formalism predicts a positive asymmetry, while modified GPM formalism predicts that the asymmetry
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2.4. Connection to the twist-3 collinear factorization formalism

As pointed out in the last subsection, it is the linear in kaT dependence from the rest of the integral in Eq. (20) that contributes to the
asymmetry. We thus make an expansion and keep only the linear in kaT terms. We will show that the leading term in this expansion has
a close connection to the twist-3 collinear factorization formalism.

We start by specifying the partonic kinematics. Keeping the linear in kaT terms and dropping all the kbT -dependence we have pµ
a ≈

xa P
µ
A + kaT and pµ

b ≈ xb P
µ
B , thus

ŝ ≈ xaxb S, t̂ ≈ xa
zc

T − 2PhT · kaT
zc

, û = xb
zc

U . (36)

Thus we can write the δ-function as

δ(ŝ + t̂ + û) = 1
xb S + T /zc

δ

(
xa − x− 2PhT · kaT

zcxb S + T

)
where xa = x+ 2PhT · kaT

zcxb S + T
, (37)

and x = −xbU/(zcxb S + T ) is independent of kaT . Now performing the integrate over xa in Eq. (20) and using the δ-function we get,

Eh
d"σ

d3Ph
= α2

s

S

∑

a,b,c

∫
d2kaT

εkaT S Ann̄

M
1
xa

f ⊥a,SIDIS
1T

(
xa,k2aT

)∫
dxb
xb

fb/B(xb)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(ŝ, t̂, û)

1
xb S + T /zc

∣∣∣∣
xa=x+ 2PhT ·kaT

zc xb S+T

. (38)

After replacing xa as above, one has

ŝ = s̃ − s̃
ũ
2PhT · kaT /zc, t̂ = t̃ + s̃

ũ
2PhT · kaT /zc, û = ũ, (39)

where s̃ = xxb S , t̃ = xT /zc , ũ = xbU/zc and they are all independent of kaT . Note ŝ + t̂ + û = 0 implies s̃ + t̃ + ũ = 0. Now besides the
εkaT S Ann̄ , the linear in kaT contributions in Eq. (38) can come from, either (a) xa-dependence in f ⊥a,SIDIS

1T (xa,k2aT ), or (b) the ŝ- and t̂-
dependence in H Inc

ab→c(ŝ, t̂, û). This is because xa , ŝ, and t̂ are the only terms in Eq. (38) which depend linearly in kaT . We now make kaT
expansion one by one. First for contribution (a), since

∂xa
∂kα

aT
= 2PhTα

zcxb S + T
, (40)

to the linear term in kaT , we have

Eh
d"σ (a)

d3Ph
= α2

s

S

∑

a,b,c

∫
d2kaT

εkaT S Ann̄

M
kα
aT

2PhTα

zcxb S + T
d
dxa

[
f ⊥a,SIDIS
1T (xa,k2aT )

xa

]

xa→x

∫
dxb
xb

fb/B(xb)

×
∫

dzc
z2c

Dh/c(zc)H
Inc
ab→c(s̃, t̃, ũ)

1
xb S + T /zc

, (41)

where we have dropped all kaT dependence in H Inc
ab→c , thus replacing the kaT -dependent ŝ, t̂ , û by the kaT -independent s̃, t̃ , ũ in H Inc

ab→c .
Then using

∫
d2kaT k

β
aT k

α
aT f ⊥a,SIDIS

1T

(
xa,k2aT

)
= −1

2

∫
d2kaT gβα|&kaT |2 f ⊥a,SIDIS

1T

(
xa,k2aT

)
, (42)

and the relation between the Sivers function and the Efremov–Teryaev–Qiu–Sterman function Ta,F (x, x) [8],

Ta,F (x, x) = − 1
M

∫
d2kaT |&kaT |2 f ⊥a,SIDIS

1T

(
x,k2aT

)
, (43)

one can rewrite Eq. (41) as

Eh
d"σ (a)

d3Ph
= α2

s

S

∑

a,b,c

∫
dzc
z2c

Dh/c(zc)
ε PhT S Ann̄

zc ũ
1
x

[
Ta,F (x, x) − x

d
dx

Ta,F (x, x)
]∫

dxb
xb

fb/B(xb)H
Inc
ab→c(s̃, t̃, ũ)

1
xb S + T /zc

. (44)

We observe that this form is the same as that in the twist-3 collinear factorization approach. In particular, note that there is no kaT -
dependence in the hard part functions H Inc

ab→c . The difference to the twist-3 collinear factorization formalism [15] (as mentioned above) is
the extra factor (1 + û/t̂) accompanying the hard part functions associated with final-state interactions, see Eqs. (21) and (35).

However, in our modified GPM formalism, we have another contribution from (b), due to the kaT -dependence from H Inc
ab→c(ŝ, t̂, û) in

Eq. (38). Let’s now study this contribution (b). As is explicit in Eq. (39) û is independent of kaT while both ŝ and t̂ depend on kaT . Since
ŝ + t̂ + û = 0, one could then set t̂ = −ŝ − û in H Inc

ab→c and then expand only ŝ in kaT . That is,

∂

∂kα
aT

H Inc
ab→c(ŝ, t̂, û)

∣∣∣∣
kaT →0

= ∂ ŝ
∂kα

aT

∂

∂ ŝ
H Inc

ab→c(ŝ,−ŝ − û, û)

∣∣∣∣
kaT →0

= −2s̃
ũ

PhTα

zc

∂

∂ s̃
H Inc(s̃,−s̃ − ũ, ũ). (45)

small

small

small
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parton model at twist 3 and twist 3 approach 

• Estimate mismatch-investigating LG  Z. Kang

• TMD fact. is assumed in both GPM and GGPM is 
this a reasonable pheno. approximation?

• Direct photon driven by same ISI factor as in DY

Conclusions 



paper for h?1 to estimate the azimuthal asymmetry Acos2!
UU

[cf. Eq. (41)], where

Acos2!
UU !

R
d! cos2!d"R

d!d"
(45)

and d! is shorthand notation for the phase space integra-

tion. In Fig. 6 we display the Acos2!
UU ðPTÞ in the range of

future JLab kinematics [73] (0:08< x< 0:7, 0:2< y<
0:9, 0:3< z < 0:8, Q2 > 1 GeV=c, and 1<E# <
9 GeV) and HERMES kinematics [1] (0:23< x< 0:4,
0:1< y < 0:85, 0:2< z < 0:7, with Q2 > 1 GeV=c and
4:5<E# < 13:5 GeV). In Fig. 7 we display the x and z
dependence in the range 0:5<PT < 1:5 GeV=c. It should
be noted that this asymmetry was measured at HERA by
ZEUS, but at very low x and very highQ2 [35], where other
QCD effects dominate. It was also measured at CERN by
EMC [74], but with low precision. Those data were ap-
proximated by Barone, Lu, and Ma [75] in a u-quark
dominating model for h?1 , with a Gaussian, algebraic
form and a Gaussian ansatz for the Collins function. Our
dynamical approach leads to different predictions for the
forthcoming JLab data.

B. Single-spin asymmetry Asinð2!Þ
UL in SIDIS

Since we have calculated the chiral-odd but T-even
parton distribution h?1L [cf. Eqs (12) and (13)], we use
this result together with the result of Ref. [71] for the
Collins function to give a prediction for the sinð2!Þ mo-
ment of the single-spin asymmetry AUL for a longitudinally
polarized target. In particular, we are able to take into
account the flavor dependence of the asymmetry. We adopt
a similar procedure for the azimuthal cosð2!Þ asymmetry

for treating the leading twist observable Asinð2!Þ
UL .

A decomposition into structure functions of the cross
section of semi-inclusive DIS for a longitudinally polar-
ized target reads (see e.g. [31])

d"UL

dxdydzd!hdP
2
h?

$ 2#$2

xyQ2 Sk½ð1& yÞ sinð2!hÞFsinð2!Þ
UL

þ ð2& yÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1& y

p
sinð!hÞFsin!

UL (;
(46)

where Sk is the projection of the spin vector on the direc-
tion of the virtual photon. In a partonic picture the structure

function Fsinð2!Þ
UL is a leading twist object (while Fsin!

UL is
subleading), and it is given by a convolution of the TMD
h?1L and the Collins function (cf. [31])

Fsinð2!Þ
UL ¼ C

"
& 2ĥ * kTĥ * pT & kT * pT

MMh
h?1LH

?
1

#
; (47)

where the explicit form of the convolution is given in
Eq. (42).
We insert our result for h?1L [Eqs. (12) and (13)] and the

result of Ref. [71] into Eq. (47) to compute the single-spin
asymmetry. This is the first calculation of this observable in

the spectator framework, whereas the part of Fsinð!Þ
UL de-

scribed by higher twist T-odd PDFs has been analyzed in
the diquark model in Refs. [25,26,28]. Similar phenome-

nology for Fsinð2!Þ
UL and Fsinð!Þ

UL has been performed in
Refs. [76,77] using the framework of the chiral quark
soliton model.
We display the results for the single-spin asymmetry

Asinð2!Þ
UL in Fig. 8 using the kinematics of the upcoming
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panel: The cos2! asymmetry for #þ and #& as a function of PT for HERMES kinematics.
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Fig. 6. The Sivers distribution functions for u, d and s flavours,
at the scale Q2 = 2.4 (GeV/c)2, as determined by our simul-
taneous fit of HERMES and COMPASS data (see text for de-
tails). On the left panel, the first moment x ∆Nf (1)(x), eq. (17),
is shown as a function of x for each flavour, as indicated. Simi-
larly, on the right panel, the Sivers distribution x ∆Nf(x, k⊥) is
shown as a function of k⊥ at a fixed value of x for each flavour,
as indicated. The highest and lowest dashed lines show the
positivity limits |∆Nf | = 2f .

Sivers distribution. In particular, we definitely find

∆Nfs̄/p↑ > 0 (18)

and confirm the previous findings for valence
flavours [2,7–9],

∆Nfu/p↑ > 0, ∆Nfd/p↑ < 0. (19)

There are simple reasons for the above results. The
Sivers distribution function for s̄ quarks turns out to
be definitely positive, due to the large positive value

of Asin(φh−φS)
UT for K+; notice that the value of Ns̄ sat-

urates the positivity bound |Nq| ≤ 1. Similarly, the
positive sign of ∆Nfu/p↑ is, essentially, driven by the
positive π+ and K+ SSAs and the opposite sign of
∆Nfd/p↑ by the small SSA measured by COMPASS
on a deuteron target. The u and d Sivers functions are
also predicted to be opposite in the large-Nc limit [29]
and in chiral models [30].
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Fig. 7. The Sivers distribution functions for u and d flavours,
at the scale Q2 = 2.4 (GeV/c)2, as determined by our present
fit (solid lines), are compared with those of our previous fit [2]
of SIDIS data (dashed lines), where π0 and kaon productions
were not considered and only valence quark contributions were
taken into account. This plot clearly shows that the Sivers func-
tions previously found are consistent, within the statistical un-
certainty bands, with the Sivers functions presently obtained.

– The Sivers functions for ū, d̄ and s quarks, instead,
turn out to have much larger uncertainties; even the
sign of the ū and s Sivers functions is not fixed by avail-
able data, while ∆Nfd̄/p↑ appears to be negative. This
could be consistent with a positive contribution from u
quarks, necessary to explain the large K+ asymmetry,
which is decreased, for π+, by a negative d̄ contribu-
tion. One might expect correlated Sivers functions for
s and s̄ quarks: we have actually checked that choosing
∆Nfs/p↑ = ±∆Nfs̄/p↑ slightly worsens the χ2

dof (from
1 up to about 1.1), but still leads to a reasonable fit.

– We notice that the Burkardt sum rule [31]

∑

a

∫

dxd2k⊥ k⊥ fa/p↑(x,k⊥) ≡
∑

a

〈ka
⊥〉 = 0, (20)

where, from eqs. (2) and (17),

〈ka
⊥〉 =

[

π

2

∫ 1

0
dx

∫ ∞

0
dk⊥ k2

⊥ ∆Nfa/p↑(x, k⊥)

]

(S×P̂ ) =

mp

∫ 1

0
dx ∆Nf (1)

q/p↑(x) (S×P̂ )≡〈ka
⊥〉 (S×P̂ ), (21)

is almost saturated by u and d quarks alone at Q2 =
2.4 (GeV/c)2:

〈ku
⊥〉 + 〈kd

⊥〉 = −17+37
−55 (MeV/c),

〈kū
⊥〉 + 〈kd̄

⊥〉 + 〈ks
⊥〉 + 〈ks̄

⊥〉 = −14+43
−66 (MeV/c).

(22)

The individual contributions for quarks are:

〈ku
⊥〉=96+60

−28 (MeV/c), 〈kd
⊥〉=−113+45

−51 (MeV/c),

〈kū
⊥〉=2+24

−11 (MeV/c), 〈kd̄
⊥〉=−28+20

−60 (MeV/c), (23)

〈ks
⊥〉=−4+11

−15 (MeV/c), 〈ks̄
⊥〉=17+30

−8 (MeV/c),

Gamberg, Goldstein,Schlegel PRD 77, 2008
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•Relations produce a Sivers effect ~0.05 Nc=3  
•Torino extraction ~ 0.05 
  SU(3)Chromo-lensing (Burkardt NPA 2003)
•Sivers effect increases with color 

•Color tracing gives result of Nc counting of Pobylitsa
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and the other one is that the Sivers functions is assumed to be universal and equal to those in SIDIS process,
∆Nfa/A(xa, kaT ) = ∆NfSIDIS

a/A (xa, kaT ). In this paper, we will still work within the framework of the GPM approach,
in other words, we will assume the TMD factorization is a reasonable phenomenological starting point. However, at
the same time, we will take into account the initial- and final-state interactions. Since both ISIs and FSIs contribute
for single inclusive particle production, in principle the Sivers functions in inclusive particle production in hadronic
collisions should be different from those probed in SIDIS process. We thus need to carefully analyze these ISIs and
FSIs for all the partonic scattering processes relevant to single inclusive particle production to determine the proper
Sivers functions to be used in the formalism. In other words, this new formalism will be

Eh
d∆σ

d3Ph
=

α2
s

S

∑

a,b,c

∫
dxa

xa
d2kaT ∆Nfab→c

a/A (xa, kaT )
1
2
SA · (P̂A × k̂aT )

∫
dxb

xb
d2kbT fb/B(xb, kbT )

×
∫

dzc

z2
c

Dh/c(zc)HU
ab→c(ŝ, t̂, û)δ(ŝ + t̂ + û), (5)

in which a process-dependent Sivers function denoted as ∆Nfab→c
a/A (xa, kaT ) is used rather than that from SIDIS

∆NfSIDIS
a/A (xa, kaT ) as in the conventional GPM approach.

B. Initial- and final-state interactions

In this subsection, we will discuss how to formulate the initial- and final-state interactions. The crucial point is
that the existence of the Sivers function in the polarized nucleon relies on the initial- and final-state interactions
between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
and the initial-state interaction for DY process. To the leading order (one-gluon exchange), they are shown in Fig. 1.
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FIG. 1: Final-state interaction in SIDIS (left) and initial-state interaction in DY (right) processes.

For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to

ū(pc)(−ig)γ−T a i(p/c − k/)
(pc − k)2 + iε

≈ ū(pc)
[

g

−k+ + iε
T a

]
, (6)

where the gamma matrix γ− appears because of the interaction with a longitudinal polarized gluon (∼ A+), and a is
the color index for this gluon. The eikonal part (the term in the bracket) is exactly the first order of the gauge link
in the definition of a gauge-invariant TMD PDFs in SIDIS process, see Fig. 2(a). The imaginary part of the eikonal
propagator 1/(−k+ + iε) provides the necessary phase for the SSAs.
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FIG. 2: Sivers function in SIDIS process in the first non-trivial order (one-gluon exchange).
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4

On the other hand, for DY process, the initial-state interaction (as in Fig. 1(right)) leads to

v̄(pb)(−ig)γ−T a −i(p/b + k/)
(pb + k)2 + iε

≈ v̄(pb)
[

g

−k+ − iε
T a

]
, (7)

which has the same real part and opposite imaginary part compared to SIDIS process. This leads to the fact that the
spin-averaged TMD PDFs are the same, while the Sivers function will be opposite in SIDIS and DY processes. This
conclusion can be generalized to all order, and has been proven to be true using parity and time-reversal invariant
arguments [6, 8].
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FIG. 3: Initial- and final-state interactions in qq′ → qq′: (a) initial-state interaction, (b) final-state interaction, (c) and (d) the
final-state interactions for the unobserved particle.

Now let us turn to the case for inclusive single particle production in hadronic collisions, in which 2 → 2 partonic
scattering is the leading order contribution, where both initial- and final-state interactions contribute. We will
start with a simple example: qq′ → qq′. Here the initial-quark q is from the polarized nucleon, and the final-quark q
fragments to the final-state hadron. The one-gluon exchange approximation for the initial- and final-state interactions
are shown in Fig. 3. Under the eikonal approximation, for initial-state interaction Fig. 3(a),

i(p/b + k/)
(pb + k)2 + iε

(−ig)γ−T aū(pb) =
[

−g

−k+ − iε
T a

]
ū(pb), (8)

Likewise, for the final-state interaction Fig. 3(b), we have
[

g

−k+ + iε
T a

]
. (9)

Thus both interactions contribute to the phase −iπδ(k+), which is the same as in the SIDIS process as in Eq. (6).
However, they will have different color flow. To extract the extra color factors for Fig. 3(a) and (b) as compared to
the usual qq′ → qq′ without gluon attachments, we resort to the method developed in [14, 15, 25]. We obtain the
color factors CI (CFc) for initial (final)-state interaction

CI = − 1
2N2

c

, CFc = − 1
4N2

c

, (10)

while the color factors for unpolarized cross section is given by

Cu =
N2

c − 1
4N2

c
. (11)

In other words, the Sivers function in qq′ → qq′ should be the one as shown in Fig. 4, which comes from the sum of the
ISIs and FSIs with the corresponding color factors CI and CFc respectively. Thus by comparing the imaginary part
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In this subsection, we will discuss how to formulate the initial- and final-state interactions. The crucial point is
that the existence of the Sivers function in the polarized nucleon relies on the initial- and final-state interactions
between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
and the initial-state interaction for DY process. To the leading order (one-gluon exchange), they are shown in Fig. 1.
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FIG. 1: Final-state interaction in SIDIS (left) and initial-state interaction in DY (right) processes.

For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to

ū(pc)(−ig)γ−T a i(p/c − k/)
(pc − k)2 + iε

≈ ū(pc)
[

g

−k+ + iε
T a

]
, (6)

where the gamma matrix γ− appears because of the interaction with a longitudinal polarized gluon (∼ A+), and a is
the color index for this gluon. The eikonal part (the term in the bracket) is exactly the first order of the gauge link
in the definition of a gauge-invariant TMD PDFs in SIDIS process, see Fig. 2(a). The imaginary part of the eikonal
propagator 1/(−k+ + iε) provides the necessary phase for the SSAs.
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in which a process-dependent Sivers function denoted as ∆Nfab→c
a/A (xa, kaT ) is used rather than that from SIDIS

∆NfSIDIS
a/A (xa, kaT ) as in the conventional GPM approach.

B. Initial- and final-state interactions

In this subsection, we will discuss how to formulate the initial- and final-state interactions. The crucial point is
that the existence of the Sivers function in the polarized nucleon relies on the initial- and final-state interactions
between the struck parton and the spectators from the polarized nucleon through the gluon exchange. Thus by
analyzing these interactions, one can determine the proper Sivers function ∆Nfab→c

a/A (xa, kaT ) to be used for the
corresponding partonic scattering ab → cd. We start with the classic examples: the final-state interaction in SIDIS,
and the initial-state interaction for DY process. To the leading order (one-gluon exchange), they are shown in Fig. 1.

!

"
!

#$%

&

'

()

*

+

*

,

'

!

#$%) (+

!
"

FIG. 1: Final-state interaction in SIDIS (left) and initial-state interaction in DY (right) processes.

For the SIDIS process e($)+p(PA, ST ) → e($′)+h+X with Q2 = −q2 = −($′−$)2, under the eikonal approximation,
the final-state interaction (as in Fig. 1(left)) leads to
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Classic example-same real pts opposite imaginary pts

CI

CF

→ v(pb)T aiπδ(k+)

→ −ū(pc)T aiπδ(k+)
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CS NPB 81,CSS NPB 1985 Collins Hautman PLB 00, Ji Ma Yuan PRD 05, 
Cherednikov Karanikas Stefanis  NPB 10, Collins Oxford Press 2011, 

Collins Oxford Press 2011 & Abyat & Rogers arXiv: 2011

Beyond “tree level” factorization

Hard

TMD Soft FF

C
[
H;wfSD

]
≡ xBH(Q2, µ2, ρ)

∑

a

e2
a

∫
d2pT d2KT d2"T δ(2)

(
zpT + KT + "T − Ph⊥

)
w

(
pT ,−KT

z

)

×fa(x, p2
T , µ2, xζ, ρ) S("2T , µ2, ρ) Da(z,K2

T , µ2, ζ̂/z, ρ)


