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Topics: intervals

* Hypothesis tests
* Neyman intervals

* Likelihood ratio test statistic
- Neyman-Pearson lemma

* Under-fluctuation and CLs
* Asymptotic behavior - Wilk’s theorem
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Inferring P(cheat) as a frequentist

« Scan —2In ZL(p,) = —2Inf(n,;n,p,.)

* Find minimum
o 77?7

* Profit
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Hypothesis tests

Which hypothesis is the most
consistent with the experimental
data?
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Hypothesis tests

« Simple test parameterized by two probabilities: a, 3
- B with respect to an alternate hypothesis

51

Table of error types

Null hypothesis (Ho) is

TRUE FALSE
Decision Correct inference Type |l error
about null  pon't (true negative) (false negative)
hypothesis reject
(Ho) (probability = 1-a) (probability = B)
Type | error Correct inference
Reject (false positive) (true positive)

(probability = a)

(probability = 1-6)

Dec 8, 2023
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Hypothesis test example |
Comparison of the performance of

. ROC plot: let HO be QCD jet the X—bb identification algorithms
- DNN tagger score is the test statistic ... in the 2018 data-taking conditions

- Lower values more consistent with H, 100 CMS Simulation Preliminary (13 TeV)
Lo > Wprk 1~ 1 T T T ]
* Background efficiency 2 [ H-bbvsQCD *
q) |
- True negative: accept Hy when true Q| D0sprefmEe sad
b i <Mmgp < e
- 1 — a (where «a is the size) = 101
Signal efficiency 3
- True positive: reject Hy when false _g’
- Power1 — [ o 1072k
* Prefer tests with higher power for
a given size
- Here, test size is large 107 ~—— ParticleNet-MD bbvsQCD ]
. . — DeepDoubleBvL i
- Usually test size is very small DeepAK8-MD bbvsQCD 1
double-b 1
10—4 A [ N R T RO T NN N N N R R N
0.0 0.2 0.4 0.6 0.8 1.0

BTV-22-001 oignal efficiency
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http://cds.cern.ch/record/2866276?ln=en

Coverage (confidence) sets

- One can ask, “assuming a value of 6, would x_, . be a likely outcome?”

- This is a hypothesis test (sufficiently likely or not)
* We have P(x;0), so we can answer this if we:

Choose a size (significance level) a of the test (e.g. 0.05)

Define a test statistic (ordering) of possible outcomes
Run pseudo-experiments (toys) for each 6 to determine distribution of test statistic

Perform experiment, report set of 6 where test statistic is below the 1-a quantile

* A good ordering will lead to
- Good coverage: in repeated experiments the (unknown) Bwue Will be in the set with
probability at least 1-«, though it may over-cover

- High power (1-B): the set does not contain far for some specified alternative hypothesis
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Neyman interval

* Neyman construction:
- For each 6, find range [x1,x2] s.1.

X2
P(x; < x < x,;0) =[ Px;0)dx>1—«

X1

- Perform experiment

- Report confidence interval: [61,02] where

Xobs€[X1(8),x2(6)] for all 6¢[61,62]

* Interval has coverage 1-a.

- For an ensemble of experiments, the interval
[61,02] will contain (unknown) Biue With

probability 1-a. This is a statement about the

distribution of 81 and 62, NOT Birge.
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parameter 0

— xl(:eo) x2:(60)

Possible experimental values x
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Neyman interval

* You have all seen these: error bars on data points
are the Neyman intervals for a Poisson distribution
- With ¢ =0.159...

CMS Is=7TeV,L=5.1f0" \s=8TeV,L=531b"
- Also referred to as Garwood intervals = ¢ ' T e —+o 1+ 1
O - ¢ Data : 1 -
(O 16F s oF K,>05 1
o [ Ezx ™ 5f 1
8 , — 14z, 2z PRl 1
;] Critial value for a = 0.159 -'g 123_ [ 1m,=125 GeV §3— ¢ E
—— Upper o W 2f JJ‘[ .
6_ Lower L|J 10:_ l ;E_ mbl [ 3 ) ® _I._u (X} .
i - 120 140 160 a
> | 8H . m,, (GeV) -
< 47 ¥ i
6F -
3 1 .
2- ar
14 2
O 1 2 3 4 5 6 7 8 80 100 120 140 160 180
K
: m,, (GeV)
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Likelihood ratio test statistic

20) __,, f@0)

Z(6) o 0)

2. Compute associated pdf (change of variables)
f(ty; 0") = Jé(t@ — 1,(x)) dP(x; 0")

3. For each 6, find the critical value to ¢ that covers

l
P(tg < tg,c) — "

1. Define 1)(x) = — 21n

0,c
0
4. Perform experiment, get x,,,., report confidence set {| fy(x,;,,) < .}

Again, the set is the random variate, and will contain (unknown) 6iue With probability at least
1-a. Dimension of 6 and x are arbitrary.

If 6is 1-d and tg is monotone, can make a Feldman-Cousins interval.
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https://arxiv.org/pdf/physics/9711021.pdf

Neyman-Pearson lemma

« R = {x|t)(x) > 1y}, or {x| f(x;0) > e'"*f(x; 0) = cf(x;0)}
- Px€ER;0)=qa
.P(xER,)=1-p
- Px€R;0)=qa
.P(xER:0)<1-p

- We reject 0 less often

f(x;0) > cf(x; 0) | fx;0) < cf(x; 0) |
P(x € R\R;0) > cP(x € R\R’; 0)| P(x € R\R; ) < cP(x € R\R; 0)|
P(x € R\R’;0) > P(x € R'\R; 0)

The (log-)likelihood ratio test is the most powerful test for a given size
3¢ Fermilab
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Frequentists...

Unlimited power!
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Likelihood ratio examples

* Poisson example
pe™
PCsp) =—
X.
 For each u:

- Throw 10k toys
- Compute 4, 1,

- Find 0.95 quantile in distribution

- Draw 1, (x,,,) contour

» Accept ,(Xpps) < oo

4000 -

Note: jagged behavior is 0
due to discrete nature of R
t, not limited toy statistics

3000 1

2000 1

1000 1

T et

1 Distribution
---- 0.95 quantile

~

0

0
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nlL S —
5 10 15
tulu=p"=5)

20 -

15

a=0.05
—— tC(“/ =u)
ﬂ - Xobs - 9
== Accepted
“ ,
5 10 15
ty
<
=2 2
Z(j1)
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Likelihood ratio examples

* Poisson with background example
(us + by e~ Hstb)

x!

_P(x;us +b) =

- s=5, b=10 fixed, x=20
 Plan: set upper limit on

* Problem: two-sided region

- We should not consider fi > u to indicate less 2.
compatibility with a model that assumes a
rate u.

 Solution: modify test statistic
Z(n)

< (min(y, 1))

 i.e. over-fluctuations are “not extreme”

, Define g, = —21In
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s=5, b=10
—— qcfory'=p
-==- Xobs =20
= Accepted

10 15
Qu

= o ZW
# Z(h)
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Likelihood ratio examples

* Poisson with background example
(us + by‘e~Hs+h)

_P(x|pus+b) = 5

- s=5, b=10 fixed, x=20

« Problem: negative i

- Test stat distribution at O should collapse
Z(u)

Define g, = — 21n : -
. n Z(max(0, min(u, f1)))

. i.e. restrict /i to be positive
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s=5, b=10
—— qcfory'=p

=== Xops = 20

Accepted
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Likelihood ratio examples

« Same example as before, but b=15, x=9

a=0.05
> s=5, b=15
* Problem: under fluctuation . —— qc foru' =u
- No values accepted! === Xobs =9
- Possible but unsatisfying outcome of Accepted
frequentist test 3-
3
2 7] ,/”"
1 P(q1|u'=0) g
00007 -~ q1(Xobs =9) -
The result x=9 is rare for ! Ll A il |
both S+B and B-only 2 4000 i 0 5 10 15
hypotheses. - g i au
2000 i
l Z(u)
0000 d o gy=—2In———"
0 : 5 1s g Z(min(u, f))
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CLs >
4_

* CLs criterion departs from purely frequentist CL to
ameliorate the null set problem (among others) L2

- See also PDG 40.4.2.4

1_

s=5, b=10

—— qcfory’=p
-=== Xobs =20
E= Accepted

* First we reformulate our old test: 0

(6 o)

- Original expositions by A. Read, T. Junk 2%
0

5 10 15
Qu

~ Define p, = P, |p = d,
t,u(xobs)
» This is a p-value
- Then we accept the region p, > a

+ Right: initial S+B example reformulated 3

s=5, b=10, x=20
—— CLss Py,
a=0.05
[ Accepted CLs+p
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https://conway.physics.ucdavis.edu/teaching/252C/notes/Read-CLs.pdf
https://arxiv.org/pdf/hep-ex/9902006.pdf
https://pdg.lbl.gov/2022/web/viewer.html?file=../reviews/rpp2022-rev-statistics.pdf

a=0.05

CLs > s=5, b=15
4 —— qcforyu’ =y
- - : -==- Xops =9
* CLs criterion departs from purely frequentist CL to Zcbcepted
ameliorate the null set problem (among others) L2
- Original expositions by A. Read, T. Junk > >
- See also PDG 40.4.2.4 e
N -
* First we reforr?oulate our old test: 02 : 0 T
Qu
. _ ,
~ Define p, = P, |p = d, |
1, (Xops) 51 s=5, b=15, x=9
- This is a p-value N e Ly
- Then we accept the region p, > a B Accepted Cls.+s
* Right: under-fluctuation S+B example reformulated 13'
1\
.0:
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https://conway.physics.ucdavis.edu/teaching/252C/notes/Read-CLs.pdf
https://arxiv.org/pdf/hep-ex/9902006.pdf
https://pdg.lbl.gov/2022/web/viewer.html?file=../reviews/rpp2022-rev-statistics.pdf

CLs

* CLs criterion departs from purely frequentist CL to
ameliorate the null set problem (among others)
- Original expositions by A. Read, T. Junk
- See also PDG 40.4.2.4

* First we reformulate our old test:

~ Define p, = J P, |p = d,

t/J (xobs)

* Now define background-only p-value

1 =p,= P@,|p' =0)dr,
1, (Xops)
. Py
. Acceptinstead CL, = — > «
I =pp
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a=0.05

s=5, b=15
—— qcfory'=p
=== Xobs=9
Accepted

-
-
P
-
-~
-
-
-
/’
-

’/
’/
”

10 15

s=5, b=15, x=9
—— Clsyp p'u
— 1l —p,
—— CL;
....... a=0.05
Accepted CL;

04 06 08 1.0

p
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https://conway.physics.ucdavis.edu/teaching/252C/notes/Read-CLs.pdf
https://arxiv.org/pdf/hep-ex/9902006.pdf
https://pdg.lbl.gov/2022/web/viewer.html?file=../reviews/rpp2022-rev-statistics.pdf

CLs

* CLs criterion departs from purely frequentist CL to
ameliorate the null set problem (among others)
- Original expositions by A. Read, T. Junk
- See also PDG 40.4.2.4

* First we reformulate our old test:

~ Define p, = J P, |p = d,

t,u (xobs)

* Now define background-only p-value

1 =p,= P@,|p' =0)dr,
1, (Xops)
. Py
. Acceptinstead CL, = — > «
I =pp

- No effect in the first example

66 Dec 8, 2023 Nick Smith | Statistics

3

5_

4 -

3_

s=5, b=10
—— qcfory’=p
-=== Xobs =20
E= Accepted

.
B

5

10 15
Qu

s=5, b=10, x=20

—— CLs+p p'u

— 1l —p,

—— CL,

....... a=0.05
Accepted CL;

0.2

04 06 08 1.0
p
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https://conway.physics.ucdavis.edu/teaching/252C/notes/Read-CLs.pdf
https://arxiv.org/pdf/hep-ex/9902006.pdf
https://pdg.lbl.gov/2022/web/viewer.html?file=../reviews/rpp2022-rev-statistics.pdf

Asymptotic behavior

- Notice how 7, . and g, . tend towards a constant?

* This is Wilk's theorem in action

- Statement: as sample size grows, the distribution of the
likelihood ratio P(ts16’) approaches a y2 distribution

. With df = dim(6)

- Hence we can approximate by just evaluating ts(Xobs)!

* For g, formulas slightly more complex
- CCGV provide the recipe: non-central half- 2
- The non-centrality is found using the Asimov dataset
- A special x,, for a given y such that fi(x) = p
 Note for Poisson data, it may be non-integral!
» This dataset produces the median expected limit
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a=0.05

207 ;f —— t(u' = W)
.:} X2 95 %-ile
15 - %
>
?
<10 :;-
P
f‘
5 - ‘>.>‘
y |
0 5 10 15
ty
a=0.05
5 T 1$ ,/'
v 7
4 - ’
/A&
S
31,7 1
3 |/ &
i g
5] 1> s=5, b=10
\ —— gcforu'=p
11 '> —==- Xops = 20
'>, half-x2 95 %-ile
0 N .
0 5 10 15
qu ]
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https://en.wikipedia.org/wiki/Wilks%27_theorem
https://arxiv.org/pdf/1007.1727.pdf

Asymptotic behavior

* This is how we make deltaNLL contours

CMS
'\2— Tl I I I I

| | # Discovery # LHC Run1  This paper | |
1.5~ [—68%CL =---95%CL ¢ SMHiggs |-
1.0+ -
0.5 -

I | | 1 \\\‘ . (,"/ | | | I 1 | | |
00706 08 10 12 14

scipy.stats.chi2.ppf(g, df)

Quantile e
df=1 df=2
0.68 0.989 2.279
10 (0.6827...) 1 2.296
0.95 3.841 5.991
20 (0.9545..) 4 6.180
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-2AInL

2 s=5, b=10
—— t(u'=p)
1_ === Xobs=20
o E= Accepted
0 T == T
0 5 10 15
ty
8CMS 138 fb' (13 TeV)
- Exp. o, =2.86" 0% (stat)’ >'® (syst) —— Expected
JE ' ST Expected - stat-only
C +0.22 +0.15 —— Observed
E Obs. One1 = 2737 55 (stat)_ o1 (syst) Observed - stat-only
6—
5 ‘ ] .
4 ; \ \ / / 95% CL
3 '
2
E 68% CL
1 —
O : 1 I 1 1 1 I 1 1 1 - % 7 1 1 1 I 1 1 1 I 1 1 1 I 1
2.2 2.4 2.6 2.8 3 3.2 3.4 3.6
Cyincl (fb)
JE H
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Asymptotic CLs

214 s=5, b=15, x=9
E ° CLs+p pﬂ
413 —— CLs+p asymptotic
* Chh 1 —p,
—— CLp, asymptotic
31 . Cls
< —— CL asymptotic
5 E ........ a=0.05
| Accepted CL;
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1.0

s=5, b=10, x=20

° CLsyp p,u
—— (L, p asymptotic

—— CLp, asymptotic
e CLs
—— CLs asymptotic
....... a=0.05
Accepted CL;
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Examples
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CMS Preliminary ICHEP 2018

; 2000 1 T I LI : LI I L I LI I LI LI I L /l /I LI _
@ ; . = -
(5, 1800 : Vgctor mediator Myeg =2X Mgy, |~
= : Dirac DM ) 7
5 1600 : gDM=1_0 Q. h"20.12 -
: =0.25 -
E 1400 ' gq —
175} ' QI = . Exclusion at 95% CL /f
g 1200 E / = Observed ]
qh) 1000 E - = =+ Expected ]
. = . _____ Dijetw/btag (19.7 fb")} _
© - g [arXiv:1802.06149]) —
= 800 . , ____ Dijet(35.9b™) —
: ! [arXiv:1806.00843] -
{ 600 " ' ____ Boosted dijet (359 o)
ol , ' [arXiv:1710.00159] |~
D ' DM +j/N(qq) (35.9 fb™) —
' Xiv:1712.02345 -
400 : N e v ol b
: DM+ () (A9t | _—
200 \ E [arXiv:1711.00431] |
3 [ | Ll 1 1 1 1 l; 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 .

00 500 1000 1500 2000 2500 3000 3500 4000 4500
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Test statistic for discovery

* Poisson with background example

(us + by‘e~Hs+h) 107 ;
_fP(x;/’tS-I_b) — ]
x! 1061 B
- =20, b=15 fixed, x=39
10° 4
. Cannot use 7, |
H 2 104 4 S
- Severe under-fluctuation would countas @ ] .
discovery! Certainly something was 10° ; F" .
discovered, but not an excess over E s=20, b=15 jt
background. Disallow in ;;?E) )statistic: 10°9 =3 Piaol=0) || [Tl
. Define gy = —21n - 101 -==- half-x* pdf TN
Z(max(0,4)) | — qo(x=39) I'I\‘
* i.e. under-fluctuations are “not extreme” 10° 5 z '1!0 Ll 15 0 s \n30
- Deceptively simple result: Z = 1/qy(x,,) do

* Only true if one POI

£& Fermilab
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Discovery example

CMS s=7TeV,L=5.1fb" \s=8TeV,L=5.3fb"
q) 1 T T T T ] T T T T [ T T T T I T T T T I T T T T | T T T T | T T T T
3 N\ LY
L 107 —]
5 N Zzad 30
ol — ~~ / —
O -4 |
107 --. -
3 B = 40
10° | 56
108 | ‘ —]
~~~~ 60
10 | | == Combined obs. N
10 " [ |----Exp.for SMH -]
| | =—— Vs =7 TeV ]
10-12 _—* T Ivgl=181-le\/[ Il 1 1 | 1 | { | 1 Il 1 i 1 1 | ‘?‘ I 1 Il 1 Il i Il I 1 4—_ 76
110 115 120 125 130 135 140 145
m, (GeV
1207.7235 1 (GeV)
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https://arxiv.org/abs/1207.7235

Intervals for P(cheat)

« Coming back to our favorite problem

73
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— n=24,n,=15
® p.=0.250
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Intervals for P(cheat)

« Coming back to our favorite problem
- For no-cheat null hypothesis, p, = 0.2, Z score: 0.88¢

10

— n=24,n,=15
® p.=0.250

—2AIn L

2% Fermilab
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Intervals for P(cheat)

« Coming back to our favorite problem
- For no-cheat null hypothesis, p, = 0.2, Z score: 0.88¢

- 1o central interval: 0.08 < p,. < 0.41

10 f
— ) = 24, nr = 15
® p.=0.250
81 ... Critical value (1o coverage)

----- Critical value (95% coverage)

—2AIn L

2% Fermilab
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Intervals for P(cheat)

« Coming back to our favorite problem
- For no-cheat null hypothesis, p, = 0.2, Z score: 0.88¢

- 1o central interval: 0.08 < p,. < 0.41

10 f
— ) = 24, Nr= 15
® p.=0250
81 ... Critical value (1o coverage)
----- Critical value (95% coverage)

—2AIn L

2% Fermilab
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Intervals for P(cheat)

« Coming back to our favorite problem
- For no-cheat null hypothesis, p, = 0.2, Z score: 0.88¢

- 1o central interval: 0.08 < p,. < 0.41

10 J /
— ) = 24, nr= 15 !
® p.=0.250
81 ..... Critical value (1o coverage)

----- Critical value (95% coverage)
—== Hessian approximation

—2AIn L
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