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measure how energy is distributed within jets
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Jet substructure as a probe of QCD

•  make jet substructure measurements in real data   
and compare to perturbative QCD calculations

•  use to tune Monte Carlo event generators



Jet substructure for event discrimination

•  the LHC inverse problem:  

how do we connect what we measure                   
(jets) to the hard scattering ?

•  use the characteristic energy distribution of 
signal jets (e.g. top jets) to discriminate against 
background jets (e.g. QCD jets initiated by 
light partons) 

•  especially relevant for boosted objects



Sequential jet clustering algorithms

2.2.5 The anti-kt algorithm

One can generalise the kt and Cambridge/Aachen distance measures as [33]:

dij = min(p2pti , p
2p
tj )

∆R2
ij

R2
, ∆R2

ij = (yi − yj)
2 + (φi − φj)

2 , (10a)

diB = p2pti , (10b)

where p is a parameter that is 1 for the kt algorithm, and 0 for C/A. It was observed in [33]
that if one takes p = −1, dubbed the “anti-kt” algorithm, then this favours clusterings that
involve hard particles rather than clusterings that involve soft particles (kt algorithm) or
energy-independent clusterings (C/A). This ultimately means that the jets grow outwards
around hard “seeds”. However since the algorithm still involves a combination of energy
and angle in its distance measure, this is a collinear-safe growth (a collinear branching
automatically gets clustered right at the beginning of the sequence).12 The result is an
IRC safe algorithm that gives circular hard jets, making it an attractive replacement for
certain cone-type algorithms (notably IC-PR algorithms).

One should be aware that, unlike for the kt and C/A algorithms, the substructure clas-
sification that derives from the clustering-sequence inside an anti-kt jet cannot be usefully
related to QCD branching (essentially the anti-kt recombination sequence will gradually
expand through a soft subjet, rather than first constructing the soft subjet and then re-
combining it with the hard subjet).

2.2.6 Other sequential recombination ideas

The flexibility inherent in the sequential recombination procedure means that a number of
variants have been considered in both past and recent work. Some of the main ones are
listed below.

Flavour-kt algorithms. If one is interested in maintaining a meaningful flavour for jets
(for example in purely partonic studies, or when discussing heavy-flavour jets), then one
may use a distance measure that takes into account the different divergences for quark and
gluon branching, as in [81, 82]. The essential idea is to replace eq. (4) with

y(F )
ij =

2(1− cos θij)

Q2
×
{

max(E2
i , E

2
j ) , softer of i, j is flavoured,

min(E2
i , E

2
j ) , softer of i, j is flavourless,

(11)

where gluonic (or non-heavy-quark) objects are considered flavourless. This reflects the
fact that there is no divergence for producing a lone soft quark, and correctly ensures that
soft quarks are recombined with soft antiquarks. In normal algorithms, in contrast, a soft
quark and anti-quark may end up in different jets, polluting the flavour of each one. Full

12If one takes p → −∞ then energy is privileged at the expense of angle and the algorithm then becomes
collinear unsafe, and somewhat like an IC-PR algorithm.
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we shall see below.

Cone algorithms have evolved substantially since [15] and are today mostly used at
hadron colliders. The changes reflect the fact that in hadron collisions it doesn’t make
sense to discuss the total energy (since most of it is not involved in the hard reaction,
and goes down the beam pipe), that it isn’t always obvious, physically or computationally,
where to place the cones, and that issues arise when trying to define events with more than
two jets (with the associated problem of “overlapping” cones).

2.1.1 Iteration

Let us first examine the question of where to place the cones. Most of today’s widely used
cone algorithms are “iterative cones” (IC). In such algorithms, a seed particle i sets some
initial direction, and one sums the momenta of all particles j within a circle (“cone”) of
radius R around i in azimuthal angle φ and rapidity y (or pseudorapidity η),1 i.e. taking
all j such that

∆R2
ij = (yi − yj)

2 + (φi − φj)
2 < R2 , (1)

where yi and φi are respectively the rapidity and azimuth of particle i. The direction of the
resulting sum is then used as a new seed direction, and one iterates the procedure until the
direction of the resulting cone is stable. The dimensionless parameter R here, known as the
jet radius, replaces the angular scale δ that was present in the original Sterman-Weinberg
proposal. The Sterman-Weinberg ε parameter is less-directly mirrored in hadron-collider
cone algorithms. Rather, most physics analyses will use a cone algorithm to obtain jets
without any specific energy cut, but then will consider only those jets that are above a
certain transverse-momentum threshold.

To be fully specified, seeded iterative jet algorithms must deal with two issues:

• What should one take as the seeds?

• What should one one do when the cones obtained by iterating two distinct seeds
“overlap” (i.e. share particles)?

Different approaches to these issues lead to two broad classes of cone algorithm.

2.1.2 Overlapping cones: the progressive removal approach

One approach is to take as one’s first seed the particle (or calorimeter tower) with the
largest transverse momentum. Once one has found the corresponding stable cone, one

1These are standard hadron-collider variables. Given a beam along the z-direction, a particle with
longitudinal momentum pz, energy E and angle θ with respect to the beam (longitudinal) direction has
rapidity y ≡ 1

2 ln
E+pz

E−pz
and pseudorapidity η ≡ − ln tan θ/2. Massless particles have y = η. Differences in

rapidity are invariant under longitudinal boosts, whereas differences in pseudorapidity are invariant only
for massless particles. Where an analysis in e+e− will use particles’ energies and the angles between the
particles, an analysis in a pp collider will often use pt (or Et) and ∆R2

ij (defined either with rapidities or
pseudorapidities).
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∆Rij•  use the euclidean distance          in the         planey−φ

•  using an iterative procedure, combine four-vectors 
of particles to yield a list of jet four-vectors

•  procedure is formulated in coordinates with 
simple properties under longitudinal boosts (the 
rapidity y and the azimuthal angle   )

we shall see below.
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Sequential jet clustering algorithms
Cambridge-Aachen Algorithm

1.  find the smallest of the        

2.  combine i and j and return to step 1

3.  continue until all

4.  the remaining four-vectors define a list of jets

∆Rij

∆Rij > R





∆R
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If                then we get 3 jets

∆R

∆R > R

If                then we get 2 jets∆R < R



Boosted particles

•  at the LHC many of the particles considered ‘heavy’ at 
previous colliders will be produced with transverse momenta 
far exceeding their rest masses (                    )

•  in many Beyond the Standard Model scenarios boosted 
particles appear in the decay of heavy resonances 
(e.g.             )

Some jet substructure techniques

W±, Z0, t, h

φ → tt̄



•  can pay to go to the boosted regime if substructure 
techniques can reduce backgrounds

Boosted higgs search

•  for                  the decay products of the higgs will typically 
be close together and reconstructed as a single jet 

•  about 5% of the cross-section for VH has                 GeV

•  backgrounds (V+jets, VV, top pairs) fall faster with               
than the signal

pT >∼ mH

pT > 200

pT

Some jet substructure techniques

Jon Butterworth, Adam Davison, Mathieu Rubin, Gavin Salam arXiv/hep-ph:0802.2470



Some jet substructure techniques

•  to capture all of the higgs decay products in 
a single jet, we need to use “fat” jets

•  to accurately reconstruct the mass of the 
higgs, we want to “clean up” our jet to get rid 
of contamination from the underlying event 
and pile-up

•  use jet substructure techniques to identify 
the heavy particle neighborhood of the jet



Some jet substructure techniques

j

j1 j2

h

b b̄ mj ∼ mh

mj1 ∼ 0

mj2 ∼ 0



1.  Break a fat (R=1.5) C/A  jet    into subjets    and    by 
undoing the last stage of clustering;  label so that

Some jet substructure techniques

j j1 j2
mj1 > mj2



1.  Break a fat (R=1.5) C/A  jet    into subjets    and    by 
undoing the last stage of clustering;  label so that

2.  If there is a significant mass drop 
    then exit the loop

3.  Otherwise redefine     as    and go back to step 1                                           

Some jet substructure techniques

j j1 j2
mj1 > mj2

mj1 < µmj

jj1

Here               µ = 0.67
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Some jet substructure techniques
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1.  Break a fat (R=1.5) C/A  jet    into subjets    and    by 
undoing the last stage of clustering;  label so that

2.  If there is a significant mass drop 
    then exit the loop

3.  Otherwise redefine     as    and go back to step 1                                           

Some jet substructure techniques

j j1 j2
mj1 > mj2

mj1 < µmj

jj1

Here               

4.  Finally, recluster with                                  and use the 
three hardest subjets to calculate the filtered Higgs mass

µ = 0.67

Rfilt = min(0.3, Rbb̄
2 )



Some jet substructure techniques

2

b Rbb Rfilt

Rbbg

b
R

mass drop filter

FIG. 1: The three stages of our jet analysis: starting from a hard massive jet on angular scale R, one identifies the Higgs
neighbourhood within it by undoing the clustering (effectively shrinking the jet radius) until the jet splits into two subjets
each with a significantly lower mass; within this region one then further reduces the radius to Rfilt and takes the three hardest
subjets, so as to filter away UE contamination while retaining hard perturbative radiation from the Higgs decay products.

objects (particles) i and j, recombines the closest pair,
updates the set of distances and repeats the procedure
until all objects are separated by a ∆Rij > R, where R
is a parameter of the algorithm. It provides a hierarchical
structure for the clustering, like the K⊥algorithm [9, 10],
but in angles rather than in relative transverse momenta
(both are implemented in FastJet 2.3[11]).

Given a hard jet j, obtained with some radius R, we
then use the following new iterative decomposition proce-
dure to search for a generic boosted heavy-particle decay.
It involves two dimensionless parameters, µ and ycut:

1. Break the jet j into two subjets by undoing its last
stage of clustering. Label the two subjets j1, j2 such
that mj1 > mj2 .

2. If there was a significant mass drop (MD), mj1 <
µmj, and the splitting is not too asymmetric, y =
min(p2

tj1
,p2

tj2
)

m2

j

∆R2
j1,j2

> ycut, then deem j to be the

heavy-particle neighbourhood and exit the loop.
Note that y ! min(ptj1 , ptj2)/ max(ptj1 , ptj2).

1

3. Otherwise redefine j to be equal to j1 and go back
to step 1.

The final jet j is to be considered as the candidate Higgs
boson if both j1 and j2 have b tags. One can then identify
Rbb̄ with ∆Rj1j2 . The effective size of jet j will thus be
just sufficient to contain the QCD radiation from the
Higgs decay, which, because of angular ordering [12, 13,
14], will almost entirely be emitted in the two angular
cones of size Rbb̄ around the b quarks.

The two parameters µ and ycut may be chosen inde-
pendently of the Higgs mass and pT . Taking µ 1/

√
3

ensures that if, in its rest frame, the Higgs decays to a
Mercedes bb̄g configuration, then it will still trigger the
mass drop condition (we actually take µ = 0.67). The cut
on y ! min(zj1 , zj2)/ max(zj1 , zj2) eliminates the asym-
metric configurations that most commonly generate sig-
nificant jet masses in non-b or single-b jets, due to the

1 Note also that this ycut is related to, but not the same as, that
used to calculate the splitting scale in [5, 6], which takes the jet
pT as the reference scale rather than the jet mass.

Jet definition σS/fb σB/fb S/
√

B · fb

C/A, R = 1.2, MD-F 0.57 0.51 0.80

K⊥, R = 1.0, ycut 0.19 0.74 0.22

SISCone, R = 0.8 0.49 1.33 0.42

TABLE I: Cross section for signal and the Z+jets background
in the leptonic Z channel for 200 < pTZ/GeV < 600 and
110 < mJ/GeV < 125, with perfect b-tagging; shown for
our jet definition, and other standard ones at near optimal R
values.

soft gluon divergence. It can be shown that the maxi-
mum S/

√
B for a Higgs boson compared to mistagged

light jets is to be obtained with ycut ! 0.15. Since we
have mixed tagged and mistagged backgrounds, we use a
slightly smaller value, ycut = 0.09.

In practice the above procedure is not yet optimal
for LHC at the transverse momenta of interest, pT ∼
200 − 300 GeV because, from eq. (1), Rbb̄ 2mh/pT is
still quite large and the resulting Higgs mass peak is sub-
ject to significant degradation from the underlying event
(UE), which scales as R4

bb̄
[15]. A second novel element

of our analysis is to filter the Higgs neighbourhood. This
involves resolving it on a finer angular scale, Rfilt < Rbb̄,
and taking the three hardest objects (subjets) that ap-
pear — thus one captures the dominant O (αs) radiation
from the Higgs decay, while eliminating much of the UE
contamination. We find Rfilt = min(0.3, Rbb̄/2) to be
rather effective. We also require the two hardest of the
subjets to have the b tags.

The overall procedure is sketched in Fig. 1. We il-
lustrate its effectiveness by showing in table I (a) the
cross section for identified Higgs decays in HZ produc-
tion, with mh = 115 GeV and a reconstructed mass re-
quired to be in an moderately narrow (but experimen-
tally realistic) mass window, and (b) the cross section
for background Zbb̄ events in the same mass window.
Our results (C/A MD-F) are compared to those for the
K⊥algorithm with the same ycut and the SISCone [16]
algorithm based just on the jet mass. The K⊥algorithm
does well on background rejection, but suffers in mass
resolution, leading to a low signal; SISCone takes in less
UE so gives good resolution on the signal, however, be-
cause it ignores the underlying substructure, fares poorly
on background rejection. C/A MD-F performs well both

the “BDRS” procedure in diagrams



Why do we care about jets?
Anything that decays to quarks and gluons will produce jets!

Lots of interesting new, old particles have decays including jets!

(ν̄)
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b jet

b jet

jet
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W+
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The HEPTopTagger
HEP = Heidelberg/Eugene/Paris

Tilman Plehn, Gavin Salam, Michael Spannowsky, Michihisa Takeuchi, Dirk Zerwas
arXiv/hep-ph:1006.2833        arXiv/hep-ph:0910.5472  

•  essentially a generalization of the BDRS procedure to identify the 
three-pronged hard substructure of a top jet

•  designed for intermediate boost 

where

χ(y,φ; yi,φi) ≡ cos(y − yi)− cosh(φ− φi) (4)

The resulting radiation patterns are depicted in FIG.2.
One sees explicitly that the color singlet has its radiation
clustered in the region between the two partons, whereas
for partons color-connected to the beam, a substantial
amount of radiation is emitted towards the beam. One
could try to use the expressions of eqn. 2 and eqn. 3 to
generate dipolarity distributions for the radiation pat-
terns of FIG. 2. Unfortunately, these expressions are too
inexact for the purpose of calculating reliable estimates
of D for different color configurations. Nevertheless, if
one does a coarse-grained dipolarity sum over Ws and
Wns one finds that Dns ∼ 2Ds, in accord with our expec-
tations.

To see how dipolarity can be useful within the context
of top tagging, consider a collection of fat jets that origi-
nate from hard partons with identical kinematic configu-
rations but different color configurations. If one of the fat
jets does a good job of faking the kinematics of a heavy
particle decay (the top, say), then they all make equally
good fakes. The dipolarities of their subjets, however,
will be broadly distributed in accord with their different
color configurations. Thus the dipolarity of the W in a
hadronic top decay seems well-suited as a discriminant
for top tagging.

HEPTopTagger

To test whether this is indeed the case, we incorpo-
rate dipolarity into the HEPTopTagger, which is de-
signed to work effectively at intermediate boost, with
200GeV � pT � 800GeV 200GeV � pT � 800GeV
200GeV� pT � 800GeV. The good performance of the
HEPTopTagger at these pT makes it a good candidate
for such a modification because dipolarity cuts are ex-
pected to be most effective at intermediate pT . This is
because at lower pT contamination from pile-up and the
underlying event becomes more of a concern as the top
jets become fatter and fatter, while at higher pT the fi-
nite resolution of the detector makes it difficult to get a
handle on jet shapes. Before we describe our modifica-
tions to the HEPTopTagger, we first give an outline of
the algorithm. See [3] for more details.

1. Using the Cambridge/Aachen algorithm cluster the
event into fat R = 1.5 jets.

2. Break each fat jet into hard subjets using the fol-
lowing mass drop criterion. Undo the last stage
of clustering to yield two subjets j1 and j2 (with
mj1 > mj2), keeping both j1 and j2 ifmj1 < 0.8mj2
and otherwise dropping j2. Repeat this procedure
recursively, stopping when the mji drop below 30
GeV.

3. Consider in turn all possible triplets of hard sub-
jets. First, filter each triplet with a resolution

Rfilter = min(0.3,∆Rij/2). Next, using the five
hardest constituent subjets of the filtered triplet
calculate the jet mass mfilt. Finally, choose the
triplet whose mfilt lies closest to mt.

4. Recluster the five filtered constituents chosen in
step 3 into exactly three subjets j1, j2, and j3 or-
dered in descending pT . Accept the fat jet as a
top candidate if it passes any of the following three
pairs of mass cuts:

i) 0.2 ≤ arctan m13 ≤ 1.3

i�) Rmin ≤ m23

m123
≤ Rmax

ii) R2
min

�
1 +

m2
13

m2
12

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
13

m2
12

�

ii�)
m23

m123
≥ 0.35

iii) R2
min

�
1 +

m2
12

m2
13

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
12

m2
13

�

iii�)
m23

m123
≥ 0.35

Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-
jets defined in step 4 be greater than 200 GeV.

[mention b-tagging]
We introduce dipolarity cuts into the HEPTopTagger

by modifying step 4 above. For a top candidate that has
passed one of the three pairs of mass cuts we calculate
the dipolarity of the W as identified by the mass cut:
e.g. for a top candidate that satisfies ii) and ii’) the W is
identified as j1+j2. If more than one of the pairs of mass
conditions is satisfied in step 4, we choose the smaller
dipolarity. We find that this procedure performs better
than calculating the dipolarity of the pair of subjets that
reconstructs mW most accurately.
In addition to introducing dipolarity cuts, we also

make cuts on the filtered mass of the reconstructed top,
mfilt, which is not done in the original HEPTopTagger,
where the cuts have been chosen so as to avoid any ex-
plicit mass scales. We introduce cuts on mfilt for two
reasons. The first is to improve background rejection.
The second and main reason is that we are interested in
determining whether dipolarity cuts are sufficiently or-
thogonal to cuts on kinematical variables to yield sizable
improvements in background rejection. In order to do
this we must make sure that the HEPTopTagger is using
a full compliment of kinematic cuts, including cuts on
mfilt.
Note that the ji selected in step 4 contain only the

hard substructure of the fat jet. Some amount of soft
radiation has been thrown out by filtering and the mass
drop criterion. To effectively gauge whether the radiation
pattern of the reconstructed W is consistent with the ex-
pected dipole radiation pattern, it is important to include
some of the discarded soft radiation. We find that the

3



The HEPTopTagger
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FIG. 2: Top: Eikonal radiation pattern dpT /dηdφ for a color

singlet with ∆R=0.9, typical for a W±
originating from a

top with pT ∼ 300 GeV. Bottom: As above with the partons

instead color-connected to the beam (left/right-going parton

connected to the left/right beam). For the color singlet the ra-

diation is mostly found in the region between the two subjets.

For the background-like color configuration, the radiation is

pulled towards the beam. See (2) and (3).

estimate of D for various color configurations could be
obtained by using antenna patterns as in [28].

Dipolarity can be used within the context of top tag-
ging to reduce QCD backgrounds. Consider a collection
of fat QCD jets originating from parton branchings with
identical kinematics but different color configurations as
illustrated in FIG. 3. If one of the QCD jets fakes the
kinematics of a top quark decay, then each of the differ-
ent color configurations fakes the kinematics equally well.
The dipolarities of the subjets, however, will be broadly
distributed in accord with their different color configu-
rations. For instance, gluon jets are known to give the
largest fake rates for top jets as a consequence of their
larger Casimirs which more often result in wide angle
branchings with significant mass drops. FIG. 3 illustrates
how gluon jets, with their distinct color configurations,

FIG. 3: Schematic for a collection of QCD jets whose kine-

matics fake the top. The upper figures show various possi-

bilities for quarks and gluons that undergo two branchings.

The bottom figures show the corresponding large Nc color di-

agrams, with dipole radiation patterns superimposed across

color dipoles. Only the rightmost color configuration, which

is suppressed by factors of CA/CF with respect to the others,

matches the radiation pattern of an actual top.

radiate differently from top jets. All of this suggests that
the dipolarity of the W± in a hadronic top decay is well-
suited as a discriminant in top tagging algorithms.

HEPTopTagger

To test whether dipolarity makes an effective dis-
criminant, cuts on dipolarity are incorporated into the
HEPTopTagger [1, 2], which is designed to work effec-
tively at intermediate boost, with 200GeV � pT �
800 GeV. The high efficiency of the HEPTopTagger at
these pT makes it a good candidate for such a modifi-
cation because dipolarity cuts are expected to be most
effective at intermediate pT . This is because at lower pT

contamination from pile-up and the underlying event be-
comes more of a concern as the top jets become fatter
and fatter, while at higher pT the finite resolution of the
detector makes it difficult to get an accurate handle on
radiation patterns. Furthermore, the multibody filtering
implemented by the HEPTopTagger results in accurate re-
construction of the W±. The HEPTopTagger algorithm
is defined as follows.1

1. Using the Cambridge/Aachen algorithm cluster the
event into fat R = 1.5 jets.

2. Break each fat jet into hard subjets using the fol-
lowing mass-drop criterion. Undo the last stage
of clustering to yield two subjets j1 and j2 (with
mj1 > mj2), keeping both j1 and j2 if mj1 < 0.8mj2

1 The HEPTopTagger does not make use of b-tagging, which is a
natural extension to the algorithm that can result in significant
improvements in background rejection. Since dipolarity cuts are
orthogonal to b-tagging, we do not explore the use of b-tagging
in this paper.
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triplet whose mfilt lies closest to mt.

4. Recluster the five filtered constituents chosen in

step 3 into exactly three subjets j1, j2, and j3 or-

dered in descending pT . Accept the fat jet as a

top candidate if it passes any of the following three

pairs of mass cuts:

i) 0.2 ≤ arctan m13 ≤ 1.3

i�) Rmin ≤
m23

m123
≤ Rmax

ii) R2
min

�
1 +

m2
13

m2
12

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
13

m2
12

�

ii�)
m23

m123
≥ 0.35

iii) R2
min

�
1 +

m2
12

m2
13

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
12

m2
13

�

iii�)
m23

m123
≥ 0.35

Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-

jets defined in step 4 be greater than 200 GeV.

Dipolarity cuts are introduced into the HEPTopTagger

by modifying step 4 above. For a top candidate that has

passed one of the three pairs of mass cuts we calculate

the dipolarity of the W±
as identified by the mass cut:

e.g. for a top candidate that satisfies ii) and ii’) the W±
is

identified as j1+j2. If more than one of the pairs of mass

conditions is satisfied in step 4, we choose the smaller

dipolarity. We find that this procedure performs better

than calculating the dipolarity of the pair of subjets that

reconstructs mW most accurately.

In addition to introducing dipolarity cuts, we also

make cuts on the filtered mass of the reconstructed top,

mfilt, which is not done in the original HEPTopTagger,

where the cuts have been chosen so as to avoid any ex-

plicit mass scales. We introduce cuts on mfilt for two

reasons. The first is to improve background rejection.

The second and main reason is that we are interested

in determining whether dipolarity cuts are essentially or-

thogonal to cuts on kinematic observables. To do this we

must ensure that the HEPTopTagger is using a full com-

pliment of kinematic cuts, including cuts on mfilt. In a

particular application, cuts on mfilt may be undesirable.

In that case, the inclusion of dipolarity cuts would result

in a larger improvement of background rejection.
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FIG. 4: Dipolarity distributions for W±
s reconstructed by

the HEPTopTagger and passing default mass cuts with mfilt ∈
[150 GeV, 210 GeV]. Thick solid lines indicate central values,

whereas thin dashed lines correspond to values at 10% and

90%. Here and throughout the pT is that of the fat R = 1.5
jet. For all pT the central value of the dipolarity for the back-

ground is O(50%−100%) larger than for the signal. This fig-

ure uses the HERWIG event samples; the PYTHIA event samples

yield similar distributions. The dot-dash line roughly indi-

cates where dipolarity cuts are made at the S=20% working

point.

Note that the ji selected in step 4 contain only the hard

substructure of the fat jet. Some amount of soft radiation

has been thrown out by filtering and the mass drop crite-

rion. To effectively gauge whether the radiation pattern

of the reconstructed W±
is consistent with the expected

dipole radiation pattern, it is important to include some

of the discarded soft radiation. We find that the crite-

rion used to select the radiation included in calculating

the dipolarity of the W±
has significant impact on the

ultimate utility of dipolarity as a discriminant. In par-

ticular different criteria will lead to dipolarity distribu-

tions that are more or less correlated with the kinematic

observables considered by the HEPTopTagger. Applying

dipolarity in another context would likely require this

criterion to be carefully reworked so as to maximize per-

formance. In the present case we find that the following

criterion, which aims to capture as much of the radiation

emitted by the W±
as possible, while minimizing possible

contamination, to be most effective. In addition to the

hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
√

2, where ∆R is defined between the

two hard W±
subjets. Furthermore we exclude any ra-

diation contained within the smallest cone that encloses

the hard b subjet. Note that angular ordering implies

that the majority of the radiation emitted by the W±
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and otherwise dropping j2. Repeat this procedure

recursively, stopping when the mji drop below 30

GeV.

3. Consider in turn all possible triplets of hard sub-

jets. First, filter each triplet with a resolution

Rfilter = min(0.3,∆Rij/2). Next, using the five

hardest constituent subjets of the filtered triplet

calculate the jet mass mfilt. Finally, choose the

triplet whose mfilt lies closest to mt.

4. Recluster the five filtered constituents chosen in

step 3 into exactly three subjets j1, j2, and j3 or-

dered in descending pT . Accept the fat jet as a

top candidate if it passes any of the following three

pairs of mass cuts:

i) 0.2 ≤ arctan m13 ≤ 1.3

i�) Rmin ≤
m23

m123
≤ Rmax

ii) R2
min

�
1 +
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13

m2
12

�
≤ 1− m2

23
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123
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13

m2
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�
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≥ 0.35

iii) R2
min

�
1 +

m2
12

m2
13

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
12

m2
13

�

iii�)
m23

m123
≥ 0.35

Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-

jets defined in step 4 be greater than 200 GeV.

Dipolarity cuts are introduced into the HEPTopTagger

by modifying step 4 above. For a top candidate that has

passed one of the three pairs of mass cuts we calculate

the dipolarity of the W±
as identified by the mass cut:

e.g. for a top candidate that satisfies ii) and ii’) the W±
is

identified as j1+j2. If more than one of the pairs of mass

conditions is satisfied in step 4, we choose the smaller

dipolarity. We find that this procedure performs better

than calculating the dipolarity of the pair of subjets that

reconstructs mW most accurately.

In addition to introducing dipolarity cuts, we also

make cuts on the filtered mass of the reconstructed top,

mfilt, which is not done in the original HEPTopTagger,

where the cuts have been chosen so as to avoid any ex-

plicit mass scales. We introduce cuts on mfilt for two

reasons. The first is to improve background rejection.

The second and main reason is that we are interested

in determining whether dipolarity cuts are essentially or-

thogonal to cuts on kinematic observables. To do this we

must ensure that the HEPTopTagger is using a full com-

pliment of kinematic cuts, including cuts on mfilt. In a

particular application, cuts on mfilt may be undesirable.

In that case, the inclusion of dipolarity cuts would result

in a larger improvement of background rejection.
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FIG. 4: Dipolarity distributions for W±
s reconstructed by

the HEPTopTagger and passing default mass cuts with mfilt ∈
[150 GeV, 210 GeV]. Thick solid lines indicate central values,

whereas thin dashed lines correspond to values at 10% and

90%. Here and throughout the pT is that of the fat R = 1.5
jet. For all pT the central value of the dipolarity for the back-

ground is O(50%−100%) larger than for the signal. This fig-

ure uses the HERWIG event samples; the PYTHIA event samples

yield similar distributions. The dot-dash line roughly indi-

cates where dipolarity cuts are made at the S=20% working

point.

Note that the ji selected in step 4 contain only the hard

substructure of the fat jet. Some amount of soft radiation

has been thrown out by filtering and the mass drop crite-

rion. To effectively gauge whether the radiation pattern

of the reconstructed W±
is consistent with the expected

dipole radiation pattern, it is important to include some

of the discarded soft radiation. We find that the crite-

rion used to select the radiation included in calculating

the dipolarity of the W±
has significant impact on the

ultimate utility of dipolarity as a discriminant. In par-

ticular different criteria will lead to dipolarity distribu-

tions that are more or less correlated with the kinematic

observables considered by the HEPTopTagger. Applying

dipolarity in another context would likely require this

criterion to be carefully reworked so as to maximize per-

formance. In the present case we find that the following

criterion, which aims to capture as much of the radiation

emitted by the W±
as possible, while minimizing possible

contamination, to be most effective. In addition to the

hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
√

2, where ∆R is defined between the

two hard W±
subjets. Furthermore we exclude any ra-

diation contained within the smallest cone that encloses

the hard b subjet. Note that angular ordering implies

that the majority of the radiation emitted by the W±
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Figure 3: Distribution of all events in the arctanm13/m12 vs m23/m123 plane. We show tt̄ (left). W+jets (center) and
pure QCD jets (right) samples. More densely populated regions of the phase space appear in red.

2. for each fat jet, find all hard subjets using a mass drop criterion: when undoing the last clustering of the

jet j, into two subjets j1, j2 with mj1 > mj2 , we require mj1 < 0.8 mj to keep j1 and j2. Otherwise, we

keep only j1. Each subjet ji we either further decompose (if mji > 30 GeV) or add to the list of relevant

substructures.

3. iterate through all pairings of three hard subjets: first, filter them with resolution Rfilter =

min(0.3,∆Rjk/2). Next, use the five hardest filtered constituents and calculate their jet mass (for less

than five filtered constituents use all of them). Finally, select the set of three-subjet pairings with a jet

mass closest to mt.

4. construct exactly three subjets j1, j2, j3 from the five filtered constituents, ordered by pT . If the masses

(m12,m13,m23) satisfy one of the following three criteria, accept them as a top candidate:

0.2 < arctan
m13

m12
< 1.3 and Rmin <

m23

m123
< Rmax

R2
min

�
1 +

�
m13

m12

�2
�

< 1−
�

m23

m123

�2

< R2
max

�
1 +

�
m13

m12

�2
�

and
m23

m123
> 0.35

R2
min

�
1 +

�
m12

m13

�2
�

< 1−
�

m23

m123

�2

< R2
max

�
1 +

�
m12

m13

�2
�

and
m23

m123
> 0.35 (A1)

with Rmin = 85%×mW /mt and Rmax = 115%×mW /mt. The numerical soft cutoff at 0.35 is independent

of the masses involved and only removes QCD events. The distributions for top and QCD events we show

in Fig. 3.

5. finally, require the combined pT of the three subjets to exceed 200 GeV.

In step 3 of the algorithm there exist many possible criteria to choose three jets from hard subjets inside a fat

jet. For example, we can include angular information (the W helicity angle) in the selection criterion and select

the smallest ∆mt+AW∆mW +Ah∆ cosh. In that case, the tagging efficiency increases, but simultaneously the

fake rate also increases, so to reach the best signal significance we simply select the combination with the best

mt. This allows us to apply efficient orthogonal criteria based on the reconstructed mW and on the radiation

pattern later.

In step 4, the choice of mass variables shown in Figure 3 is of course not unique. In general, we know that

in addition to the two mass constraints (m123 = mrec
t as well as mjk = mrec

W for one (j, k)) we can exploit one

more mass or angular relation of the three main decay products. Our three subjets jk ignoring smearing and

assuming p2i ∼ 0 give

m2
t ≡ m2

123 = (p1 + p2 + p3)
2
= (p1 + p2)

2
+ (p1 + p3)

2
+ (p2 + p3)

2
= m2

12 +m2
13 +m2

23 , (A2)

and otherwise dropping j2. Repeat this procedure

recursively, stopping when the mji drop below 30

GeV.

3. Consider in turn all possible triplets of hard sub-

jets. First, filter each triplet with a resolution

Rfilter = min(0.3,∆Rij/2). Next, using the five

hardest constituent subjets of the filtered triplet

calculate the jet mass mfilt. Finally, choose the

triplet whose mfilt lies closest to mt.

4. Recluster the five filtered constituents chosen in

step 3 into exactly three subjets j1, j2, and j3 or-

dered in descending pT . Accept the fat jet as a

top candidate if it passes any of the following three

pairs of mass cuts:

i) 0.2 ≤ arctan m13 ≤ 1.3

i�) Rmin ≤
m23

m123
≤ Rmax

ii) R2
min

�
1 +

m2
13

m2
12

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
13

m2
12

�

ii�)
m23

m123
≥ 0.35

iii) R2
min

�
1 +

m2
12

m2
13

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
12

m2
13

�

iii�)
m23

m123
≥ 0.35

Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-

jets defined in step 4 be greater than 200 GeV.

Dipolarity cuts are introduced into the HEPTopTagger

by modifying step 4 above. For a top candidate that has

passed one of the three pairs of mass cuts we calculate

the dipolarity of the W±
as identified by the mass cut:

e.g. for a top candidate that satisfies ii) and ii’) the W±
is

identified as j1+j2. If more than one of the pairs of mass

conditions is satisfied in step 4, we choose the smaller

dipolarity. We find that this procedure performs better

than calculating the dipolarity of the pair of subjets that

reconstructs mW most accurately.

In addition to introducing dipolarity cuts, we also

make cuts on the filtered mass of the reconstructed top,

mfilt, which is not done in the original HEPTopTagger,

where the cuts have been chosen so as to avoid any ex-

plicit mass scales. We introduce cuts on mfilt for two

reasons. The first is to improve background rejection.

The second and main reason is that we are interested

in determining whether dipolarity cuts are essentially or-

thogonal to cuts on kinematic observables. To do this we

must ensure that the HEPTopTagger is using a full com-

pliment of kinematic cuts, including cuts on mfilt. In a

particular application, cuts on mfilt may be undesirable.

In that case, the inclusion of dipolarity cuts would result

in a larger improvement of background rejection.
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FIG. 4: Dipolarity distributions for W±
s reconstructed by

the HEPTopTagger and passing default mass cuts with mfilt ∈
[150 GeV, 210 GeV]. Thick solid lines indicate central values,

whereas thin dashed lines correspond to values at 10% and

90%. Here and throughout the pT is that of the fat R = 1.5
jet. For all pT the central value of the dipolarity for the back-

ground is O(50%−100%) larger than for the signal. This fig-

ure uses the HERWIG event samples; the PYTHIA event samples

yield similar distributions. The dot-dash line roughly indi-

cates where dipolarity cuts are made at the S=20% working

point.

Note that the ji selected in step 4 contain only the hard

substructure of the fat jet. Some amount of soft radiation

has been thrown out by filtering and the mass drop crite-

rion. To effectively gauge whether the radiation pattern

of the reconstructed W±
is consistent with the expected

dipole radiation pattern, it is important to include some

of the discarded soft radiation. We find that the crite-

rion used to select the radiation included in calculating

the dipolarity of the W±
has significant impact on the

ultimate utility of dipolarity as a discriminant. In par-

ticular different criteria will lead to dipolarity distribu-

tions that are more or less correlated with the kinematic

observables considered by the HEPTopTagger. Applying

dipolarity in another context would likely require this

criterion to be carefully reworked so as to maximize per-

formance. In the present case we find that the following

criterion, which aims to capture as much of the radiation

emitted by the W±
as possible, while minimizing possible

contamination, to be most effective. In addition to the

hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
√

2, where ∆R is defined between the

two hard W±
subjets. Furthermore we exclude any ra-

diation contained within the smallest cone that encloses

the hard b subjet. Note that angular ordering implies

that the majority of the radiation emitted by the W±

4

and otherwise dropping j2. Repeat this procedure

recursively, stopping when the mji drop below 30

GeV.

3. Consider in turn all possible triplets of hard sub-

jets. First, filter each triplet with a resolution

Rfilter = min(0.3,∆Rij/2). Next, using the five

hardest constituent subjets of the filtered triplet

calculate the jet mass mfilt. Finally, choose the

triplet whose mfilt lies closest to mt.

4. Recluster the five filtered constituents chosen in

step 3 into exactly three subjets j1, j2, and j3 or-

dered in descending pT . Accept the fat jet as a

top candidate if it passes any of the following three

pairs of mass cuts:

i) 0.2 ≤ arctan m13 ≤ 1.3

i�) Rmin ≤
m23

m123
≤ Rmax
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≥ 0.35

Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-

jets defined in step 4 be greater than 200 GeV.

Dipolarity cuts are introduced into the HEPTopTagger

by modifying step 4 above. For a top candidate that has

passed one of the three pairs of mass cuts we calculate

the dipolarity of the W±
as identified by the mass cut:

e.g. for a top candidate that satisfies ii) and ii’) the W±
is

identified as j1+j2. If more than one of the pairs of mass

conditions is satisfied in step 4, we choose the smaller

dipolarity. We find that this procedure performs better

than calculating the dipolarity of the pair of subjets that

reconstructs mW most accurately.

In addition to introducing dipolarity cuts, we also

make cuts on the filtered mass of the reconstructed top,

mfilt, which is not done in the original HEPTopTagger,

where the cuts have been chosen so as to avoid any ex-

plicit mass scales. We introduce cuts on mfilt for two

reasons. The first is to improve background rejection.

The second and main reason is that we are interested

in determining whether dipolarity cuts are essentially or-

thogonal to cuts on kinematic observables. To do this we

must ensure that the HEPTopTagger is using a full com-

pliment of kinematic cuts, including cuts on mfilt. In a

particular application, cuts on mfilt may be undesirable.

In that case, the inclusion of dipolarity cuts would result

in a larger improvement of background rejection.
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FIG. 4: Dipolarity distributions for W±
s reconstructed by

the HEPTopTagger and passing default mass cuts with mfilt ∈
[150 GeV, 210 GeV]. Thick solid lines indicate central values,

whereas thin dashed lines correspond to values at 10% and

90%. Here and throughout the pT is that of the fat R = 1.5
jet. For all pT the central value of the dipolarity for the back-

ground is O(50%−100%) larger than for the signal. This fig-

ure uses the HERWIG event samples; the PYTHIA event samples

yield similar distributions. The dot-dash line roughly indi-

cates where dipolarity cuts are made at the S=20% working

point.

Note that the ji selected in step 4 contain only the hard

substructure of the fat jet. Some amount of soft radiation

has been thrown out by filtering and the mass drop crite-

rion. To effectively gauge whether the radiation pattern

of the reconstructed W±
is consistent with the expected

dipole radiation pattern, it is important to include some

of the discarded soft radiation. We find that the crite-

rion used to select the radiation included in calculating

the dipolarity of the W±
has significant impact on the

ultimate utility of dipolarity as a discriminant. In par-

ticular different criteria will lead to dipolarity distribu-

tions that are more or less correlated with the kinematic

observables considered by the HEPTopTagger. Applying

dipolarity in another context would likely require this

criterion to be carefully reworked so as to maximize per-

formance. In the present case we find that the following

criterion, which aims to capture as much of the radiation

emitted by the W±
as possible, while minimizing possible

contamination, to be most effective. In addition to the

hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
√

2, where ∆R is defined between the

two hard W±
subjets. Furthermore we exclude any ra-

diation contained within the smallest cone that encloses

the hard b subjet. Note that angular ordering implies

that the majority of the radiation emitted by the W±
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Figure 3: Distribution of all events in the arctanm13/m12 vs m23/m123 plane. We show tt̄ (left). W+jets (center) and
pure QCD jets (right) samples. More densely populated regions of the phase space appear in red.

2. for each fat jet, find all hard subjets using a mass drop criterion: when undoing the last clustering of the

jet j, into two subjets j1, j2 with mj1 > mj2 , we require mj1 < 0.8 mj to keep j1 and j2. Otherwise, we

keep only j1. Each subjet ji we either further decompose (if mji > 30 GeV) or add to the list of relevant

substructures.

3. iterate through all pairings of three hard subjets: first, filter them with resolution Rfilter =

min(0.3,∆Rjk/2). Next, use the five hardest filtered constituents and calculate their jet mass (for less

than five filtered constituents use all of them). Finally, select the set of three-subjet pairings with a jet

mass closest to mt.

4. construct exactly three subjets j1, j2, j3 from the five filtered constituents, ordered by pT . If the masses

(m12,m13,m23) satisfy one of the following three criteria, accept them as a top candidate:

0.2 < arctan
m13

m12
< 1.3 and Rmin <

m23

m123
< Rmax

R2
min

�
1 +

�
m13

m12

�2
�

< 1−
�

m23

m123

�2

< R2
max

�
1 +

�
m13

m12

�2
�

and
m23

m123
> 0.35

R2
min

�
1 +

�
m12

m13

�2
�

< 1−
�

m23

m123

�2

< R2
max

�
1 +

�
m12

m13

�2
�

and
m23

m123
> 0.35 (A1)

with Rmin = 85%×mW /mt and Rmax = 115%×mW /mt. The numerical soft cutoff at 0.35 is independent

of the masses involved and only removes QCD events. The distributions for top and QCD events we show

in Fig. 3.

5. finally, require the combined pT of the three subjets to exceed 200 GeV.

In step 3 of the algorithm there exist many possible criteria to choose three jets from hard subjets inside a fat

jet. For example, we can include angular information (the W helicity angle) in the selection criterion and select

the smallest ∆mt+AW∆mW +Ah∆ cosh. In that case, the tagging efficiency increases, but simultaneously the

fake rate also increases, so to reach the best signal significance we simply select the combination with the best

mt. This allows us to apply efficient orthogonal criteria based on the reconstructed mW and on the radiation

pattern later.

In step 4, the choice of mass variables shown in Figure 3 is of course not unique. In general, we know that

in addition to the two mass constraints (m123 = mrec
t as well as mjk = mrec

W for one (j, k)) we can exploit one

more mass or angular relation of the three main decay products. Our three subjets jk ignoring smearing and
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and otherwise dropping j2. Repeat this procedure

recursively, stopping when the mji drop below 30

GeV.

3. Consider in turn all possible triplets of hard sub-

jets. First, filter each triplet with a resolution

Rfilter = min(0.3,∆Rij/2). Next, using the five

hardest constituent subjets of the filtered triplet

calculate the jet mass mfilt. Finally, choose the

triplet whose mfilt lies closest to mt.

4. Recluster the five filtered constituents chosen in

step 3 into exactly three subjets j1, j2, and j3 or-

dered in descending pT . Accept the fat jet as a

top candidate if it passes any of the following three

pairs of mass cuts:
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Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-

jets defined in step 4 be greater than 200 GeV.

Dipolarity cuts are introduced into the HEPTopTagger

by modifying step 4 above. For a top candidate that has

passed one of the three pairs of mass cuts we calculate

the dipolarity of the W±
as identified by the mass cut:

e.g. for a top candidate that satisfies ii) and ii’) the W±
is

identified as j1+j2. If more than one of the pairs of mass

conditions is satisfied in step 4, we choose the smaller

dipolarity. We find that this procedure performs better

than calculating the dipolarity of the pair of subjets that

reconstructs mW most accurately.

In addition to introducing dipolarity cuts, we also

make cuts on the filtered mass of the reconstructed top,

mfilt, which is not done in the original HEPTopTagger,

where the cuts have been chosen so as to avoid any ex-

plicit mass scales. We introduce cuts on mfilt for two

reasons. The first is to improve background rejection.

The second and main reason is that we are interested

in determining whether dipolarity cuts are essentially or-

thogonal to cuts on kinematic observables. To do this we

must ensure that the HEPTopTagger is using a full com-

pliment of kinematic cuts, including cuts on mfilt. In a

particular application, cuts on mfilt may be undesirable.

In that case, the inclusion of dipolarity cuts would result

in a larger improvement of background rejection.
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FIG. 4: Dipolarity distributions for W±
s reconstructed by

the HEPTopTagger and passing default mass cuts with mfilt ∈
[150 GeV, 210 GeV]. Thick solid lines indicate central values,

whereas thin dashed lines correspond to values at 10% and

90%. Here and throughout the pT is that of the fat R = 1.5
jet. For all pT the central value of the dipolarity for the back-

ground is O(50%−100%) larger than for the signal. This fig-

ure uses the HERWIG event samples; the PYTHIA event samples

yield similar distributions. The dot-dash line roughly indi-

cates where dipolarity cuts are made at the S=20% working

point.

Note that the ji selected in step 4 contain only the hard

substructure of the fat jet. Some amount of soft radiation

has been thrown out by filtering and the mass drop crite-

rion. To effectively gauge whether the radiation pattern

of the reconstructed W±
is consistent with the expected

dipole radiation pattern, it is important to include some

of the discarded soft radiation. We find that the crite-

rion used to select the radiation included in calculating

the dipolarity of the W±
has significant impact on the

ultimate utility of dipolarity as a discriminant. In par-

ticular different criteria will lead to dipolarity distribu-

tions that are more or less correlated with the kinematic

observables considered by the HEPTopTagger. Applying

dipolarity in another context would likely require this

criterion to be carefully reworked so as to maximize per-

formance. In the present case we find that the following

criterion, which aims to capture as much of the radiation

emitted by the W±
as possible, while minimizing possible

contamination, to be most effective. In addition to the

hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
√

2, where ∆R is defined between the

two hard W±
subjets. Furthermore we exclude any ra-

diation contained within the smallest cone that encloses

the hard b subjet. Note that angular ordering implies

that the majority of the radiation emitted by the W±
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formance. In the present case we find that the following
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emitted by the W±
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hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
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The HEPTopTagger

Legoplot for a top jet with hard substructure 
as identified by the HEPTopTagger



Color flow and pull
•  a top jet has more structure than is encoded by 
kinematic constraints:

•  the effective operator for the decay                       
has a particular color configuration

•  in particular the W boson is a color singlet and the 
color indices of    and    are contracted

t → bqq̄

q̄q

(p1 + p2)
2 = m2

W

(p1 + p2 + p3)
2 = m2

t



Color flow and pull
•  a top jet has more structure than is encoded by 
kinematic constraints:

•  the effective operator for the decay                       
has a particular color configuration

•  in particular the W boson is a color singlet and the 
color indices of    and    are contracted

t → bqq̄

q̄q

(p1 + p2)
2 = m2

W

(p1 + p2 + p3)
2 = m2

t

Question:  can we use color 
information to improve background 
rejection in top tagging algorithms? 



Color flow and pull

•  in a QCD event radiation is controlled by 
    i) the kinematics of the hard partons and by 
   ii) how color indices are contracted together (color flow)

•  how does a color singlet radiate?

•  apart from some color algebra, QED ~ QCD;
   so let’s first ask this question in the context of QED
        



Color flow and pull
The Chudakov Effect:
Soft bremsstrahlung from          pairs is suppressed 

Heuristic explanation:

•  there is an energy imbalance at the vertex
•  time available for emission is
•  in which time the pair separates 
•  for emission photon must resolve this distance: 

e+e−

Chudakov effect
Angular ordering is coherence effect common to all gauge theories. In QED it

causes Chudakov effect – suppression of soft bremsstrahlung from e+e− pairs,
which has simple explanation in old-fashioned (time-ordered) perturbation theory.

Consider emission of soft photon at angle θ from electron in pair with opening
angle θee < θ. For simplicity assume θee, θ ! 1.

Transverse momentum of photon is kT ∼ zpθ and energy imbalance at e → eγ
vertex is

∆E ∼ k2
T /zp ∼ zpθ2 .

Time available for emission is ∆t ∼ 1/∆E. In this time transverse separation of
pair will be ∆b ∼ θee∆t.
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∆b ∼ θe+e−∆t
Chudakov effect

For non-negligible probability of emission, photon must resolve this transverse
separation of pair, so

∆b > λ/θ ∼ (zpθ)−1

where λ is photon wavelength.

This implies that

θee(zpθ2)−1 > (zpθ)−1 ,

and hence θee > θ. Thus soft photon emission is suppressed at angles larger than
opening angle of pair, which is angular ordering.

Photons at larger angles cannot resolve electron and positron charges separately
– they see only total charge of pair, which is zero, implying no emission.

More generally, if i and j come from branching of parton k, with (colour) charge
Qk = Qi + Qk, then radiation outside angular-ordered cones is emitted

coherently by i and j and can be treated as coming directly from (colour) charge of
k.

Introduction to QCD at CollidersLecture III: Shower Monte Carlo – p.24/32

⇒ θe+e−(zpθ
2)−1 > (zpθ)−1 ⇒ θe+e− > θ
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Color flow and pull
•  this so-called angular ordering property of soft 
emission is common to all gauge theories

•  soft emissions that are not angular-ordered are 
suppressed by deconstructive interference

•  the radiation from a pair of partons i and j in a color 
singlet configuration is mostly limited to two cones 
centered around i and j

This function has remarkable property of angular ordering. Write angular
integration in polar coordinates w.r.t. direction of i, dΩ = d cos θiq dφiq . Performing

azimuthal integration, we find

Z 2π

0

dφiq

2π
W i

ij =
1

1 − cos θiq
if θiq < θij , otherwise 0.

i

j

Thus, after azimuthal averaging, contribution from W i
ij is confined to

cone, centred on direction of i, extending in angle to direction of j. Sim-

ilarly, W j
ij , averaged over φjq , is confined to cone centred on line j ex-

tending to direction of i.

Introduction to QCD at CollidersLecture III: Shower Monte Carlo – p.20/32



Color flow and pull
•  this observation led to the introduction of the jet 
observable “pull”

•  unfortunately, pull does not seem well suited to top-
tagging
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FIG. 2: Accumulated pT after showering a particular par-
tonic phase space point 3 million times. Left has the b and
b̄ color-connected to each other (signal) and right has the b
and b̄ color-connected to the beams (background). Contours
represent factors of 2 increase in radiation.

In order to extract the color connections, they must
persist into the distribution of the observable hadrons.
The basic intuition for how the color flow might show
up follows from approximations used in parton show-
ers [7, 8]. In these simulations, the color dipoles are al-
lowed to radiate through Markovian evolution from the
large energy scales associated with the hard interaction
to the lower energy scale associated with confinement.
These emissions transpire in the rest frame of the dipole.
When boosting back to the lab frame, the radiation ap-
pears dominantly within an angular region spanned by
the dipole, as indicated by the arrows in Figure 1. Alter-
natively, an angular ordering can be enforced on the radi-
ation (as in herwig [9]). The parton shower treatment of
radiation attempts to include a number of features which
are physical but hard to calculate analytically, such as
overall momentum and probability conservation or co-
herence phenomena associated with soft radiation.

It is more important that these effects exist in data
than that they are included in the simulation. In fact,
color coherence effects have already been seen by vari-
ous experiments. In e+e− collisions, for example, evi-
dence for color connections between final-state quark and
gluon jets was observed in three jet events by JADE
at DESY [10]. Later, at LEP, the L3 and DELPHI
experiments found evidence for color coherence among
the hadronic decay products of color-singlet objects in
W+W− events [11, 12]. Also, in pp̄ collisions at the Teva-
tron, color connections of a jet to beam remnants have
been observed by D0 in W+jet events [13]. All of these
studies used analysis techniques which were very depen-
dent on the particular event topology. What we will now
show is that it is possible to come up with a very general
discriminant which can help determine the color flow of
practically any event. Such a tool has the potential for
wide applicability in new physics searches at the LHC.

For an example, we will use Higgs production in asso-
ciation with a Z. The Z allows the Higgs to have some
pT so that its bb̄ decay products are not back-to-back
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FIG. 3: Event-by-event density plot of the pull vector of the b
jet in polar coordinates. The signal (connected to b̄ jet) is on
the left, the background (connected to the left-going, y = −∞

beam) is on the right. 105 events are shown.

in azimuthal angle, φ. Our benchmark calculator will
be madgraph [14] for the matrix elements interfaced to
pythia 8 [15] for the parton shower, hadronization and
underlying event, with other simulations used for valida-
tion.
To begin, we isolate the effect of the color connec-

tions by fixing the parton momentum. We compare
events with Zbb̄ in the final state (with Z → leptons) in
which the quarks are color-connected to each other (sig-
nal) versus color-connected to the beam (background).
In Figure 2, we show the distribution of radiation for
a typical case, where (y,φ) = (−0.5,−1) for one b and
(y,φ) = (0.5, 1) for the other, with pT = 200 GeV for
each b, where y is the rapidity. For this figure, we have
showered and hadronized the same parton-level configu-
ration over and over again, accumulating the pT of the
final-state hadrons in 0.1 × 0.1 bins in y-φ space. The
color connections are unmistakable.
The superstructure feature of the jets in Figure 2 that

we want to isolate is that the radiation in each signal jet
tends to shower in the direction of the other jet, while in
the background it showers mostly toward the beam. In
other words, the radiation on each end of a color dipole
is being pulled towards the other end of the dipole. This
should therefore show up in a dipole-type moment con-
structed from the radiation in or around the individual
jets. For dijet events, like those shown in Figure 2, one
could imagine constructing a global event shape from
which the moment could be extracted. However, a lo-
cal observable, constructed only out of particles within
the jet, has a number of immediate advantages. For one,
it will be a more general-purpose tool, applying to events
with any number of jets. It should also be easier to cali-
brate on data, since jets are generally better understood
experimentally than global event topologies. Therefore,
as a first attempt at a useful superstructure variable, we
construct an observable out of only the particles within
the jets themselves.
In constructing a jet moment, there are a number of

ways to weight the momentum, such as by energy or pT ,
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be madgraph [14] for the matrix elements interfaced to
pythia 8 [15] for the parton shower, hadronization and
underlying event, with other simulations used for valida-
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To begin, we isolate the effect of the color connec-

tions by fixing the parton momentum. We compare
events with Zbb̄ in the final state (with Z → leptons) in
which the quarks are color-connected to each other (sig-
nal) versus color-connected to the beam (background).
In Figure 2, we show the distribution of radiation for
a typical case, where (y,φ) = (−0.5,−1) for one b and
(y,φ) = (0.5, 1) for the other, with pT = 200 GeV for
each b, where y is the rapidity. For this figure, we have
showered and hadronized the same parton-level configu-
ration over and over again, accumulating the pT of the
final-state hadrons in 0.1 × 0.1 bins in y-φ space. The
color connections are unmistakable.
The superstructure feature of the jets in Figure 2 that

we want to isolate is that the radiation in each signal jet
tends to shower in the direction of the other jet, while in
the background it showers mostly toward the beam. In
other words, the radiation on each end of a color dipole
is being pulled towards the other end of the dipole. This
should therefore show up in a dipole-type moment con-
structed from the radiation in or around the individual
jets. For dijet events, like those shown in Figure 2, one
could imagine constructing a global event shape from
which the moment could be extracted. However, a lo-
cal observable, constructed only out of particles within
the jet, has a number of immediate advantages. For one,
it will be a more general-purpose tool, applying to events
with any number of jets. It should also be easier to cali-
brate on data, since jets are generally better understood
experimentally than global event topologies. Therefore,
as a first attempt at a useful superstructure variable, we
construct an observable out of only the particles within
the jets themselves.
In constructing a jet moment, there are a number of

ways to weight the momentum, such as by energy or pT ,
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FIG. 4: Distribution of the pull angle (for the b jet) with
∆ybb̄ = 1 and ∆φbb̄ = 2, for signal and background, showered
105 times with different Monte Carlos.

and to define the center the jet. These are all basically
the same, but we have found that the most effective com-
bination is a pT -weighted vector, which we call pull, de-
fined by

!t =
∑

i∈jet

piT |ri|
pjet
T

!ri . (1)

Here, !ri = (∆yi,∆φi) = !ci − !J , where !J = (yJ ,φJ ) is
the location of the jet and !ci is the position of a cell or
particle with transverse momentum piT . Note that we
use rapidity yJ for the jet instead of pseudorapidity (ηJ );
because the jet is massive this makes !ri boost invariant
and a better discriminant (rapidity and pseudorapidity
are equivalent for the effectively massless cells/particles,
!ci). The centroid (Eq. (1) without the |ri| factor) is usu-
ally almost identical to !J , the location of the jet four-
vector in the E-scheme (the sum of four-momenta of the
jet constituents).

An important feature of the pull vector !t is that it
is infrared safe. If a very soft particle is added to the
jet, it has negligible pT , and therefore a negligible effect
on !t. Moreover, since pull is linear in pT , if a particle
splits into two collinear particles at the same !r, the pull
vector is also unchanged. This property guarantees that
pull should be fairly insensitive to fine details of the im-
plementation, such as the spatial granularity or energy
resolution of the calorimeters.

The event-by-event distribution of the pull for the left
b jet from Figure 2 is shown in Figure 3 in polar co-
ordinates, !t = (|!t| cos θt, |!t| sin θt), where θt = 0 points
towards the right-going beam, θt = ±π points towards
the left-going beam, and θt ≈ 0.7 toward the other b jet.
This figure shows density plots of the !t distributions on
an event-by-event basis for the signal and background
cases for this particular fixed parton-level phase space
point. For this figure, we use as input the four-momenta
of all long-lived observable particles. If instead, we use
the hadronic energy in 0.1 × 0.1 cells treated as mass-
less four-vectors, the distribution of pull vectors is nearly
identical.
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FIG. 5: Pull angles in the b or b̄ jet in HZ → Zbb̄ signal
events and their Z+bb̄ backgrounds. For each event, ∆θt = 0
is defined to point toward the other b jet. 3× 105 events are
shown.

We can see that most of the discriminating informa-
tion is in the pull angle, θt, rather than the magni-
tude |!t|. This leads to Figure 4, which shows the dis-
tribution of the pull angle for the signal and the back-
ground in this particular kinematic configuration. This
figure also shows that the pull vector is not particularly
sensitive to the Monte Carlo program used to generate
the sample; the pull angle distributions for herwig++

2.4.2 [9], pythia 8.130 [15], and pythia 6.420 with the
pT -ordered shower [7] are all quite similar.

The previous three figures all have the parton momen-
tum fixed. Similar distributions result from other phase
space points. We fixed the parton momentum to show
the usefulness of pull in situations which would be indis-
tinguishable using the jet four-momenta alone. This ex-
ercise controls for correlations between pull and matrix-
element-level kinematic discriminants. Also, note that
there is another possible color-flow for the background
events, where the left-going jet is color-connected to the
right-going beam. Then, the most-likely pull angle would
be more similar to the signal. Fortunately, this only oc-
curs about 10% of the time for the dominant background.

The next step is to see if pull is useful given the
full distribution of signal and background events at the
LHC. The pull angle for the full ZH → Zbb̄ signal and
Zbb̄ backgrounds still presents a strong discriminant, as
can be seen in Figure 5. Here, we have performed a
full simulation with madgraph 4.4.26 [14] and pythia

8.130 [15], including underlying event and hadronization.
We choose a parton-level cut of pT > 15 GeV for the
b quarks, find the jets with the anti-kT algorithm with
R = 0.7, require the reconstructed mass to be within a
20 GeV window around the Higgs mass (120 GeV), and
construct the pull angle on the radiation within each jet.

Next, let us consider some other possibilities. It is nat-
ural to look at higher moments, such as those contained
in the covariance tensor

C =
∑

i∈jet

piT |ri|
pjet
T

(

∆y2i ∆yi∆φi

∆φi ∆yi ∆φ2
i

)

. (2)
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FIG. 2: Accumulated pT after showering a particular par-
tonic phase space point 3 million times. Left has the b and
b̄ color-connected to each other (signal) and right has the b
and b̄ color-connected to the beams (background). Contours
represent factors of 2 increase in radiation.

In order to extract the color connections, they must
persist into the distribution of the observable hadrons.
The basic intuition for how the color flow might show
up follows from approximations used in parton show-
ers [7, 8]. In these simulations, the color dipoles are al-
lowed to radiate through Markovian evolution from the
large energy scales associated with the hard interaction
to the lower energy scale associated with confinement.
These emissions transpire in the rest frame of the dipole.
When boosting back to the lab frame, the radiation ap-
pears dominantly within an angular region spanned by
the dipole, as indicated by the arrows in Figure 1. Alter-
natively, an angular ordering can be enforced on the radi-
ation (as in herwig [9]). The parton shower treatment of
radiation attempts to include a number of features which
are physical but hard to calculate analytically, such as
overall momentum and probability conservation or co-
herence phenomena associated with soft radiation.

It is more important that these effects exist in data
than that they are included in the simulation. In fact,
color coherence effects have already been seen by vari-
ous experiments. In e+e− collisions, for example, evi-
dence for color connections between final-state quark and
gluon jets was observed in three jet events by JADE
at DESY [10]. Later, at LEP, the L3 and DELPHI
experiments found evidence for color coherence among
the hadronic decay products of color-singlet objects in
W+W− events [11, 12]. Also, in pp̄ collisions at the Teva-
tron, color connections of a jet to beam remnants have
been observed by D0 in W+jet events [13]. All of these
studies used analysis techniques which were very depen-
dent on the particular event topology. What we will now
show is that it is possible to come up with a very general
discriminant which can help determine the color flow of
practically any event. Such a tool has the potential for
wide applicability in new physics searches at the LHC.

For an example, we will use Higgs production in asso-
ciation with a Z. The Z allows the Higgs to have some
pT so that its bb̄ decay products are not back-to-back
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FIG. 3: Event-by-event density plot of the pull vector of the b
jet in polar coordinates. The signal (connected to b̄ jet) is on
the left, the background (connected to the left-going, y = −∞

beam) is on the right. 105 events are shown.

in azimuthal angle, φ. Our benchmark calculator will
be madgraph [14] for the matrix elements interfaced to
pythia 8 [15] for the parton shower, hadronization and
underlying event, with other simulations used for valida-
tion.
To begin, we isolate the effect of the color connec-

tions by fixing the parton momentum. We compare
events with Zbb̄ in the final state (with Z → leptons) in
which the quarks are color-connected to each other (sig-
nal) versus color-connected to the beam (background).
In Figure 2, we show the distribution of radiation for
a typical case, where (y,φ) = (−0.5,−1) for one b and
(y,φ) = (0.5, 1) for the other, with pT = 200 GeV for
each b, where y is the rapidity. For this figure, we have
showered and hadronized the same parton-level configu-
ration over and over again, accumulating the pT of the
final-state hadrons in 0.1 × 0.1 bins in y-φ space. The
color connections are unmistakable.
The superstructure feature of the jets in Figure 2 that

we want to isolate is that the radiation in each signal jet
tends to shower in the direction of the other jet, while in
the background it showers mostly toward the beam. In
other words, the radiation on each end of a color dipole
is being pulled towards the other end of the dipole. This
should therefore show up in a dipole-type moment con-
structed from the radiation in or around the individual
jets. For dijet events, like those shown in Figure 2, one
could imagine constructing a global event shape from
which the moment could be extracted. However, a lo-
cal observable, constructed only out of particles within
the jet, has a number of immediate advantages. For one,
it will be a more general-purpose tool, applying to events
with any number of jets. It should also be easier to cali-
brate on data, since jets are generally better understood
experimentally than global event topologies. Therefore,
as a first attempt at a useful superstructure variable, we
construct an observable out of only the particles within
the jets themselves.
In constructing a jet moment, there are a number of

ways to weight the momentum, such as by energy or pT ,

Measurement of color flow in t ̄t events from pp ̄ collisions at √s = 1.96 TeV
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•  D0 experiment has looked at the pull of hadronic W 
bosons in     events 

•  Results in good agreement with Monte Carlo

•  fraction of uncolored W bosons measured to be 

tt̄

f = 0.56± 0.42



Dipolarity
•  instead of something like pull, consider the entire 
radiation pattern of the W simultaneously

        

Color flow and pull

Within the context of top tagging, several jet observ-
ables have been defined that go beyond the kinematics
of hard partons. These include a number of jet shape
observables such as spherocity [18], planar flow [20, 21],
N -subjettiness [22], and template overlap [23]. The jet
observable defined in the next section draws from the
complimentary information offered by color flow. In a
QCD event, radiation is controlled by the kinematics of
the hard partons as well as by how color indices are con-
tracted together (color flow). Partons whose color indices
are contracted together are color-connected, with a color
string stretching between the two color sources. For ex-
ample, the two quarks in the hadronic decay of a color
singlet like the Higgs form a color dipole whose radia-
tion pattern is contained primarily within a pair of cones
around the two quarks, with a tendency for more radia-
tion to occur in the region between the two quarks [24].

Color flow arguments of this sort have motivated at-
tempts to use QCD radiation patterns for event dis-
crimination, e.g. mini-jet vetoes in Higgs searches [25].
More recently, the authors of [26] introduced a jet ob-
servable dubbed pull, which is a pT -weighted vector in
rapidity-phi space that is constructed so as to point from
a given jet to its color-connected partner(s). Although
pull has been shown to offer some discrimination in par-
ticle searches [27], it does not seem well-suited to tagging
boosted hadronic tops. The most straightforward way to
incorporate pull into a top tagging algorithm is to mea-
sure the pull of two subjets that reconstruct the W± and
check whether each subjet’s pull vector points towards
the other subjet. A problem with this approach is that
the pull vectors are sensitive to how the W± jet is broken
down into two subjets. For a lopsided distribution of the
W± into two subjets, one of the subjets will consist of
only a small handful of calorimeter cells, and as a conse-
quence its pull will be sensitive to statistical fluctuations
and contamination. Even for a W± broken down into two
subjets more symmetrically, the pull vectors can depend
sensitively on the precise boundary drawn between the
two subjets, which itself is a noisy function of the partic-
ular jet clustering algorithm being used. A way around
these difficulties is to consider the entire radiation pat-
tern of the W± simultaneously. This simple idea leads
us to jet dipolarity, which we now define.

Dipolarity

Consider a jet, J , with two subjets, j1 and j2, whose
centers are located at pseudorapidities η1 and η2 and
azimuthal angles φ1 and φ2, respectively. For each
calorimeter cell (ηi, φi) with transverse momentum pTi

let Ri be the euclidean distance in the η-φ plane between
(ηi, φi) and the line segment that runs from (η1, φ1) to

(η2, φ2). Dipolarity is defined as the pT -weighted sum

D ≡ 1
R2

12

�

i∈J

pTi

pTJ

R2
i (1)

where R2
12 ≡ (η1 − η2)2 + (φ1 − φ2)2. Dipolarity is an

infrared and collinear (IRC) safe observable so long as
the algorithm used to identify J , j1 and j2 is IRC safe.
Notice that dipolarity, which is essentially a two-subjet
observable, requires the centers of j1 and j2 as input,
although it does not require that the constituents of J be
partitioned between j1 and j2. The centers of j1 and j2
can be determined by whatever procedure is convenient
for the particular application. For example one could
choose the centers of j1 and j2 so as to minimize the sum
in (1).

Dipolarity will be small when most of the radiation
within the jet J occurs in the region between the two
subjets j1 and j2 and will be large whenever a substantial
amount of radiation is found elsewhere. As a consequence
of the weighting with respect to R2

i in (1), D receives
large contributions from semisoft radiation away from the
cores of j1 and j2. It is this semisoft radiation away
from the cores of j1 and j2 that is expected to reflect the
color configuration of J . The weighting in (1) does not
know about the exact radiation pattern of a color singlet;
nevertheless, we expect that color singlets that decay into
two jets will have small D, while radiation emitted by
colored objects will tend to yield larger values of D.

This expectation can be fleshed out more explicitly by
considering the emission pattern of a third parton with
energy ω from a pair of partons in a particular color
configuration, see e.g. [24]. In the eikonal approximation
(ω → 0) one finds that for a color singlet

Ws(η,φ) ∼ dω

ω

dydφ

χ(η, φ; η1, φ1)χ(η, φ; η2, φ2)
(2)

while for two partons color-connected to the beam

Wns(η, φ) ∼ dω
ω

dηdφ

χ(η, φ; η1, φ1)χ(η, φ; ηbeam)
+ (3)

dω
ω

dηdφ

χ(η, φ; η2, φ2)χ(η, φ; ηbeam)

where

χ(η, φ; ηi, φi) ≡ cosh(η − ηi)− cos(φ− φi) (4)

The resulting radiation patterns are depicted in FIG.2.
One sees explicitly that the color singlet has its radiation
clustered in the region between the two partons, whereas
for partons color-connected to the beam, a substantial
amount of radiation is emitted towards the beam. Using
the expressions in (2) and (3) to calculate D gives the pre-
diction Dns ∼ 2Ds; although this is approximately what
is found from Monte Carlo calculations, expressions (2)
and (3) do not yield dipolarity distributions in quantita-
tive agreement with the Monte Carlo. Given the crude-
ness of the approximations that went into these expres-
sions, this discrepancy is not surprising; a more accurate
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Dipolarity

Introduction

• How do we study jets?

• Good observables can be calculated in 
perturbation theory

• “IRC safety”: Robust against soft and 
collinear splittings

7

+ + = finite

•  dipolarity is essentially a two-subjet observable

•  expectation:  top jets will yield small values of            
whereas QCD jets will yield larger values of 

• provided the two subjets are chosen in an IRC safe 
way, dipolarity is IRC safe as well

D
D



•  by incorporating dipolarity into the HEPToptagger, 
we can try to beat down QCD backgrounds

•  even if a QCD fakes the kinematics of the top well, it 
will typically have a different color configuration

Dipolarity
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FIG. 2: Top: Eikonal radiation pattern dpT /dηdφ for a color

singlet with ∆R=0.9, typical for a W±
originating from a

top with pT ∼ 300 GeV. Bottom: As above with the partons

instead color-connected to the beam (left/right-going parton

connected to the left/right beam). For the color singlet the ra-

diation is mostly found in the region between the two subjets.

For the background-like color configuration, the radiation is

pulled towards the beam. See (2) and (3).

estimate of D for various color configurations could be
obtained by using antenna patterns as in [28].

Dipolarity can be used within the context of top tag-
ging to reduce QCD backgrounds. Consider a collection
of fat QCD jets originating from parton branchings with
identical kinematics but different color configurations as
illustrated in FIG. 3. If one of the QCD jets fakes the
kinematics of a top quark decay, then each of the differ-
ent color configurations fakes the kinematics equally well.
The dipolarities of the subjets, however, will be broadly
distributed in accord with their different color configu-
rations. For instance, gluon jets are known to give the
largest fake rates for top jets as a consequence of their
larger Casimirs which more often result in wide angle
branchings with significant mass drops. FIG. 3 illustrates
how gluon jets, with their distinct color configurations,

FIG. 3: Schematic for a collection of QCD jets whose kine-

matics fake the top. The upper figures show various possi-

bilities for quarks and gluons that undergo two branchings.

The bottom figures show the corresponding large Nc color di-

agrams, with dipole radiation patterns superimposed across

color dipoles. Only the rightmost color configuration, which

is suppressed by factors of CA/CF with respect to the others,

matches the radiation pattern of an actual top.

radiate differently from top jets. All of this suggests that
the dipolarity of the W± in a hadronic top decay is well-
suited as a discriminant in top tagging algorithms.

HEPTopTagger

To test whether dipolarity makes an effective dis-
criminant, cuts on dipolarity are incorporated into the
HEPTopTagger [1, 2], which is designed to work effec-
tively at intermediate boost, with 200GeV � pT �
800 GeV. The high efficiency of the HEPTopTagger at
these pT makes it a good candidate for such a modifi-
cation because dipolarity cuts are expected to be most
effective at intermediate pT . This is because at lower pT

contamination from pile-up and the underlying event be-
comes more of a concern as the top jets become fatter
and fatter, while at higher pT the finite resolution of the
detector makes it difficult to get an accurate handle on
radiation patterns. Furthermore, the multibody filtering
implemented by the HEPTopTagger results in accurate re-
construction of the W±. The HEPTopTagger algorithm
is defined as follows.1

1. Using the Cambridge/Aachen algorithm cluster the
event into fat R = 1.5 jets.

2. Break each fat jet into hard subjets using the fol-
lowing mass-drop criterion. Undo the last stage
of clustering to yield two subjets j1 and j2 (with
mj1 > mj2), keeping both j1 and j2 if mj1 < 0.8mj2

1 The HEPTopTagger does not make use of b-tagging, which is a
natural extension to the algorithm that can result in significant
improvements in background rejection. Since dipolarity cuts are
orthogonal to b-tagging, we do not explore the use of b-tagging
in this paper.

3



Dipolarity

•  incorporate dipolarity into the HEPTopTagger by 
modifying step 4
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and otherwise dropping j2. Repeat this procedure

recursively, stopping when the mji drop below 30

GeV.

3. Consider in turn all possible triplets of hard sub-

jets. First, filter each triplet with a resolution

Rfilter = min(0.3,∆Rij/2). Next, using the five

hardest constituent subjets of the filtered triplet

calculate the jet mass mfilt. Finally, choose the

triplet whose mfilt lies closest to mt.

4. Recluster the five filtered constituents chosen in

step 3 into exactly three subjets j1, j2, and j3 or-

dered in descending pT . Accept the fat jet as a

top candidate if it passes any of the following three

pairs of mass cuts:

i) 0.2 ≤ arctan m13 ≤ 1.3

i�) Rmin ≤
m23

m123
≤ Rmax

ii) R2
min

�
1 +

m2
13

m2
12

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
13

m2
12

�

ii�)
m23

m123
≥ 0.35

iii) R2
min

�
1 +

m2
12

m2
13

�
≤ 1− m2

23

m2
123

≤ R2
max

�
1 +

m2
12

m2
13

�

iii�)
m23

m123
≥ 0.35

Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-

jets defined in step 4 be greater than 200 GeV.

Dipolarity cuts are introduced into the HEPTopTagger

by modifying step 4 above. For a top candidate that has

passed one of the three pairs of mass cuts we calculate

the dipolarity of the W±
as identified by the mass cut:

e.g. for a top candidate that satisfies ii) and ii’) the W±
is

identified as j1+j2. If more than one of the pairs of mass

conditions is satisfied in step 4, we choose the smaller

dipolarity. We find that this procedure performs better

than calculating the dipolarity of the pair of subjets that

reconstructs mW most accurately.

In addition to introducing dipolarity cuts, we also

make cuts on the filtered mass of the reconstructed top,

mfilt, which is not done in the original HEPTopTagger,

where the cuts have been chosen so as to avoid any ex-

plicit mass scales. We introduce cuts on mfilt for two

reasons. The first is to improve background rejection.

The second and main reason is that we are interested

in determining whether dipolarity cuts are essentially or-

thogonal to cuts on kinematic observables. To do this we

must ensure that the HEPTopTagger is using a full com-

pliment of kinematic cuts, including cuts on mfilt. In a

particular application, cuts on mfilt may be undesirable.

In that case, the inclusion of dipolarity cuts would result

in a larger improvement of background rejection.
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FIG. 4: Dipolarity distributions for W±
s reconstructed by

the HEPTopTagger and passing default mass cuts with mfilt ∈
[150 GeV, 210 GeV]. Thick solid lines indicate central values,

whereas thin dashed lines correspond to values at 10% and

90%. Here and throughout the pT is that of the fat R = 1.5
jet. For all pT the central value of the dipolarity for the back-

ground is O(50%−100%) larger than for the signal. This fig-

ure uses the HERWIG event samples; the PYTHIA event samples

yield similar distributions. The dot-dash line roughly indi-

cates where dipolarity cuts are made at the S=20% working

point.

Note that the ji selected in step 4 contain only the hard

substructure of the fat jet. Some amount of soft radiation

has been thrown out by filtering and the mass drop crite-

rion. To effectively gauge whether the radiation pattern

of the reconstructed W±
is consistent with the expected

dipole radiation pattern, it is important to include some

of the discarded soft radiation. We find that the crite-

rion used to select the radiation included in calculating

the dipolarity of the W±
has significant impact on the

ultimate utility of dipolarity as a discriminant. In par-

ticular different criteria will lead to dipolarity distribu-

tions that are more or less correlated with the kinematic

observables considered by the HEPTopTagger. Applying

dipolarity in another context would likely require this

criterion to be carefully reworked so as to maximize per-

formance. In the present case we find that the following

criterion, which aims to capture as much of the radiation

emitted by the W±
as possible, while minimizing possible

contamination, to be most effective. In addition to the

hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
√

2, where ∆R is defined between the

two hard W±
subjets. Furthermore we exclude any ra-

diation contained within the smallest cone that encloses

the hard b subjet. Note that angular ordering implies

that the majority of the radiation emitted by the W±

4
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and otherwise dropping j2. Repeat this procedure

recursively, stopping when the mji drop below 30

GeV.

3. Consider in turn all possible triplets of hard sub-

jets. First, filter each triplet with a resolution

Rfilter = min(0.3,∆Rij/2). Next, using the five

hardest constituent subjets of the filtered triplet

calculate the jet mass mfilt. Finally, choose the

triplet whose mfilt lies closest to mt.

4. Recluster the five filtered constituents chosen in

step 3 into exactly three subjets j1, j2, and j3 or-

dered in descending pT . Accept the fat jet as a

top candidate if it passes any of the following three

pairs of mass cuts:
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Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-

jets defined in step 4 be greater than 200 GeV.

Dipolarity cuts are introduced into the HEPTopTagger

by modifying step 4 above. For a top candidate that has

passed one of the three pairs of mass cuts we calculate

the dipolarity of the W±
as identified by the mass cut:

e.g. for a top candidate that satisfies ii) and ii’) the W±
is

identified as j1+j2. If more than one of the pairs of mass

conditions is satisfied in step 4, we choose the smaller

dipolarity. We find that this procedure performs better

than calculating the dipolarity of the pair of subjets that

reconstructs mW most accurately.

In addition to introducing dipolarity cuts, we also

make cuts on the filtered mass of the reconstructed top,

mfilt, which is not done in the original HEPTopTagger,

where the cuts have been chosen so as to avoid any ex-

plicit mass scales. We introduce cuts on mfilt for two

reasons. The first is to improve background rejection.

The second and main reason is that we are interested

in determining whether dipolarity cuts are essentially or-

thogonal to cuts on kinematic observables. To do this we

must ensure that the HEPTopTagger is using a full com-

pliment of kinematic cuts, including cuts on mfilt. In a

particular application, cuts on mfilt may be undesirable.

In that case, the inclusion of dipolarity cuts would result

in a larger improvement of background rejection.
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FIG. 4: Dipolarity distributions for W±
s reconstructed by

the HEPTopTagger and passing default mass cuts with mfilt ∈
[150 GeV, 210 GeV]. Thick solid lines indicate central values,

whereas thin dashed lines correspond to values at 10% and

90%. Here and throughout the pT is that of the fat R = 1.5
jet. For all pT the central value of the dipolarity for the back-

ground is O(50%−100%) larger than for the signal. This fig-

ure uses the HERWIG event samples; the PYTHIA event samples

yield similar distributions. The dot-dash line roughly indi-

cates where dipolarity cuts are made at the S=20% working

point.

Note that the ji selected in step 4 contain only the hard

substructure of the fat jet. Some amount of soft radiation

has been thrown out by filtering and the mass drop crite-

rion. To effectively gauge whether the radiation pattern

of the reconstructed W±
is consistent with the expected

dipole radiation pattern, it is important to include some

of the discarded soft radiation. We find that the crite-

rion used to select the radiation included in calculating

the dipolarity of the W±
has significant impact on the

ultimate utility of dipolarity as a discriminant. In par-

ticular different criteria will lead to dipolarity distribu-

tions that are more or less correlated with the kinematic

observables considered by the HEPTopTagger. Applying

dipolarity in another context would likely require this

criterion to be carefully reworked so as to maximize per-

formance. In the present case we find that the following

criterion, which aims to capture as much of the radiation

emitted by the W±
as possible, while minimizing possible

contamination, to be most effective. In addition to the

hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
√

2, where ∆R is defined between the

two hard W±
subjets. Furthermore we exclude any ra-

diation contained within the smallest cone that encloses

the hard b subjet. Note that angular ordering implies

that the majority of the radiation emitted by the W±

4

⇒ jW = j2 + j3
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and otherwise dropping j2. Repeat this procedure
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GeV.
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Here Rmin = 85% ×mW /mt and Rmax = 115% ×
mW /mt.

5. Finally, require that the total pT of the three sub-

jets defined in step 4 be greater than 200 GeV.
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s reconstructed by

the HEPTopTagger and passing default mass cuts with mfilt ∈
[150 GeV, 210 GeV]. Thick solid lines indicate central values,
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90%. Here and throughout the pT is that of the fat R = 1.5
jet. For all pT the central value of the dipolarity for the back-

ground is O(50%−100%) larger than for the signal. This fig-

ure uses the HERWIG event samples; the PYTHIA event samples

yield similar distributions. The dot-dash line roughly indi-

cates where dipolarity cuts are made at the S=20% working

point.
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rion used to select the radiation included in calculating
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has significant impact on the
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ticular different criteria will lead to dipolarity distribu-

tions that are more or less correlated with the kinematic

observables considered by the HEPTopTagger. Applying

dipolarity in another context would likely require this

criterion to be carefully reworked so as to maximize per-

formance. In the present case we find that the following

criterion, which aims to capture as much of the radiation

emitted by the W±
as possible, while minimizing possible

contamination, to be most effective. In addition to the

hard radiation from the two W±
subjets, we include all

soft radiation contained within the pair of cones centered

around the two hard W±
subjets, fixing the radius of the

cones to be ∆R/
√

2, where ∆R is defined between the

two hard W±
subjets. Furthermore we exclude any ra-

diation contained within the smallest cone that encloses

the hard b subjet. Note that angular ordering implies
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Dipolarity

•  incorporate dipolarity into the HEPTopTagger by 
modifying step 4

•  calculate the dipolarity of the pair of subjets 
identified in step 4

•  if more than one pair of subjets passes the mass 
cuts, choose the smaller dipolarity

•  make a dipolarity cut 

•  need to make one more choice: what radiation goes 
into the sum?
        

D < Dmax



Dipolarity

•  we find that the criterion used to select the radiation 
that enters the sum has significant impact on the utility 
of dipolarity of as a discriminant

•  angular ordering implies that most of the radiation 
from the W is within the pair of cones of radius 

•  choose our cones to be somewhat smaller,              ,             
to minimize contamination from the underlying event

•  also remove any radiation in the neighborhood of the 
b subjet      

∆R

∆R/
√
2
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Dipolarity

Legoplot for a top jet with hard substructure 
as identified by the HEPTopTagger



Results

•  test the modified top-tagger on three event samples 
from BOOST 2010:   

1.  HERWIG 6.510   -   angular ordering
2.  PYTHIA ‘DW’   -        ordering
3.  PYTHIA ‘Perugia’   -       ordering 

•  jet clustering with FastJet 2.4.2 

•  zeroth order detector mock-up by binning particles 
into                cells in         space
 

Q2

pT

0.1× 0.1 y−φ
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Results

•  we want to see whether dipolarity cuts are 
essentially orthogonal to the kinematic cuts imposed by 
the HEPTopTagger

•  so include cuts on the reconstructed mass of the top 
so that the HEPTopTagger is using a full compliment of 
kinematic cuts

•  optimize the cuts use Monte Carlo code to finely 
sample the space of cuts 

•  at each signal efficiency S choose cuts so that the 
background mistag rate B is minimized



Results
•  improves background rejection at lower S

Operating Point lcut bcut rmin Dmax mt min mt max B (%)

Low pT without D cut 0.45 0.41 0.92 - 159 GeV 195 GeV 0.47 0.48 0.41

Low pT with D cut 0.37 0.39 0.80 0.021 154 GeV 199 GeV 0.41 0.38 0.30

High pT without D cut 0.47 0.40 0.93 - 158 GeV 199 GeV 0.92 0.79 0.59

High pT with D cut 0.36 0.38 0.88 0.023 154 GeV 196 GeV 0.58 0.58 0.39

TABLE I: Sample optimized operating points at S = 20% based on an equal admixture of all three event samples for maximum
statistics. The resulting background mistag rates (B) are shown for each of the three event samples with HERWIG, PYTHIA ‘DW’,
and PYTHIA ‘Perugia’ arranged from left to right. Including dipolarity cuts loosens mass cuts while improving background
rejection. The low pT samples have 200GeV ≤ pT ≤ 500GeV while the high pT samples have 400GeV ≤ pT ≤ 800GeV.

15 25 35 45 55 65
0.10

0.20

0.30

0.50

1.00

2.00

3.00

5.00

10.0

Signal efficiency (%)

B
ac

kg
ro

un
d 

m
is

ta
g 

ra
te

 (%
)

 

 
with dipolarity
without dipolarity

FIG. 6: Signal efficiency vs. background mistag rate for the
HEPTopTagger with pT ∈ [400GeV, 500GeV] and HERWIG

event samples. At lower signal efficiencies the inclusion of
dipolarity cuts leads to a sizeable improvement in background
rejection. Statistical error bars, which are a relative 25% at
the lowest mistag rate, are not shown.

color configurations in jets that have large mass drops.

This discrimination is of interest, since such jets often

arise from decays of boosted heavy particles. Incorpo-

rating this discriminant into a top tagging algorithm re-

sults in QCD background mistag rates that are lower

by as much as 50%; the exact mistag rate, however,

shows considerable sensitivity to the details of the par-

ton shower. Specifically HERWIG event samples result in a

larger improvement in background rejection than is found

for PYTHIA. We suspect that HERWIG, which uses angu-

lar ordering, does a better job of simulating the effects

of color coherence than PYTHIA, which uses Q2
or pT -

ordering in combination with angular vetoes. This could

explain why the dipolarity of the W±
is a more discrim-

inating observable in the case of the HERWIG event sam-

ples. With an understanding of the origin of this dif-

ference, comparisons to measurements at the LHC could

help improve the description of QCD radiation. It would

be interesting to understand how this difference arises

from the details of the parton shower; doing so, however,

lies outside the scope of this paper.

Validating how well color flow effects as modeled by

Monte Carlo event generators match what is observed

in collider experiments is only beginning to be studied

actively. Understanding color flow in detail is a diffi-

cult problem; for example, QCD predictions for radia-

tion patterns can be affected by non-global logarithms,

see e.g. [40]. Therefore validating theoretical predictions

against data will be critical in reducing the theoreti-

cal uncertainty associated with how dipolarity and other

color flow observables are modeled by Monte Carlo calcu-

lations. A few color coherence studies performed at the

Tevatron showed spatial correlations between the third

and second hardest jets in pp̄ collisions, and HERWIG was

shown to provide a better description of the data than

PYTHIA [37]. More recently, the color of the W±
in tt̄

events was studied, and agreement between theory pre-

dictions for jet pull and data was shown [38].

Jet dipolarity should be useful in a broader set of ap-

plications to both Standard Model and beyond the Stan-

dard Model physics. Possible directions for future re-

search include: (i) applications of dipolarity to a collider

search for heavy color singlet resonances that decay to

tt̄; (ii) applications to standard model W±/Z0
physics;

(iii) applications to heavy color singlet resonances that

decay to W+W−
or Z0Z0

; (iv) applications to cascade

decays of supersymmetric particles; (v) inclusion of dipo-

larity into other top-tagging algorithms; (vi) applications

to the decay of new particles into novel color configura-

tions such as in the decay of the LSP in supersymmetric

models with baryonic R-parity violation; and (vii) modi-

fying D to more closely correspond to the exact radiation

pattern of a color singlet. Each of these directions could

make an interesting laboratory for further development

of jet substructure techniques.
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Results

•  for intermediate to high 
and for lower signal efficiencies including dipolarity cuts 
can improve background rejection

•  there is sizable disagreement between the different 
Monte Carlo event samples

•  this disagreement probably has its origin in the 
details of the parton showers (not e.g. the underlying 
event models)

•  this is not surprising - theoretical understanding of 
color coherence (and its inclusion in MC) is limited

pT (400 GeV < pT < 800 GeV)



Summary & Outlook

•  introduced a jet observable “dipolarity” that can 
distinguish between different color configurations in 
jets with significant mass drops

•  incorporating dipolarity in the HEPTopTagger 
improves background rejection

•  due to theoretical uncertainties, the ultimate utility 
of dipolarity awaits real data

•  dipolarity should have other applications outside of 
top-tagging (e.g. W/Z physics, heavy Higgs)



Summary & Outlook

•  theoretical understanding of color flow and other jet 
substructure observables should benefit from 
confrontation with LHC data

•  e.g. CMS just published CMS PAS JME-10-013
‘Study of Jet Substructure in pp Collisions 
at 7 TeV in CMS’ 

        

•  measured mistag rate for a W tagging and top tagging algorithm

•  good agreement with Monte Carlo (especially Herwig++)
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Sequential jet clustering algorithms

2.2.5 The anti-kt algorithm

One can generalise the kt and Cambridge/Aachen distance measures as [33]:

dij = min(p2pti , p
2p
tj )

∆R2
ij

R2
, ∆R2

ij = (yi − yj)
2 + (φi − φj)

2 , (10a)

diB = p2pti , (10b)

where p is a parameter that is 1 for the kt algorithm, and 0 for C/A. It was observed in [33]
that if one takes p = −1, dubbed the “anti-kt” algorithm, then this favours clusterings that
involve hard particles rather than clusterings that involve soft particles (kt algorithm) or
energy-independent clusterings (C/A). This ultimately means that the jets grow outwards
around hard “seeds”. However since the algorithm still involves a combination of energy
and angle in its distance measure, this is a collinear-safe growth (a collinear branching
automatically gets clustered right at the beginning of the sequence).12 The result is an
IRC safe algorithm that gives circular hard jets, making it an attractive replacement for
certain cone-type algorithms (notably IC-PR algorithms).

One should be aware that, unlike for the kt and C/A algorithms, the substructure clas-
sification that derives from the clustering-sequence inside an anti-kt jet cannot be usefully
related to QCD branching (essentially the anti-kt recombination sequence will gradually
expand through a soft subjet, rather than first constructing the soft subjet and then re-
combining it with the hard subjet).

2.2.6 Other sequential recombination ideas

The flexibility inherent in the sequential recombination procedure means that a number of
variants have been considered in both past and recent work. Some of the main ones are
listed below.

Flavour-kt algorithms. If one is interested in maintaining a meaningful flavour for jets
(for example in purely partonic studies, or when discussing heavy-flavour jets), then one
may use a distance measure that takes into account the different divergences for quark and
gluon branching, as in [81, 82]. The essential idea is to replace eq. (4) with

y(F )
ij =

2(1− cos θij)

Q2
×
{

max(E2
i , E

2
j ) , softer of i, j is flavoured,

min(E2
i , E

2
j ) , softer of i, j is flavourless,

(11)

where gluonic (or non-heavy-quark) objects are considered flavourless. This reflects the
fact that there is no divergence for producing a lone soft quark, and correctly ensures that
soft quarks are recombined with soft antiquarks. In normal algorithms, in contrast, a soft
quark and anti-quark may end up in different jets, polluting the flavour of each one. Full

12If one takes p → −∞ then energy is privileged at the expense of angle and the algorithm then becomes
collinear unsafe, and somewhat like an IC-PR algorithm.
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p = 0 ⇒
p = 1 ⇒
p = −1 ⇒

Cambridge-Aachen
kT

anti-kT

dij

1.  find the smallest of the       and  

2.  if it is       combine i and j and return to step 1

3.  if it is       declare i to be a jet and remove it from 
the list of four-vectors, returning to step 1

4.  continue until there are no particles left

dij diB

diB

1



1.  Break a fat (R=1.5) C/A  jet    into subjets    and    by 
undoing the last stage of clustering;  label so that

2.  If (i) there is a significant mass drop 
 and (ii) the splitting is not too asymmetric then exit the loop

3.  Otherwise redefine     as    and go back to step 1                                           

Some jet substructure techniques

j j1 j2
mj1 > mj2

mj1 < µmj

Jet definition σS/fb σB/fb σS/
√
σB · fb

C/A, R = 1.2, MD-F 0.57 0.51 0.80
kt, R = 1.0, ycut 0.19 0.74 0.22
SISCone, R = 0.8 0.49 1.33 0.42
anti-kt, R = 0.8 0.22 1.06 0.21

Table 8: Cross section for signal (σS) and the Z+jets background (σB) in the leptonic Z channel
of HZ production at a 14 TeV LHC, for 200 < pTZ/GeV < 600 and 110 < mJ/GeV < 125, with
perfect b-tagging; the C/A algorithm uses the procedure outlined in the text; the kt algorithm
uses the first step of decomposition to identify two subjets with a cut on yij as for C/A; SISCone
and anti-kt do not use any subjet analysis, but each require two b-tags within the jet. In each
case R has been chosen to give near optimal significance with that algorithm.

2. If there was a significant mass drop (MD), mj1 < µmj , and the splitting is not too

asymmetric, y =
min(p2tj1

,p2tj2
)

m2
j

∆R2
j1,j2 > ycut, then deem j to be the heavy-particle

neighbourhood and exit the loop (µ was taken to be 0.67 and ycut = 0.09). Note that
y " min(ptj1 , ptj2)/max(ptj1 , ptj2).
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3. Otherwise redefine j to be equal to j1 and go back to step 1.

The search for a mass-drop, step 2, served to identify the point in the decomposition that
involved significant hard substructure and, in the context of a Higgs-boson search, one can
verify that the two subjets at that stage both have a b-tag. The cut on y " z/(1 − z)
allows one to kill the logarithm for (fake b-tag) QCD backgrounds in eq. (56). By virtue
of angular ordering [79], the two C/A subjets produced at that stage, each with opening
angle equal to ∆Rj1,j2, should contain nearly all the perturbative radiation from the bb̄
system (i.e. eq. (60) is close to zero). They still tend to include too much contamination
from the UE however, so one can then apply a filtering technique in which the two subjets
are reexamined on a smaller angular scale Rfilt and only the three hardest components
(i.e. bb̄g) were retained. This essentially reduces the coefficient of the UE contamination
in eq. (61). The value used for Rfilt was specific to the jet, Rfilt = min(0.3, Rbb̄/2), though
this could perhaps be further optimised.

A comparison of different jet algorithms for the ZH search channel for mH = 115 GeV,
with Z → e+e−, µ+µ− for ptH , ptZ > 200 GeV (and other cuts detailed in [85]) is shown in
table 8. The C/A algorithm with the mass-drop and filtering (MD-F) is clearly the best
both at extracting the signal and limiting the background. The kt algorithm fares poorly
mainly because of its poor mass resolution (its larger area and fluctuations, cf. section 4.4,
make it intrinsically worse than the C/A algorithm, and it is shown without any filtering).
SISCone does quite well on the reconstruction of the signal, mainly because of its partic-
ularly low sensitivity to UE contamination, but does poorly on the background rejection

35This ycut is related to, but not the same as, that used to calculate the splitting scale in [184, 185],
which use a dimensionful dcut.

72

y ≈ min(pTj1, pTj2 )
max(pTj1, pTj2 )

jj1

Here                and

4.  Finally, recluster with                                  and use the 
three hardest subjets to calculate the filtered Higgs mass

µ = 0.67 ycut = 0.09

Rfilt = min(0.3, Rbb̄
2 )


