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Outline of this talk
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1.  Why are isospin-breaking and QED corrections relevant?

2.  How are these effects included in lattice calculations?

3.  What can the lattice do for kaon physics?
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<latexit sha1_base64="qB/gsMb4k0A2h8eVzyeY22Tqfbs="></latexit>

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A

Indirect searches of new physics using CKM matrix unitarity constraints

in the Standard Model:
<latexit sha1_base64="1/jGzrSrsAB60USj7GFaLHV2NJY="></latexit>

|Vud|2 + |Vus|2 + |Vub|2 = 1

1. Why
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<latexit sha1_base64="qB/gsMb4k0A2h8eVzyeY22Tqfbs="></latexit>
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Indirect searches of new physics using CKM matrix unitarity constraints

in the Standard Model:
<latexit sha1_base64="1/jGzrSrsAB60USj7GFaLHV2NJY="></latexit>

|Vud|2 + |Vus|2 + |Vub|2 = 1

Matrix elements can be extracted e.g. from leptonic and semileptonic decays of mesons
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Leptonic and semi-leptonic decays from lattice QCD
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         and            determined from  
lattice QCD with sub percent precision!

<latexit sha1_base64="UrC+5PEOFJzgSA+kgUG2hQFAkiI="></latexit>

fK/f⇡
<latexit sha1_base64="XcQjZa6KX+qEpAwaBKDM1yx9vSk="></latexit>

fK⇡
+ (0)

<latexit sha1_base64="92OxKAIl93u5ki+MIB8rS7jzMsM=">AAACGHicbZBNS8NAEIY39avWr6hHL8EiVJA2sUXtQSh6EbxUsB/QxLLZbtqlu0nY3Qgl5Gd48a948aCI1978N27aHLQ6sOzDOzPMzOuGlAhpml9abml5ZXUtv17Y2Nza3tF399oiiDjCLRTQgHddKDAlPm5JIinuhhxD5lLcccfXab7ziLkggX8vJyF2GBz6xCMISiX19YrtBnQgJkx9sdePbx/skCUVRXZIZnxpla16tWaflKz6cdLXi2bZnIXxF6wMiiCLZl+f2oMARQz7ElEoRM8yQ+nEkEuCKE4KdiRwCNEYDnFPoQ8ZFk48OywxjpQyMLyAq+dLY6b+7IghE+nuqpJBORKLuVT8L9eLpHfhxMQPI4l9NB/kRdSQgZG6ZAwIx0jSiQKIOFG7GmgEOURSeVlQJliLJ/+F9mnZOitX72rFxlVmRx4cgENQAhY4Bw1wA5qgBRB4Ai/gDbxrz9qr9qF9zktzWtazD36FNv0GHFGfGw==</latexit>

fK±/f⇡± = 1.1934 (19)
<latexit sha1_base64="MMsYFWVXA/pqzcF8j67YsGaEs9k=">AAACEnicbVDLSgMxFM3UV62vqks3wSK0KMOMSh8LoehGcFPBPqAzDplMpg3NPEgyQhn6DW78FTcuFHHryp1/Y/pYaOuBkMM593LvPW7MqJCG8a1llpZXVtey67mNza3tnfzuXktECcekiSMW8Y6LBGE0JE1JJSOdmBMUuIy03cHV2G8/EC5oFN7JYUzsAPVC6lOMpJKcfMlyI+aJYaC+1HeO79MbK6ajolGCF9DQa+Va1TopmpXSyMkXDN2YAC4Sc0YKYIaGk/+yvAgnAQklZkiIrmnE0k4RlxQzMspZiSAxwgPUI11FQxQQYaeTk0bwSCke9COuXijhRP3dkaJAjLdWlQGSfTHvjcX/vG4i/aqd0jBOJAnxdJCfMCgjOM4HepQTLNlQEYQ5VbtC3EccYalSzKkQzPmTF0nrVDfL+tnteaF+OYsjCw7AISgCE1RAHVyDBmgCDB7BM3gFb9qT9qK9ax/T0ow269kHf6B9/gAGWJsb</latexit>

fK⇡
+ (0) = 0.9698 (17)

FLAG Review 2021.

EPJC 82, 869 (2022)



Current level of precision requires the inclusion of isospin-breaking  
corrections due to


strong effects


electromagnetic effects

QED and isospin-breaking effects
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<latexit sha1_base64="UcDknyWUhdZtWjz8YUGDgxKrXqk="></latexit>

[mu �md]QCD 6= 0
<latexit sha1_base64="6ynlvDcSEOPhR5JGkDXtJCtnAHY="></latexit>
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<latexit sha1_base64="9sA1Z1Op85f0e539Nw37KxwZ/f0="></latexit>
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‣ results from 𝜒PT currently quoted in the PDG                           


‣ these are fully non-perturbative (structure dependent)


‣ first-principle lattice calculations are possible!

<latexit sha1_base64="plI9XrRuYvys1mgGz7B2jv+H2u4=">AAAB+3icbVDNS8MwHE39nPWrzqOX4hAEYbQK6kUcevE4wX3AWkeapltY2oQkFUfpv+JlB0W8+jd49yL+N6bbDrr5IOTx3u9HXl7AKZHKcb6NhcWl5ZXV0pq5vrG5tW3tlJuSpQLhBmKUiXYAJaYkwQ1FFMVtLjCMA4pbweC68FsPWEjCkjs15NiPYS8hEUFQaalrlb2A0VAOY31lHif3R3nXqjhVZwx7nrhTUrn8MC/46Musd61PL2QojXGiEIVSdlyHKz+DQhFEcW56qcQcogHs4Y6mCYyx9LNx9tw+0EpoR0zokyh7rP7eyGAsi3h6MoaqL2e9QvzP66QqOvczkvBU4QRNHopSaitmF0XYIREYKTrUBCJBdFYb9aGASOm6TF2CO/vledI8rrqn1ZNbp1K7AhOUwB7YB4fABWegBm5AHTQAAo/gCTyDFyM3Rsar8TYZXTCmO7vgD4z3H8k4l+0=</latexit>

⇡+

<latexit sha1_base64="Mef+SNz7UcCfldUa87xWTObJveM=">AAAB/XicbVDLSsNAFJ3UV219xMfOTbAKrkqioC6LblxWsA9oQphMJu3QySTMo1BD8VfcuFDEpX6Af+DOD9G1k7YLbT0wzOGce5kzJ0gpEdK2P43CwuLS8kpxtVReW9/YNLe2myJRHOEGSmjC2wEUmBKGG5JIitspxzAOKG4F/cvcbw0wFyRhN3KYYi+GXUYigqDUkm/uukFCQzGM9ZW5TPlurEa+WbGr9hjWPHGmpFI7+Hp9H5S/67754YYJUjFmElEoRMexU+llkEuCKB6VXCVwClEfdnFHUwZjLLxsnH5kHWoltKKE68OkNVZ/b2QwFnlAPRlD2ROzXi7+53WUjM69jLBUSczQ5KFIUUsmVl6FFRKOkaRDTSDiRGe1UA9yiKQurKRLcGa/PE+ax1XntHpyrdu4ABMUwR7YB0fAAWegBq5AHTQAArfgHjyCJ+POeDCejZfJaMGY7uyAPzDefgA3EZon</latexit>⌫µ

<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+

<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+
<latexit sha1_base64="gzotNZkP2fA3V/lE4kq3uYtadYA=">AAAB+3icbVBPS8MwHE39O+e/Oo+KBIcgCKNVUI9DLx43cH9grSNN0y0sbUqSiqP06Nfw4kERr8I+hzc/g1/CdNtBNx+EPN77/cjL82JGpbKsL2NhcWl5ZbWwVlzf2NzaNndKTckTgUkDc8ZF20OSMBqRhqKKkXYsCAo9Rlre4Dr3W/dESMqjWzWMiRuiXkQDipHSUtcsOR5nvhyG+kqdMLk7ybpm2apYY8B5Yk9Jubo/qn8/HoxqXfPT8TlOQhIpzJCUHduKlZsioShmJCs6iSQxwgPUIx1NIxQS6abj7Bk80ooPAy70iRQcq783UhTKPJ6eDJHqy1kvF//zOokKLt2URnGiSIQnDwUJg4rDvAjoU0GwYkNNEBZUZ4W4jwTCStdV1CXYs1+eJ83Tin1eOavrNq7ABAWwBw7BMbDBBaiCG1ADDYDBA3gCL+DVyIxn4814n4wuGNOdXfAHxscPZGyYYA==</latexit>

µ+

V.Cirigliano & H.Neufeld, PLB 700 (2011)

<latexit sha1_base64="84+AjIkSDeUHhP48muqTg/37MtQ=">AAACDHicdVDLSsNAFJ34rPVVdelmsBTqpiS22nZXdOPOCvYBTSiTyaQdOpOEmYlQQj/Ajb/ixoUibv0Ad/6NkzaCil4Y5nDOvdxzjxsxKpVpfhhLyyura+u5jfzm1vbObmFvvyvDWGDSwSELRd9FkjAakI6iipF+JAjiLiM9d3KR6r1bIiQNgxs1jYjD0SigPsVIaWpYKNpuyDw55fpLbEk5tDlSY4xYcjUrW9AuHc90l1kxa+ZpvQo1mJcGzWajZjaglTFFkFV7WHi3vRDHnAQKMyTlwDIj5SRIKIoZmeXtWJII4QkakYGGAeJEOsn8mBksacaDfij0CxScs98nEsRl6ld3pk7lby0l/9IGsfIbTkKDKFYkwItFfsygCmGaDPSoIFixqQYIC6q9QjxGAmGl88vrEL4uhf+D7knFOqtUr2vF1nkWRw4cgiNQBhaogxa4BG3QARjcgQfwBJ6Ne+PReDFeF61LRjZzAH6U8fYJc2ObOg==</latexit>

⇠ O(1%)

<latexit sha1_base64="XqVSm9J5yR/H+Ul1FWbYOGS1WXM=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSIIQplRUZdFN4KbCvYB7VgymUwbmpkMSaZQhv6JGxeKuPVP3Pk3ZtpZaOuBkMM595KT4yecKe0439bS8srq2nppo7y5tb2za+/tN5VIJaENIriQbR8ryllMG5ppTtuJpDjyOW35w9vcb42oVEzEj3qcUC/C/ZiFjGBtpJ5td33BAzWOzJXdP51OenbFqTpToEXiFqQCBeo9+6sbCJJGNNaEY6U6rpNoL8NSM8LppNxNFU0wGeI+7Rga44gqL5smn6BjowQoFNKcWKOp+nsjw5HKw5nJCOuBmvdy8T+vk+rw2stYnKSaxmT2UJhypAXKa0ABk5RoPjYEE8lMVkQGWGKiTVllU4I7/+VF0jyrupfV84eLSu2mqKMEh3AEJ+DCFdTgDurQAAIjeIZXeLMy68V6tz5mo0tWsXMAf2B9/gCupZOy</latexit>

K+



First-row CKM unitarity tests
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<latexit sha1_base64="FSeodkMbUiO40ALDGvhyDRP+Adc=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTRbsRim5cVrAP6NSSSdM2NJkZkjtCmfYn3Pgrblwo4lZw59+YaYto64HAyTn3cu89Xii4Btv+slILi0vLK+nVzNr6xuZWdnunqoNIUVahgQhU3SOaCe6zCnAQrB4qRqQnWM3rXyV+7Z4pzQP/FgYha0rS9XmHUwJGamWPhtWWKwn0lIyj0fCu8PMTBGB07OALXMgXXc27krSyOTtvj4HniTMlOTRFuZX9dNsBjSTzgQqidcOxQ2jGRAGngo0ybqRZSGifdFnDUJ9Ippvx+KoRPjBKG3cCZZ4PeKz+7oiJ1HogPVOZrKxnvUT8z2tE0Ck2Y+6HETCfTgZ1IoEhwElEuM0VoyAGhhCquNkV0x5RhIIJMmNCcGZPnifVQt45y5/cnOZKl9M40mgP7aND5KBzVELXqIwqiKIH9IRe0Kv1aD1bb9b7pDRlTXt20R9YH98wPZ7L</latexit>

|Vu|2latt � 1 = 2.8�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="6dPUrf1iQNIyvIIoC8voa5ORe6c="></latexit>

|Vu|2f+,�PDG20 � 1 = 5.6�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="FJWYrp1BFBa169PCTKzM2BcPvmw="></latexit>

|Vu|2f+,Hardy20
� 1 = 3.1�

<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="rt2VYolT9C+HSZGKMRx8yITl2io=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuFfUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+TdVtxpoNhC4W654rjcDWiZ+TiqQo94tfwW9mKSCSkM41rrje4kJM6wMI5xOSkGqaYLJCA9ox1KJBdVhNrt5gk6s0kP9WNmSBs3U3xMZFlqPRWQ7BTZDvehNxf+8Tmr612HGZJIaKsl8UT/lyMRoGgDqMUWJ4WNLMFHM3orIECtMjI2pZEPwF19eJs1z1790qw8XldptHkcRjuAYTsGHK6jBPdShAQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwBSIJCW</latexit>�1 = 3.3�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="lnKLpim0D6N5g835hDsE0L4JdSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuivUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+Te+Ww00GwjcLVc815sBLRM/JxXIUe+Wv4JeTFJBpSEca93xvcSEGVaGEU4npSDVNMFkhAe0Y6nEguowm908QSdW6aF+rGxJg2bq74kMC63HIrKdApuhXvSm4n9eJzX96zBjMkkNlWS+qJ9yZGI0DQD1mKLE8LElmChmb0VkiBUmxsZUsiH4iy8vk+a561+5Fw+XldptHkcRjuAYTsGHKtTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP1UwkJg=</latexit>�1 = 1.7�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue

FLAG Review 2021. EPJC 82, 869 (2022)

Different tensions in the            plane:
<latexit sha1_base64="o9NDsf2+FmkXs/vAJc3dI6tkGXg="></latexit>

Vus-Vud

FLAG Review 2021. EPJC 82, 869 (2022)



First-row CKM unitarity tests
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<latexit sha1_base64="FSeodkMbUiO40ALDGvhyDRP+Adc=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTRbsRim5cVrAP6NSSSdM2NJkZkjtCmfYn3Pgrblwo4lZw59+YaYto64HAyTn3cu89Xii4Btv+slILi0vLK+nVzNr6xuZWdnunqoNIUVahgQhU3SOaCe6zCnAQrB4qRqQnWM3rXyV+7Z4pzQP/FgYha0rS9XmHUwJGamWPhtWWKwn0lIyj0fCu8PMTBGB07OALXMgXXc27krSyOTtvj4HniTMlOTRFuZX9dNsBjSTzgQqidcOxQ2jGRAGngo0ybqRZSGifdFnDUJ9Ippvx+KoRPjBKG3cCZZ4PeKz+7oiJ1HogPVOZrKxnvUT8z2tE0Ck2Y+6HETCfTgZ1IoEhwElEuM0VoyAGhhCquNkV0x5RhIIJMmNCcGZPnifVQt45y5/cnOZKl9M40mgP7aND5KBzVELXqIwqiKIH9IRe0Kv1aD1bb9b7pDRlTXt20R9YH98wPZ7L</latexit>

|Vu|2latt � 1 = 2.8�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="6dPUrf1iQNIyvIIoC8voa5ORe6c="></latexit>

|Vu|2f+,�PDG20 � 1 = 5.6�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="FJWYrp1BFBa169PCTKzM2BcPvmw="></latexit>

|Vu|2f+,Hardy20
� 1 = 3.1�

<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="rt2VYolT9C+HSZGKMRx8yITl2io=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuFfUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+TdVtxpoNhC4W654rjcDWiZ+TiqQo94tfwW9mKSCSkM41rrje4kJM6wMI5xOSkGqaYLJCA9ox1KJBdVhNrt5gk6s0kP9WNmSBs3U3xMZFlqPRWQ7BTZDvehNxf+8Tmr612HGZJIaKsl8UT/lyMRoGgDqMUWJ4WNLMFHM3orIECtMjI2pZEPwF19eJs1z1790qw8XldptHkcRjuAYTsGHK6jBPdShAQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwBSIJCW</latexit>�1 = 3.3�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="lnKLpim0D6N5g835hDsE0L4JdSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuivUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+Te+Ww00GwjcLVc815sBLRM/JxXIUe+Wv4JeTFJBpSEca93xvcSEGVaGEU4npSDVNMFkhAe0Y6nEguowm908QSdW6aF+rGxJg2bq74kMC63HIrKdApuhXvSm4n9eJzX96zBjMkkNlWS+qJ9yZGI0DQD1mKLE8LElmChmb0VkiBUmxsZUsiH4iy8vk+a561+5Fw+XldptHkcRjuAYTsGHKtTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP1UwkJg=</latexit>�1 = 1.7�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue

FLAG Review 2021. EPJC 82, 869 (2022)

Different tensions in the            plane:
<latexit sha1_base64="o9NDsf2+FmkXs/vAJc3dI6tkGXg="></latexit>

Vus-Vud

with QED corrections 
from lattice calculation

without QED corrections 
from lattice calculations

FLAG Review 2021. EPJC 82, 869 (2022)FLAG Review 2021. EPJC 82, 869 (2022)



Some other motivations…
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HVP contribution to muon g-2 
target precision of O(0.1%)

from S.Kuberski @Lattice2023

Study of CP violation in the SM 
target precision of O(10%)

from R.Abbott et al., PRD 102 (2020)



Lattice QCD in a [small] nutshell

8

M.C. Escher, "Cubic space division" (1953)

• QCD on a discrete and finite Euclidean space-time


• Based on Feynman path integrals 
 

• Path integral solved using Monte Carlo methods


• Physical QCD results obtained, after renormalization, 
by taking the continuum & infinite-volume limit


• Usual setup for lattice simulations: exact isospin 
symmetry, i.e.                           and 

<latexit sha1_base64="zKlcuahE079uscMsLkvXnrgYnoQ="></latexit>

hOi =
1

Z

Z
D[U ]D[ ,  ̄]O[ ,  ̄, U ] e�S[ , ̄,U ]

<latexit sha1_base64="tfZnQL7kRpdWL2TUWgEYh2Lnvbw=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMq6kUIevEYwSyQDENPT0/SpLtn7CUQh+CvePGgiFf/w5t/Y2c5aOKDgsd7VVTVizJGlfa8b2dhcWl5ZbWwVlzf2Nzadnd26yo1EpMaTlkqmxFShFFBappqRpqZJIhHjDSi3s3Ib/SJVDQV93qQkYCjjqAJxUhbKXT3eWiueBi3yYOhfcjD3MTD0C15ZW8MOE/8KSmBKaqh+9WOU2w4ERozpFTL9zId5EhqihkZFttGkQzhHuqQlqUCcaKCfHz9EB5ZJYZJKm0JDcfq74kccaUGPLKdHOmumvVG4n9ey+jkMsipyIwmAk8WJYZBncJRFDCmkmDNBpYgLKm9FeIukghrG1jRhuDPvjxP6idl/7x8endWqlxP4yiAA3AIjoEPLkAF3IIqqAEMHsEzeAVvzpPz4rw7H5PWBWc6swf+wPn8Ab17lWw=</latexit>mu = md ⌘ mud
<latexit sha1_base64="HBN6+AdyosN9og87ICEE8VBG7Po=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ9OKxgv3ANpTJdtMu3WzC7kYoof/CiwdFvPpvvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Gbqtx6Z0jyW92acMD/CgeQhp2is9NBFkQyRXBG3V664VXcG8pd4OalAjnqv/NntxzSNmDRUoNYdz02Mn6EynAo2KXVTzRKkIxywjqUSI6b9bHbxhBxZpU/CWNmShszUnxMZRlqPo8B2RmiGetGbiv95ndSEl37GZZIaJul8UZgKYmIyfZ/0uWLUiLElSBW3txI6RIXU2JBKNgRv8eW/pHlS9c6rp3dnldp1HkcRDuAQjsGDC6jBLdShARQkPMELvDraeXbenPd5a8HJZ/bhF5yPbzK1j/U=</latexit>

↵ = 0



2. How
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Computing QED corrections on a finite-sized lattice is challenging:

‣ long-range interactions don't like finite volumes with periodic 
boundary conditions

‣ finite-volume effects can be sizeable and power-like

‣ logarithmic infrared divergences arise when studying decays

M.Hayakawa & S.Uno, PTP 120 (2008) / Z.Davoudi & M.Savage, PRD 90 (2014) / S.Borsanyi et al., Science 347 (2015)

V.Lubicz et al., PRD 95 (2017)

‣ QCD and QCD+QED are different theories which require separate 
renormalisation and scale-setting   
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Charged states in a finite box
Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0

<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.
<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.
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Charged states in a finite box
Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0

<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.
<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDL

M.Hayakawa & S.Uno, PTP 120 (2008)

remove spatial zero-mode 
of the photon field

Possible solutions:

<latexit sha1_base64="R+h8oyLCQRXXhXr23gKmQb7CAwU="></latexit>

⌦0
3 = (2Z3 + n̄)⇡/L

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDC*

employ C* boundary  
conditions

A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) 
B.Lucini et al., JHEP 02 (2016)

use massive photon <latexit sha1_base64="2hqfUdXLxtnt9jE4cPM4hB+6PAk=">AAAB/nicdVBPS8MwHE3nvzn/VcWTl+AQPJV2m9Xdhl48TnCbsJaSptkWlrQlSYVRBn4VLx4U8ern8Oa3Md0mqOiDkMd7vx95eWHKqFS2/WGUlpZXVtfK65WNza3tHXN3ryuTTGDSwQlLxG2IJGE0Jh1FFSO3qSCIh4z0wvFl4ffuiJA0iW/UJCU+R8OYDihGSkuBeeCFCYvkhOsr54E3RJyjaWBWbavu2HXHgbblus1Tp6ZJzW42Gi50LHuGKligHZjvXpTgjJNYYYak7Dt2qvwcCUUxI9OKl0mSIjxGQ9LXNEacSD+fxZ/CY61EcJAIfWIFZ+r3jRxxWSTUkxypkfztFeJfXj9Tg3M/p3GaKRLj+UODjEGVwKILGFFBsGITTRAWVGeFeIQEwko3VtElfP0U/k+6Nctxrfp1o9q6WNRRBofgCJwAB5yBFrgCbdABGOTgATyBZ+PeeDRejNf5aMlY7OyDHzDePgF03JZ6</latexit>m�

M.G.Endres et al., [1507.08916]

<latexit sha1_base64="aY/bE0ckDhZn8mvw0iJJotQPBLQ="></latexit>

⌦4 = 2⇡{Z3/L,Z/T}

QEDm QED∞

infinite-volume 
reconstruction

X.Feng & L.Jin, PRD 100 (2019) 

N.Christ et al., [2304.08026]

<latexit sha1_base64="IQz3cTT3o2/L/BAxXL6XfSbJ0/I=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDUkddrahVB0484q9gFtLZk0bUMzD5KMUIZu/BU3LhRx62e482/MtBVU9MCFwzn3cu89bii40gh9WKmFxaXllfRqZm19Y3Mru71TV0EkKavRQASy6RLFBPdZTXMtWDOUjHiuYA13dJ74jTsmFQ/8Gz0OWccjA5/3OSXaSN3sXvvSYwPSdeApbHtED103vp7cOt1sDtklVC5gBJGNy9hB2JA8dkqFIsQ2miIH5qh2s+/tXkAjj/maCqJUC6NQd2IiNaeCTTLtSLGQ0BEZsJahPvGY6sTTBybw0Cg92A+kKV/Dqfp9IiaeUmPPNZ3Jjeq3l4h/ea1I9086MffDSDOfzhb1IwF1AJM0YI9LRrUYG0Ko5OZWSIdEEqpNZhkTwten8H9Sz9u4aB9fObnK2TyONNgHB+AIYFACFXABqqAGKJiAB/AEnq1769F6sV5nrSlrPrMLfsB6+wSjdJXT</latexit>

⌦4 = R4



Implementing QCD+QED on the lattice
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‣ RM123 perturbative approach
<latexit sha1_base64="2ZVhiiejvdtGyDta5uqZ4/skDw0="></latexit>

hOi =

Z
D�O e�Siso��S = hOiiso + h�SOiiso + . . .

G.M.de Divitiis et al. (RM123), PRD 87 (2013)

Pros: only evaluate QCD observables

Cons: need to compute many diagrams:

‣ Full QCD+QED lattice simulations
S.Borsanyi et al., Science 347 (2015)

Pros: simpler observables:

Cons: need of dedicated gauge configurations
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3.  What

Lattice QCD+QED calculations can provide IB corrections for several hadronic observables:


‣ hadron masses & quark masses


‣ HVP contribution to muon g-2


‣ leptonic & semileptonic weak decay rates


‣ CP violation parameters


‣ …


As hadronic uncertainties decrease, such corrections become more and more relevant!


This is a growing research field: improvements expected in the foreseeable future…
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3.  What

The focus of this talk will be on isospin-breaking corrections to kaon weak decays


✦ many conceptual and computational challenges


✦ stimulating topic: different groups are working on these calculations

K0 ⇡�

`+

⌫`

K ⇡

⇡

P+

`+

⌫`

q1

q2

<latexit sha1_base64="80YVES91W+pmMsqse6eNj0KXrF0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquinosehG8VHDbQruWbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLuXkPHqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHN5M/OYTVZrF8sGMEhoI3JcsYgQbK/nZ3ePJuFuuuFV3CrRIvJxUIEe9W/7q9GKSCioN4VjrtucmJsiwMoxwOi51Uk0TTIa4T9uWSiyoDrLpsWN0ZJUeimJlSxo0VX9PZFhoPRKh7RTYDPS8NxH/89qpia6CjMkkNVSS2aIo5cjEaPI56jFFieEjSzBRzN6KyAArTIzNp2RD8OZfXiSN06p3UT27P6/UrvM4inAAh3AMHlxCDW6hDj4QYPAMr/DmSOfFeXc+Zq0FJ5/Zhz9wPn8Ag6KOgA==</latexit>

K+

leptonic decays semi-leptonic decays hadronic decays
<latexit sha1_base64="OGxNXE5G6SGyJAZsYNRNp9nWFus=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi+Clgv2AJpTNdtMu3WyW3Y1QQv+GFw+KePXPePPfuGlz0NYHA4/3ZpiZF0rOtHHdb6e0srq2vlHerGxt7+zuVfcP2jpJFaEtkvBEdUOsKWeCtgwznHalojgOOe2E49vc7zxRpVkiHs1E0iDGQ8EiRrCxkn/vmwT5kuXVr9bcujsDWiZeQWpQoNmvfvmDhKQxFYZwrHXPc6UJMqwMI5xOK36qqcRkjIe0Z6nAMdVBNrt5ik6sMkBRomwJg2bq74kMx1pP4tB2xtiM9KKXi/95vdRE10HGhEwNFWS+KEo5so/mAaABU5QYPrEEE8XsrYiMsMLE2JgqNgRv8eVl0j6re5f184eLWuOmiKMMR3AMp+DBFTTgDprQAgISnuEV3pzUeXHenY95a8kpZg7hD5zPHz84kS4=</latexit>

K ! ⇡⇡

today 1–5 years 5+ years

<latexit sha1_base64="C2ibsp9zGk5FQpKmXhPRY5dUCvk=">AAAB+3icbZDLSsNAFIYn9Vbrrdalm8EiuCqJirosuhHcVLAXaEKYTE/aoZNJmJmIJfRV3LhQxK0v4s63cdJmoa0/DHz85xzmnD9IOFPatr+t0srq2vpGebOytb2zu1fdr3VUnEoKbRrzWPYCooAzAW3NNIdeIoFEAYduML7J691HkIrF4kFPEvAiMhQsZJRoY/nV2p2rY+wC59gVqZ+DX63bDXsmvAxOAXVUqOVXv9xBTNMIhKacKNV37ER7GZGaUQ7TipsqSAgdkyH0DQoSgfKy2e5TfGycAQ5jaZ7QeOb+nshIpNQkCkxnRPRILdZy879aP9XhlZcxkaQaBJ1/FKYcm3PzIPCASaCaTwwQKpnZFdMRkYRqE1fFhOAsnrwMndOGc9E4uz+vN6+LOMroEB2hE+SgS9REt6iF2oiiJ/SMXtGbNbVerHfrY95asoqZA/RH1ucPV3GUAQ==</latexit>

K ! `⌫`
<latexit sha1_base64="gKSJ7ACLNS83XvixDAty0at3W94=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3AwWwVVJVNRl0Y3gpoK9QBPCZDpph04mYWYilNqFr+LGhSJufQ13vo2TNgtt/WHg4z/nMOf8YcqZ0o7zbS0sLi2vrJbWyusbm1vb9s5uUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4Dqvtx6oVCwR93qYUj/GPcEiRrA2VmDv33o6QV7KkEc5R57IghwCu+JUnYnQPLgFVKBQPbC/vG5CspgKTThWquM6qfZHWGpGOB2XvUzRFJMB7tGOQYFjqvzRZP8xOjJOF0WJNE9oNHF/T4xwrNQwDk1njHVfzdZy879aJ9PRpT9iIs00FWT6UZRxZE7Ow0BdJinRfGgAE8nMroj0scREm8jKJgR39uR5aJ5U3fPq6d1ZpXZVxFGCAziEY3DhAmpwA3VoAIFHeIZXeLOerBfr3fqYti5Yxcwe/JH1+QMLaJV+</latexit>

K ! ⇡`⌫`
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1. RM123 + Southampton collaboration (QEDL)


2. RBC-UKQCD collaboration (QEDL)

D.Giusti et al., PRL 120 (2018)  /  MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

N.Christ et al., [2304.08026]

Leptonic kaon decays

Goal:

Status:

precision determination of        & test of first-row unitarity 
<latexit sha1_base64="ZaITcdk/JyDLjd6bW4B0aJCX+v4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+YyCOBDZkdGpgwO7vOzJqQhZ/w4kFjvPo73vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH9Q11GiGNZYJCLVDKhGwSXWDDcCm7FCGgYCG8Hwduo3nlBpHskHM4rRD2lf8h5n1FipOa530kRPxp1iyS27M5Bl4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4KTQTjTGlA1pH1uWShqi9tPZvRNyYpUu6UXKljRkpv6eSGmo9SgMbGdIzUAvelPxP6+VmN61n3IZJwYlmy/qJYKYiEyfJ12ukBkxsoQyxe2thA2ooszYiAo2BG/x5WVSPyt7l+Xz+4tS5SaLIw9HcAyn4MEVVOAOqlADBgKe4RXenEfnxXl3PuatOSebOYQ/cD5/AKNakF8=</latexit>

|Vus|

P+

`+

⌫`

q1

q2

<latexit sha1_base64="80YVES91W+pmMsqse6eNj0KXrF0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquinosehG8VHDbQruWbJptQ5PskmSFsvQ3ePGgiFd/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLuXkPHqSLUJzGPVSvEmnImqW+Y4bSVKIpFyGkzHN5M/OYTVZrF8sGMEhoI3JcsYgQbK/nZ3ePJuFuuuFV3CrRIvJxUIEe9W/7q9GKSCioN4VjrtucmJsiwMoxwOi51Uk0TTIa4T9uWSiyoDrLpsWN0ZJUeimJlSxo0VX9PZFhoPRKh7RTYDPS8NxH/89qpia6CjMkkNVSS2aIo5cjEaPI56jFFieEjSzBRzN6KyAArTIzNp2RD8OZfXiSN06p3UT27P6/UrvM4inAAh3AMHlxCDW6hDj4QYPAMr/DmSOfFeXc+Zq0FJ5/Zhz9wPn8Ag6KOgA==</latexit>

K+

‣ two lattice QCD+QED calculations for                    :

Relevance: sub-percent precision on   requires inclusion of IB effectsfK

‣ ongoing calculation based on recent alternative QED  method∞

‣ solid theoretical framework
<latexit sha1_base64="foROnwO1BmWTfSK7GIGarFA8gKk=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyyFuqkzVdRl0YWCmwr2Ap1hyKRpG5pkhiQjlKFP4MZXceNCEbeu3fk2pu0g2vpD4Oc753By/jBmVGnH+bIWFpeWV1Zza/n1jc2tbXtnt6GiRGJSxxGLZCtEijAqSF1TzUgrlgTxkJFmOLgc15v3RCoaiTs9jInPUU/QLsVIGxTYRe8KcY5KN0Hq8QRWRodHGfFi+sMCu+CUnYngvHEzUwCZaoH96XUinHAiNGZIqbbrxNpPkdQUMzLKe4kiMcID1CNtYwXiRPnp5JwRLBrSgd1Imic0nNDfEyniSg15aDo50n01WxvD/2rtRHfP/ZSKONFE4OmibsKgjuA4G9ihkmDNhsYgLKn5K8R9JBHWJsG8CcGdPXneNCpl97R8fHtSqF5kceTAPjgAJeCCM1AF16AG6gCDB/AEXsCr9Wg9W2/W+7R1wcpm9sAfWR/f5mqawg==</latexit>

�(Kµ2)/�(⇡µ2)
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1904.08731

•  and  separately


• Twisted Mass fermions

• multiple volumes and 3 lattice spacings

• unphysical pion masses (  230 MeV)

• RM123 method + QEDL

Γ(Kμ2) Γ(πμ2)

≳

RM123S

2211.12865  

• ratio  / 


• Domain Wall fermions

• single volume and lattice spacing

• physical quark masses

• RM123 method + QEDL

Γ(Kμ2) Γ(πμ2)RBC-UKQCD
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<latexit sha1_base64="3bePRvPmT0VbFKcGf/z8jAN65I8="></latexit>

1/a ⌧ mW

Can be studied in an effective Fermi theory with the W-boson 
integrated out and the local interaction described by

<latexit sha1_base64="ioDoJi6GQsEyIAENPc9NjbS2t9s="></latexit>

He↵ =
GF
p
2
V ⇤
q1q2

⇥
q̄2 �µ(1� �5) q1

⇤⇥
⌫̄` �

µ(1� �5) `
⇤

<latexit sha1_base64="6zf+MyA9Wmq2JvR+8UuHQxjMQWs="></latexit>

�tree
P =

G2
F

8⇡
m2

`

✓
1� m2

`

m2
P

◆2

mP

⇥
fP,0

⇤2
= K |L|2

|L0|2

✓
mP

mP,0

◆2

|M0|2

In the PDG convention, the tree-level decay rate takes the form

with the non-perturbative dynamic encoded in the decay constant
<latexit sha1_base64="+TWcaaLB2Fkzyid2t1G/VFeD7Mw="></latexit>

Z0h0|q̄2 �0�5 q1|P,0i(0) = imP,0 fP,0
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<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)

When including radiative corrections many subtleties arise, for example: 

IR divergences appear in intermediate steps of the calculation 
 
 
 

new UV divergences: include QED corrections to the renormalization of the weak Hamiltonian


the decay constant   becomes an ambiguous and unphysical quantity: one needs to 

introduce a scheme to give a meaning to "QCD" or "iso-QCD"

fP,0

F. Bloch & A. Nordsieck, PR 52 (1937) 54 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite
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F. Bloch & A. Nordsieck, PR 52 (1937) 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>
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⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>
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⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite

The RM123+Soton recipe

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)
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<latexit sha1_base64="MUj7d4iXyFTe6D597uIzgmhpCos="></latexit>

lim
L!1

in perturbation theory

on the lattice

on the lattice

enough for Kµ2 and 𝛑µ2 relevant for Ke2 and 𝛑e2  
& decays of heavier mesons

finite-volume scaling well studied
V.Lubicz et al., PRD 95 (2017)   N.Tantalo et al., [1612.00199v2] 
                      MDC et al., PRD 105 (2022)

G.M. de Divitiis et al., [1908.10160]    C. Kane et al., [1907.00279 & 2110.13196]

              R. Frezzotti et al., PRD 103 (2021)           D. Giusti et al., [2302.01298] 
             A. Desiderio et al., PRD 102 (2021)         R.Frezzotti et al., [2306.05904]

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)
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<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="0AmHPyfkIPaHYCPgrQIhWXuc3fk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupv6zSdUmkfywYxj9EM6kLzPGTVWqt10iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcptFkcejuAYTsGDK6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCPaYzJ</latexit>=

<latexit sha1_base64="UtEbmfjHKAaFKlb+iRbJ7lasBNo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJThLaI5FJ1Q6wpZ4K2DDOcdlNFcRJy2glHt1O/80SVZlI8mHFKgwTHgkWMYGOldi9kcez3qzW37s6AlolXkBoUaParX72BJFlChSEca+17bmqCHCvDCKeTSi/TNMVkhGPqWypwQnWQz66doBOrDFAklS1h0Ez9PZHjROtxEtrOBJuhXvSm4n+en5noOsiZSDNDBZkvijKOjETT19GAKUoMH1uCiWL2VkSGWGFibEAVG4K3+PIyaZ/Vvcv6+f1FrXFTxFGGIziGU/DgChpwB01oAYFHeIZXeHOk8+K8Ox/z1pJTzBzCHzifP3K9jw4=</latexit> <latexit sha1_base64="UtEbmfjHKAaFKlb+iRbJ7lasBNo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJThLaI5FJ1Q6wpZ4K2DDOcdlNFcRJy2glHt1O/80SVZlI8mHFKgwTHgkWMYGOldi9kcez3qzW37s6AlolXkBoUaParX72BJFlChSEca+17bmqCHCvDCKeTSi/TNMVkhGPqWypwQnWQz66doBOrDFAklS1h0Ez9PZHjROtxEtrOBJuhXvSm4n+en5noOsiZSDNDBZkvijKOjETT19GAKUoMH1uCiWL2VkSGWGFibEAVG4K3+PIyaZ/Vvcv6+f1FrXFTxFGGIziGU/DgChpwB01oAYFHeIZXeHOk8+K8Ox/z1pJTzBzCHzifP3K9jw4=</latexit> 
<latexit sha1_base64="LdIxEoGC+GVzgGGtTphp20LEdto=">AAACL3icbVDLSgMxFM3UV62vUZdugkVoEcqMirosWkU3UrUv6IxDJk3b0MyDJCOUoX/kxl/pRkQRt/6F6bSL2nogcDjnHnLvcUNGhTSMdy21sLi0vJJezaytb2xu6ds7NRFEHJMqDljAGy4ShFGfVCWVjDRCTpDnMlJ3e5cjv/5MuKCBX5H9kNge6vi0TTGSSnL0a8ulnU7OhIfwwTGfLA/JLvfix9IgZ5UIkwhe5We827vKlJnk846eNQpGAjhPzAnJggnKjj60WgGOPOJLzJAQTdMIpR0jLilmZJCxIkFChHuoQ5qK+sgjwo6TewfwQCkt2A64er6EiTqdiJEnRN9z1eRoZzHrjcT/vGYk2+d2TP0wksTH44/aEYMygKPyYItygiXrK4Iwp2pXiLuIIyxVxRlVgjl78jypHRXM08Lx/Um2eDGpIw32wD7IAROcgSK4AWVQBRi8gCH4AJ/aq/amfWnf49GUNsnsgj/Qfn4BlA+mZQ==</latexit>✓
1 +RSD

1 (�E) +RINT
1 (�E)

◆

N. Carrasco et al., PRD 91 (2015)

Calculation at O(p4) in PTχ
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A. Desiderio et al., PRD 102 (2021)
R. Frezzotti et al., PRD 103 (2021) 

Confirmed by numerical 
lattice calculation

<latexit sha1_base64="DGh/rxZNsznYKT0SvumxKcYC2+I="></latexit>

⇡e2[�] ⇡µ2[�] Ke2[�] Kµ2[�]

�R0
(⇤) 0.0411 (19) (⇤) 0.0341 (10)

�Rpt(�Emax
� ) �0.0651 �0.0258 �0.0695 �0.0317

�RSD
1 (�Emax

� ) 5.4 (1.0)⇥ 10�4 2.6 (5)⇥ 10�10 1.19 (14) 2.2 (3)⇥ 10�5

�RINT
1 (�Emax

� ) �4.1 (1.0)⇥ 10�5 �1.3 (1.5)⇥ 10�8 �9.2 (1.3)⇥ 10�4 �6.1 (1.1)⇥ 10�5

�Emax
� (MeV) 69.8 29.8 246.8 235.5

(⇤) Not yet evaluated by numerical lattice QCD+QED simulations.

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="0AmHPyfkIPaHYCPgrQIhWXuc3fk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupv6zSdUmkfywYxj9EM6kLzPGTVWqt10iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcptFkcejuAYTsGDK6jAPVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCPaYzJ</latexit>=

<latexit sha1_base64="Q1npIpFv0lt2WCflZ3K8YwgbI/k=">AAACTnichVHLSgMxFM3UV62vqks3wSIoQplRUZdFK+hG6qMqdGrJpLdtaOZBckcoQ7/QjbjzM9y4UETTh+ILPBA4nHMuuTnxIik02vaDlRoZHRufSE9mpqZnZuey8wsXOowVhzIPZaiuPKZBigDKKFDCVaSA+Z6ES6+93/Mvb0BpEQbn2Img6rNmIBqCMzRSLQtuHSQyelpzfYYt5ScRdlfdYl88WKPr9DPgXH9Ezor/Ro6Oz79katmcnbf7oL+JMyQ5MkSplr136yGPfQiQS6Z1xbEjrCZMoeASuhk31hAx3mZNqBgaMB90NenX0aUrRqnTRqjMCZD21a8TCfO17vieSfa21T+9nviXV4mxsVtNRBDFCAEfXNSIJcWQ9rqldaGAo+wYwrgSZlfKW0wxjuYHMqYE5+eTf5OLjbyznd882coV9oZ1pMkSWSarxCE7pEAOSYmUCSe35JE8kxfrznqyXq23QTRlDWcWyTek0u+DUrIw</latexit>

�Rpt(�E) + �RSD
1 (�E) + �RINT

1 (�E)
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<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)

<latexit sha1_base64="r2qZtd+F6iX4y396bSTHzNEUuBk="></latexit>

�(P`2) = �tree
P (1 + �RP )

<latexit sha1_base64="6zf+MyA9Wmq2JvR+8UuHQxjMQWs="></latexit>

�tree
P =

G2
F

8⇡
m2

`

✓
1� m2

`

m2
P

◆2

mP

⇥
fP,0

⇤2
= K |L|2

|L0|2

✓
mP

mP,0

◆2

|M0|2
<latexit sha1_base64="5dmZBbjKckgwSeeq0S25sGQy7Xs="></latexit>

�RP = 2

✓
�AP

AP,0
� �mP

mP,0
+

�Z
Z0

◆

PDG convention

Virtual decay rate

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="07plWzllOwhXobnoBle67Q17eK8="></latexit>�

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="MUj7d4iXyFTe6D597uIzgmhpCos="></latexit>

lim
L!1

on the lattice

•             correction to the bare matrix element 


•             correction to the meson mass


•             correction to the renormalization of the weak operator


1. cancels in the ratio                      (if mass-indep. renormalization scheme is used)


2. same correction contributes also to semileptonic decays

<latexit sha1_base64="ezACIn6GeqJgstb9XHMP6ShywlM=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKgEEjAUWxiLRh9REkeO4rVXHjmwHqYoys/ArLAwgxMoXsPE3OG0GaLmS5aNz7tU994QJo0o7zre1sLi0vLJaWauub2xubds7u20lUolJCwsmZDdEijDKSUtTzUg3kQTFISOdcHRT6J0HIhUV/F6PE+LHaMBpn2KkDRXYB14oWKTGsfkyLyJMI+jFSA8xYtlVHjTzwK45dWdScB64JaiBspqB/eVFAqcx4RozpFTPdRLtZ0hqihnJq16qSILwCA1Iz0COYqL8bHJKDo8ME8G+kOZxDSfs74kMxapwazoLl2pWK8j/tF6q+5d+RnmSasLxdFE/ZVALWOQCIyoJ1mxsAMKSGq8QD5FEWJv0qiYEd/bkedA+qbvn9dO7s1rjuoyjAvbBITgGLrgADXALmqAFMHgEz+AVvFlP1ov1bn1MWxescmYP/Cnr8wcfCZss</latexit>

�AP

<latexit sha1_base64="iHP+34UrX9EdUci5BM5JvyLeCNE=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqoSQMBYwcJYJEorNVHkOE5r1bEj20Gqoiz8CgsDCLHyGWz8DU6bAVqOZPnonHt17z1hyqjSjvNt1ZaWV1bX6uuNjc2t7R17d+9BiUxi0sWCCdkPkSKMctLVVDPSTyVBSchILxzflH7vkUhFBb/Xk5T4CRpyGlOMtJEC+8ALBYvUJDFf7kWEaQSToFMEdtNpOVPAReJWpAkqdAL7y4sEzhLCNWZIqYHrpNrPkdQUM1I0vEyRFOExGpKBoRwlRPn59IACHhslgrGQ5nENp+rvjhwlqtzRVCZIj9S8V4r/eYNMx1d+TnmaacLxbFCcMagFLNOAEZUEazYxBGFJza4Qj5BEWJvMGiYEd/7kRfJw2nIvWmd35832dRVHHRyCI3ACXHAJ2uAWdEAXYFCAZ/AK3qwn68V6tz5mpTWr6tkHf2B9/gApjJbG</latexit>

�mP

<latexit sha1_base64="NZ6iTWMLlq9eRZ6mu5ck+Ektyxg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoAAWMFC2OR6EM0UeU4TmvVsSPbQaqijCz8CgsDCLHyCWz8DU6bAQpXsnx0zr26554gYVRpx/myKguLS8sr1dXa2vrG5pa9vdNRIpWYtLFgQvYCpAijnLQ11Yz0EklQHDDSDcZXhd69J1JRwW/1JCF+jIacRhQjbaiBve8FgoVqEpsv80LCNIJejPQII5bd5fnArjsNZ1rwL3BLUAdltQb2pxcKnMaEa8yQUn3XSbSfIakpZiSveakiCcJjNCR9AzmKifKz6SE5PDRMCCMhzeMaTtmfExmKVeHVdBYe1bxWkP9p/VRHF35GeZJqwvFsUZQyqAUsUoEhlQRrNjEAYUmNV4hHSCKsTXY1E4I7f/Jf0DluuGeNk5vTevOyjKMK9sABOAIuOAdNcA1aoA0weABP4AW8Wo/Ws/Vmvc9aK1Y5swt+lfXxDdgxmoI=</latexit>

�Z MDC et al., PRD 100 (2019)  
MDC et al., [1911.00938]

<latexit sha1_base64="Y6a1YR3XSNzuf+cg1vQ8koO4t4k="></latexit>

Mrs
P (p`) = h`+, r,p`; ⌫`, s,p⌫ |OW |P+

,0i

<latexit sha1_base64="Ypa8Wr6jHE03MIjtu+8+l81kzg0=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2AR66bOVFGXRRcKbirYC3SGIZOmbWiSGZKMUIY+ghtfxY0LRdy6dOfbmLYDavWHwM93zuHk/GHMqNKO82nl5uYXFpfyy4WV1bX1DXtzq6GiRGJSxxGLZCtEijAqSF1TzUgrlgTxkJFmOLgY15t3RCoaiVs9jInPUU/QLsVIGxTY+94l4hyVroPUI4zByujgMENeTL9hYBedsjMR/GvczBRBplpgf3idCCecCI0ZUqrtOrH2UyQ1xYyMCl6iSIzwAPVI21iBOFF+OjloBPcM6cBuJM0TGk7oz4kUcaWGPDSdHOm+mq2N4X+1dqK7Z35KRZxoIvB0UTdhUEdwnA7sUEmwZkNjEJbU/BXiPpIIa5NhwYTgzp781zQqZfekfHRzXKyeZ3HkwQ7YBSXgglNQBVegBuoAg3vwCJ7Bi/VgPVmv1tu0NWdlM9vgl6z3L1+Em4w=</latexit>

�(K`2)/�(⇡`2)
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Our goal: How we realise it:

Tree-level decay amplitude:
<latexit sha1_base64="85ssdIjBAhgDrsqAw+1tWACmpTs="></latexit>

|M0(p`)|2 = |AP,0|2|L0(p`)|2 =

<latexit sha1_base64="LhYqgM9p6aAbZGkdTStZVhff5+s=">AAACGnicbVDLSsNAFJ34rPFVdelmsAgtSElU1I1QdOOygn1AE8tkMk2HTiZhZiKUtN/hxl9x40IRd+LGv3GSdqGtBwYO55zLnXu8mFGpLOvbWFhcWl5ZLayZ6xubW9vFnd2mjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzBdea3HoiQNOJ3ahgTN0QBpz2KkdJSt2hfQochHjACLTgynbhPy6oCnSOY0XvHR0HZqpgj7Toiz3WLJatq5YDzxJ6SEpii3i1+On6Ek5BwhRmSsmNbsXJTJBTFjIxNJ5EkRniAAtLRlKOQSDfNTxvDQ634sBcJ/biCufp7IkWhlMPQ08kQqb6c9TLxP6+TqN6Fm1IeJ4pwPFnUSxhUEcx6gj4VBCs21ARhQfVfIe4jgbDSbZq6BHv25HnSPK7aZ9WT29NS7WpaRwHsgwNQBjY4BzVwA+qgATB4BM/gFbwZT8aL8W58TKILxnRmD/yB8fUD77WduA==</latexit>

= h0|�(t)�†(0)|0i <latexit sha1_base64="B4h4AB6/4wIeO+rd6U9zoESDJ0M=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquinosevFYwX5Au5Rsmm5Ds8mSzCp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPzwkRwA5737RRWVtfWN4qbpa3tnd2yu7ffNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLRzdRvPTBtuJL3ME5YEJNI8gGnBKzUc8tdoWSkeTQEorV67LkVr+rNgJeJn5MKylHvuV/dvqJpzCRQQYzp+F4CQUY0cCrYpNRNDUsIHZGIdSyVJGYmyGaHT/CxVfp4oLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif10lhcBVkXCYpMEnniwapwKDwNAXc55pREGNLCNXc3orpkGhCwWZVsiH4iy8vk+Zp1b+ont2dV2rXeRxFdIiO0Any0SWqoVtURw1EUYqe0St6c56cF+fd+Zi3Fpx85gD9gfP5A3TUk54=</latexit>�!

<latexit sha1_base64="B4h4AB6/4wIeO+rd6U9zoESDJ0M=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquinosevFYwX5Au5Rsmm5Ds8mSzCp16S/x4kERr/4Ub/4b03YP2vpg4PHeDDPzwkRwA5737RRWVtfWN4qbpa3tnd2yu7ffNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLRzdRvPTBtuJL3ME5YEJNI8gGnBKzUc8tdoWSkeTQEorV67LkVr+rNgJeJn5MKylHvuV/dvqJpzCRQQYzp+F4CQUY0cCrYpNRNDUsIHZGIdSyVJGYmyGaHT/CxVfp4oLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif10lhcBVkXCYpMEnniwapwKDwNAXc55pREGNLCNXc3orpkGhCwWZVsiH4iy8vk+Zp1b+ont2dV2rXeRxFdIiO0Any0SWqoVtURw1EUYqe0St6c56cF+fd+Zi3Fpx85gD9gfP5A3TUk54=</latexit>�!
<latexit sha1_base64="4ilM0i2/r5jaJv+iQbsHp1fLhBw=">AAACGXicbVDLSgMxFM34rOOr6tJNsAgtSMmoqBuh6sZlBfuAzrRk0rQNzWSGJCOUaX/Djb/ixoUiLnXl35hOu9DWA4HDOedyc48fcaY0Qt/WwuLS8spqZs1e39jc2s7u7FZVGEtCKyTkoaz7WFHOBK1opjmtR5LiwOe05vdvxn7tgUrFQnGvBxH1AtwVrMMI1kZqZdEldDkWXU4hgkP7qonyugDdI+hGPdZ027ibRwV7aExXprFWNoeKKAWcJ86U5MAU5Vb2022HJA6o0IRjpRoOirSXYKkZ4XRku7GiESZ93KUNQwUOqPKS9LIRPDRKG3ZCaZ7QMFV/TyQ4UGoQ+CYZYN1Ts95Y/M9rxLpz4SVMRLGmgkwWdWIOdQjHNcE2k5RoPjAEE8nMXyHpYYmJNmXapgRn9uR5Uj0uOmfFk7vTXOl6WkcG7IMDkAcOOAclcAvKoAIIeATP4BW8WU/Wi/VufUyiC9Z0Zg/8gfX1A3N9nOA=</latexit>

= h0|A0(t)�†(0)|0i
<latexit sha1_base64="i39W36oIwGrk3qSDmJCydKaCYsQ="></latexit>

AP,0
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Our goal: How we realise it:

Tree-level decay amplitude:
<latexit sha1_base64="85ssdIjBAhgDrsqAw+1tWACmpTs="></latexit>

|M0(p`)|2 = |AP,0|2|L0(p`)|2 =

<latexit sha1_base64="LhYqgM9p6aAbZGkdTStZVhff5+s=">AAACGnicbVDLSsNAFJ34rPFVdelmsAgtSElU1I1QdOOygn1AE8tkMk2HTiZhZiKUtN/hxl9x40IRd+LGv3GSdqGtBwYO55zLnXu8mFGpLOvbWFhcWl5ZLayZ6xubW9vFnd2mjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzBdea3HoiQNOJ3ahgTN0QBpz2KkdJSt2hfQochHjACLTgynbhPy6oCnSOY0XvHR0HZqpgj7Toiz3WLJatq5YDzxJ6SEpii3i1+On6Ek5BwhRmSsmNbsXJTJBTFjIxNJ5EkRniAAtLRlKOQSDfNTxvDQ634sBcJ/biCufp7IkWhlMPQ08kQqb6c9TLxP6+TqN6Fm1IeJ4pwPFnUSxhUEcx6gj4VBCs21ARhQfVfIe4jgbDSbZq6BHv25HnSPK7aZ9WT29NS7WpaRwHsgwNQBjY4BzVwA+qgATB4BM/gFbwZT8aL8W58TKILxnRmD/yB8fUD77WduA==</latexit>
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Both RM123S and RBC-UKQCD calculations are performed in the electro-quenched approximation: 
sea quarks electrically neutral

RM123 perturbative method: expand lattice path-integral around isosymmetric point

G.M.de Divitiis et al. [RM123], PRD 87 (2013)
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IB corrections to the decay amplitude

MDC et al., PRD 100 (2019) 
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RM123 perturbative method: expand lattice path-integral around isosymmetric point

G.M.de Divitiis et al. [RM123], PRD 87 (2013)
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P.Boyle, MDC et al., JHEP 02 (2023)  MDC et al., PRD 100 (2019) 
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RM123 perturbative method: expand lattice path-integral around isosymmetric point

G.M.de Divitiis et al. [RM123], PRD 87 (2013)
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�RK⇡ = �0.0086 (13)(39)vol.

• Strong evidence that          can be computed from 
first principles non-perturbatively on the lattice!


• Results highlight crucial role of finite-volume effects: 
ongoing effort to tame such systematic uncertainty


• Errors on  from theoretical inputs can 
become comparable with those from experiments

|Vus | / |Vud |
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Leptonic decay rate

Finite-volume effects in QEDL
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V. Lubicz et al., PRD 95 (2017)


N. Tantalo et al., [1612.00199v2]


MDC et al., PRD 105 (2022)
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• structure independent ("universal") terms            ✔︎
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• structure dependent contribution at O(1/L2)         ✔︎
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?

• sizeable pointlike contribution at O(1/L3)            ✔︎

• higher order effects                                        ✘ 
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‣ the uncertainty on                

dominates in the error budget 

‣ if improved, precision from 

lattice becomes competitive with 

experiments

An estimate of the error budget

Prospects for 
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• From RBC-UKQCD calculation:
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Future steps for leptonic decays
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There's room for improvements, achievable in the next few years.


Most importantly:


1. improve control of QEDL finite-volume effects


   >  new QEDr formulation proposed: unknown effects pushed to O(1/L4)


   >  ongoing calculation with QED  method: exponentially suppressed effects


2. improve iso-QCD calculations of decay constants 


3. include electromagnetic and strong IB effects from sea quarks ("electro-unquenching")

∞

MDC @Lattice2023

N.Christ et al., [2304.08026]



Other leptonic decays under study
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virtual photon emission R.Frezzotti et al., [2306.07228]

• Lattice evaluations of form factors 


• Interesting comparison with experimental 
results (KLOE, PIBETA, E787, ISTRA+ & OKA) 
highlights 3-4  tensions on  

FV,A

σ K → μνμγ

G.M.de Divitiis et al., [1908.10160]

A.Desiderio et al., PRD 102 (2021) 

R.Frezzotti et al., PRD 103 (2021)


C.Kane et al., [1907.00279 & 2110.13196]

D.Giusti et al., [2302.01298]


R.Frezzotti et al., [2306.05904]

• Exploratory calculation of relevant form factors 
using smeared spectral function reconstruction


• Applied to  decay, but extension to  decay 
is planned

Ds K



A look into the future…
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leptonic decays semi-leptonic decays hadronic decays
<latexit sha1_base64="OGxNXE5G6SGyJAZsYNRNp9nWFus=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi+Clgv2AJpTNdtMu3WyW3Y1QQv+GFw+KePXPePPfuGlz0NYHA4/3ZpiZF0rOtHHdb6e0srq2vlHerGxt7+zuVfcP2jpJFaEtkvBEdUOsKWeCtgwznHalojgOOe2E49vc7zxRpVkiHs1E0iDGQ8EiRrCxkn/vmwT5kuXVr9bcujsDWiZeQWpQoNmvfvmDhKQxFYZwrHXPc6UJMqwMI5xOK36qqcRkjIe0Z6nAMdVBNrt5ik6sMkBRomwJg2bq74kMx1pP4tB2xtiM9KKXi/95vdRE10HGhEwNFWS+KEo5so/mAaABU5QYPrEEE8XsrYiMsMLE2JgqNgRv8eVl0j6re5f184eLWuOmiKMMR3AMp+DBFTTgDprQAgISnuEV3pzUeXHenY95a8kpZg7hD5zPHz84kS4=</latexit>

K ! ⇡⇡

today 1–5 years 5+ years

<latexit sha1_base64="C2ibsp9zGk5FQpKmXhPRY5dUCvk=">AAAB+3icbZDLSsNAFIYn9Vbrrdalm8EiuCqJirosuhHcVLAXaEKYTE/aoZNJmJmIJfRV3LhQxK0v4s63cdJmoa0/DHz85xzmnD9IOFPatr+t0srq2vpGebOytb2zu1fdr3VUnEoKbRrzWPYCooAzAW3NNIdeIoFEAYduML7J691HkIrF4kFPEvAiMhQsZJRoY/nV2p2rY+wC59gVqZ+DX63bDXsmvAxOAXVUqOVXv9xBTNMIhKacKNV37ER7GZGaUQ7TipsqSAgdkyH0DQoSgfKy2e5TfGycAQ5jaZ7QeOb+nshIpNQkCkxnRPRILdZy879aP9XhlZcxkaQaBJ1/FKYcm3PzIPCASaCaTwwQKpnZFdMRkYRqE1fFhOAsnrwMndOGc9E4uz+vN6+LOMroEB2hE+SgS9REt6iF2oiiJ/SMXtGbNbVerHfrY95asoqZA/RH1ucPV3GUAQ==</latexit>

K ! `⌫`
<latexit sha1_base64="gKSJ7ACLNS83XvixDAty0at3W94=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3AwWwVVJVNRl0Y3gpoK9QBPCZDpph04mYWYilNqFr+LGhSJufQ13vo2TNgtt/WHg4z/nMOf8YcqZ0o7zbS0sLi2vrJbWyusbm1vb9s5uUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4Dqvtx6oVCwR93qYUj/GPcEiRrA2VmDv33o6QV7KkEc5R57IghwCu+JUnYnQPLgFVKBQPbC/vG5CspgKTThWquM6qfZHWGpGOB2XvUzRFJMB7tGOQYFjqvzRZP8xOjJOF0WJNE9oNHF/T4xwrNQwDk1njHVfzdZy879aJ9PRpT9iIs00FWT6UZRxZE7Ow0BdJinRfGgAE8nMroj0scREm8jKJgR39uR5aJ5U3fPq6d1ZpXZVxFGCAziEY3DhAmpwA3VoAIFHeIZXeLOerBfr3fqYti5Yxcwe/JH1+QMLaJV+</latexit>

K ! ⇡`⌫`
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N.Christ et al., [2304.08026] / N.Christ @Lattice2023

Semileptonic kaon decays

K0 ⇡�

`+

⌫`Goal:

Status:

precision determination of        & test of first-row unitarity 
<latexit sha1_base64="ZaITcdk/JyDLjd6bW4B0aJCX+v4=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+YyCOBDZkdGpgwO7vOzJqQhZ/w4kFjvPo73vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH9Q11GiGNZYJCLVDKhGwSXWDDcCm7FCGgYCG8Hwduo3nlBpHskHM4rRD2lf8h5n1FipOa530kRPxp1iyS27M5Bl4mWkBBmqneJXuxuxJERpmKBatzw3Nn5KleFM4KTQTjTGlA1pH1uWShqi9tPZvRNyYpUu6UXKljRkpv6eSGmo9SgMbGdIzUAvelPxP6+VmN61n3IZJwYlmy/qJYKYiEyfJ12ukBkxsoQyxe2thA2ooszYiAo2BG/x5WVSPyt7l+Xz+4tS5SaLIw9HcAyn4MEVVOAOqlADBgKe4RXenEfnxXl3PuatOSebOYQ/cD5/AKNakF8=</latexit>

|Vus|

‣ no complete lattice QCD+QED calculations


‣ difficulties of finite-volume QED calculations identified


‣ recent proposal using QED  method ∞

Relevance: sub-percent precision on   requires inclusion of IB effectsf +(0)

C.Sachrajda et al., [1910.07342]



QED corrections to semileptonic decays
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K0 ⇡�

`+

⌫`
Although the RM123+Soton method could in principle be applied, 

additional difficulties arise compared to leptonic decays:


• integration over three-body phase-space


• problems of analytical continuation when intermediate on shell 
states are lighter than external ones


• evaluating finite-volume corrections potentially more complicated


Solutions to these issues are under study by different groups.


Hopefully we'll see progress in the next few years…
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<latexit sha1_base64="2DWiEZrBoVZLM71kgEhmd60bYOg="></latexit>

h⇡(p⇡)|s̄�µu|K(pK)i = f+(q2)


(p⇡ + pK)µ � m2

K �m2
⇡

q2
qµ

�
+ f0(q

2)
m2

K �m2
⇡

q2
qµ

An appropriate observable to study is the differential decay rate:                        ,

• Without QED corrections:

K0 ⇡�

`+

⌫`

<latexit sha1_base64="VGC8Q1SRZkdNLtqmG2g0zVrF84k="></latexit>

d2�(0)

dq2ds⇡`
= G2

F |Vus|2

a1(q

2, s⇡`) |f+(q2)|2 + a2(q
2, s⇡`)f+(q2)f0(q

2)+ a3(q
2, s⇡`) |f0(q

2)|2
�

<latexit sha1_base64="997x97G9CWmZVeOcTAlZaBFExGA=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpiGWmiroRim4ENxXsAzrjkEnTNjSTiUlGKKV/4MZfceNCEbdu3fk3pg9BWw+EnJxzLzf3hIJRpR3ny0rNzM7NL6QXM0vLK6tr9vpGRcWJxKSMYxbLWogUYZSTsqaakZqQBEUhI9WwczHwq/dEKhrzG90VxI9Qi9MmxUgbKbB3724L8AzmRHB1IAJP0L2ft0cY2zcXT4wU2Fkn7wwBp4k7JlkwRimwP71GjJOIcI0ZUqruOkL7PSQ1xYz0M16iiEC4g1qkbihHEVF+b7hPH+4YpQGbsTSHazhUf3f0UKRUNwpNZYR0W016A/E/r57o5qnfo1wkmnA8GtRMGNQxHIQDG1QSrFnXEIQlNX+FuI0kwtpEmDEhuJMrT5NKIe8e5w+vj7LF83EcabAFtkEOuOAEFMElKIEywOABPIEX8Go9Ws/Wm/U+Kk1Z455N8AfWxzeElZnY</latexit>

q2 = (pK � p⇡)
2 = (p` + p⌫)

2
<latexit sha1_base64="nOzeTbCZGhCG3qYaj0Qy0moE6dE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahIpSZKupGKLpxWcE+oDMOmTRtQzOZkGSEMnTpxl9x40IRt36CO//GtJ2Fth5IODnnXm7uCQWjSjvOt5VbWFxaXsmvFtbWNza37O2dhooTiUkdxyyWrRApwigndU01Iy0hCYpCRprh4HrsNx+IVDTmd3ooiB+hHqddipE2UmDvqyD1BPUIYyN4CUsiMK9jcxvh6L4CA7volJ0J4DxxM1IEGWqB/eV1YpxEhGvMkFJt1xHaT5HUFDMyKniJIgLhAeqRtqEcRUT56WSRETw0Sgd2Y2kO13Ci/u5IUaTUMApNZYR0X816Y/E/r53o7oWfUi4STTieDuomDOoYjlOBHSoJ1mxoCMKSmr9C3EcSYW2yK5gQ3NmV50mjUnbPyie3p8XqVRZHHuyBA1ACLjgHVXADaqAOMHgEz+AVvFlP1ov1bn1MS3NW1rML/sD6/AHc8JiW</latexit>

s⇡` = (p⇡ + p`)
2
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<latexit sha1_base64="2DWiEZrBoVZLM71kgEhmd60bYOg="></latexit>

h⇡(p⇡)|s̄�µu|K(pK)i = f+(q2)


(p⇡ + pK)µ � m2

K �m2
⇡

q2
qµ

�
+ f0(q

2)
m2

K �m2
⇡

q2
qµ

An appropriate observable to study is the differential decay rate:                        ,

• Without QED corrections:

K0 ⇡�

`+

⌫`

<latexit sha1_base64="VGC8Q1SRZkdNLtqmG2g0zVrF84k="></latexit>

d2�(0)

dq2ds⇡`
= G2

F |Vus|2

a1(q

2, s⇡`) |f+(q2)|2 + a2(q
2, s⇡`)f+(q2)f0(q

2)+ a3(q
2, s⇡`) |f0(q

2)|2
�

<latexit sha1_base64="997x97G9CWmZVeOcTAlZaBFExGA=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpiGWmiroRim4ENxXsAzrjkEnTNjSTiUlGKKV/4MZfceNCEbdu3fk3pg9BWw+EnJxzLzf3hIJRpR3ny0rNzM7NL6QXM0vLK6tr9vpGRcWJxKSMYxbLWogUYZSTsqaakZqQBEUhI9WwczHwq/dEKhrzG90VxI9Qi9MmxUgbKbB3724L8AzmRHB1IAJP0L2ft0cY2zcXT4wU2Fkn7wwBp4k7JlkwRimwP71GjJOIcI0ZUqruOkL7PSQ1xYz0M16iiEC4g1qkbihHEVF+b7hPH+4YpQGbsTSHazhUf3f0UKRUNwpNZYR0W016A/E/r57o5qnfo1wkmnA8GtRMGNQxHIQDG1QSrFnXEIQlNX+FuI0kwtpEmDEhuJMrT5NKIe8e5w+vj7LF83EcabAFtkEOuOAEFMElKIEywOABPIEX8Go9Ws/Wm/U+Kk1Z455N8AfWxzeElZnY</latexit>

q2 = (pK � p⇡)
2 = (p` + p⌫)

2
<latexit sha1_base64="nOzeTbCZGhCG3qYaj0Qy0moE6dE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahIpSZKupGKLpxWcE+oDMOmTRtQzOZkGSEMnTpxl9x40IRt36CO//GtJ2Fth5IODnnXm7uCQWjSjvOt5VbWFxaXsmvFtbWNza37O2dhooTiUkdxyyWrRApwigndU01Iy0hCYpCRprh4HrsNx+IVDTmd3ooiB+hHqddipE2UmDvqyD1BPUIYyN4CUsiMK9jcxvh6L4CA7volJ0J4DxxM1IEGWqB/eV1YpxEhGvMkFJt1xHaT5HUFDMyKniJIgLhAeqRtqEcRUT56WSRETw0Sgd2Y2kO13Ci/u5IUaTUMApNZYR0X816Y/E/r53o7oWfUi4STTieDuomDOoYjlOBHSoJ1mxoCMKSmr9C3EcSYW2yK5gQ3NmV50mjUnbPyie3p8XqVRZHHuyBA1ACLjgHVXADaqAOMHgEz+AVvFlP1ov1bn1MS3NW1rML/sD6/AHc8JiW</latexit>

s⇡` = (p⇡ + p`)
2

• Including QED, we can treat IR divergences using the RM123S method:
<latexit sha1_base64="uw66iTGJUc8biPeRIocZcU2FouU="></latexit>

d2�

dq2ds⇡`
= lim

⇤IR!0


d2�0

dq2ds⇡`
� d2�pt

0

dq2ds⇡`

�
+ lim

⇤IR!0


d2�pt

0

dq2ds⇡`
+

d2�1

dq2ds⇡`

�
C.Sachrajda et al., [1910.07342]
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<latexit sha1_base64="2DWiEZrBoVZLM71kgEhmd60bYOg="></latexit>

h⇡(p⇡)|s̄�µu|K(pK)i = f+(q2)


(p⇡ + pK)µ � m2

K �m2
⇡

q2
qµ

�
+ f0(q

2)
m2

K �m2
⇡

q2
qµ

An appropriate observable to study is the differential decay rate:                        ,

• Without QED corrections:

K0 ⇡�

`+

⌫`

<latexit sha1_base64="VGC8Q1SRZkdNLtqmG2g0zVrF84k="></latexit>

d2�(0)

dq2ds⇡`
= G2

F |Vus|2

a1(q

2, s⇡`) |f+(q2)|2 + a2(q
2, s⇡`)f+(q2)f0(q

2)+ a3(q
2, s⇡`) |f0(q

2)|2
�

<latexit sha1_base64="997x97G9CWmZVeOcTAlZaBFExGA=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpiGWmiroRim4ENxXsAzrjkEnTNjSTiUlGKKV/4MZfceNCEbdu3fk3pg9BWw+EnJxzLzf3hIJRpR3ny0rNzM7NL6QXM0vLK6tr9vpGRcWJxKSMYxbLWogUYZSTsqaakZqQBEUhI9WwczHwq/dEKhrzG90VxI9Qi9MmxUgbKbB3724L8AzmRHB1IAJP0L2ft0cY2zcXT4wU2Fkn7wwBp4k7JlkwRimwP71GjJOIcI0ZUqruOkL7PSQ1xYz0M16iiEC4g1qkbihHEVF+b7hPH+4YpQGbsTSHazhUf3f0UKRUNwpNZYR0W016A/E/r57o5qnfo1wkmnA8GtRMGNQxHIQDG1QSrFnXEIQlNX+FuI0kwtpEmDEhuJMrT5NKIe8e5w+vj7LF83EcabAFtkEOuOAEFMElKIEywOABPIEX8Go9Ws/Wm/U+Kk1Z455N8AfWxzeElZnY</latexit>

q2 = (pK � p⇡)
2 = (p` + p⌫)

2
<latexit sha1_base64="nOzeTbCZGhCG3qYaj0Qy0moE6dE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahIpSZKupGKLpxWcE+oDMOmTRtQzOZkGSEMnTpxl9x40IRt36CO//GtJ2Fth5IODnnXm7uCQWjSjvOt5VbWFxaXsmvFtbWNza37O2dhooTiUkdxyyWrRApwigndU01Iy0hCYpCRprh4HrsNx+IVDTmd3ooiB+hHqddipE2UmDvqyD1BPUIYyN4CUsiMK9jcxvh6L4CA7volJ0J4DxxM1IEGWqB/eV1YpxEhGvMkFJt1xHaT5HUFDMyKniJIgLhAeqRtqEcRUT56WSRETw0Sgd2Y2kO13Ci/u5IUaTUMApNZYR0X816Y/E/r53o7oWfUi4STTieDuomDOoYjlOBHSoJ1mxoCMKSmr9C3EcSYW2yK5gQ3NmV50mjUnbPyie3p8XqVRZHHuyBA1ACLjgHVXADaqAOMHgEz+AVvFlP1ov1bn1MS3NW1rML/sD6/AHc8JiW</latexit>

s⇡` = (p⇡ + p`)
2

• Including QED, we can treat IR divergences using the RM123S method:
<latexit sha1_base64="uw66iTGJUc8biPeRIocZcU2FouU="></latexit>

d2�

dq2ds⇡`
= lim

⇤IR!0


d2�0

dq2ds⇡`
� d2�pt

0

dq2ds⇡`

�
+ lim

⇤IR!0


d2�pt

0

dq2ds⇡`
+

d2�1

dq2ds⇡`

�
C.Sachrajda et al., [1910.07342]

Q:  Can experiments provide results 
     for differential decay rates?



with                               and  

Appearance of growing exponentials

32

For generic kinematics, the physical observable cannot be obtained from leading exponentials 
of Euclidean lattice correlators

<latexit sha1_base64="Y95PODugqxhcS4PNYd1/gmy9abY=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVRIVdVl047KCfUAbwmRy0w6dTMLMRKihX+LGhSJu/RR3/o3TNAttPXDhcM69c+eeIOVMacf5tlZW19Y3Nitb1e2d3b2avX/QUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4duZ3H0EqlogHPUnBi8lQsIhRoo3k27VB8UYuIZxi7bu+XXcaTgG8TNyS1FGJlm9/DcKEZjEITTlRqu86qfZyIjWjHKbVQaYgJXRMhtA3VJAYlJcXS6f4xCghjhJpSmhcqL8nchIrNYkD0xkTPVKL3kz8z+tnOrr2cibSTIOg80VRxrFO8CwFHDIJVPOJIYRKZv6K6YhIQrXJqmpCcBdPXiads4Z72Ti/v6g3b8o4KugIHaNT5KIr1ER3qIXaiKIMPaNX9GY9WS/Wu/Uxb12xyplD9AfW5w+t55Mb</latexit>

t1

<latexit sha1_base64="4b6GYy2fSr6d7315qzwZG6lKZyo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpoi6LblxWsA9oQ5hMpu3QySTMTIQa+iVuXCji1k9x5984TbPQ1gMXDufcO3fuCRLOlHacb6u0tr6xuVXeruzs7u1X7YPDjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDye3c7z5SqVgsHvQ0oV6ER4INGcHaSL5dHeRvZJKGM6T9hm/XnLqTA60StyA1KNDy7a9BGJM0okITjpXqu06ivQxLzQins8ogVTTBZIJHtG+owBFVXpYvnaFTo4RoGEtTQqNc/T2R4UipaRSYzgjrsVr25uJ/Xj/Vw2svYyJJNRVksWiYcqRjNE8BhUxSovnUEEwkM39FZIwlJtpkVTEhuMsnr5JOo+5e1s/vL2rNmyKOMhzDCZyBC1fQhDtoQRsIpPAMr/BmPVkv1rv1sWgtWcXMEfyB9fkDr2uTHA==</latexit>

t2

<latexit sha1_base64="o7bqYCNz3X2OLks1vSoM/aS8b1E=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUCyhNnZ3mTI7MOZ2UBY8h1ePCji1Y/x5t842exBEwsaiqru6enyEsGVtu1va2V1bX1js7RV3t7Z3duvHBy2VJxKhk0Wi1h2PKpQ8AibmmuBnUQiDT2BbW90N/PbY5SKx9GjniTohnQQ8YAzqo3k9vIXMon+lNj9StWu2TnIMnEKUoUCjX7lq+fHLA0x0kxQpbqOnWg3o1JzJnBa7qUKE8pGdIBdQyMaonKzfOWUnBrFJ0EsTUWa5OrviYyGSk1Cz3SGVA/VojcT//O6qQ5u3IxHSaoxYvNFQSqIjsksAeJziUyLiSGUSW7+StiQSsq0yalsQnAWT14mrfOac1W7eLis1m+LOEpwDCdwBg5cQx3uoQFNYPAEz/AKb9bYerHerY9564pVzBzBH1ifP5/nkgI=</latexit>

0
<latexit sha1_base64="G5T+hK+daSlLMCgi1R4SUHIpgjE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokKuqy6MZlBWsLTQiTyU07dPJgZiKUkI2/4saFIm79DHf+jdM0C209cOFwzr1z5x4/5Uwqy/o2akvLK6tr9fXGxubW9o65u/cgk0xQ6NKEJ6LvEwmcxdBVTHHopwJI5HPo+eObqd97BCFZEt+rSQpuRIYxCxklSkueeeCUb+QCggIrL3dS5gDnhWc2rZZVAi8SuyJNVKHjmV9OkNAsglhRTqQc2Faq3JwIxSiHouFkElJCx2QIA01jEoF083J5gY+1EuAwEbpihUv190ROIiknka87I6JGct6biv95g0yFV27O4jRTENPZojDjWCV4mgYOmACq+EQTQgXTf8V0RAShSmfW0CHY8ycvkofTln3ROrs7b7avqzjq6BAdoRNko0vURreog7qIogI9o1f0ZjwZL8a78TFrrRnVzD76A+PzB4FIlwA=</latexit>

t⇡`

<latexit sha1_base64="LrCcaeYLv6LNroO5wrw6gTlTr8o=">AAACLHicbVBNS8NAEN34bf2KevSyWAQPUpIq6lH04lHBtkITw2azbZdudsPuRCkhP8iLf0UQD4p49Xe4rT1Y64OBx3szzMyLM8ENeN67MzM7N7+wuLRcWVldW99wN7eaRuWasgZVQunbmBgmuGQN4CDYbaYZSWPBWnH/Yui37pk2XMkbGGQsTElX8g6nBKwUuRcBlxB5dwVERZDxgAlRljhICfR0WiQlRD4ODiaEOg6Ekl3Nuz0gWquHyK16NW8EPE38MamiMa4i9yVIFM1TJoEKYkzb9zIIC6KBU8HKSpAblhHaJ13WtlSSlJmwGD1b4j2rJLijtC0JeKT+nihIaswgjW3n8Gjz1xuK/3ntHDqnYcFllgOT9GdRJxcYFB4mhxOuGQUxsIRQze2tmPaIJhRsvhUbgv/35WnSrNf849rh9VH17HwcxxLaQbtoH/noBJ2hS3SFGoiiR/SM3tC78+S8Oh/O50/rjDOe2UYTcL6+ARs+qV4=</latexit>Z t⇡`

0
dt1 dt2 �!

<latexit sha1_base64="s43CN8/nZJNgUs0ZZbucwVAYkB0="></latexit>

�E = Eint � Eext = �!⇡ +�!`

• generates growing exponentials if 


• they need to be identified and subtracted to get physical amplitude


• however, there might be a corner of the phase space where this issue does not arise

<latexit sha1_base64="XuHyO8PqcHnwpki8qbj+sknl0ZQ="></latexit>
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These are long-distance issues that could be treated using a recently proposed method 
called "infinite-volume reconstruction" (IVR)

<latexit sha1_base64="E6EuhkKoR4b4kPkR7LiVA88ARgw=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuSqKiLotuXFawD2hDmEwm7dDJJMzcFErsn7gSFMStf+LKv3HSZqGtB4Y5nHMvc+YEqeAaHOfbWlldW9/YrGxVt3d29/btg8O2TjJFWYsmIlHdgGgmuGQt4CBYN1WMxIFgnWB0V/idMVOaJ/IRJinzYjKQPOKUgJF82+4HiQj1JDZXDr6e+nbNqTsz4GXilqSGSjR9+6sfJjSLmQQqiNY910nBy4kCTgWbVvuZZimhIzJgPUMliZn28lnyKT41SoijRJkjAc/U3xs5iXURzkzGBIZ60SvE/7xeBtGNl3OZZsAknT8UZQJDgosacMgVoyAmhhCquMmK6ZAoQsGUVa2aFtzFPy+T9nndvapfPFzWGrdlHxV0jE7QGXLRNWqge9RELUTRGD2jV/RmPVkv1rv1MR9dscqdI/QH1ucP5aqUNA==</latexit>

ts
<latexit sha1_base64="fHat+lRnelKqVHn7+4C9QhxB888=">AAAB9nicbVDLSgMxFL3js9ZX1aWbYBFclRkVdVl047KCfUA7lkwm04ZmkiHJiGXof7gSFMSt/+LKvzHTzkJbD4QczrmXnJwg4Uwb1/12lpZXVtfWSxvlza3tnd3K3n5Ly1QR2iSSS9UJsKacCdo0zHDaSRTFccBpOxjd5H77kSrNpLg344T6MR4IFjGCjZUeeoHkoR7H9srcSb9SdWvuFGiReAWpQoFGv/LVCyVJYyoM4Vjrrucmxs+wMoxwOin3Uk0TTEZ4QLuWChxT7WfT1BN0bJUQRVLZIwyaqr83MhzrPJqdjLEZ6nkvF//zuqmJrvyMiSQ1VJDZQ1HKkZEorwCFTFFi+NgSTBSzWREZYoWJsUWVy7YFb/7Pi6R1WvMuamd359X6ddFHCQ7hCE7Ag0uowy00oAkEFDzDK7w5T86L8+58zEaXnGLnAP7A+fwBcLKS2Q==</latexit>

0
<latexit sha1_base64="waaYMb/oVMwD6UgCCCU1cZVfRB0=">AAAB/XicbVDNS8MwHE39nPWruqOX4BA8jVZFPQ69eJzgPmAtI03TLSxNSpIKpQz/FE+Cgnj1D/Hkf2O69aCbD0Ie7/1+5OWFKaNKu+63tbK6tr6xWduyt3d29/adg8OuEpnEpIMFE7IfIkUY5aSjqWakn0qCkpCRXji5Lf3eI5GKCv6g85QECRpxGlOMtJGGTt0PBYtUnpir8CmPdT4dOg236c4Al4lXkQao0B46X34kcJYQrjFDSg08N9VBgaSmmJGp7WeKpAhP0IgMDOUoISooZuGn8MQoEYyFNIdrOFN/bxQoUWU+M5kgPVaLXin+5w0yHV8HBeVppgnH84fijEEtYNkEjKgkWLPcEIQlNVkhHiOJsDZ92bZpwVv88zLpnjW9y+b5/UWjdVP1UQNH4BicAg9cgRa4A23QARjk4Bm8gjfryXqx3q2P+eiKVe3UwR9Ynz9QoJWS</latexit>1

Separate correlator into short and long distance parts:

single-hadron state dominance

Radiative corrections = convolution of hadronic correlators with infinite-volume QED kernels
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N.Christ et al., [2304.08026]
X.Feng & L.Jin, PRD 100 (2019)
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N.Christ et al., [2304.08026]
X.Feng & L.Jin, PRD 100 (2019)

from N.Christ @Lattice2023

Recipe for semileptonic (and leptonic) decays:

• work in Minkowski space-time + analytic QED


• compute short distance in finite Euclidean volume


• use IVR for long-distance single pion propagation

‣ no growing exponentials


‣ exponentially suppressed finite-volume effects


‣ simple cancellation of IR divergences


‣ separation of scales


‣ modelling of long-distance QCD

Difficult but potentially promising…
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R.Abbott et al., PRD 102 (2020) 
Z.Bai et al., PRL 115 (2015)

Hadronic kaon decays

Goal:

Status:

precision determination of             & study of CP violation
<latexit sha1_base64="J6+aczvjVc7ePu/Em1uIxxdKHqc=">AAACCHicbZDLSsNAFIYn9VbrLerShcEi1k1NVNRl0Y3LKvYCTSiT6Wk7dDIJMxOhhC7d+CpuXCji1kdw59s4aSNo6w8DH/85hznn9yNGpbLtLyM3N7+wuJRfLqysrq1vmJtbdRnGgkCNhCwUTR9LYJRDTVHFoBkJwIHPoOEPrtJ64x6EpCG/U8MIvAD3OO1SgpW22uauG2DVF0FyC6OSC5GkLOQHRz902DaLdtkey5oFJ4MiylRtm59uJyRxAFwRhqVsOXakvAQLRQmDUcGNJUSYDHAPWho5DkB6yfiQkbWvnY7VDYV+XFlj9/dEggMph4GvO9O15XQtNf+rtWLVvfASyqNYASeTj7oxs1RopalYHSqAKDbUgImgeleL9LHAROnsCjoEZ/rkWagfl52z8snNabFymcWRRztoD5WQg85RBV2jKqohgh7QE3pBr8aj8Wy8Ge+T1pyRzWyjPzI+vgHFI5nQ</latexit>

Re(✏0/✏)

‣ no complete lattice QCD+QED calculation


‣ lattice QCD calculations by RBC-UKQCD collaboration


‣ strategy for calculation of IB effects proposed


‣ first step: Coulomb corrections to  scatteringπ+π+

Relevance: IB effects will be dominant source of systematic error, 
once continuum limit will be performed (work in progress)

K ⇡

⇡

N.Christ et al., PRD 106 (2022) 
N.Christ & X.Feng, EPJ Web Conf. 175 (2018) 

Y.Cai & Z.Davoudi, [1812.11015]
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Current status of ϵ′￼/ϵ

(      isospin)

If isospin-symmetry is conserved, then the CP violation parameters can be expressed as

<latexit sha1_base64="u3hSieF8iZ+ISSzx8RopQzI2ydw=">AAACH3icbVDLSgMxFM3Ud31VXboJFqFuyoxKdVPwtai4UbQP6NQhk962oZnMkGSEMvZP3PgrblwoIu76N6a1C209JHA451ySe/yIM6Vte2ClZmbn5hcWl9LLK6tr65mNzYoKY0mhTEMeyppPFHAmoKyZ5lCLJJDA51D1u+dDv/oAUrFQ3OleBI2AtAVrMUq0kbxM4dS7xEXsciLaHHDOjZg5e0Z8xCWvep+4F8A1wbdFp2+kK1eOgl4ma+ftEfA0ccYki8a49jJfbjOkcQBCU06Uqjt2pBsJkZpRDv20GyuICO2SNtQNFSQA1UhG+/XxrlGauBVKc4XGI/X3REICpXqBb5IB0R016Q3F/7x6rFvHjYSJKNYg6M9DrZhjHeJhWbjJJFDNe4YQKpn5K6YdIgnVptK0KcGZXHmaVPbzTiF/cHOYPTkb17GIttEOyiEHHaETVELXqIwoekIv6A29W8/Wq/Vhff5EU9Z4Zgv9gTX4BiAJoJo=</latexit>

AI = h(⇡⇡)I |H�S=1
W |Ki

 scattering phase shiftsππ
<latexit sha1_base64="YbhhciLAk5/C6LzhNFASVe8bLq0=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqBch6EVvEcwDkyXMznaSIbOzy0yvEJb8hRcPinj1b7z5N04eB00saCiquunuChIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dROnmkONxzLWzYAZkEJBDQVKaCYaWBRIaASDm7HfeAJtRKwecJiAH7GeEl3BGVrpsR2CRNa5o1edYsktuxPQReLNSInMUO0Uv9phzNMIFHLJjGl5boJ+xjQKLmFUaKcGEsYHrActSxWLwPjZ5OIRPbJKSLuxtqWQTtTfExmLjBlGge2MGPbNvDcW//NaKXYv/UyoJEVQfLqom0qKMR2/T0OhgaMcWsK4FvZWyvtMM442pIINwZt/eZHUT8reefn0/qxUuZ7FkScH5JAcE49ckAq5JVVSI5wo8kxeyZtjnBfn3fmYtuac2cw++QPn8we/BZBR</latexit>

�I =
<latexit sha1_base64="Ecjuj7UQZzVgWZqxiq4rMSVVqng=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZI0RLsQim50V8E+oA1lMp20Q2cmYWYilNBfcONCEbf+kDv/xiStoKIHLhzOuZd77wliRpW2rA+jtLK6tr5R3qxsbe/s7lX3DzoqSiQmbRyxSPYCpAijgrQ11Yz0YkkQDxjpBtOr3O/eE6loJO70LCY+R2NBQ4qRzqUbeAGH1ZplOg3PbriwIK7rFcRx6h60TatADSzRGlbfB6MIJ5wIjRlSqm9bsfZTJDXFjMwrg0SRGOEpGpN+RgXiRPlpcescnmTKCIaRzEpoWKjfJ1LElZrxIOvkSE/Uby8X//L6iQ7P/ZSKONFE4MWiMGFQRzB/HI6oJFizWUYQljS7FeIJkgjrLJ5KFsLXp/B/0nFM2zPrt26tebmMowyOwDE4BTY4A01wDVqgDTCYgAfwBJ4NbjwaL8brorVkLGcOwQ8Yb59L5o3G</latexit>

I =

1. RBC-UKQCD performed first calculation of  in 2015


2. Improved result in 2020:  3.5x more statistics + improved systematics

ϵ′￼ Z.Bai et al., PRL 115 (2015)

R.Abbott et al., PRD 102 (2020)
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Re(✏0/✏) = 21.7 (2.6)stat.(8.0)sys.lattice:

experiments:
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Re(✏0/✏) = 16.6 (2.3)
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⇥10�4
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Systematic error budget

Intense work by RBC-UKQCD to reduce ~12% error due to use of single lattice spacing

(from C.Kelly @Lattice2023)

—>   IB correction will soon become relevant!

V.Cirigliano et al., 	JHEP 02 (2020)
estimated using PT resultsχ
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Isospin-breaking corrections

IB corrections are usually O(1%), but the "  rule" can give a ~20x enhancement in 


A calculation of these effects is very challenging!


‣ Lüscher & Lellouch-Lüscher formalisms that relate finite-volume quantities (energy levels & 
correlation functions) to infinite-volume observables (scattering phase shifts & decay 
amplitudes) need to be corrected for long range QED interactions


‣  final states with  and  are not independent anymore and can mix:  
it's a coupled two-channel problem

ΔI = 1/2 ϵ′￼/ϵ

ππ I = 0 I = 2

Y.Cai & Z.Davoudi, [1812.11015]  /  N.Christ & X.Feng, EPJ Web Conf. 175 (2018)  /  N.Christ et al., PRD 106 (2022)

First step done:  include QED corrections from Coulomb interaction to  scattering phase shiftπ+π+
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… an interesting future ahead!

Conclusions
Overview
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Pion
<latexit sha1_base64="FZkZktP/XLr0k/I/sIC2svskguI="></latexit>

�⇡ = 1/⌧⇡ = 1/[(2.6033± 0.0005) · 10�8s]

<latexit sha1_base64="GdDIObErOhUlFb8M0IbRNJR+ru0="></latexit>

�⇡!µ⌫/�⇡ = (99.98770± 0.00004)%

<latexit sha1_base64="TEEtNoMv2ont2vA/NmCgNCUQH2U="></latexit>

�⇡!µ⌫ = 3.8408 (7) · 107 s�1

Kaon

<latexit sha1_base64="uW2D79sPBIyxLb4fHjIbh8+DoEc="></latexit>

�K!µ⌫/�K = 63.56± 0.11)%
<latexit sha1_base64="ndtIx3kzGBqZIk2SatEp4mSFp5I="></latexit>

�K = 1/⌧K = 1/[(1.2380± 0.0020) · 10�8s]

<latexit sha1_base64="kcmwOn7mlmjjg3sPkRo1dTngzLQ="></latexit>

�K!µ⌫ = 5.134 (12) · 107 s�1

<latexit sha1_base64="5Fll+TZk0F001+gBKD3+uubGiYk="></latexit>

�K!µ⌫

�⇡!µ⌫
= 1.3367 (32)
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 Subtracting:


1.   universal FVEs up to 1/L
pion

<latexit sha1_base64="yppbASWsmuUC5oaH7Mny/vx1+I8="></latexit>

� = 1.90
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(w/o FVE)

RBC-UKQCD (2023)

�PT (2011)

RM123S (2019)

�0.016 �0.012 �0.008 �0.004 0

�RK⇡

D. Giusti et al., PRL 120 (2018)

! pure speculation!

possible small shift of RM123S result?

Combining all pieces of information


