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gauge invariance−→ first contribution to the amplitude often starts at NLO

full structure of the amplitude often only seen at NNLO

predictions? −→ determination of the low-energy constants



Most strategies implemented in the strong sector cannot easily be

transposed to the weak sector

Need to take a step back

strong sector: ChPT−→ three-flavour QCD

weak sector: ChPT−→ three-flavour QCD “augmented” by

four-fermion operators

LB
QCD +

∑

I

CB
I Q

B
I → LQCD +

∑

I

CI(ν)QI(ν)

SM only required to provide the list of appropriate operators and the values

of their “couplings” at some scale ν0 ∼ 1 GeV

problem shifted to the evaluation of the matrix elements of the QI ’s

problem simplifies in the ’t Hooft limit Nc →∞, Ncαs = cst



Nc→∞?



Large-Nc limit hasn’t been very succesful in understanding ∆S = 1
transitions

− fails to provide a quantitative understanding of the ∆I = 1/2 rule
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Why then consider large-Nc limit for rare kaon decays?

− in many cases, no ππ in final states

− cancellations are not necessarily at work (case-by-case study)

− may help to understand some features of the amplitude

(QCD SD singularities and how to deal with them, non-VMD features,...)

− may provide some guidance for constructing phenomenological models



Which QCD SD singularities?



As a template, consider flavour conserving two-photon transitions of neutral
spin-0 mesons−→ described by a transition form factor

i

∫

d4xeiq·x〈0|T{jµ
(x

2

)

jν
(

−x

2

)

}|M0(k)〉 = Fµν
M (q1, q2), q1 = k/2 + q, q2 = k/2− q

jρ =
∑

q=u,d,s

eq q̄γρq eu =
2

3
, ed = es = −

1

3

satisfying
Fµν

M (q1, q2) = Fµν
M (q2, q1) q1µFµν

M (q1, q2) = 0

i.e. [JPC = 0++ → CM = 0, JPC = 0−+ → AM = BM = 0]

Fµν
M (q1, q2) = i

AM (q21, q
2
2)

M2
M

Qµν(q1, q2) + iBM (q21 , q
2
2)P

µν(q1, q2) + CM (q21 , q
2
2)ǫ

µναβq1αq2β

Pµν(q1, q2) = qν1 q
µ
2 − (q1 · q2)ηµν , Qµν(q1, q2) = q22q

µ
1 q

ν
1 + q21q

µ
2 q

ν
2 − (q1 · q2)qµ1 qν2 − q21q

2
2η

µν



As a template, consider flavour conserving two-photon transitions of neutral
spin-0 mesons−→ described by a transition form factor

i

∫

d4xeiq·x〈0|T{jµ
(x

2

)

jν
(

−x

2

)

}|M0(k)〉 = Fµν
M (q1, q2), q1 = k/2 + q, q2 = k/2− q

jρ =
∑

q=u,d,s

eq q̄γρq eu =
2

3
, ed = es = −

1

3

−→ provides the amplitude for M0 → γγ...

〈γ(q1, λ1)γ(q2, λ); out|M0(k)〉 = ε(λ1)
µ (q1)ε

(λ2)
ν (q2)Fµν

K (q1, q2)|q2
1
=q2

2
=0

=
M2

M

2
ε(λ1)(q1) · ε(λ2)(q2)BM (0, 0) + iǫµναβε(λ1)

µ (q1)ε
(λ2)
ν (q2)q1αq2βCM (0, 0)

... but also for M0 → γℓ+ℓ− or M0 → ℓ+1 ℓ
−
1 ℓ

+
2 ℓ

−
2

〈ℓ+(p+)ℓ−(p−)γ(q2, λ); out|M0(k)〉 ∝ ε(λ2)
ν (q2)Fµν

K (q1, q2)|q2
1
=m2

ℓℓ
,q2

2
=0

and even for M0 → ℓ+ℓ− (involves a convergent loop integral)

lim
x→0

T{jµ
(x

2

)

jν
(−x

2

)

∼ −i 1

2π2
Aτ (0) ǫ

µνρτ∂ρ
1

x2
Aρ =

∑

q=u,d,s

e2q q̄γρq

lim
q→∞

q2

M2
M

AM((k/2 + q)2, (k/2− q)2) = lim
q→∞

BM ((k/2 + q)2, (k/2− q)2) ∝ 1

q2

lim
q→∞

CM((k/2 + q)2, (k/2− q)2) ∝ 1

q2



Anatomy of K → γ∗γ∗ at Nc→∞



What about K → γ∗γ∗ ?

One expects a similar description, with the additional zero-momentum
insertion of the weak |∆S| = 1 lagrangian of orderO(GF )

Fµν
K (q1, q2) = i

∫

d4x

∫

d4y eiq·x〈0|T{jµ
(x

2

)

jν
(

−x

2

)

iL|∆S|=1
non−lept(y)}|K(k)〉

L|∆S|=1
non−lept(x) = −

GF√
2
V ∗
usVud

6
∑

I=1

CI(ν)QI(x; ν) + h.c.

However natural, this definition brings with it some difficulties

lim
x→0

T{jµ(x)[(s̄iuj)V−A(ū
kdl)V−A](y)} ∼ −

1

18π4
δkj [s̄

iγρ(1− γ5)dl](0)
(

δµρ✷− ∂ρ∂
µ
) 1

(x2)2

This short-distance singularity is no longer integrable

Fµν
K (q1, q2) is not well defined in (three-flavour) QCD!

Does not affect ε(λ1)µ(q1)ε
(λ2)ν(q2)Fµν

K (q1, q2)|q2
1
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2
=0

Suitable for K → γγ but not, as it stands, for e.g. K → γℓ+ℓ−, K → ℓ+ℓ−,...
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kdl)V−A](y)} ∼ −

1

18π4
δkj [s̄

iγρ(1− γ5)dl](0)
(

δµρ✷− ∂ρ∂
µ
) 1

(x2)2

This short-distance singularity is no longer integrable

Fµν
K (q1, q2) is not well defined in (three-flavour) QCD!

Does not affect ε(λ1)µ(q1)ε
(λ2)ν(q2)Fµν

K (q1, q2)|q2
1
=q2

2
=0

Suitable for K → γγ but not, as it stands, for e.g. K → γℓ+ℓ−, K → ℓ+ℓ−,...

Is this singularity really there? If yes, how is it dealt with?
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One expects a similar description, with the additional zero-momentum
insertion of the weak |∆S| = 1 lagrangian of orderO(GF )

Fµν
K (q1, q2) = i

∫

d4x

∫

d4y eiq·x〈0|T{jµ
(x

2

)

jν
(

−x

2

)

iL|∆S|=1
non−lept(y)}|K(k)〉

L|∆S|=1
non−lept(x) = −

GF√
2
VusVud

6
∑

I=1

CI(ν)QI(x; ν) + h.c.

Fµν
K (q1, q2) = −

GF√
2
VusVud

[

i
a(q1, q2)

M2
K

Qµν(q1, q2) + ib(q1, q2)P
µν(q1, q2) + c(q1, q2)ǫ

µναβq1αq2β

]

In the absence of CPV [CI(ν) = C∗
I (ν)]

KL → γ∗γ∗ ←→ c(q1, q2) KS → γ∗γ∗ ←→ a(q1, q2), b(q1, q2)

In the large-Nc limit, the four-quark operators factorize into products of
quark bilinears



c(q21 , q
2
2) = +

2

9

√
2 [C1 − C4] q

2
2

[

HK(q21, q
2
2) + H̃K(q21, q

2
2)
]

×Π(q22)

+
2

9

√
2 [C1 − C4] q

2
1

[

HK(q22, q
2
1) + H̃K(q22, q

2
1)
]

×Π(q21)

+ finite

Divergence contained in the VP-type function

i

∫

d4x eiq·x〈0|T{[q̄γµq](x)[q̄γνq](0)}|0〉 = (qµqν − q2ηµν)Π(q2) q = u, d.

Π(s) = −Nc

1

16π2

8

3

1

d− 4

[

1 +
3

16

αs

π
Nc + · · ·

]

+ finite

(ΓK
V V )ρµ(q, k) ≡

∫

d4x eiq·x〈0|T{[d̄γρd](x)[s̄γµd](0)}|K0(k)〉 = iǫρµαβq
α
1 q

β
2HK(q21 , q

2
2)

(Γ̃K
V V )ρµ(q, k) ≡

∫

d4x eiq·x〈0|T{[s̄γρs](x)[s̄γµd](0)}|K0(k)〉 = iǫρµαβq
α
1 q

β
2 H̃K(q21 , q

2
2)
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π
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(ΓK
V V )ρµ(q, k) ≡

∫

d4x eiq·x〈0|T{[d̄γρd](x)[s̄γµd](0)}|K0(k)〉 = iǫρµαβq
α
1 q
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α
1 q
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no divergence in c(0, 0)!
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2
1) + H̃K(q22, q

2
1)
]

×Π(q21)

+ finite

Finite part essentially given by

8

9
C1FK

[

A+H(q21 , q22,M2
K)

]

where

Wµν(q1, q2) ≡
∫

d4x1

∫

d4x2 e
i(q1·x1+q2·x2)〈0|T{[ūγµu](x1)[ūγνu](x2)∂

ρ[ūγργ5u](0)}|0〉

= ǫµναβq
α
1 q

β
2H(q21 , q22, (q1 + q2)

2)

and

A = − Nc

2π2

is the ABJ anomaly
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ρ[ūγργ5u](0)}|0〉

= ǫµναβq
α
1 q

β
2H(q21 , q22, (q1 + q2)

2)

and

A = − Nc

2π2

is the ABJ anomaly

link with the usual ChPT expression obtained from the WZW lagrangian for

c(0, 0), but with η′ pole included (realistic description requires to go beyond

the large-Nc limit) J. F. Donoghue, B. R. Holstein, Y. C. R. Lin, Nucl. Phys. B 277, 651 (1986)

D. Gomez Dumm, A. Pich, Phys. Rev. Lett. 80, 4633 (1998)
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What about q21 6= 0 or even q21 6= 0 and q22 6= 0?



When the photons are virtual, one needs to deal with the SD singularity

Solution has to be provided by the SM

For K → γℓ+ℓ− this solution comes in the form of

L∆S=1
lept (x) = −GF√

2
VusVudC7V (ν)Q7V (x)

Provides the local counterterm that absorbs the divergence in Π(s)

Π(s), CB
7V −→ ΠMS(s; ν), C7V (ν)



The amplitude for K → γℓ+ℓ−MK→γℓ+ℓ−

λ (k, p+, p−) = ε
(λ)
µ (q)Mµ

L(k, p+, p−)

receives, in addition to the non-local component

Mnloc
µ (k, p+, p−; ν) = −ie2×ū(p−)γρv(p+)×

1

s
×Fµρ(q, k−q; ν) s = (k−q)2 = (p++p−)

2

an additional, “local” component

Mloc
µ (k, p+, p−; ν) =

1

i

∫

d4x〈ℓ+(p+)ℓ−(p−)|T{jµ(0)iL|∆S|=1
lept (x)}|K(k)〉

For KL this means

c(0, s) = +
2

9

√
2 [C1 − C4] s

[

HK(0, s) + H̃K(0, s)
]

×ΠMS(s; ν)

+
1

3

√
2 s

[

HK(0, s) + H̃K(0, s)
]

× C7V (ν)

4πα

+ · · ·

ν
d

dν

[

2

3
(C1 − C4)ΠMS(s; ν) +

C7V (ν)

4πα

]

= 0
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What about K → ℓ+ℓ−?

General structure rather clear

Problem: loop integrals do not converge

Requires a counterterm of orderO(α2GF )

Cannot be

L|∆S|=1
SD (x) =

GF√
2

α(MZ)

2π sin2 θw
[V ∗

tsVtdY (xt) + V ∗
csVcdYNL] [Q7V (x)−Q7A(x)]



What about K → ℓ+ℓ−?

General structure rather clear

Problem: loop integrals do not converge

Requires a counterterm of orderO(α2GF )

For s→ −∞
ΠMS(s; ν) ∼

1

4π2

Nc

3

[

−ln(−s/ν2)
(

1 +
3

8
Nc

αs(ν)

π
+ · · ·

)

+ · · ·
]

Features a logarithmic behaviour
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General structure rather clear

Problem: loop integrals do not converge

Requires a counterterm of orderO(α2GF )

For s→ −∞
ΠMS(s; ν) ∼

1

4π2

Nc

3

[

−ln(−s/ν2)
(

1 +
3

8
Nc

αs(ν)

π
+ · · ·

)

+ · · ·
]

Features a logarithmic behaviour

Cannot be achieved with a finite number of resonances



K → πγ∗ at Nc→∞



A(K+ → π+ℓ+ℓ−) = e2ū(pℓ−)γ
ρv(pℓ+)×

1

s

[

(k − p)ρ(M
2
K −M2

π)− s(k + p)ρ
]

× W+(s)

16π2M2
K

A(KS → π0ℓ+ℓ−) = e2ū(pℓ−)γ
ρv(pℓ+)×

1

s

[

(k − p)ρ(M
2
K −M2

π)− s(k + p)ρ
]

× WS(s)

16π2M2
K

W+,S = GFM
2
K

[

a+,S + b+,S

s

M2
K

+Wππ
+,S(s;α+,S , β+,S)

]



W+(s)

16π2M2
K

= +
GF√
2
VusVud ×

{

f+(s)×
[

2

3
ΠMS(s; ν)(C1 − C4) +

C7V (ν)

4πα

]

+(C2 + C4)×
[

− FKPπ(s,M2
K)− 2

3
FπPK(s,M2

π) +
1

3
FπP̃(s,M2

π)

− 2

3

FKFπ

M2
K −M2

π

(

3M2
π

Fπ
V (s)− 1

s
− 2M2

K

FK
u (s)− 1

s
+M2

K

FK
s (s) + 1

s

)

]}

+ · · ·

WS(s)

16π2M2
K

= −GF√
2
VusVud ×

{

f+(s)×
[

2

3
ΠMS(s; ν)(C1 − C4) +

C7V (ν)

4πα

]

+(C1 − C4)×
[

2

3

FπFKM2
K

M2
K −M2

π

FK
u (s) + FK

s (s)

s

−Fπ

3
PK(s,M2

π)−
Fπ

3
PK(s,M2

π)

]}

+ · · ·



(Γπ
V P )ρ(q, p) = i

∫

d4x eiq·x〈π+(p)|T{1
2
[ūγρu− d̄γρd](x)[ūiγ5d](0)}|0〉

(ΓK
V P )ρ(q, k) ≡ i

∫

d4x eiq·x〈0|T{[ūγρu](x)[s̄iγ5u](0)}|K+(k)〉

(Γ̃K
V P )ρ(q, k) ≡ i

∫

d4x eiq·x〈0|T{[s̄γρs](x)[s̄iγ5u](0)}|K+(k)〉

qρ(ΓK
V P )ρ(q, k) = −

√
2FK

M2
K

ms + m̂
, qρ(Γ̃K

V P )ρ(q, k) = +
√
2FK

M2
K

ms + m̂
.

(ms + m̂)(ΓK
V P )ρ(q, k) =

√
2FKM2

K

(2k − q)ρ
(q − k)2 −M2

K

FK
u (q2) +

√
2FKM2

K

FK
u (q2)− 1

q2
qρ

+
√
2[q2kρ − (q · k)qρ]PK(q2, (q − k)2)

(ms + m̂)(Γ̃K
V P )ρ(q, k) =

√
2FKM2

K

(2k − q)ρ
(q − k)2 −M2

K

FK
s (q2) +

√
2FKM2

K

FK
s (q2) + 1

q2
qρ

+
√
2[q2kρ − (q · k)qρ]P̃K(q2, (q − k)2)

〈K+(k′)|[ūγρu](0)|K+(k)〉 = (k′+k)ρF
K
u (q2), 〈K+(k′)|[s̄γρs](0)|K+(k)〉 = (k′+k)ρF

K
s (q2)



Lowest-meson-dominance approximation to the large-Nc limit:

one resonance per channel (pseudo-scalar channel is saturated by the kaon
state)

Pπ
LMD
(q2, (q + p)2) = 0, PK

LMD
(q2, (q − k)2) = 0, P̃K

LMD
(q2, (q − k)2) = 0.

Fπ
V ; VMD

(q2) =
M2

ρ

M2
ρ − q2

, FK
u; VMD

(q2) =
M2

ρ

M2
ρ − q2

, FK
s; VMD

(q2) =
M2

φ

q2 −M2
φ

.



This simple picture with a single resonance does not work in the case of
ΠMS(s; ν)

ΠMS(s; ν) =
2f2

ρM
2
ρ

M2
ρ − s

+ · · ·

The asymptotic logarithmic behaviour must involve an infinite number of
resonances

ΠMS(s; ν) =
2f2

ρM
2
ρ

M2
ρ − s

+
1

4π2

Nc

3

[

5

3
− ln(M2/ν2)−Ψ

(

1− s

M2

)

]

Ψ
(

1− s

M2

)

= −γE + 1 +
∑

n≥0

1

n+ 2

s

s− 2M2 − nM2

Ψ
(

1− s

M2

)

∼ ln(−s/M2)− 3

2

M2

s
+ · · · [s→ −∞]

In QCD, the Adler function s∂ΠMS(s; ν)/∂s does not have a term∝ 1/s in its asymtotic

expansion (in the chiral limit) S. Peris, M. Perrottet, E. de Rafael, JHEP 05, 011 (1998)

M2 =
16π2

3

3

Nc

f2
ρM

2
ρ ∼ 1.1 GeV



A few (preliminary) results

a+ + aS = − 1√
2
VudVus

16

3
π2FKFπ

M2
ρ

(C1 − 5C2) > 0

b+ + bS = − 1√
2
VudVus8π

2FKFπ

M2
ρ

M2
K

M2
ρ

(C1 − 3C2) > 0

aS =







+1.1 [NLO, HV]

+0.7 [NLO, NDR]

bS =







+0.8 [NLO, HV]

+0.5 [NLO, NDR]

aS
bS

M2
K

M2
ρ

∼ 0.6

a+ < 0 b+ < 0 aS > 0 bS > 0

with input from A. J. Buras et al., Nucl. Phys. B 423, 349 (1994)

Work in progress with G. D’Ambrosio and S. Neshatpour



Summary



ChPT provides the natural framework for the theoretical study of kaon physics

Difficult to make predictions for radiative decay modes of kaons without at least some

knowledge of counterterms

Implement large-Nc approach directly in the underlying theory: QCD with three active

flavours extended by an appropriate set of four-fermion operators (SM LEEFT)

Form factors for FCNC-induced transitions exhibit a more complex structure than in the

strong sector

Necessary to address the issue of QCD short-distance singularities

- either work in QCD with four active flavours and in the limit Vtd = 0 (GIM)

G. Isidori, G. Martinelli, P. Turchetti, Phys. Lett. B 633, 75 (2006)

- or need to consider an infinite tower of zero-width resonances in order to reproduce

the logarithmic high-energy behaviour of some QCD correlators

Study of K → πγ∗ is at in an advanced stage, interesting results (aS > 0)

Other radiative decay modes will be studied within this framework: K → γ∗γ∗, ...


