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Hadronic tau decay
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Measured at sub-percent level at ALEPH
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Precise a, determination is possible
if precise theoretical prediction is obtained.
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Short distance expansion b =

Euclidean /\

M, (~ 1.777GeV) > Ays(~ 0.332GeV) OPE \/Mé

D(Q?) = CP(Q?) + CRp(Q?) <g4> + O(Ags/Q)°

leading suppressed as (Ays/Q)*
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CP(Q? = D(Q?)|pr (PT: perturbation theory)

= do + dyos(p?) 4 (d2 + dibo log (1?/Q%)) aZ (1*)
+(ds + 2dzbo log (1?/Q?) + dyby log (1?/Q?) + dibjlog® (1?/Q%))al (p?) + - - -
4

o/ result is available. 12 Baikov, Chetyrkin, Kuhn, Rittinger



Choices of renormalization scale

Euclidean /

Contour integral on Q? = M?e*’ (—7m <0 < 7) OPE \/Mz

[
>

15 = —Q7

Two seemingly reasonable choices of the renormalization scale

.pu? = M2 : FOPT | (Fixed order perturbation theory)

CP(Q* = MZ2e*)
= do + dyas(M?) + (d2 + dibolog(e™?))a? (M?)
+(d3 + 2dz2bolog(e™*?) + d1b1log(e™*?) + d1bjlog? (—if)) a3 (M?) + - - -
p? = MzZe: CIPT
CP(Q* = MZe™)
= do + d; + d + d 4.



Discrepancy between FOPT and CIPT
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The difference does not reduce by including higher order!
Long standing problem



Understanding of the discrepancy

- The problem is attributed to 08 Beneke, Jamin
the divergent behavior of the perturbative series (renormalon). 13 Beneke, Boito, Jamin

dy, ~ (n—1)!(bg/u)™ [CP(Q%) = ) dnal(Q?))]

n>0
Divergent series require a careful treatment of the interchange of
the resummation (RG improvement) and the contour integral.
Only FOPT can approximate the correct answer, while CIPT cannot.
- A mathematical explanation why CIPT fails was given. 20 Hoang, Regner

- CIPT is also shown to work once the most serious renormalon is removed!
22 Benitez-Rathgeb, Boito, Hoang, Jamin
In this talk, | introduce a new method to remove the renormalon. 6



Renormalons of the Adler function

dnp ~ K_1n!(—bp)"™ + Kaon!(bg/2)™ 4+ K3sn!(bo/3)™ + - -

u=-1 renormalon u=2 renormalon u=3 renormalon
most serious

Positive (IR) renormalons induce inevitable uncertainties of nonperturbative form:

5CP ~ K (Agrs/Q)* + Ks(Agrs/Q)° + -+



Renormalons of the Adler function

u=-1 renormalon u=2 renormalon u=3 renormalon
most serious

Positive (IR) renormalons induce inevitable uncertainties of nonperturbative form:

6CP ~ Ka2(Ays/Q)* + Ka(Axis/Q)° +

<2>

+ O(Ays/Q)°

(AM—S/Q)4

The gluon condensate (GC) is also ambiguous (UV divergent) and cancels the u=2 renormalon.

Ambiguity of the GC closely relates to the u=2 renormalon
and hence the discrepancy b.t.w. FOPT and CIPT. /

OPE: D(Q*) =CP(Q%) + CEF(Q2)




Our idea

We replace the ambiguous GC by a well-defined and
measurable GC given through the gradient flow.

2

B(t) = Z(Gp, (t,2)Gp, (8, 2))

This quantity is defined through the gradient flow equation (flow timet dim [t] = —2)
0:B,(t,x) = D,G,,(t,x) + oD, 0,.B,(t,x), Bu(t=0,z) =A,(x)

Gu(t,x) =0,B,(t,x) —0,.B,(t,x) + gs[Bu.(t,x), B, (t, )]

Gradient-flow GC is UV finite 11 Luscher, Weisz
and can be measured on the lattice directly and accurately.



Renormalon cancellation

E(t) = —C’1 (t) + Crr(t)(F?) + O(tAs) Small flow time expansion (~OPE)

ambiguous GC

leading (PT)

Solve this equation for {F?)

<2>

D(Q*) = CP(Q%) + C?F(Qz) + O(Axs/Q)°
_ D 2 C?F Qz) E CFF(Qz) E(t) 6
- Cl (Q ) T CEF(t) t2Q4C’1 (t) + CEF(t) Q4 —I—O(tA /Q A S/Q )

PT, renormalon free! Unambiguous GC!

- 1/\/Z can be regarded the IR cutoff. (gauge invariant!)

- The subtraction term behaves as O(t°) at large order of PT
because log(u?t) terms are effectively exponentiated.



How to choose t

- The IR cutoff 1/v 8t (=the typical energy scale of E(t)) of the Adler function should be
1/V8t < Q ~ M,

- Smaller 1/+/8t realizes the renormalon cancellation at larger order of PT.
Not too small 1/+/8t should be chosen to realize the cancellation before the
other renormalons become significant.

1/+/8t should be a high enough energy so that the OPE is valid.
1/V8t > Ayg

* Nonperturbative lattice simulation can be accurately done.

a << V8t KL (Loose condition)

10



Model of all-order series

To examine if this renormalon subtraction method works, we examine higher order behavior
by modeling the all-order series (consistent with known coeffs.) based on the following ansatz:

* renormalons of the Adler function at u=-1, 2, 3 cf. 08 Beneke, Jamin
* renormalons of E(t) at u=2, 3

* the theoretically revealed singularity structure for u=2 and
rough singularity structures for u=-1 and u=3

* u=2 renormalon cancellation

Parameters in the all-order series model (Borel transforms) are fixed by
known perturbative coefficients and a 5th order estimated coefficient for the Adler function.

11



Renormalon subtracted Adler function

CP x 14 0.3183a, + 0.1661a2 + +0.2055a> + 0.5038a2 4+ 0.924780° + 3.238a8 + . ..

After renormalon subtraction

For 8tM? = 20
(CPYRS 1 4+ 0.2928a, + 0.08298a:2 — 0.03517a> + 0.05646a? — 0.085250° + 0.5982a8 + - - -

For 8tM? = 10
(CP)R® 1+ 0.2165a, — 0.1160a® — 0.4233a2 4 0.08879a% — 0.1740740° + 0.3884a% 4 - ..

Perturbative coefficients are kept small 19



FOPT and CIPT
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CIPT with renormalon subtraction
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RS CIPT can successfully approximate the exact answer! 14



Summary and comments

* The hadronic tau decay width can be a useful observable for precisely
extracting a..

- Recently, the long-standing discrepancy between FOPT and CIPT
has been resolved by subtracting the u=2 renormalon.

- We propose a new renormalon subtraction method using the gradient flow
and obtain a consistent result between FOPT and CIPT.

- Renormalon cancellation in our method is automatic
(i.e. we do not need to estimate the size of the renormalon)
and our nonperturbative GC can be measured accurately.

We'd like to perform a precise ag determination using our method.
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