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Spin correlations

‣ In pp➞qq, the quarks are unpolarized, but spins are correlated

‣ In general unobservable, as hadronization decorrelates spins

‣ But the top quark is different

‣ Short lifetime (~5 x 10-25 s), top decays before fragmentation or spin 
flip can occur

‣ Spin orientation preserved and passed to decay products

‣ A test of top-quark properties and probe of new physics:

‣ Observation of correlation represents upper limit on top lifetime

‣ Non-SM decay (e.g. t➞H+b) or production (e.g. stop pairs, Z’) 
would have different correlation

‣ Subtle effect, but now have enough Tevatron data to explore it
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Defining correlation

‣ Define a correlation strength based on the number of top pairs 
with spins pointing in the same direction
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Spin Correlations in 
Production

• Strength of correlation, A, depends on spin 
quantisation axis.

A =
N"" +N## �N#" �N"#
N"" +N## +N#" +N"#
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Must have 
opposite 
helicity to 

couple to s-
channel gluon

At Tevatron,
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852 A. Quadt: Top quark physics at hadron colliders

Fig. 27. Parity symmetry of the strong interaction and ro-
tational symmetry are used to show that an ensemble of top
quarks is produced unpolarised by the strong interaction in
(unpolarised) pp̄ collisions. Higher order e!ects such as QCD fi-
nal state interactions and mixed QCD/weak interactions, how-
ever, can produce small polarisations perpendicular to or in the
scattering plane

2.4.4 Spin correlation in strong tt̄ production

One of the unique features of the top quark is that on aver-
age the top quark decays before there is time for its spin
to be depolarised by the strong interaction [164]. Thus, the
top quark polarisation9 is directly observable via the angu-
lar distribution of its decay products. This means that it
should be possible to measure observables that are sensi-
tive to the top quark spin.
It is well known that top quarks can be polarised at an

e+e! collider by polarising the electron beam10, and that
this is a useful tool to study the weak decay properties of
the top quark. There is an analogue of this tool at hadron
colliders.
Although the top and antitop quarks are produced es-

sentially unpolarised11 [188–191] in (unpolarised) hadron
collisions (Fig. 27), the spins of the t and t̄ are corre-
lated [192–197], as shown in Fig. 28. In tt̄ production by qq̄
annihilation the correlation can be 100% with respect to
a suitably chosen axis. The spins are also correlated in un-
polarised e+e! collisions (LO [198], NLO [187]). The spin
correlation can be used to study the tt̄ production mech-
anisms, which result in the spin correlation, as well as the
weak decay properties of the top quark by observing the
angular correlations between the decay products of the t
and t̄. The spin correlation is expected to be observed in
Run II at the TEVATRON.
The origin of the spin correlation in tt̄ production is as

follows:
For QCD processes close to the production threshold,

the tt̄ system is dominantly produced in a 3S1 state for qq̄
annihilation (Fig. 28b), or in a 1S0 state for gluon–gluon
fusion (Fig. 28c) [199]. Hence, in the first case, the top

9 The spin of an individual top quark cannot be measured,
only the spin polarisation of an ensemble of top quarks.
10 Top quarks are naturally polarised to a small degree
(!20% to !40%) via the weak interaction in unpolarised e+e!

collisions (at threshold [186], above threshold [187]). Using
polarised beams, the top quark polarisation is dramatically
enhanced.
11 Top and antitop quarks receive a small (2%) polarisa-
tion perpendicular to the scattering plane via QCD final state
interactions [188–190]. An additional, very small contribu-
tion of top/antitop quark polarisation is received from mixed
QCD/weak interactions in the scattering plane [191].

Fig. 28. Schematic of the tt̄ spin correlation in the qq̄ annihi-
lation (left) and gg annihilation (right). The parton momenta
are shown as thin arrows, the parton spins as big arrows. In
qq̄ annihilation the cross section for opposite-helicity tt̄ produc-
tion (b) is larger than that for same-helicity production (a).
Configurations with reversed spin directions are not shown ex-
plicitly, but always meant to be included implicitly. The spin
configurations shown are strictly valid only at the tt̄ production
threshold. Above threshold orbital angular momentum e!ects
need to be considered in addition

Fig. 29. In tt̄ production via qq̄ annihilation the spins of the
top quark and antiquark are 100% correlated when measured
along an axis that makes an angle ! with respect to the beam
axis, where tan! = "2 sin # cos #/(1!"2 sin2 #): a near thresh-
old, b far above threshold, c intermediate energies

and the antitop tend to have parallel spins, i.e. opposite
helicities, while in the second case the spins tend to be an-
tiparallel, i.e. the same helicities. Since the qq̄ annihilation
dominates the tt̄ production at the TEVATRON while gg
annihilation dominates the tt̄ production at the LHC, the
spin correlation coe!cient ! (43) is expected to have oppo-
site sign at both colliders (see Table 6). The absolute sign
of the spin correlation coe!cient depends on the conven-
tion of its definition (for example (43)), which varies in the
literature.
At energies large compared to the top mass, chi-

rality conservation implies that the t and t̄ are pro-
duced with opposite helicities (“helicity basis”). At the
other extreme, the t and t̄ are produced with zero or-
bital momentum at threshold, so spin is conserved. Since
the colliding quark and antiquark have opposite spins
(due to chirality conservation), the t and t̄ have oppo-
site spins along the beam axis (“beam-line basis” [195],
“beam basis” [200, 201]). Remarkably, for qq̄ annihila-
tion there exists a basis which interpolates at all en-
ergies between these two extremes (“diagonal basis”),
such that the t and t̄ spins are always opposite [198]
(Fig. 29).
In single-top production at hadron colliders, the spin of

the top quark is 100% left-handed polarised along the di-
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Quantization axis

‣ Spin direction must be 
defined with respect to a 
quantization axis

‣ Choose the beamline axis = 
direction of colliding 
hadrons in ZMF

‣ Intuitive, easy to construct, 
optimal for tt produced at 
threshold

‣ NLO QCD predicts 
A = 0.777 for this choice

‣ (W. Bernreuther et al., 2004)
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Beamline

• Use direction of one of the colliding hadrons in 
the top-antitop zero momentum frame.

• Simple to construct, optimal for top pairs 
produced at threshold.

• (almost) highest correlation,  A=0.777 @NLO.

q̄

t̄

q

t

Bernreuther, Brandenburger, Si and Uwer et al., Nucl. Phys. B 690, 81 (2004)
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Analyzing top spin

‣ Top spin is passed to its decay products

‣ But different decay products have different analyzing power:

‣ Leptons from top decay have greatest analyzing power
5

Polarized Top Decay
(LO: Jeżabek and Kühn, Phys. Lett. B329, 317 (1994);
NLO: Brandenburg, Si, and Uwer, Phys. Lett. B539, 235 (2002).)

b

l+ or d

ν or u

s

θbθl

θν
t

Define angles in top rest frame:
1

!

d!

d(cos !i)
=

1 + "i cos !i

2

Note: Coe!cients for b, u, and d̄ are for partons; jets di"er slightly at NLO.
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The measurements

‣ Look for correlations between directions of decay products from 
two different top quarks

‣ Write Aα1α2 as C, α1α2 = 1 for dileptons

‣ Dilepton mode has best analyzing power, best measurement of 
decay-product directions, worst statistical power

‣ Two measurements from D0:

‣ Template-based, calculate angles in each event and fit shape for 
correlated and uncorrelated components (PLB 702, 16 (2011)) -- has 
been done before with less data

‣ Matrix-element-based, use full event kinematics to determine 
fraction of events that have spin correlation expected in SM (PRL 
107, 032001 (2011)) -- new approach!

6
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Not everyone has said it yet

‣ Tevatron: √s = 1.96 TeV, pp collisions, Run II in progress since 
2001; almost 12 fb-1 delivered, these analyses use 5.4 fb-1.

‣ D0:  silicon and fiber trackers inside 2 T solenoid, liquid argon-
uranium calorimeter, muon trackers/scintillator with toroid

‣ tt production: ~85% qq, 15% gg

‣ tt decays: each t➞Wb ~100%, final states determined by W decay 
-- all-hadronic, lepton+jets, dilepton (decreasing order of rate, 
increasing order of number of neutrinos, purity) 

‣ Dilepton final state: two high-pT leptons, missing momentum due 
to escaping neutrinos, two jets from b decays (and perhaps 
additional ISR/FSR)

7
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Event selection

‣ Same event selection for both analyses

‣ Two high-pT, isolated, opposite-charge leptons (ee, eμ, μμ)

‣ At least two high-pT jets

‣ Large scalar sum of pT’s of leptons and jets in eμ channel, 
significant missing energy in ee and μμ channels

‣ Z/γ* (diboson) modeled by LO MC normalized to NNLO (NLO)

‣ Instrumental backgrounds arise from π0 and η misidentified as 
electrons and real muons in jets that appear to be isolated; both 
modeled with complementary data samples

‣ Obtain very pure sample of tt events:

‣
8
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TABLE 1: Yields of selected events. The number of tt̄ events
is calculated using the measured cross section of !tt̄ = 8.3 pb
and the measured f = 0.74. Uncertainties include statistical
and systematic contributions.

tt̄ Z/"! Diboson Instrumental Total Observed
341 ± 30 93± 15 19± 3 28± 5 481± 39 485

lapping track is estimated from the distribution of an
electron-likelihood discriminant in data [16]. In the eµ
and µµ channels, muons produced in jets that fail to be
reconstructed can appear isolated. Table 1 summarizes
the yields for the signal and background contributions.
To distinguish the hypothesis H of correlated top

quark spins as predicted by the SM (H = c) from the
hypothesis of uncorrelated top quark spins (H = u), we
calculate a discriminant R [25] defined as

R =
Psgn(H = c)

Psgn(H = u) + Psgn(H = c)
, (1)

where we calculate per-event probability densities, Psgn,
for tt̄ signal events for both hypotheses constructed from
the LO MEs M(y,H) [26],

Psgn(x;H) =
1

!obs

!
fPDF(q1) fPDF(q2)dq1dq2

·
(2")4 |M(y,H)|2

q1q2s
W (x, y) d!6. (2)

Here, !obs denotes the leading order cross section includ-
ing selection e"ciency, q1 and q2 the energy fraction of
the incoming quarks from the proton and antiproton, re-
spectively, fPDF the parton distribution function, s the
center-of-mass energy squared and d!6 the infinitesimal
volume element of the 6-body phase space. The detector
resolution is taken into account through a transfer func-
tion W (x, y) that describes the probability of a partonic
final state y to be measured as x = (p̃1, . . . , p̃n), where
p̃i denotes the measured four-momenta of the final state
particles. For hypothesis H = c we use the ME for the
full process qq̄ ! tt̄ ! W+bW!b̄ ! #+$!b #"!$̄!! b̄ aver-
aged over the initial quarks’ color and spin and summed
over the final colors and spins [26]. For hypothesisH = u,
we use the ME of the same process neglecting the spin
correlation between production and decay [26]. The tt̄
production cross section, !tt̄, does not depend on the hy-
pothesis H = c or H = u, and is taken as identical for
both hypotheses. It is assumed that momentum direc-
tions for jets and charged leptons and the electron energy
are well measured, leading to a reduction of the number of
integration dimensions. Furthermore, the known masses
of the final state particles are used as input, and it is
assumed that the tt̄ system has no transverse momen-
tum resulting in a six dimensional phase space integra-
tion. More details of the calculation of Psgn can be found
in [27]. Figure 1 shows the discriminant R for generated
partons for H = c and H = u for tt̄ MC events.
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FIG. 1: Comparison of the discriminant R between SM spin
correlation H = c and no spin correlation H = u at parton
level. The first and last bin include also the contributions
from R < 0.29 and R > 0.63.

To measure the fraction fmeas of events with SM spin
correlation, we build templates of R distributions for sig-
nal MC with and without spin correlation as well as for
each source of background. The templates are compared
to the R distribution in data and the fraction of events
with SM spin correlation is extracted.

In Fig. 2, the measured discriminant R in data is com-
pared to templates for tt̄ production with SM spin corre-
lation and without spin correlation including background
for all dilepton channels combined. The separation be-
tween H = c and H = u is decreased compared to the
parton level.
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FIG. 2: (Color online) The predicted discriminant distribu-
tion R for the combined dilepton event sample for the fitted
!tt̄ and fmeas compared to the data. The prediction with spin
correlation (f = 1) and without spin correlation (f = 0) is
shown including background. The first and last bin include
also the contributions from R < 0.29 and R > 0.63.

We perform a binned maximum likelihood fit to the R



Ken Bloom -- Top Spin Correlations -- DPF 20118/10/11

Analysis 1: Event reconstruction

‣ Need to measure the angle between the lepton and the beamline 
in the ZMF frame of the tt system ➔ full reconstruction of decay

‣ 18 quantities needed to specify final configuration, but only 12 
measured

‣ 4 additional constraints from mt and MW

‣ Use “neutrino weighting” technique for remaining kinematics:

‣ Sample two values from neutrino η 
distribution as predicted from tt MC, 
then solve for implied tt kinematics to 
get cosθ1cosθ2, neutrino momenta

‣ Weight cosθ1cosθ2 values by consistency 
of derived ν’s with observed missing ET

‣ Use weighted mean of all solutions as 
estimator of cosθ1cosθ2

9
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Analysis 1: Template fit

‣ tt events are simulated with MC@NLO, in which spin correlation 
can be turned on or off

‣ With appropriate weighting of simulated samples, cosθ1cosθ2 
distributions for any value of C can be generated

‣ Find best value of C with binned likelihood fit

‣ Systematic uncertainties incorporated as nuisance parameters

‣ tt cross section allowed to float in fit
10
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the SM [2, 7–11] predict di!erent production and decay
dynamics for the top quark, which could a!ect the spin
correlation.
There is a recent measurement of tt̄ spin correlation in

semileptonic final states, in which one W boson decays
to leptons and the other to quarks, by the CDF Collab-
oration [12] in 4.3 fb!1 of pp̄ collisions at

!
s = 1.96 TeV

which agrees with the SM prediction. There is also an
earlier measurement analyzing dilepton final states by
the D0 Collaboration using an integrated luminosity of
125 pb!1 of pp̄ collisions at

!
s = 1.8 TeV [13]. However,

the expected sensitivity of both previous measurements
was not high enough to distinguish between a hypothe-
sis of no correlation and the correlation predicted in the
SM. In both measurements a di!erent sign convention
than the one in this article was used [14].
In this letter, we measure the strength of the tt̄ spin

correlation C from a di!erential angular distribution in-
volving the angles between the flight direction of the two
decay leptons in the rest frames of their respective t
quarks and the spin quantization axis (defined below).
Top quarks are assumed to decay as predicted by the
SM. We analyze the dilepton channels which correspond
to decays of the W bosons (from t and t̄ quark decays)
into an electron and electron neutrino, a muon and a
muon neutrino or a tau lepton and a tau neutrino if the
tau decays leptonically. The analysis is performed using
5.4 fb!1 of pp̄ collisions at

!
s = 1.96 TeV collected with

the D0 detector at the Fermilab Tevatron collider.
To reduce the dependence on the signal normalization,

we extract the spin correlation simultaneously with the
tt̄ production cross section (!tt̄). In the SM, !tt̄ is pre-
dicted to a precision of (6–8)% [15–19]. Many models of
physics beyond the SM predict e!ects in the top quark
sector that can a!ect both the top quark production rate
and the spin correlation. For example, in supersymmetric
models [20], pair production of scalar top quarks decay-
ing into a b quark, an electron or muon, and a scalar
neutrino [21] would a!ect the measured values of both
!tt̄ and C in dilepton final states.

II. OBSERVABLE

The tt̄ spin correlation strength C is obtained from the
distribution [5]

1

!

d2!

d cos "1d cos "2
=

1

4
(1" C cos "1 cos "2) , (1)

where ! denotes the cross section, and "1 and "2 are the
angles between the direction of flight of the decay lep-
tons #+ and #! in the t and t̄ rest frames and the spin
quantization axis [22]. These angles are chosen because
the sensitivity to the spin correlation is largest when the
decay products are down-type fermions [4, 5, 9]. C is a
parameter between "1 and 1 that depends on the quan-
tization axis used and determines the magnitude of the
tt̄ spin correlation. For the Tevatron, it has been shown

in [5] that an almost optimal choice of quantization axis is
given by the direction of the beam. At tree level in quan-
tum chromodynamics (QCD), C represents the number
of events where the t and t̄ spins are parallel minus the
number of events where they are anti-parallel, normalized
by the total number of events. The case of all spins being
(anti-)parallel corresponds to C = 1 (C = "1), whereas
an equal mixture of parallel and anti-parallel would give
C = 0. Choosing the beam momentum vector as the
quantization axis, C = 0.777+0.027

!0.042 is predicted at NLO
in QCD [5]. This calculation uses the CTEQ6.1M parton
distribution functions (PDF) with both the factorization
and renormalization scale set to the top quark mass (mt).
The uncertainty reflects the variation of this scale from
mt/2 to 2mt. Figure 1 shows the cos "1 cos "2 distribu-
tion calculated with spin correlation (C = 0.777) and
without spin correlation (C = 0). A non-vanishing spin
correlation leads to an asymmetry in the distribution.

2θ cos 1θcos 
-1 -0.5 0 0.5 1

N
or

m
al

iz
ed

0

0.1

0.2

0.3 No spin corr.
SM spin corr.

DØ

FIG. 1: The distribution in cos !1 cos !2 for a tt̄ sample in-
cluding the NLO QCD spin correlation (C = 0.777) (dashed
line) and with no spin correlation (C = 0) (solid line) at the
parton level, generated using mc@nlo [23].

III. D0 DETECTOR

The D0 detector [24] contains a tracking system, a
calorimeter, and a muon spectrometer. The tracking sys-
tem consists of a silicon microstrip tracker (SMT) and
a central fiber tracker, both located inside a 1.9 T su-
perconducting solenoid. The design provides e"cient
charged-particle tracking in the pseudorapidity region
|$det| < 3 [25]. The SMT provides the capability of recon-
structing the pp̄ interaction vertex (PV) with a precision
of about 40 µm in the plane transverse to the beam di-
rection and a determination of the impact parameter of
any track relative to the PV [26] with a precision between
20 and 50 µm, depending on the number of hits in the

7

TABLE 1: Probability that the neutrino weighting procedure
yields a valid solution for di!erent classes of events. The Z !

!! , Z ! µµ and Z ! ee backgrounds are shown combined,
as are the diboson and instrumental backgrounds. In the last
column we give the value observed in data. The statistical
uncertainties are " 1%.

tt̄ Z Diboson Instrumental Total Observed
0.96 0.82 0.90 0.82 0.92 0.91

solution for tt̄ and background events are given in Ta-
ble 1. Table 2 summarizes the predicted background and
the observed number of events in data, together with the
number of expected tt̄ events using the tt̄ cross section
measured in this analysis. For each event with a solution
the w distribution is normalized to unity, and the mean
of the w distribution is used as estimator for the true
value of cos !1 cos !2. The correlation coe!cient between
our estimator and the true value of cos !1 cos !2 is about
0.5.

VII. TEMPLATES

Templates of the cos !1 cos !2 distributions are gener-
ated using MC events for di"erent values of C and then
compared to data. Figure 2 shows the distribution for
cos !1 cos !2 for background, tt̄ signal with NLO QCD
spin correlation, and the prediction for tt̄ signal without
spin correlation. Di"erent fractions of events without and
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FIG. 2: (Color online) The distribution in cos "1 cos "2 for the
entire dilepton event sample. The summed tt̄ signal, including
NLO QCD spin correlation (C = 0.777) (red) and all back-
grounds (blue) are compared to data. The open histogram is
the tt̄ prediction without spin correlation (C = 0). The slight
asymmetry in the cos "1 cos "2 distribution does not bias the
measurement.

with SM spin correlation can be used to generate tt̄ sam-
ples of di"erent true values of C. Templates are formed
from the sum of tt̄ signals of di"erent C values and contri-

butions from backgrounds, as a function of cos !1 cos !2.
As the ratio of signal to background is di"erent in ee,
eµ and µµ final states, we analyze each channel sepa-
rately. In each channel, we use eight bins of equal size
over the range [!0.4, 0.4], and additionally one bin each
for the range [!1,!0.4] and [0.4, 1]. The cos !1 cos !2 dis-
tributions in data are compared with these templates to
extract the best measured value for C (Cmeas).

VIII. FIT TO TEMPLATES AND SYSTEMATIC
UNCERTAINTIES

We perform a binned maximum likelihood fit to extract
the measured value Cmeas. We maximize the likelihood
function

L =
!

i

P(ni,mi)"
K
!

k=1

G("k; 0, SDk) , (3)

where P(n,m) represents the Poisson probability to ob-
serve n events when m events are expected. The first
product runs over all the bins i of the templates of all
channels. Systematic uncertainties are taken into ac-
count by parameters "k, where each independent source
of systematic uncertainty k is modeled as a Gaussian
probability density function, G ("; 0, SD), with zero mean
and width corresponding to one standard deviation (SD)
in the uncertainty of that parameter. Correlations among
systematic uncertainties between channels are taken into
account by using the same parameter for the same sources
of uncertainty. The predicted number of events in each
bin is the sum of the predicted number of background
and expected tt̄ events and depends on C.
We consider both systematic uncertainties which af-

fect only normalization factors and those which alter
the di"erential distribution of cos !1 cos !2. Uncertainties
derived from di"erences between data and MC for the
jet energy scale, jet energy resolution, jet identification,
and from theoretical uncertainties on PDFs, background
modeling, and the choice ofmt are taken as di"erential in
cos !1 cos !2. Systematic uncertainties a"ecting the over-
all signal e!ciency and the normalization of backgrounds
include lepton identification, trigger requirements, uncer-
tainties on the normalization of background, the uncer-
tainty on the luminosity, MC modeling, and the determi-
nation of instrumental background. We also include an
uncertainty on the templates because of limited statis-
tics in the MC samples. We estimate the latter from
1000 pseudo-experiments, where we randomly vary each
bin in the templates within the statistical uncertainty of
the MC and repeat the measurement on data.
The statistical and systematic uncertainties on Cmeas

are listed in Table 3. We evaluate the size of the in-
dividual sources of systematic uncertainty by setting all
parameters for the systematic uncertainties to their fit-
ted mean value and calculate the impact of the upward
and downward one standard deviation uncertainty on the
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TABLE 3: Summary of uncertainties on Cmeas.

Source +SD !SD
Muon identification 0.01 !0.01

Electron identification and smearing 0.01 !0.01
PDF 0.02 !0.01

Top Mass 0.01 !0.01
Triggers 0.02 !0.02

Opposite charge requirement 0.00 !0.00
Jet energy scale 0.01 !0.01

Jet reconstruction and identification 0.06 !0.06
Normalization 0.02 !0.02

Monte Carlo statistics 0.02 !0.02
Instrumental background 0.00 !0.00

Background Model for Spin 0.03 !0.04
Luminosity 0.03 !0.03

Other 0.01 !0.01
Template statistics for template fits 0.07 !0.07

Total systematic uncertainty 0.11 !0.11
Statistical uncertainty 0.38 !0.40
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and P. M. Zerwas, Phys. Lett. B 181, 157 (1986).

[3] A. F. Falk and M. E. Peskin, Phys. Rev. D 49, 3320
(1994).

[4] A. Brandenburg, Z. G. Si, and P. Uwer, Phys. Lett. B
539, 235 (2002).

[5] W. Bernreuther, A. Brandenburg, Z. G. Si and P. Uwer,
Nucl. Phys. B 690, 81 (2004).

[6] T. Stelzer and S. Willenbrock, Phys. Lett. B 374, 169
(1996).

[7] W. Bernreuther, M. Flesch and P. Haberl, Phys. Rev. D
58, 114031 (1998).

[8] I. I. Y. Bigi, Phys. Lett. B 175, 233 (1986).
[9] M. Jezabek and J. H. Kühn, Phys. Lett. B 329, 317
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Analysis 2: Matrix elements

‣ For each event, can ask: are the kinematics consistent with spin 
correlations as the SM predicts, or no correlation at all?

‣ This can be addressed through matrix-element technology:

‣ In contrast to the template measurement, full event kinematics 
plus theoretical models of production and decay are used, not just 
lepton angles.

12

5

TABLE 1: Yields of selected events. The number of tt̄ events
is calculated using the measured cross section of !tt̄ = 8.3 pb
and the measured f = 0.74. Uncertainties include statistical
and systematic contributions.

tt̄ Z/"! Diboson Instrumental Total Observed
341 ± 30 93± 15 19± 3 28± 5 481± 39 485

lapping track is estimated from the distribution of an
electron-likelihood discriminant in data [16]. In the eµ
and µµ channels, muons produced in jets that fail to be
reconstructed can appear isolated. Table 1 summarizes
the yields for the signal and background contributions.
To distinguish the hypothesis H of correlated top

quark spins as predicted by the SM (H = c) from the
hypothesis of uncorrelated top quark spins (H = u), we
calculate a discriminant R [25] defined as

R =
Psgn(H = c)

Psgn(H = u) + Psgn(H = c)
, (1)

where we calculate per-event probability densities, Psgn,
for tt̄ signal events for both hypotheses constructed from
the LO MEs M(y,H) [26],

Psgn(x;H) =
1

!obs

!
fPDF(q1) fPDF(q2)dq1dq2

·
(2")4 |M(y,H)|2

q1q2s
W (x, y) d!6. (2)

Here, !obs denotes the leading order cross section includ-
ing selection e"ciency, q1 and q2 the energy fraction of
the incoming quarks from the proton and antiproton, re-
spectively, fPDF the parton distribution function, s the
center-of-mass energy squared and d!6 the infinitesimal
volume element of the 6-body phase space. The detector
resolution is taken into account through a transfer func-
tion W (x, y) that describes the probability of a partonic
final state y to be measured as x = (p̃1, . . . , p̃n), where
p̃i denotes the measured four-momenta of the final state
particles. For hypothesis H = c we use the ME for the
full process qq̄ ! tt̄ ! W+bW!b̄ ! #+$!b #"!$̄!! b̄ aver-
aged over the initial quarks’ color and spin and summed
over the final colors and spins [26]. For hypothesisH = u,
we use the ME of the same process neglecting the spin
correlation between production and decay [26]. The tt̄
production cross section, !tt̄, does not depend on the hy-
pothesis H = c or H = u, and is taken as identical for
both hypotheses. It is assumed that momentum direc-
tions for jets and charged leptons and the electron energy
are well measured, leading to a reduction of the number of
integration dimensions. Furthermore, the known masses
of the final state particles are used as input, and it is
assumed that the tt̄ system has no transverse momen-
tum resulting in a six dimensional phase space integra-
tion. More details of the calculation of Psgn can be found
in [27]. Figure 1 shows the discriminant R for generated
partons for H = c and H = u for tt̄ MC events.
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FIG. 1: Comparison of the discriminant R between SM spin
correlation H = c and no spin correlation H = u at parton
level. The first and last bin include also the contributions
from R < 0.29 and R > 0.63.

To measure the fraction fmeas of events with SM spin
correlation, we build templates of R distributions for sig-
nal MC with and without spin correlation as well as for
each source of background. The templates are compared
to the R distribution in data and the fraction of events
with SM spin correlation is extracted.

In Fig. 2, the measured discriminant R in data is com-
pared to templates for tt̄ production with SM spin corre-
lation and without spin correlation including background
for all dilepton channels combined. The separation be-
tween H = c and H = u is decreased compared to the
parton level.
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FIG. 2: (Color online) The predicted discriminant distribu-
tion R for the combined dilepton event sample for the fitted
!tt̄ and fmeas compared to the data. The prediction with spin
correlation (f = 1) and without spin correlation (f = 0) is
shown including background. The first and last bin include
also the contributions from R < 0.29 and R > 0.63.

We perform a binned maximum likelihood fit to the R
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Analysis 2: Hypothesis comparison

‣ For each event, compute

‣ Events more consistent with having SM spin correlations will tend 
to have R closer to 1, those less consistent have R closer to 0.

‣ But it is still a small effect:

‣ Fit using binned likelihood as in Analysis 1 to extract fraction of 
events that show correlation, SM predicts 100%
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TABLE 1: Yields of selected events. The number of tt̄ events
is calculated using the measured cross section of !tt̄ = 8.3 pb
and the measured f = 0.74. Uncertainties include statistical
and systematic contributions.

tt̄ Z/"! Diboson Instrumental Total Observed
341 ± 30 93± 15 19± 3 28± 5 481± 39 485

lapping track is estimated from the distribution of an
electron-likelihood discriminant in data [16]. In the eµ
and µµ channels, muons produced in jets that fail to be
reconstructed can appear isolated. Table 1 summarizes
the yields for the signal and background contributions.
To distinguish the hypothesis H of correlated top

quark spins as predicted by the SM (H = c) from the
hypothesis of uncorrelated top quark spins (H = u), we
calculate a discriminant R [25] defined as

R =
Psgn(H = c)

Psgn(H = u) + Psgn(H = c)
, (1)

where we calculate per-event probability densities, Psgn,
for tt̄ signal events for both hypotheses constructed from
the LO MEs M(y,H) [26],

Psgn(x;H) =
1

!obs

!
fPDF(q1) fPDF(q2)dq1dq2

·
(2")4 |M(y,H)|2

q1q2s
W (x, y) d!6. (2)

Here, !obs denotes the leading order cross section includ-
ing selection e"ciency, q1 and q2 the energy fraction of
the incoming quarks from the proton and antiproton, re-
spectively, fPDF the parton distribution function, s the
center-of-mass energy squared and d!6 the infinitesimal
volume element of the 6-body phase space. The detector
resolution is taken into account through a transfer func-
tion W (x, y) that describes the probability of a partonic
final state y to be measured as x = (p̃1, . . . , p̃n), where
p̃i denotes the measured four-momenta of the final state
particles. For hypothesis H = c we use the ME for the
full process qq̄ ! tt̄ ! W+bW!b̄ ! #+$!b #"!$̄!! b̄ aver-
aged over the initial quarks’ color and spin and summed
over the final colors and spins [26]. For hypothesisH = u,
we use the ME of the same process neglecting the spin
correlation between production and decay [26]. The tt̄
production cross section, !tt̄, does not depend on the hy-
pothesis H = c or H = u, and is taken as identical for
both hypotheses. It is assumed that momentum direc-
tions for jets and charged leptons and the electron energy
are well measured, leading to a reduction of the number of
integration dimensions. Furthermore, the known masses
of the final state particles are used as input, and it is
assumed that the tt̄ system has no transverse momen-
tum resulting in a six dimensional phase space integra-
tion. More details of the calculation of Psgn can be found
in [27]. Figure 1 shows the discriminant R for generated
partons for H = c and H = u for tt̄ MC events.
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FIG. 1: Comparison of the discriminant R between SM spin
correlation H = c and no spin correlation H = u at parton
level. The first and last bin include also the contributions
from R < 0.29 and R > 0.63.

To measure the fraction fmeas of events with SM spin
correlation, we build templates of R distributions for sig-
nal MC with and without spin correlation as well as for
each source of background. The templates are compared
to the R distribution in data and the fraction of events
with SM spin correlation is extracted.

In Fig. 2, the measured discriminant R in data is com-
pared to templates for tt̄ production with SM spin corre-
lation and without spin correlation including background
for all dilepton channels combined. The separation be-
tween H = c and H = u is decreased compared to the
parton level.
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FIG. 2: (Color online) The predicted discriminant distribu-
tion R for the combined dilepton event sample for the fitted
!tt̄ and fmeas compared to the data. The prediction with spin
correlation (f = 1) and without spin correlation (f = 0) is
shown including background. The first and last bin include
also the contributions from R < 0.29 and R > 0.63.

We perform a binned maximum likelihood fit to the R
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TABLE 1: Yields of selected events. The number of tt̄ events
is calculated using the measured cross section of !tt̄ = 8.3 pb
and the measured f = 0.74. Uncertainties include statistical
and systematic contributions.

tt̄ Z/"! Diboson Instrumental Total Observed
341 ± 30 93± 15 19± 3 28± 5 481± 39 485

lapping track is estimated from the distribution of an
electron-likelihood discriminant in data [16]. In the eµ
and µµ channels, muons produced in jets that fail to be
reconstructed can appear isolated. Table 1 summarizes
the yields for the signal and background contributions.
To distinguish the hypothesis H of correlated top

quark spins as predicted by the SM (H = c) from the
hypothesis of uncorrelated top quark spins (H = u), we
calculate a discriminant R [25] defined as

R =
Psgn(H = c)

Psgn(H = u) + Psgn(H = c)
, (1)

where we calculate per-event probability densities, Psgn,
for tt̄ signal events for both hypotheses constructed from
the LO MEs M(y,H) [26],

Psgn(x;H) =
1

!obs

!
fPDF(q1) fPDF(q2)dq1dq2

·
(2")4 |M(y,H)|2

q1q2s
W (x, y) d!6. (2)

Here, !obs denotes the leading order cross section includ-
ing selection e"ciency, q1 and q2 the energy fraction of
the incoming quarks from the proton and antiproton, re-
spectively, fPDF the parton distribution function, s the
center-of-mass energy squared and d!6 the infinitesimal
volume element of the 6-body phase space. The detector
resolution is taken into account through a transfer func-
tion W (x, y) that describes the probability of a partonic
final state y to be measured as x = (p̃1, . . . , p̃n), where
p̃i denotes the measured four-momenta of the final state
particles. For hypothesis H = c we use the ME for the
full process qq̄ ! tt̄ ! W+bW!b̄ ! #+$!b #"!$̄!! b̄ aver-
aged over the initial quarks’ color and spin and summed
over the final colors and spins [26]. For hypothesisH = u,
we use the ME of the same process neglecting the spin
correlation between production and decay [26]. The tt̄
production cross section, !tt̄, does not depend on the hy-
pothesis H = c or H = u, and is taken as identical for
both hypotheses. It is assumed that momentum direc-
tions for jets and charged leptons and the electron energy
are well measured, leading to a reduction of the number of
integration dimensions. Furthermore, the known masses
of the final state particles are used as input, and it is
assumed that the tt̄ system has no transverse momen-
tum resulting in a six dimensional phase space integra-
tion. More details of the calculation of Psgn can be found
in [27]. Figure 1 shows the discriminant R for generated
partons for H = c and H = u for tt̄ MC events.
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FIG. 1: Comparison of the discriminant R between SM spin
correlation H = c and no spin correlation H = u at parton
level. The first and last bin include also the contributions
from R < 0.29 and R > 0.63.

To measure the fraction fmeas of events with SM spin
correlation, we build templates of R distributions for sig-
nal MC with and without spin correlation as well as for
each source of background. The templates are compared
to the R distribution in data and the fraction of events
with SM spin correlation is extracted.

In Fig. 2, the measured discriminant R in data is com-
pared to templates for tt̄ production with SM spin corre-
lation and without spin correlation including background
for all dilepton channels combined. The separation be-
tween H = c and H = u is decreased compared to the
parton level.
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FIG. 2: (Color online) The predicted discriminant distribu-
tion R for the combined dilepton event sample for the fitted
!tt̄ and fmeas compared to the data. The prediction with spin
correlation (f = 1) and without spin correlation (f = 0) is
shown including background. The first and last bin include
also the contributions from R < 0.29 and R > 0.63.

We perform a binned maximum likelihood fit to the R
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TABLE 1: Yields of selected events. The number of tt̄ events
is calculated using the measured cross section of !tt̄ = 8.3 pb
and the measured f = 0.74. Uncertainties include statistical
and systematic contributions.

tt̄ Z/"! Diboson Instrumental Total Observed
341 ± 30 93± 15 19± 3 28± 5 481± 39 485

lapping track is estimated from the distribution of an
electron-likelihood discriminant in data [16]. In the eµ
and µµ channels, muons produced in jets that fail to be
reconstructed can appear isolated. Table 1 summarizes
the yields for the signal and background contributions.
To distinguish the hypothesis H of correlated top

quark spins as predicted by the SM (H = c) from the
hypothesis of uncorrelated top quark spins (H = u), we
calculate a discriminant R [25] defined as

R =
Psgn(H = c)

Psgn(H = u) + Psgn(H = c)
, (1)

where we calculate per-event probability densities, Psgn,
for tt̄ signal events for both hypotheses constructed from
the LO MEs M(y,H) [26],

Psgn(x;H) =
1

!obs

!
fPDF(q1) fPDF(q2)dq1dq2

·
(2")4 |M(y,H)|2

q1q2s
W (x, y) d!6. (2)

Here, !obs denotes the leading order cross section includ-
ing selection e"ciency, q1 and q2 the energy fraction of
the incoming quarks from the proton and antiproton, re-
spectively, fPDF the parton distribution function, s the
center-of-mass energy squared and d!6 the infinitesimal
volume element of the 6-body phase space. The detector
resolution is taken into account through a transfer func-
tion W (x, y) that describes the probability of a partonic
final state y to be measured as x = (p̃1, . . . , p̃n), where
p̃i denotes the measured four-momenta of the final state
particles. For hypothesis H = c we use the ME for the
full process qq̄ ! tt̄ ! W+bW!b̄ ! #+$!b #"!$̄!! b̄ aver-
aged over the initial quarks’ color and spin and summed
over the final colors and spins [26]. For hypothesisH = u,
we use the ME of the same process neglecting the spin
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FIG. 1: Comparison of the discriminant R between SM spin
correlation H = c and no spin correlation H = u at parton
level. The first and last bin include also the contributions
from R < 0.29 and R > 0.63.

To measure the fraction fmeas of events with SM spin
correlation, we build templates of R distributions for sig-
nal MC with and without spin correlation as well as for
each source of background. The templates are compared
to the R distribution in data and the fraction of events
with SM spin correlation is extracted.

In Fig. 2, the measured discriminant R in data is com-
pared to templates for tt̄ production with SM spin corre-
lation and without spin correlation including background
for all dilepton channels combined. The separation be-
tween H = c and H = u is decreased compared to the
parton level.
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FIG. 2: (Color online) The predicted discriminant distribu-
tion R for the combined dilepton event sample for the fitted
!tt̄ and fmeas compared to the data. The prediction with spin
correlation (f = 1) and without spin correlation (f = 0) is
shown including background. The first and last bin include
also the contributions from R < 0.29 and R > 0.63.

We perform a binned maximum likelihood fit to the R
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Analysis 2: Results

14

As before, statistical 
uncertainties dominate; 

limited template 
statistics is still leading 

systematic effect

Measure f = 0.74+0.40-0.41,
consistent with SM,

exclude f = 0 at 99.6% CL

6

distribution to extract fmeas by fitting

m(i) = fmeasm
(i)
c + (1! fmeas)m

(i)
u +

!
j

m(i)
j , (3)

where m(i)
c is the predicted number of events in bin i for

the signal template including SM spin correlation, m(i)
u is

the predicted number of events in bin i for the template

without spin correlation and
"

j m
(i)
j is the sum over all

background contributions j in bin i. To remove the de-
pendence on the absolute normalization, we calculate the
predicted number of events, m(i), as a function of fmeas

and !tt̄ and extract both simultaneously.
The likelihood function

L =
N#
i

P(n(i),m(i))"
K#

k=1

G("k; 0, SDk) , (4)

is maximized with P(n,m) representing the Poisson
probability to observe n events when m events are ex-
pected. The first product runs over all bins i of the tem-
plates in all channels. Systematic uncertainties are taken
into account by parameters "k, where each independent
source of systematic uncertainty k is modeled as a Gaus-
sian probability density function, G ("; 0, SD), with zero
mean and an rms corresponding to one standard devia-
tion (SD) in the uncertainty of that parameter. Corre-
lations among systematic uncertainties between channels
are taken into account by using a single parameter for
the same source of uncertainty.
We distinguish between systematic uncertainties that

only a!ect the yield of signal or background, and those
that change the shape of the R distribution. We consider
the jet energy scale, jet energy resolution, jet identifica-
tion, PDFs, background modeling, and the choice of mt

in the calculation of Psgn as uncertainties a!ecting the
shape of R. Systematic uncertainties on normalizations
include lepton identification, trigger requirements, uncer-
tainties on the normalization of background, the uncer-
tainty on the luminosity, MC modeling, and the determi-
nation of instrumental background. We also include an
uncertainty on the templates because of limited statistics
in the MC samples.
The statistical and systematic uncertainties on fmeas

are given in Table 2. We evaluate the size of the indi-
vidual sources of systematic uncertainty by calculating
fmeas and !tt̄ using the parameters "k shifted by ±1SD
from their fitted mean.
To estimate the expected uncertainty on the result,

ensembles of MC experiments are generated for di!er-
ent values of f , and the maximum likelihood fit is re-
peated, yielding a distribution of fmeas for each generated
f . Systematic uncertainties are included in this proce-
dure, taking correlations between channels into account.
We then apply the “ordering principle” for ratios of like-
lihoods [28] to the distributions of fmeas and generated
f , without constraining fmeas to physical values. The re-
sulting allowed regions for di!erent confidence levels as

TABLE 2: Summary of uncertainties on fmeas.

Source +1SD !1SD
Muon identification 0.01 -0.01

Electron identification and smearing 0.02 -0.02
PDF 0.06 -0.05
mt 0.04 -0.06

Triggers 0.02 -0.02
Opposite charge selection 0.01 -0.01

Jet energy scale 0.01 -0.04
Jet reconstruction and identification 0.02 -0.06

Background normalization 0.07 -0.08
MC statistics 0.03 -0.03

Instrumental background 0.01 -0.01
Integrated luminosity 0.04 -0.04

Other 0.02 -0.02
MC statistics for template fits 0.10 -0.10
Total systematic uncertainty 0.15 -0.18

Statistical uncertainty 0.33 -0.35


   




























   















FIG. 3: (Color online) For all channels the 68.0% (inner),
95.0% (central), and 99.7% (outer) C.L. bands of f as a func-
tion of fmeas from likelihood fits to MC events. The thin yel-
low line indicates the most probable value of f as a function of
fmeas, and therefore represents the calibration of the method.
The vertical dashed black line indicates the measured value
fmeas = 0.74.

a function of fmeas and f are shown in Fig. 3. From the
maximum likelihood fit to data, we obtain

fmeas = 0.74+0.40
!0.41 (stat+syst) . (5)

The simultaneously extracted tt̄ cross section is found to
be

!tt̄ = 8.3+1.1
!0.9 (stat+syst) pb (6)

for mt = 172.5 GeV and in good agreement with the SM
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Summary

‣ Quark spin correlation is a phenomenon that can only be seen in 
tt production, thanks to the short top lifetime

‣ But it is a subtle effect that requires large data samples and 
sophisticated analysis techniques to observe

‣ Two analyses of dilepton events from D0:

‣ Template-based analysis using full reconstruction of top decays gives 
result within two standard deviations of NLO QCD prediction, but 
also compatible with no-correlation hypothesis

‣ Matrix-element-based analysis gives result consistent with SM 
hypothesis, and powerful enough to exclude no-correlation 
hypothesis -- first time ever

‣ Analyses are both statistics limited, with only ~half the D0 Run II 
dataset analyzed so far -- more excitement ahead! 
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Other quantization axis choices

‣ Beamline: Direction of colliding hadrons in ZMF.  Easy to 
construct, optimal for tt produced at threshold, A = 0.777

‣ Helicity: Use direction of (anti)top quark in tt ZMF to quantize 
(anti)top quark spin, A = -0.352

‣ Off diagonal: Interpolates between the other two, better for 
production above threshold, A = 0.782

‣ Measurements described here use beamline axis

17

Tim Head, 3rd June 2010

Beamline

• Use direction of one of the colliding hadrons in 
the top-antitop zero momentum frame.

• Simple to construct, optimal for top pairs 
produced at threshold.

• (almost) highest correlation,  A=0.777 @NLO.

q̄

t̄

q

t

Bernreuther, Brandenburger, Si and Uwer et al., Nucl. Phys. B 690, 81 (2004)
8

Thursday, 3 June 2010
Tim Head, 3rd June 2010

Helicity

• Use direction of (anti)top quark in the top-antitop 
zero momentum frame to quantise (anti)top quark 
spin.

• Smaller correlation strength,  A=-0.352 @NLO.

q̄

t̄

q

t

9
Bernreuther, Brandenburger, Si and Uwer et al., Nucl. Phys. B 690, 81 (2004)

Thursday, 3 June 2010

Tim Head, 3rd June 2010

Off-Diagonal

• Interpolates between beamline and helicity basis.

• Gets the top pairs produced above threshold.

• Slightly higher correlation,  A=0.782 @NLO.

q̄

t̄

q

t

!
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tan! =
p

1� �2 tan ✓

10
Bernreuther, Brandenburger, Si and Uwer et al., Nucl. Phys. B 690, 81 (2004)

Thursday, 3 June 2010

Beamline Helicity Off-Diagonal
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Analysis 2: The matrix elements

‣ The matrix element neglecting spin correlations (H = u) is

‣ And accounting for them (H = c), it’s

‣ Both give the same value of the total tt cross section

‣ In contrast to the template measurement, full event kinematics 
plus theoretical models of production and decay are used, not just 
lepton angles.

18

4

with N(!!), etc. the number of tt̄ pairs with the spins parallel or anti-parallel to a certain basis. While73

a matrix element based approach helps to increase the sensitivity significantly, C can no longer be74

measured as C is an inclusive quantity that doesn’t appear in an exclusive matrix element, i.e. there is75

no free strength correlation parameter C in any matrix element.76

To distinguish the hypotheses (H) of spin correlation and no correlation, the signal probability Psgn is77

calculated for the case of no spin correlation Psgn(H = 0) and correlation and templates are built based78

on the fraction R defined as79

R =
Psgn(H = 1)

Psgn(H = 0) + Psgn(H = 1)
. (3)

III. SIGNAL PROBABILITIES80

Similar as in the measurement of the top quark mass [17, 18], the signal probability Psgn in this81

analysis is given by82

Psgn(x; mtop, H) =
1

!obs(mtop)

!

d"1 d"2 fPDF("1) fPDF("2)
(2#)4 |M(y, mtop, H)|2

"1"2s
d!6 W (x, y) ,(4)

where !obs denotes the observable cross section, "1, "2 the energy fraction of the incoming quarks83

from the protons and antiprotons, fPDF the parton distribution function, s, the center-of-mass energy84

squared, M(y, mtop, H), the leading-order matrix element [16] and d!6, an element of the 6-body85

phase space. The finite detector resolution is taken into account using a transfer function W (x, y) that86

describes the probability of a partonic final state y to be measured as x = (p̃1, . . . , p̃n) in the detector.87

However, it has to be noticed that there are two significant di"erences:88

• The observable cross section is listed only for completeness. As top pair production cross section89

is invariant under spin correlation and no correlation, the observable cross section does not depend90

on H . Using only one mass hypotheses this factor can be omitted.91

• While in the mass analysis only the matrix element for no spin correlation has been considered92

i.e. M(y, mtop, H = 0), here also the case of H = 1 is taken into account. Both matrix elements93

are discussed in the following.94

When neglecting spin correlations, the matrix element averaged over the initial partons’color and spin

and summed over the final colors and spin is given by [16]

"

|M |2 =
g4

s

9
FF

#

2 " $2s2
qt

$

/2, (5)

where gs is the strong coupling constant, $ is the velocity of the top quarks in the tt̄ zero momentum95

frame, and sqt denotes the sine of the angle between the incoming parton and the outgoing top quark96

in the tt̄ ZMF. The factors F and F describe the kinematics of the top and anti-top quark decay. In97

case of a leptonically decaying W , one has98
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Top decay kinematics Top velocity in ZMF Sine of angle between incoming 
parton and outgoing top
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Here, gw denotes the weak coupling constant, mt and mW are the mass of the top quark and the W99

boson, and !t and !W are their widths. Invariant top and W masses in a particular event are denoted100

by mxyz and myz, respectively, where x, y, and z are the decay products. The cosine of the angle101

between particles x and y in the W ZMF is denoted by ĉxy.102

On the other hand, taking the spin correlation into account, the matrix element for the production and103

decay process averaged over the initial quark’s color and spin and summed over the final colors and104

spins is given by105

!

|M |2 =
g4

s

9
FF

"#

2 ! !2s2
qt

$

! "
%

, (8)

where " is calculated to be106

" =
(1 ! c!qc!q) ! !(c!t + c!t) + !cqt(c!q + c!q) + 1

2
!2s2

qt(1 ! c!!)

"2(1 ! !c!t)(1 ! !c!t)
(9)

with cxy (sxy) cosine (sine) between particle x and y in the zero momentum frame.107

A combined matrix element can be written as108

!

|M |2 =
(1 + H)

2

g4
s

9
FF

#

2 ! !2s2
qt

$

! H
g4

s

9
FF", (10)

where H :109

• 1: corresponds to a production including spin correlation110

• 0: to the case where spin correlation is averaged out, like and unlike sign spins are equally111

distributed.112

Since the signal probability Psgn depends on the final state particle 4-momenta, where some can not113

be directly measured, the computation involves an integral over all possible final states, i.e. an integral114

over all possible momenta of the colliding partons and over 6-body phase space to cover all possible115

final states, cf. equation (4).116

To make a numerical calculation of the integral feasible, no integration is performed over quantities117

that are assumed to be well-measured: the jet directions and the charged lepton directions. In addition118

the energy of an electron is assumed to be well measured. Di#erent from the mass measurement, tests119

showed that no significant change is observed when assuming the total transverse momentum to be120

zero. Thus, an integration over 6 dimensions (+1 for each muon) remains, as shown in Table I.

6 final state partons (of known mass): 18

2 jet directions: !4

2 charged lepton 3-momenta: !6

2 total event has no transverse momentum !2

remaining dimensions: 6

TABLE I: The number of dimensions in the signal probability integration for dielectron tt̄ events.

121

The following three considerations have been taken into account when computing the integral:122

• To minimize the computing time needed to perform the remaining integration numerically, it is123

desirable to transform the integration variables such that the integrand is strongly peaked as a124

function of single integration variables.125

• At the same time, it should be possible to easily compute the event kinematics (i.e. the four-126

momenta of the partons in the event) from the integration variables; the gain from the transfor-127

mation would be lost if this step involved solving too complicated equations.128
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Cosines of angles between various 
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