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Neutrino oscillations due to neutrino mass

• Mass eigenstates propagate in time: e!iEit/! " e!iEL for relativistic !’s (! = c = 1)

• E =
√

p2 + m2 # p + m2

2p + ... =$ different mass eigenstates acquire different phases

• Mass eigenstates (!i) %= flavor eigenstates (!") due to mixing

!" =
∑

j

U"j!j (U is 3 & 3, unitary)

• !’s created in flavor eigenstates, !"(0) =
∑

j U"j!j, so after time t

!"(t) =
∑

j

U"j
e!iEjL!j =

∑

#





∑

j

U"je
!iEjLU †

j#



 !#

• Oscillation probability is |'!#|!"(|2, or

P (!" " !#) = $"# !
∑

j<k

[

4 Re(U"jU
)
"kU

)
#jU#k) sin2(

1

2
!jkL) ! 2 Im(U"jU

)
"kU

)
#jU#k) sin(!jkL)

]

!jk * Ej ! Ek =
$m2

jk

2E
, $m2

jk * m2
j ! m2

k
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FIG. 2: (a) The correlation between the prompt and delayed event

energies after cuts. The three events with delayed MeV are

consistent with neutron capture on carbon. (b) Prompt event energy

spectrum of candidate events with associated background spectra.

The shaded band indicates the systematic error in the best-fit reactor

spectrum above 2.6 MeV.

event energy after all selection cuts except for the delayed

cut. The prompt energy spectrum above 2.6 MeV is shown in

Fig. 2b. The data evaluation method with an unbinned max-

imum likelihood fit to two-flavor neutrino oscillation is sim-

ilar to the method used previously [1]. In the present analy-

sis, we account for the Li, accidental and the C( ,n) O

background rates. For the ( ,n) background, the contri-

bution around 6 MeV is allowed to float because of uncer-

tainty in the cross section, while the contributions around

2.6 MeV and 4.4 MeV are constrained to within 32% of the

estimated rate. We allow for a 10% energy scale uncer-

tainty for the 2.6 MeV contribution due to neutron quench-

ing uncertainty. The best-fit spectrum together with the back-

grounds is shown in Fig. 2b; the best-fit for the rate-and-shape

analysis is = 7.9 10 eV and = 0.46, with

a large uncertainty on . A shape-only analysis gives

= (8.0 0.5) 10 eV and = 0.76.

Taking account of the backgrounds, the Baker-Cousins

for the best-fit is 13.1 (11 DOF). To test the goodness-of-fit

we follow the statistical techniques in Ref. [7]. First, the

data are fit to a hypothesis to find the best-fit parameters.

Next, we bin the energy spectrum of the data into 20 equal-

probability bins and calculate the Pearson statistic ( )

for the data. Based on the particular hypothesis 10,000 spec-

tra were generated using the parameters obtained from the

data and was determined for each spectrum. The con-

fidence level of the data is the fraction of simulated spectra

with a higher . For the best-fit oscillation parameters and

the a priori choice of 20 bins, the goodness-of-fit is 11.1%
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FIG. 3: Ratio of the observed spectrum to the expectation for no-

oscillation versus L /E. The curves show the expectation for the best-

fit oscillation, best-fit decay and best-fit decoherence models taking

into account the individual time-dependent flux variations of all re-

actors and detector effects. The data points and models are plotted

with L =180 km, as if all anti-neutrinos detected in KamLAND were

due to a single reactor at this distance.

with p /DOF = 24.2/17. The goodness-of-fit of the scaled no-

oscillation spectrum where the normalization was fit to the

data is 0.4% ( p /DOF = 37.3/18). We note that the and

goodness-of-fit results are sensitive to the choice of binning.

To illustrate oscillatory behavior of the data, we plot in

Fig. 3 the L /E distribution, where the data and the best-

fit spectra are divided by the expected no-oscillation spec-

trum. Two alternative hypotheses for neutrino disappear-

ance, neutrino decay [8] and decoherence [9], give dif-

ferent L /E dependences. As in the oscillation analy-

sis, we survey the parameter spaces and find the best-fit

points at = (1.0, 0.011 MeV/km) for decay and

= (1.0, 0.030 MeV/km) for decoherence, using

the notation of the references. Applying the goodness-of-fit

procedure described above, we find that decay has a goodness-

of-fit of only 0.7% ( p/DOF = 35.8/17), while decoherence

has a goodness-of-fit of 1.8% ( p/DOF = 32.2/17). We note

that, while the present best-fit neutrino decay point has already

been ruled out by solar neutrino data [10] and observation of

SN1987A, the decay model is used here as an example of a

scenario resulting in a deficit. If we do not assume CPT

invariance and allow the range 0.5 0.75, then the

decay scenario considered here can avoid conflict with solar

neutrino [10] and SN1987A data [11].

The allowed region contours in - parameter

space derived from the values (e.g., 5.99 for 95%

C.L.) are shown in Fig. 4a. The best-fit point is in the region

commonly characterized as LMA I. Maximal mixing for val-

ues of consistent with LMA I is allowed at the 62.1%

C.L. Due to distortions in the spectrum, the LMA II region

(at 2 10 eV ) is disfavored at the 98.0% C.L., as

are larger values of previously allowed by KamLAND.

The allowed region at lower is disfavored at the 97.5%
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72 CHAPTER 4. SOLAR NEUTRINOS

 0

 0.2

 0.4

 0.6

 0.8

 1

 0.1  1  10

P
(
!
e
 
"
 
!
e
)

Energy (MeV)

Figure 4.8: Solar neutrino survival probablities versus energy. The rightmost data

point indicates the oscillation probability of 8B neutrinos measured by SNO [34], the

central data point is for 7Be neutrinos measured by Borexino [51], and the leftmost

data point is inferred from the 71Ga data combined with that of SNO and Borexino.

The horizontal error bars indicate the range of neutrino energies covered by each

experiment. The analysis is an updated version of the one done in Ref. [220]. The

curve is the best-fit LMA prediction for δm2
21 = 7.6! 10−5 eV2 and sin2 2θ12 = 0.87.

with much larger uncertainties than SNO.

One can also make a simultaneous fit to the flux normalizations and oscillation

parameters; the result [222] shows that current solar neutrino data provides a better

determnation of the 8B neutrino flux than the uncertainties of the SSM, but that

new, high-precision measurements of the neutrino energy spectrum below 1.5 GeV

are needed to make flux determinations that are independent of the SSM. These

improved measurements might also help di!erentiate between di!erent solar models

and provide a better measurement of neutrinos from the CNO and hep neutrinos (see

Fig. 4.1).

• U described by 3 mixing angles (θ12, θ13, θ23) and a CP -violating phase (δ)

• Two independent δm2 (δm2
21, δm2

31)

• δm2
21 ! 7.6 " 10#5 eV2 and sin2 2θ12 ! 0.87 fit solar νe $ νe and KamLAND reactor ν̄e $ ν̄e data

• δm2
31 ! 2.4 " 10#3 eV2 and sin2 2θ13 ! 1.0 fit atmospheric and K2K, MINOS long-baseline data

(predominantly νµ $ ντ)

Solar KamLAND Atmospheric

• ν mass provides only complete description of all data (except LSND/MiniBooNE)

• =% strong evidence for ν mass
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Standard Model Extension (SME) (Colladay & Kostelecky)

• Particle Lorentz transformations that leave background vevs unchanged may be a!ected

• SME: all Lorentz symmetry-breaking terms that preserve SU(3) ! SU(2) ! U(1)

• Corresponding Hamiltonian for νL propagation in SME:

(heff)ij = |"p| δij +
(m2)ij
2|"p|

+
1

|"p|
[aµpµ " cµνpµpν]ij , i, j = e, µ, τ

• For ν̄, a # "a (CPT violation)

• Choose direction-independent terms (µ = ν = 0); for relativistic ν’s, |"p| $ E and pµ $ (E,"Ep̂)

(heff)ij = |"p| δij +
(m2)ij

2E
+ aij + cijE

• a terms are energy-independent (a has dimensions of E)

• c terms proportional to E (c dimensionless)

4



Bicycle Model (Kostelecky & Mewes)

heff =

!

"

#

!2cE 1"
2
a 1"

2
a

1"
2
a 0 0

1"
2
a 0 0

$

%

&
,

• Eigenvalues !i = 0,!cE ±
'

(cE)2 + a2 !i ! !j = !ij = 1
2E("m2

eff)ij

• must reproduce 1/E behavior at high E from cE, a terms

In bicycle model there is a see-saw mechanism in large E limit (cE # a)

!32 $ a2/(2cE) has correct E dependence!

"m2
eff = a2/c for atmospheric and long-baseline (LBL) #’s

5



• General bicycle model (BMW)

Allow direction dependent and/or direction independent terms

Add aee term to adjust solar osc. prob. at low E

Does not fit all data simultaneously

• Tandem model (Katori, Kostelecky & Tayloe)

Lorentz invariance violation and neutrino mass

Solar and KamLAND data fit by neutrino mass terms

Atmospheric and LBL data fit by LV terms (like bicycle model)

• Puma model (Diaz & Kostelecky) see next talk
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General Direction-Independent LV Models with 3 Massless ν’s

• 16 independent parameters: cijE + aij with c and a traceless (i, j = flavors)

• Rather than a random sampling of parameter space, we searched for structures that lead to 1/E behavior

of at least one !ij at high energy (to mimic see-saw mechanism of bicycle model)

• Method:

Require cijE ! aij at high E (≥ 1 GeV)

For given structure, expand eigenvalues of heff in powers of E

λ = α1E + α0 + α−1E−1 + ...

• Oscillation argument is !jk = λj − λk

=⇒ 1/E behavior requires degeneracy at leading order (E1) and next-to-leading order (E0)

• α1 values determined by eigenvalues of c matrix – degeneracy at leading order =⇒ constraints on cij

• Constraints on aij from requiring degeneracy at next-to-leading order

• Some constraints are “natural”, others require fine tuning

7



• Classify models by cij structure

3 real cii, 3 complex cij

=⇒ 26 = 64 textures

19 non-equivalent classes after

allowing for flavor permutations

• Examples:

2B DiOij =⇒

!

"

#

cee ceµ 0

ceµ 0 0

0 0 0

$

%

&

2C DiOjk =⇒

!

"

#

cee 0 0

0 0 cµτ

0 cµτ 0

$

%

&

8

Table 1: A list of the 64 possible cL textures for heff . The number in the subclass name corresponds

to the number of nonzero cL, while the letters indicate a distinct diagonal/off-diagonal structure

(up to flavor permutation), if applicable. A Di in the structure column indicates that (cL)ii is

nonzero, while an Ojk indicates that (cL)jk is nonzero. Different latin indices in each case are

distinct, e.g., in the structure DiOjk the diagonal element does not share a row or column with the

off-diagonal element, whereas for DiOij it does.

Number of Subclass Structure Number of flavor

nonzero cL permutations

0 0 − 1

1 1A Di 3

1B Oij 3

2 2A DiDj 3

2B DiOij 6

2C DiOjk 3

2D OijOik 3

3 3A DiDjDk 1

3B DiDjOij 3

3C DiDjOik 6

3D DiOijOik 3

3E DjOijOik 6

3F OijOikOjk 1

4 4A DiDjDkOij 3

4B DiDjOijOik 6

4C DiDjOikOjk 3

4D DiOijOikOjk 3

5 5A DiDjDkOijOik 3

5B DiDjOijOikOjk 3

6 6 DiDjDkOijOikOjk 1

For each texture we can then expand the eigenvalues of heff in powers of E:

!i =
∞
∑

j=0

aijE
1−j , for i = 1, 2, 3 . (12)

5



Class 1A

heff =

!

"

#

ceeE + aee aeµ aeτ

a∗eµ aµµ aµτ

a∗eτ a∗µτ aττ

$

%

&

• λ1 ≈ cE + aee, λ2, λ3 ≈ 1
2

'

aµµ + aττ ∓
(

(aµµ − aττ )2 + 4|aµτ |2
)

to order E0

• Degeneracy to order E0 requires aµµ = aττ and aµτ = 0

• Reduces to general bicycle model

Class 1B

heff =

!

"

#

aee ceµE + aeµ aeτ

ceµE + a∗eµ aµµ aµτ

a∗eτ a∗µτ aττ

$

%

&

• λ1, λ3 ≈ ∓cE, λ2 = 0 to order E0

• Degeneracy to order E0 not possible

9



• Can subtract off piece proportional to identity – does not affect oscillations

• Many cases reduce to others when degneracy constraints applied

• Only 1A, 2C, 3B, 3F, 4D, 5B give 1/E dependence at high E

Class 2C

heff =







aee aeµ ceτE + aeτ

a∗eµ cµµE aµτ

ceτE + a∗eτ a∗µτ aττ







• Atmospheric and LBL neutrinos have

P (νµ → νe) = P (νµ → ντ ) =
1

2
sin2 2θ sin2

(

δm2
effL

2E

)

• Ruled out since νµ oscillates predominantly to ντ

10



Class 3F

heff =







aee ceµE + aeµ ce!E + ae!

ceµE + a∗eµ aµµ cµ!E + aµ!

c∗e!E + a∗e! cµ!E + a∗µ! a!!







• Atmospheric and LBL neutrinos have

P ("µ → "µ) =
5

9
− 4|Uµ2|2

(

2

3
− |Uµ2|2

)

sin2

(

#m2
effL

2E

)

• Ruled out since downward atmospheric "µ are not depleted

Only three classes also have correct oscillation amplitude for atmospheric and LBL "’s (3B, 4D, 5B)

11



Class 3B

heff =







ceeE + aee aeµ ce!E + ae!

a∗eµ 0 aµ!

ce!E + a∗e! a∗µ! c!!E + a!!







• Degeneracy at order E requires c!! = rce! = r2cee

P ("µ → "µ) = 1 − sin2 2# sin2

(

$m2
effL

2E

)

P ("µ → "e) = sin2 % sin2 2# sin2

(

$m2
effL

2E

)

P ("e → "e) ≈ 1 − sin2 2% sin2

(

(1 + r2)cEL

2

)

− sin4 % sin2 2# sin2

(

$m2
effL

2E

)

tan % ≡ r

• # ≈ &/4

• Lack of large "µ → "e oscillation in K2K, MINOS and T2K implies small % (r < 0.43)

12



Figure 2: The best fit to the KamLAND data for Class 3B (solid lines) and the standard oscillation

scenario with neutrino masses (dashed lines). For the model parameters see Eq. (49).

However, the prediction does not agree with the solar data at high energies given the upper bound

on r from above (see Fig. 3).

Figure 3: The prediction of Class 3B for the oscillation probability of solar neutrinos using the

parameter values obtained from fitting KamLAND data [15]. The solar data points are from an

update of the analysis in Ref. [16].

We also searched the a11, a13 and r parameter space to fit the solar data separately. The best
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KamLAND
Solar osc. prob. using

KamLAND parameters

• At lower energies (solar, KamLAND) large E limit does not apply

• Try to fit to KamLAND and solar (including matter effect)

Fit to KamLAND not as good as with neutrino mass

Resulting oscillation probability for solar ν’s too large at high energy

13



fit still can not yield reasonable agreement with the solar data at high energies for r < 0.43 (see

Fig. 4).2 If we do not impose the constraint on r, the fit to the solar data is improved at high

energies (see Fig. 5). However, we cannot simultaneously fit the KamLAND and solar data even

with larger r. We found that we also need |a11| to become larger in order to fit the solar data, but

larger |a11| yields fast oscillations for KamLAND data with averaged probabilities around 1/2.

Figure 4: Best fit prediction for survival probability of νe for solar neutrinos for Class 3B, assuming

r < 0.43. The model parameters for the best fit are a11 = −1.0 × 10!10 eV, a13 = 7.3 × 10!11 eV

and r = 0.4.

2In order to understand why the oscillation probability for the high-energy solar neutrinos is so high, we consider

the survival probability of solar neutrinos in the high energy limit. As we have noted, the mixing matrix in vacuum

reduces to Eq. (43) in the high energy limit. In matter, we can still write the mixing matrix in the form,

U0 =

0

B

@

cos φ sin φ cos θ0 − sin φ sin θ0

0 sin θ0 cos θ0

sin φ − cos φ cos θ0 cos φ sin θ0

1

C

A
, (50)

except tan θ0 ≡ r
√

1 + r2|a12|/|a33 − ra∗

13|, since we do not have the relation a33 + r2a11 = 2rRe(a13) in matter (but

θ0 is still the same as θ in vacuum). Now the survival probability of the solar neutrinos in the high energy limit is

P (νe → νe) = cos4 φ +
1
2

sin4 φ(1 + cos 2θ cos 2θ0) . (51)

Since θ0 = θ % π/4 in vacuum, we have

P (νe → νe) = cos4 φ +
1
2

sin4 φ =
3
2
(sin2 φ − 2

3
)2 +

1
3

. (52)

Since sin φ ≡ r/
√

1 + r2, applying the constraint for r, r < 0.43 gives sin2 φ < 0.14, and the νe survival probability

approaches 0.75 in the high energy limit. This is the reason that we cannot fit the solar data at high energies with

the constraint on r.

15

Figure 5: Best fit prediction for survival probability of νe for solar neutrinos alone in Class 3B,

assuming r > 0.43. The model parameters are a11 = −5.0 × 10!10 eV, a13 = −3.1 × 10!11 eV and

r = 1.0.

3.6.3 Class 3C

This case has the structure

heff =







c11E + a11 a12 c13E + a13

a"12 c22E + a22 a23

c13E + a"13 a"23 a33






, (53)

where c11 and c22 are real and c13 may be taken as real and positive. By subtracting c22 times the

identity, this case reduces to Class 3B, which was described in the previous section.

3.6.4 Class 3D

This case has the structure

heff =







c11E + a11 c12E + a12 c13E + a13

c12E + a"12 a22 a23

c13E + a"13 a"23 a33






, (54)

where c11, c12 and c13 may be taken as real and positive. If a rotation is applied to the µ− τ sector,

then c13 may be rotated away, which reduces this case to Class 2B, which is not allowed.

16

Best fit to solar data alone still

not good at high energies

Can only fit solar data with r ≥ 1

(sin2 2θeff
13 ≥ 0.50)

14



Figure 6: Class 4D (solid lines) and the standard scenario (dashed lines) compared to the Kam-

LAND data. The model parameters are a11 = −9.0× 10−11 eV, a12 = 0, a13 = −9× 10−11 eV and

r = 0.02.

Maximal !e oscillations requires

1 # (sin " − c! cos # cos ")2 (cos " + c! cos # sin ")2

= 1 − sin2 # − (cos2 # +
1

2
c! cos # −

1

4
sin4 #) sin2 2" (104)

If # is small and sin 2" # 0, the probabilities are appropriate for the atmospheric and long-

baseline neutrinos. Since sin # ≡ r/
√

1 + r2 and tan " ≡
√

1 + r2|a12|/|ra11 − a13|, this imposes the

conditions: (i) r # 0 and a12 # 0, or (ii) r # 0 and ra11 # a13.

Since this case is equivalent to Class 3B after a rotation in the !µ − !" sector, the !e → !e

oscillation probability expression is still the same. The results are also similar to Class 3B. While

there are parameter values that yield reasonable agreement with the KamLAND data (see Fig. 6),

they did not agree with the solar data at high energies (see Fig. 7).

Also, we fit the solar data separately. As was the case for Class 3B, we do not find a good fit

to the solar data at high energies (see Fig. 8).

3.8 Five c parameters

3.8.1 Class 5A

This case has three diagonal and two off-diagonal nonzero c. By subtracting a piece proportional

to the identity, this case may be reduced to 4B or 4C.

23

Figure 7: The best fit prediction of Class 4D to the solar data. The model parameters are a11 =

9.0 ! 10!11 eV, a12 = 0, a13 = 9 ! 10!11 eV and r = 0.02.

Figure 8: Best fit prediction for survival probability of solar !e for Class 4D. The model parameters

are a11 = "6.0 ! 10!11 eV, a12 = 7.0 ! 10!11 eV, a13 = 0.42 ! 10!11 eV and r = "0.07.
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KamLAND fit
Solar osc. prob. using

KamLAND parameters Solar fit

Class 4D

heff =

!

"

#

ceeE + aee ceµE + aeµ ce!E + ae!

ceµE + a!eµ aµµ cµ!E + aµ!

ce!E + a!e! cµ!E + a!µ! a!!

$

%

&

• After degeneracy imposed at order E and rotation in µ-! sector, heff has same form as Class 3B

15



Figure 9: Best fits for Class 5B (solid lines) and for standard oscillations (dashed lines) compared

to the KamLAND data. The model parameters are c23 = 5.9 ! 10!23, c12 = 1.0 ! 10!22 and

c13 = 8.9 ! 10!19.

We have varied the range of c13 from the order of 10!20 to 10!16 and take c12 and c23 to be at

least one order of magnitude less than c13 and c12 respectively. We found parameter values that

can fit the KamLAND data (see Fig. 9), but they do not yield reasonable agreement with the solar

data at high energies (see Fig. 10). We also attempted to fit solar neutrinos alone and found there

are no parameter values that can yield reasonable agreement with the solar data. The best fit is

shown in Fig. 11.

3.9 Six c parameters

In this case all c elements are nonzero. By subtracting off a piece proportional to the identity, this

case may be reduced to Class 5B, which is ruled out.

4 Summary

We have examined the general three neutrino effective Hamiltonian in Eq. (1) for the case of

direction independent interactions and no neutrino mass. We looked for texture classes in which two

eigenvalues were degenerate to order 1/E at high neutrino energy, so that oscillations of atmospheric

and long-baseline neutrinos would exhibit the usual L/E dependence.

Among the classes that had the proper 1/E dependence at high energy, none was also able

to fit the atmospheric, long-baseline, solar and KamLAND data simultaneously. Class 1A (along

28

Figure 10: The prediction of Class 5B for the solar neutrino survival probability using the parameter

values obtained from fitting the KamLAND data.

Figure 11: Best fit prediction for the !e survival probability in Class 5B. The model parameters for

the best fit are c23 = 1.0 × 10−18, c12 = 2.4 × 10−18 and c13 = 1.0 × 10−18.

with the equivalent Classes 2A and 3A) reduced to the direction-independent bicycle model, which

has been shown to be inconsistent with the solar, atmospheric and long-baseline neutrino data.

Classes 2C (and the equivalent 3E) and 3F did not have the proper oscillation amplitudes for

atmospheric neutrinos. Finally, Classes 3B (and the equivalent Classes 3C, 4A and 4D) and 5B

29
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has been shown to be inconsistent with the solar, atmospheric and long-baseline neutrino data.

Classes 2C (and the equivalent 3E) and 3F did not have the proper oscillation amplitudes for

atmospheric neutrinos. Finally, Classes 3B (and the equivalent Classes 3C, 4A and 4D) and 5B
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Conclusions

• SME allows new terms in effective Hamiltonian for ! propagation that have

different energy dependence from ordinary oscillations (cE, a vs. m2/E)

• A number of cases without neutrino mass can reproduce 1/E dependence

at high E for atmospheric and LBL neutrinos

• None can also successfully fit solar and KamLAND data

• Standard Model with just neutrino masses is very robust (modulo LSND/MiniBooNE)

• Apparently neutrino mass is needed to explain some (if not all) oscillation data
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