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In the literature...

QCD calculations with resummation in the literature:
1 Collins, Soper, and Sterman (1985)

SCET resummation for pT distribution
2 Gao, Li, Liu (2005)
3 Idilbi, Ji, Yuan (2005)
4 Mantry, Petriello (2010)
5 Becher, Bell and Neubert (2010)
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Soft Collinear Effective Theory (SCET I)
(Luke, Bauer, Fleming, Pirjol, Stewart)

Describe interactions between energetic particles E ∼ Q.
Fluctuations, (ΛQCD or other low energy scales, about light cone
coordinate n = (1,0,0,1)

Integrate out “far offshell” degrees of freedom.
I soft-collinear decoupling
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SCET degrees of freedom (modes)
pµ = (p−,p+,p⊥); p2 = p+p− + p2

⊥

Light Cone Coordinates:
n = (1, ~n) ∼ (1,0,0,1)

power counting parameter
λ ≡ ΛQCD

Q

hard modes: p2 ∼ Q2

integrated out
n-collinear

pµ ∼ Q(1, λ2, λ)

n̄-collinear
pµ ∼ Q(λ2,1, λ)

usoft (p2 ∼ Q2λ4)

pµ = Q(λ2, λ2, λ2)
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When observing pT (or related observables)
When measuring thurst distribution or ,
|ps
⊥| � |pn

⊥| ∼ |pn̄
⊥| and |ηs| � |ηn| ∼ |ηn̄|.

Ultra-Soft radiation decoupled from the collinear radiation.

When observing transverse momentum (pT ) distribution or jet
broadening event shape (BT ), kS,⊥ ∼ kn,⊥ ∼ kn̄,⊥, both soft and
collinear radiation contribute to the transverse momentum at the
same order.
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SCET Modes
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pT Resummation in SCET

Idilbi, Ji, Yuan (2005)
I Calculation using SCET, no factorization theorem derived

Mantry and Petriello (2009, 2010)
I Factorization theorem derived in SCET
I Keep residual momentum, and thus power suppressed terms for

each sector to be well regularized.

Becher and Neubert (2010)
I Absence of soft function
I Analytic regulator break factorization
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Higgs pT distribution in SCETII
with η-regulator and ν-RG

dσ
dQ2dp2

T dy
∝

∫
dx1

x1

∫
dx2

x2
δ(~pH

T + ~pn,t + ~pn̄,t + ~ps,t )g⊥ασg⊥βω

× H(m2
H , µ)S

(
~ps,t ;µs, µ; νs, ν

)
× Fαβn;g

(
x1, ~pn,t ;µB, µ; νB, ν

)
× Fσωn̄;g

(
x2, ~pn̄,t ;µB, µ; νB, ν

)

fg/p(
ωa

P−
, µ) = −

∑
spins

θ(ωa)ωa〈pn|Bcµ
n⊥(0)δ(

ωa

P−
− P̄n)Bc

n⊥µ(0)|pn〉

Fαβg (
ωa

P−
, ~pt , µ) = −

∑
spins

∫
d2~bte−i~bt .~pt θ(ωa)〈pn|Bcα

n⊥(~bt )δ(
ωa

P−
− z)Bcβ

n⊥(0)|pn〉

=
∑

i

1
z

∫ 1

z

dz ′

z ′

∫
d2~bte−i~bt .~pt Iαβgi (

ωa

z ′ P−
, ~bt , µ)fi (z ′, µ)
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Naive Calculation with Pure Dim-Reg

Bare Beam Function at one-loop:

F (1)αβ
g←g (z, ~pt ) =

G2CAπ
−ε

(2π)1−2ε Γ(1 + ε)
µ2ε

(p2
t )(1+ε)[(

2z − 3 − 1 + z
1 − z

)
gαβ

t + 4(1 − ε2)
1 − z

z2

pα
t pβ

t

p2
t

]

I No plus prescription for 1→ z
I Leftover 1

ε divergence multiplies non-zero (1-z) terms that virtual
diagrams, which are always proportional to δ(1− z), cannot cancel.

I Traditional dim-reg regulating the ~pt part of the real radiation dose
not regulate the phase space integral while pT is fixed.

Bare Soft Function at one-loop:

S(1)(~pt ) = δ(1 − z)
2CAG2(π)−ε

(2π)1−2ε Γ(1 + ε)
µ2ε

(p2
t )1+ε

∫ ∞
0

dk−

k−

I Un-regulated k− integral
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New Regulator and ν-Renomalization Group

Goal:
I Multiplicatively Renormalizable
I In the spirit of dimensional regularization
I Does not introduce new dimensionful scales in the integrants, and

maintains manifest power counting in the effective theory.

η-regulator

Wn =

[∑
perm

exp

(
−g
n̄·P̂

[
|n̄·P̂|−η

ν−η
n̄·An,q(0)

])]

Sn =

[∑
perm

exp

(
−g
n·P̂

[
|2P̂3|−η/2

ν−η/2 n·As,q(0)

])]
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Beam Function Calculation with η-regulator

Total beam function in n-direction including real and virtual yields

Fµνg←g(z, ~pt ) ∝ Γ(1 + ε)
µ2ε

(p2
t )(1+ε)

[
gµνt

δ(1− z)

η

( ν
ωa

)η
+ pgg

(
1
z

)
gµνt

+ 4
(1− z)

z2

(
(
pµt pνt

p2
t

+
1
2

gµνt ) + 2ε(
pµt pνt

p2
t
− 1

2ε
gµν−2ε)

)]
splitting function

pgg(z) =
1 + (1− z)4 + z4

[1− z]+z
(µB, νB) = (pt , ω)

J.-Y. Chiu (CMU) Higgs pT 08.10.11 12



Soft Function Calculation with η-regulator

Soft

S(~pt ) ∝ Γ
(

1 + ε+
η

2

)
Γ
(η

2

)( µ2ε

(p2
t )(1+ε)

)(
νη

(p2
t )η/2

)

(µs, νs) = (pt ,pt )
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µ and ν RG similar to the previous case

The rapidity divergences for the jet and soft functions introduce a
new set of anomalous dimension (γνB, γ

ν
S) :

ν
d

dν
SR(µ, ν) = γνS S

R(µ, ν), ν
d

dν
BR

n (µ, ν) = γνB BR
n (µ, ν)

Just like the traditional µ anomalous dimension:

µ
d

dµ
SR(µ, ν) = γµS S

R(µ, ν), and µ
d

dµ
BR

n (µ, ν) = γµB B
R
n (µ, ν)

Since the cross-section is invariant under µ and ν variation, and
that the hard function itself is free from rapidity divergence
(and therefore γνH = 0), we must have the relations

γµH + γµBn
+ γµBn̄

+ γµS = 0, and γνBn
+ γνBn̄

+ γνS = 0.

Recover CSS formula by µ and ν RG
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Running Strategy: 2-Parameter RG

µ

ν

k+

k−
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Renormalization Group Equations

η-divergences and ν-anomalous dimensions cancels when we
sum up the contributions from the jet and soft fuctions.
Individual J and S are multiplicatively renormalizable.
η-divergence are absorbed in the renormalization constants, ZB,S,
such that

B(0)
n B(0)

n̄ S(0) =[
ZBn (µ, ν)BR

n (µ, ν)
] [

ZBn̄ (µ, ν)BR
n̄ (µ, ν)

] [
ZS(µ, ν)SR(µ, ν)

]
,

where
ZBn (µ, ν)ZBn̄ (µ, ν)ZS(µ, ν) = Z−1

H (µ).
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Renormalization Group Equations

The rapidity divergences for the jet and soft functions introduce a
new set of anomalous dimension (γνJ , γ

ν
S) :

ν
d

dν
SR(µ, ν) = γνS S

R(µ, ν), ν
d

dν
BR

n (µ, ν) = γνB BR
n (µ, ν)

Just like the traditional µ anomalous dimension:

µ
d

dµ
SR(µ, ν) = γµS S

R(µ, ν), and µ
d

dµ
BR

n (µ, ν) = γµB BR
n (µ, ν)

Since the cross-section is invariant under µ and ν variation, and
that the hard function itself is free from rapidity divergence
(and therefore γνH = 0), we must have the relations

γµH + γµBn
+ γµBn̄

+ γµS = 0, and γνBn
+ γνBn̄

+ γνS = 0.
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Running Strategy

Natural scales:
I hard function: independent of ν, µH = MH
I soft function (νS, µS) = (pT ,pT )
I beam functions (νB, µJ) = (MH ,pT )

Running
I In µ:

Evolve hard function
from high scale
µH = MH to common
low scale µB=µS=pT

I In ν:
Evolve soft function
from νS = pT to jet
scale νB = MH
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Solution to the µ-RGE for the hard function

H(s, µ) = UH(MH ;µH , µ)H(MH ;µH)

with

UH(MH ;µH , µ) =

∣∣∣∣∣∣eKH (µH ,µ)

(
−M2

H − i0
µ2

H

)ηH (µH ,µ)
∣∣∣∣∣∣
2

Solution to the ν-RGE for the soft function

S(µ, ν) = Vs

(
µ,

ν

νs

)
⊗ S(µ, νS)

with
Vs (pt ;ωs, µ, ν) = e−2γEωs

Γ(1− ωs)

Γ(1 + ωs)

[
ωs

µ

[
1

(pt
µ )1−ωs

]
+

+ δ(pt )

]

and ωs

(
µ, ννs

)
= 2Γcusp[αs(µ)] log ν

νs
.

Resummed cross-section up to NLL

1
σ0

dσ̂
dpT

= UH(MH ;µH , µ = pT )Vs (pt ;ωs, µ = pT , ν = MH)
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Comparison with literature...

QCD calculations with resummation in the literature:
1 Collins, Soper, and Sterman (1985)

SCET resummation for pT distribution
2 Gao, Li, Liu (2005)
3 Idilbi, Ji, Yuan (2005)

I SCET-like calculation, no factorization theorem derived
I log hidden in phase space

4 Mantry, Petriello
I Factorization theorem derived in SCET
I Keep residual momentum, and thus power suppressed terms for

each sector to be well regularized.
5 Becher, Bell and Neubert (2010)

I Absence of soft function
I Analytic regulator break factorization
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Higgs Production in SM vs MSSM

SUSY imposes that H1 (H2) couples exclusively to down- (up-)
type fermions:

LYuk = −λu

[
ūPLuH0

2 − ūPLdH+
2

]
− λd

[
d̄PLdH0

1 − d̄PLuH−1
]

+ h.c.

λu =

√
2mu

v2
=

√
2mu

vSM sinβ

λd =

√
2md

v1
=

√
2md

vSM cosβ

Enhanced coupling for down-type fermions for large tanβ
For tanβ & 7, bb̄ production mode can be comparable to gg
Distinct pT spectrum at high energy due to large logarithms

I Feature captured by resummation
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Numerics -Preliminary-

For tanβ & 7, bb̄ production mode can be comparable to gg
bb initiated process dominate at small pT
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Other Applications?

Rapidity divergences do not only appear when observing Jet
Broadening...

Jet Broadening Event Shape Observable and other angularity
observables for 0� a < 2.

I JC’s talk in pQCD session.

TMD-PDF, Generalized Parton Distribution
Electroweak corrections to high energy process at the LHC
...
In general, processes or observables involving collinear and soft
mode with similar transverse momentum or off-shellness.
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Conclusion

Distinct higgs pT spectrum between gluon fusion and b-quark
fusion initiated processes due to large logarithms at small pT .
Resummation is important to capture the turning back at low pT

When measuring transverse momentum related observables...
I Soft contributions are important
I Uncanceled divergences remain in each sector, rapidity divergence.
I New kind of logarithms to resum, yet related to the cups angle (the

high scale).

There are other cases with rapidity divergence such as, jet
broadening event shape, and electroweak corrections to LHC
processes.
Rapidity RG making use of the η-regulator provides controllable
form to divergences, and a way to resum the log systematically,
for pT dependent observables.
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