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Seemingly unrelated: Quantum Triviality





Quantum Triviality:

λR(m) = 0

in the continuum limit



2019: Proofs of Quantum Triviality in 4d

Michael Aizenman Hugo Duminil-Copin



There is a loophole in the proofs of asymptotic freedom
and quantum triviality

It is the same loophole in both proofs
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Coleman, Gross, 1973

Aizenman, Duminil-Copin, 2019

Both proofs assume λR(µ̄ = ΛUV) > 0



Classical Potentials

λ > 0: V (x) ∝ x4

“correct”
λ < 0: V (x) ∝ −x4

“nonsense”
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nonsense. Do you want continue?
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Can field theory with λR(µ̄ = ΛUV) < 0 make sense?

Not in classical physics. But maybe for a quantum theory?
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Reason I: Pure Math

Technical Slides Ahead!



Toy Model Field Theories

Define

Z (λ) =

∫ ∞

−∞
dxe−λx4

What is

Z (−1) =?

Seemingly unrelated

ζ(s) =
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n=1

1

ns

What is ζ(−1) =?

Riemann 1859: analytic
continuation

ζ(−1) = − 1

12
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Experimental verification of analytically continued ζ-function



Toy Model Field Theories

Define

Z (λ) =

∫ ∞

−∞
dx e−λx4

What is

Z (−1) =?

calculate for λ > 0

Z (λ) = 2λ− 1
4Γ

(
5

4

)
Analytically continue:

Z (−1) =
√
2(1− i)Γ

(
5

4

)
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Analytic Continuation

Integral representation for λ > 0:

Z (λ) =

∫ ∞

−∞
dx e−λx4

Analytic continuation for λ < 0:

Z (λ = −g) = 2Γ

(
5

4

)
g

1
4 (−1)

1
4

Not unique: different branches of root

But clearly no more “nonsense” than ζ(−1)
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That was tedious. And boring. What’s your point?



Reason II: Symmetry

Standard Quantum Mechanics: Observables obey Hermiticity:

H† = H .

We know Hermiticity is sufficient for real & positive ground state

But is it necessary?
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Non-Hermitian Quantum Mechanics

[Bender & Böttcher, 1997]



Non-Hermitian Quantum Mechanics

[needs ref]



Negative Coupling Theories are not “nonsense”!

They are well defined as analytic continuations

Analytic continuation is unique if additional information is present
(e.g. requiring PT -symmetry)

Non-Hermitian Systems have been experimentally observed in various
systems

Negative coupling QFT could still be “pathological” for other reasons,
but λ < 0 is not sufficient reason to dismiss them as “nonsense”

Proposal: calculate observables and check!
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O(N) Model

Defined as

Z =

∫
Dϕ⃗e−SE , SE =

∫
x

[
1

2
∂µϕ⃗ · ∂µϕ⃗+

λ

N

(
ϕ⃗2

)2
]
,

with ϕ⃗ = (ϕ1, ϕ2, . . . , ϕN).
Examples:

0+1d is quantum mechanics in N dimensions (any N)

2+1d: conjectured AdS4 gravity dual for N → ∞ [hep-th/0210114]

3+1d: N=4 is Higgs case
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O(N ≫ 1) model in 4d in continuum

O(N ≫ 1) model is renormalized non-perturbatively

In the continuum limit ΛUV → ∞, running coupling is

λR(µ) =
(2π)2

ln
Λ2
MS

µ2

Non-vanishing coupling in the continuum. Theory is non-trivial!

Absolute value of coupling decreases at high energy

lim
µ→∞

λR(µ) = 0− ,

Theory is asymptotically free!
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O(N≫ 1) model in 4d – Physics consequence

Standard Model Higgs Potential (2 parameters)

VHiggs = −m2ϕ2 + λϕ4

O(N) model effective potential (one parameter)

VO(N) = λϕ4 + rad.− corr



O(N≫ 1) model in 4d – Physics consequence

Standard Model Higgs Potential (2 parameters)

VHiggs = −m2ϕ2 + λϕ4

O(N) model effective potential (one parameter)

VO(N) = λϕ4

+ rad.− corr



O(N≫ 1) model in 4d – Physics consequence

Standard Model Higgs Potential (2 parameters)

VHiggs = −m2ϕ2 + λϕ4

O(N) model effective potential (one parameter)

VO(N) = λϕ4 + rad.− corr



Radiative corrections generate VEV – No tachyonic mass term needed!
Perturbative vacuum at ϕ = 0 is unstable – agrees with EW Pheno
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Standard Model Lagrangian
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Same physics – one parameter less!
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Well behaved scattering cross-section for any CM energy; prediction for
scalar bound state at m ≃ 1.84mHiggs

This is how you kill/verify this model!
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Summary and Conclusions

Senior management built a “mental roadblock” about scalars in 4d

Proofs about asymptotic freedom and quantum triviality have the
same loophole

Analytic continuation to negative coupling exploits this loophole

O(N) model is explicitly solvable theory and practical testing ground

More checks on observables are needed

Potentially important consequences for EW Theory and QFT
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Stop using classical “intuition”!
Calculate observables and check!



Bonus Material
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Negative Coupling Field Theory History



Negative coupling ϕ4 in 4d on the lattice

adapted from [2305.05678]



QCD running coupling

Somewhat misleading: really a fit of perturbation theory
to experimental measurements



QCD at infinite coupling

In pQCD, αs(µ̄) does diverge at µ̄ = ΛMS ∼ 0.3 GeV

Usually dismissed as an artifact of perturbation theory

Non-perturbative extractions (lattice+NRQCD) exist down to µ̄ = 1.5
GeV where

αs(1.5GeV) ≃ 0.336

[Bazavov et al, 1407.8437]

QCD could have a Landau pole at ΛMS ∼ 0.3 GeV

No issues in QCD



The O(N≫ 1) Model as a Model for QCD
Only one scale M

Is M the same as ΛMS in QCD?

Let’s compare!



Parameter-free comparison to QCD
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Exact Running coupling in O(N) Model

[2305.05678]



Intermezzo: Selection of Analytic Continuation

[Bender & Böttcher, 1997]



Exact Running coupling in O(N) Model

[2305.05678]



Scattering for NR fermions

[Gurarie, Radzihovsky, 2007]


