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Work mostly with Florian List, Cornelius Rampf, Natalia Porqueres, Lukas Winkler



2+LSST, Rubin,…

law of gravity? any deviations from GR?

any hints beyond cosmological constant? w(z)?

initial conditions? what inflation?

dark matter nature? 

neutrino masses?

Precision Cosmology Post-CMB

era of large-scale structure has begun

key questions remain

huge model space (DM,DE,MG,inf) 

multi-probe era

significantly more accurate modelling  
will be needed than so far…



Classical approach
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Ωm, ΩΛ, Ωb, ns, As, ∑ mν, w0, wa
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Inflation massive 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dark energy EOS

General relativity

Nature of Dark Matter
Astrophysics

H0

Inflation

σ8

Planck 2018 ΛCDM model 

Chabanier et al. 2019

comoving

?

DM physics? 
inflation features?

Model

DESI collaboration

Data

Summary Statistic (2pt, 3pt, …)

model PS

estimate PS

fit



Move beyond simple statistics
• two-point statistics is complete description only for Gaussian fields


• n-point functions are useful in weakly non-Gaussian case, others exist:


• alternative: ‘field-level modelling’: use all data without a priori compression, model observables
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Wavelet Scattering Transform

Valogiannis & Dvorkin (2022)

Mallat 2012, Cheng+2020 Banerjee & Abel (2020)kNN statistics

Banerjee & Abel (2020)



The forward model
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Large-scale structure IGM, Galaxies, 

Galaxy Clusters, …

linear

deeply 
non-linear

mildly non-linearInflation

Pla
nck

(perturbative)

(perturbative? EFTs? 

simulations?)

(simulations)
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Galaxy distribution (clustering, n-point, etc.)

Galaxy Clusters (optical, X-ray, tSZ)
Ly-a, HI mapping

Gravitational Lensing (weak, strong, CMB lensing)

Astronomical Survey Observables

Modelling challenge:
predict mapping between physical model  
and all observables
taking into account uncertainties, and all 
cross correlations 

inference limitation is from modelling, not data 
already with current surveys!



Field-level modelling
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Slide by Florian List (UVienna)



Field-level modelling
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Inference using gradients

Inference using gradients



Field-level modelling
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Slide by Florian List (UVienna)

Inference using gradients

Inference using gradients



Automatic differentiation/differentiable programming
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• Computing gradients through long numerical expressions is a standard operation 
in machine learning (e.g. propagate gradient through NN) 


• Two fundamental approaches: recursive application of chain rule


• forward accumulation (tangent mode)


• reverse accumulation (adjoint mode)


• Many high performance implementations exist through ML frameworks: pytorch, tensorflow, 
JAX, but also Julia has support


• Advantage: automatic, non-approximate, fast

f(x) f’(x)• finite differences

• symbolic differentiation

• autodif



Matching epochs in cosmological modelling
no non-linear grow

th 
up to a

start

Early physics:

Late physics:

• GR effects (horizon+rel. species+aniso-stress)

• multi-species (CDM+baryon+photons+neutrinos)

• photon-baryon coupling + recombination

• perturbative quantity: 𝛿 and 𝜃

• Newtonian gravity + small corrections

• mostly interested in mass distribution, CDM+baryons

• non-linear growth

• perturbative quantity: 𝜓 (displacement)

Matching problem!

choices in the literature:

Angulo & Hahn 2022 review

Eulerian

Lagrangian



Differentiable Einstein-Boltzmann Solver (DISCO-EB)
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Multi-species fluid of DM+baryon+photon+(massive)neutrino+DE 

→linear Einstein-Boltzmann solver

(e.g. Ma & Bertschinger 1995, CLASS, CAMB)

~100 coupled ODEs (some stiff)


clean easily readable and extendable Python/JAX code

We use high order implicit solver from Diffrax library (Kidger 2022),

supports forward and reverse mode differentiation


no need to specify Jacobian, due to autodiff


Current limitation: JAX does not support sparse matrices well

OH, List & Porqueres (2023, subm. to JCAP)

code publicly available in few weeks time, or on request: 
oliver.hahn@univiea.ac.at

mailto:oliver.hahn@univiea.ac.at


Differentiable Einstein-Boltzmann Solver (DISCO-EB)

10OH, List & Porqueres (2023, subm. to JCAP)

code publicly available in few weeks time, or on request: 
oliver.hahn@univiea.ac.at
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Euclid forecast [Casas+2024]
DISCO-EB simplified
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Differentiable Einstein-Boltzmann Solver (DISCO-EB)

11OH, List & Porqueres (2023, subm. to JCAP)

code publicly available in few weeks time, or on request: 
oliver.hahn@univiea.ac.at

Forecast for Euclid spectroscopic survey

Fisher matrices are just calls to autodiff:

mailto:oliver.hahn@univiea.ac.at


Cold Dark Matter lives on Lagrangian submanifold
Non-Linear Evolution of Fluctuations
Solve Vlasov-Poisson on submanifold characteristics
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Cold Dark Matter lives on Lagrangian submanifold
Non-Linear Evolution of Fluctuations
Solve Vlasov-Poisson on submanifold characteristics
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Cold Dark Matter lives on Lagrangian submanifold
Non-Linear Evolution of Fluctuations
Solve Vlasov-Poisson on submanifold characteristics
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Cold Dark Matter lives on Lagrangian submanifold
Non-Linear Evolution of Fluctuations
Solve Vlasov-Poisson on submanifold characteristics
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Modelling LSS — Lagrangian perturbation theory
Non-linear evolution of perturbations
Solve Vlasov-Poisson on submanifold characteristics
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D(⌧)n (n)(q)
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All order recursion fully implemented in upcoming 
DISCO-DJ module (stay tuned! 

List, OH et al (2024, in prep)



Modelling LSS: Numerical N-body simulations

cf. review Angulo+OH (2021)

simulation maps discrete fluid elements from Lagrangian space to Eulerian space

N-body simulations still the main work horse of LSS!
Theory error in non-linear simulations under control  
(without including astrophysics effects)

Gravity only LCDM predictions for matter distribution in the Universe 
have essentially no theory error any more

4π Lightcone from the Euclid Flagship simulation (Potter et al. 2017)

the 1012 particle frontier:

+ Farpoint (2021)

(from Angulo+OH review)



Standard N-body simulations have difficulty reproducing nLPT 
Can do better: second order LPT (2LPT) can be written

i.e. acceleration can be made constant

Feng+2016: FastPM idea: modify time integrator to get 1LPT agreement 
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Standard N-body simulations have difficulty reproducing nLPT 
Can do better: second order LPT (2LPT) can be written

i.e. acceleration can be made constant
This can be matched in various ways to yield new integrators that can reproduce 2LPT.
Tests for 1D collapse

Growing mode plane wave post shell-crossing:

List & OH 2024, JCP subm.

Feng+2016: FastPM idea: modify time integrator to get 1LPT agreement 

Rampf, List & OH 2024, in prep.



Comparison of methods

16

see also https://github.com/Differentiable 
UniverseInitiative/JaxPM by François Lanusse et al


see also https://github.com/eelregit/pmwd by Yin Li


see also FlowPM by Seljak & collaborators


https://github.com/Differentiable


Unifying LPT and N-body…(but UV-complete!)
PowerFrog integrator is asymptotically consistent with 2LPT for a→0, so can start at a=0 as we do in LPT
Residual of single PowerFrog step from a=∞ to a=0.05, wrt. nLPT:

This is only possible after controlling all discreteness effects in the N-body simulation, otherwise:

List, OH & Rampf (2024, PRL)



Towards the fluid limit for dark matter modelling
“Beads-on-a-string” in WDM simulations

spurious fragmentation is well-known phenomenon in N-body sims with cut-off
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Figure 8. The logarithmic density slope, α = −d ln ρ/dr as a
function of the parameter to control the slope of the initial over-
dence patch, ϵ. Black dashed, dotted and solid curves show the
models with the purely radial orbits (Fillmore & Goldreich 1984),
with the fixed L for all mass shells where L ≡ L/Lc is the ra-
tio between the angular momentum, L, and that of the circular
orbit, Lc (Nusser 2001), and with the isotropic velocity struc-
ture (L06), respectively. The three curves overlap each other for
ϵ ! 2/3. Red dotted line corresponds to α = 1.5. Crosses and
circles are the density slope measured at 0.01rvir in the simula-
tions of rc/redge = 0.0 and 0.4. The averaged α values of the
last 11 snapshots are shown and error bar demonstrates the 1st
and 11th values. Black and red symbols represent the results of
simulations without the noise (gamp = 0). Black ones follow black
solid line well and red ones show α ∼ 1.5 in the range we study,
0.01 " ϵ " 0.8. Grey and pink ones are obtained in the simula-
tions of gamp = 1. Comparing pink symbols with red ones, the
noise makes the central cusp shallower. Cusps formed in the runs
of rc/redge = 0.0 are more robust to the noise (see black and grey
symbols).

of gamp = 1. Cusps formed in the runs of rc/redge = 0.0
are robust to the Gaussian noise (see black and grey corsses
and also Figure 7). On the other hand, the Gaussian noise
disturbs the formation of the central cusp and the shallower
central cusp has been formed in the models with the cut-off,
as shown in Figure 6 (see red and pink circles).

4 PHENOMELOGICAL MODEL FOR THE
α = 1.5 STRUCTURE

As demonstrated in the previous section, the central slope
obtained in simulations modelling the cases without the cut-
off well matches the analytical prediction and the central
cusps of α ∼ 1.5 are observed over a broad parameter range
in the runs to model the cases with the cutoff. In order to
understand the results, we discuss a simple phenomelogical
model.

Let us consider the radial motion of a mass shell of the
initial radius, ri. The the specific energy of the mass shell,

e, is given as

e =
H2(zi)r

2
i

2
+

L2

2r2i
− GM0(< ri)

ri
− GδMi

ri

=
L2

2r2i
− GδMi

ri
, (12)

where H(zi) and L are the Hubble constant at the ini-
tial redshift, zi, and the specific angular momentum of the
shell. The background mass enclosed within ri is given as
M0(< ri) = (4π/3)ρcrit(zi)r

3
i where ρcrit(zi) is the critical

density of the initverse at zi and δMi means the pertur-
bation mass. The first and third terms in the first row of
Equation (12) cancel out each other by the definition. As-
suming the conservation of the specific energy and angular
momentum and neglecting shell crossing, one gets

L2

2r2i
− GδMi

ri
=

v2r
2

+
L2

2r2
− GδMi

r
, (13)

where vr is the radial velocity of the shell when it is at r.
The conservation of the specific angular momentum of the
shell is given as

L2 = 2LiGδMiri = 2LGδMir, (14)

where Li and L are the ratios between the squared specific
angular momentum and that of the circular orbit at zi and
when the shell is at r. Then, the radial velocity is given as

vr = ±

√√√√2GδMi

[
1− L
r

− 1− Li

ri

]
. (15)

Though Equation (14) implies that L ∝ r−1, it does not
exceed 1 by the definition (0 " L " 1) and the radial de-
pendence of vr would be

vr ∝ r−1/2. (16)

The time of the shell to spend at r, δt|r, is

dt|r =
δr
vr

∣∣∣∣∣
r

∝ r3/2 (17)

and is expected to be proportional to the mass profile, M(r).
Hence the radial dependence of the density structure is ρ ∝
r−1.5. Bertschinger (1985) derived the consistent result for
pressureless fluid (see section 2 of the paper).

Though only the radial motion of mass shells is consid-
ered above under some assumptions for simplicity, the actual
velocity structure of DM haloes must be much more com-
plexed. Naively, the torque vector, τ , of the entire system
can be written as

τ =

∫
ρ(r× F)dV

/∫
ρdV, (18)

where r and F are the position and force vectors and dV
represents the volume element, respectively. After the first
shell crossing, τ is not 0 actually because of the symme-
try breaking. The angular momentum the system gets in a
time interval, ∆t, is ∆L ∝ (r × F)∆t and most of angular
momentum would be originated at large radii.

Figure 9 illustrates the mass accretion histories of DM
haloes. The mass contained in the initial core collapses at
the same time in the run of rc/redge = 0.4. The DM halo
in the run of rc/redge = 0.0 experiences a more fluent mass

c⃝ 2017 RAS, MNRAS 000, 1–15
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Field-level inference: reconstruction
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Example: drawing posterior samples (PhD thesis of Lukas Winkler)

Posterior sample Forward modelled sample
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Summary

•Diff’able model = prediction + dprediction/d{parameters,ICs,…}

•Differentiable models allow new ways of confronting data -> beyond simple summary statistics

•DISCO-DJ new contender:

•DISCO-EB Einstein-Boltzmann solver

• “easy” forecasting, add your models

•currently still too slow for MCMC analysis (work in progress…)

•DISCO-DJ LSS model (optimized PM solver, see also JaxPM, pmwd, FlowPM)

•will directly integrate with EB module (differentiate through both)

•nLPT recursion

•new PT-informed time integrators+discreteness suppression

•currently only single GPU, multi-GPU is WIP
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•oliver.hahn@univie.ac.at
•http://cosmology.univie.ac.at
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