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Outline

The inclusive production of a fermion pair is a standard candle process both 

      at LHC   (Drell-Yan)         

      and

      at FCC-ee                       

the lowest order process, at partonic level, is in both cases   :   they share very similar computational challenges

The evaluation of NNLO-EW corrections is needed not only at FCC-ee,  but already at the LHC !

σ(pp → μ+μ− + X)

σ(e+e− → μ+μ− + X)
ff̄ → μ+μ−
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Motivation: statistical precision from small to large fermion-pair invariant masses

FCC-ee   

arXiv:2206.08326

σ(e+e− → μ+μ− + X)

sqrt(S)  (GeV) luminosity (ab⁻¹) σ (fb) % error

91 150 2.17595 10⁶ 0.0002

240 5 1870.84 ± 0.612 0.03

365 1,5 787.74 ± 0.725 0.09

bin range (GeV) % error 140 fb⁻¹ % error 3 ab⁻¹ 

91-92 0.03 6 10⁻³

120-400 0.1 0.02

400-600 0.6 0.13

600-900 1.4 0.30

900-1300 3.2 0.69

LHC and HL-LHC   

arXiv:2106.11953

σ(pp → μ+μ− + X)

proton PDFs

increasingly large QCD, QCD-EW and EW corrections

Statistical errors

Theoretical systematicsEW input parameters

large QED corrections

increasingly large EW corrections

Are we able to reach the 0.1% precision throughout the whole invariant mass range?

The Drell-Yan case poses the same challenges relevant for FCC-ee
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Motivation: impact of higher dimension operators, as a function of the invariant mass
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Figure 2. Differential pp → e+e− cross section as a function of the dilepton invariant mass,
at
√
S = 13TeV. The shaded regions indicate the theoretical uncertainties from PDF and scale

variations.

mass of the charged lepton and the neutrino, or of the two charged leptons. The running

of the coefficients from the initial scale µ0 = 1TeV to µR is taken into account by solving

eq. (2.37). The error bands in figures 1 and 2 include the 7−point scale variations, by

independently varying µF and µR between m!!′/2 and 2m!!′ excluding the extremes, and

PDF variations, computed with the 30 members of the PDF4LHC15 nlo 30 PDF set.

For both W and Z production, the uncertainties of the NLO SM cross section are

about 2–3% at low mW
T or me+e− , and increase to about 10% at mW

T ,me+e− ∼ 1–2TeV,

where they are dominated by PDF uncertainties. We find that the cross sections induced

by the dimension-six operators that couple to the light quarks are affected by similar errors.

In particular, the PDF uncertainties for both the SM and the dimension-six cross sections

dominate at large mW
T or me+e− , where they are about 10–15%. The scale variations for

operators with a similar chiral structure as the SM, such as CL,Qu or CQe, as well as the

dipole operators and the semileptonic tensor operators are all very similar, being at most

around 5%. The scalar operators CLedQ and C(1)
LeQu, on the other hand, have larger scale

uncertainties, close to 10% at high invariant mass.

The cross section induced by the four-fermion and dipole operators, as a function of

mW
T or ml+l− , falls more slowly than in the SM, and thus the effects are more visible for

large invariant mass. This is evident from the middle panels of figures 1 and 2, which show

the ratio of the differential cross sections in the presence of dimension-six operators and in

– 15 –
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2 The operator basis

Before discussing dimension-six operators, we recall a few SM ingredients needed to es-

tablish our conventions. The SM Lagrangian is completely determined by the invariance

under the Lorentz group, the gauge group SU(3)c × SU(2)L × U(1)Y , and by the matter

content. We consider here the SM in its minimal version, with three families of leptons and

quarks, and one scalar doublet. The left-handed quarks and leptons transform as doublets

under SU(2)L

qL =

(
uL
dL

)
, !L =

(
νL
eL

)
, (2.1)

while the right-handed quarks, uR and dR, and charged leptons, eR, are singlets under

SU(2)L. We do not include sterile right-handed neutrinos, but their effects on e.g. W

production can be straightforwardly included [26]. The scalar field ϕ is a doublet under

SU(2)L. In the unitary gauge we have

ϕ =
v√
2
U(x)

(
0

1 + h
v

)
, (2.2)

where v = 246GeV is the scalar vacuum expectation value (vev), h is the physical Higgs

field and U(x) is a unitary matrix that encodes the Goldstone bosons. By ϕ̃ we denote

ϕ̃ = iτ2ϕ∗.

The gauge interactions are determined by the covariant derivative

Dµ = ∂µ + i
g

2
τ ·Wµ + ig′Y Bµ + igsG

a
µt

a (2.3)

where Bµ, W I
µ and Ga

µ are the U(1)Y , SU(2)L and SU(3)c gauge fields, respectively, and g′,

g, and gs are their gauge couplings. Furthermore, τ/2 and ta are the SU(2)L and SU(3)c
generators, in the representation of the field on which the derivative acts. In the SM,

the gauge couplings g and g′ are related to the electric charge and the Weinberg angle by

gsw = g′cw = e, where e > 0 is the charge of the positron and sw = sin θW , cw = cos θW .

We will shortly discuss how these relations are affected in the presence of dimension-six

operators. The hypercharge assignments under the group are 1/6, 2/3, −1/3, −1/2, −1,
and 1/2 for qL, uR , dR , !L , eR , and ϕ, respectively. The SM Lagrangian then consists

of the Lorentz- and gauge-invariant terms with dimension d ≤ 4 that can be constructed

from the above fields.

The processes we aim to study, Drell-Yan, WH, ZH, and VBF, are affected by many

dimension-six operators. Following the notation of ref. [13], we classify the relevant opera-

tors according to their content of gauge (denoted by X), fermion (ψ), and scalar fields (ϕ).

The operators that contribute at tree level fall in the following five classes

L = LX2ϕ2 + Lψ2Xϕ + Lψ2ϕ2D + Lψ2ϕ3 + Lψ4 . (2.4)

Here LX2ϕ2 contains operators with two scalars and two gauge bosons. At the order we

are working and for the processes we are considering, the only relevant operators are the

– 3 –

S.Alioli, W.Dekens, M.Girard, E.Mereghetti, arXiv:1804.07407

The parameterisation of BSM physics

in the SMEFT language

can be probed by studying the impact

of higher dimension operators

as a function of energy.

Deviations from the SM prediction

require the SM prediction to be

at the same precision level of the data

i.e. (sub) per mille level

Neutral Current Drell-Yan:  SMEFT vs SM predictions
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Motivation: interplay of precision measurements at Z resonance and low- and high-energy

The very high precision determination of EW parameters at the Z resonance is a cornerstone of the whole precision program

but there is more…

Clara L. Del Pio - DIS 2023 5
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Several measurements at low 

but no experimental results  
of the running at high energies!

Q2

?

The SM predicts the running of its parameters, like e.g. , with non-trivial features and in turn complementary sensitivity 
to BSM physics

low-energy (sub-GeV) determinations (P2 in Mainz, Møller at JLab)

high-energy (TeV) determinations (CMS, ATLAS)

offer a stringent test of the SM 

complementary to the results at the Z resonance

The running of an MSbar parameter is completely assigned

once boundary and matching conditions are specified

sin2 ̂θ(μ2
R)
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Motivation: exploiting simultaneously Z-resonance and high-mass precision

The sensitivity to determine the running of  at the LHC 

has been demonstrated in arXiv: 2302.10782

A dedicated POWHEG NCDY version has been implemented for this study,

with  among the input parameters, with NLO-EW renormalisation.

(when fitting the distributions to the data, we can only vary the input parameters of the calculation)

sin2 ̂θ(μ2
R)

sin2 ̂θ(μ2
R)

Clara L. Del Pio - DIS 2023 12

Results

Inner bars: no PDFs, QCD, EW ho 
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Motivation: exploiting simultaneously Z-resonance and high-mass precision

The determinations of the  -   running

                                        -  Wilson coefficients of higher-dimension operators in SMEFT

share a problem:

Missing SM higher-order effects, not related to the coupling definition, may be reabsorbed in these fitting parameters

faking a BSM signal

examples: all the QCD corrections, the EW Sudakov logs, the corrections contributing to the electric charge running

→ we need the best SM description of the cross sections, before we move to the interpretation phase in terms of couplings

NNLO-EW corrections (with UV renormalisation) are needed both at the LHC and FCC-ee to tame this potential problem

sin2 ̂θ(μ2
R)

The sensitivity to determine the running of  at the LHC 

has been demonstrated in arXiv: 2302.10782

A dedicated POWHEG NCDY version has been implemented for this study,

with  among the input parameters, with NLO-EW renormalisation.

(when fitting the distributions to the data, we can only vary the input parameters of the calculation)

sin2 ̂θ(μ2
R)

sin2 ̂θ(μ2
R)

Inner bars: no PDFs, QCD, EW ho 
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Factorisation theorems and the cross section in the partonic formalism

Particles  can be protons (→ Drell-Yan @ LHC) or leptons (→ FCC-ee)

The partonic content of the scattering particles can be expressed in terms of PDFs 
            proton PDFs: ABM, CT18, MSHT,NNPDF,…     lepton PDFs: Frixione et al. arXiv:1911.12040

The partonic scattering can be computed in perturbation theory, 
      exploiting the theoretical progress in QCD, in the understanding of its IR structure 

Factorisation theorems guarantee the validity of the above picture up to power correction effects

P1,2

�(P1, P2;mV ) =
X

a,b

Z 1

0
dx1dx2 fh1,a(x1,MF )fh2,b(x2,MF ) �̂ab(x1P1, x2P2,↵s(µ),MF )

V

Xa

b

P1

P2

μ+

μ−



Neutral current Drell-Yan in a fixed-order expansion
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σ(h1h2 → ℓℓ̄ + X) = σ(0,0)+
αs σ(1,0) + α σ(0,1)+
α2

s σ(2,0) + α αs σ(1,1)+α2 σ(0,2)+
α3

s σ(3,0) + . . .

C.Duhr, B.Mistlberger, arXiv:2111.10379

Hamberg, Matsuura, van Nerveen, (1991)   
Anastasiou, Dixon, Melnikov, Petriello, (2003)

Catani, Cieri, Ferrera, de Florian, Grazzini (2009)

Baur, Brein, Hollik, Schappacher, Wackeroth (2001)

Altarelli, Ellis, Martinelli (1979)

Drell-Yan (1970)

R.Bonciani, L.Buonocore, M.Grazzini, S.Kallweit, N.Rana, F.Tramontano, AV, (2021)
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, (2022)

F.Buccioni, F.Caola, H.Chawdhry, F.Devoto, M.Heller, A.von Manteuffel, K.Melnikov, R.Röntsch, C.Signorile-Signorile, (2022)

still missing
Sudakov high-energy approximations
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The need for a combined resummation of QCD and QED contributions,
enhanced by logarithms of the relevant kinematical variables (e.g. , threshold variables,…) is crucial for the 
description of several observables. It deserves a separate talk.

Here we focus on the description of the tails, above the Z resonance.

pℓℓ
⊥



Impact of higher-order corrections in Drell-Yan production
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scale variation at NNLO underestimated the true size of the N3LO corrections. We note,

however, that the size of the bands at NNLO was particularly small for the NCDY process,

often at the sub-percent level depending on the invariant masses considered.

In figure 7 we show the dependence of the cross section for Q = 100 GeV on one of the

two perturbative scales with the other held fixed at some value in the interval [Q/2, 2Q].

We observe a very good reduction of the scale dependence as we increase the perturbative

order, with only a very mild scale dependence at N3LO. Just like for the photon-only and

W cases, the bands from NNLO and N3LO do not overlap. 1

Figure 5: The K-factors ⌃N
k
LO

/⌃N
3
LO as a function of invariant masses 10 GeV Q 150

GeV for k  3. The bands are obtained by varying the perturbative scales by a factor of

two around the central µcent. = Q.

LO NLO

NNLO N3LO

200 400 600 800 1000 1200 1400 1600
0.95

0.975

1.

1.025

Q [GeV]

�
/�
N
3L
O

LHC 13TeV
PDF4LHC15_nnlo_mc
P P �e+e-+X
�cent.=Q

Figure 6: The K-factors ⌃N
k
LO

/⌃N
3
LO as a function of invariant masses Q 1.800 GeV

for k  3. The bands are obtained by varying the perturbative scales by a factor of two

around the central µcent. = Q.

1The leading order cross section does not depend on the strong coupling constant and consequently does

also not change with variation of the renormalisation scale. As a result the right panel of fig. 7 does not

show any band for the leading order cross section.

– 14 –

C.Duhr, B.Mistlberger, arXiv:2111.10379

4

� [pb] �LO �(1,0) �(0,1) �(2,0) �(1,1)

qq̄ 809.56(1) 191.85(1) �33.76(1) 49.9(7) �4.8(3)

qg — �158.08(2) — �74.8(5) 8.6(1)

q(g)� — — �0.839(2) — 0.084(3)

q(q̄)q0 — — — 6.3(1) 0.19(0)

gg — — — 18.1(2) —

�� 1.42(0) — �0.0117(4) — —

tot 810.98(1) 33.77(2) �34.61(1) �0.5(9) 4.0(3)

Table I. The di↵erent perturbative contributions to the fidu-
cial cross section (see Eq. (2)). The breakdown into the vari-
ous partonic channels is also shown (see text).
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Figure 1. Complete O(↵S↵) correction to the di↵erential
cross section d�(1,1) in the anti-muon pT compared to the
corresponding result in the pole approximation and to the
factorised approximation d�(1,1)

fact
. The top panels show the ab-

solute predictions, while the central (bottom) panels display
the O(↵S↵) correction normalized to the LO (NLO QCD) re-
sult. For the full result the ratios also display our estimate
of the numerical uncertainties, obtained as described in the
text.

ject to large cancellations between the various partonic
channels. The NLO QCD corrections amount to +4.2%
with respect to the LO result, while the NLO EW cor-
rections contribute �4.3%. Also the NNLO QCD cor-
rections are subject to large cancellations, and give an
essentially vanishing contribution within the numerical
uncertainties. The newly computed QCD–EW correc-
tions amount to +0.5% with respect to the LO result.

In Fig. 1 we present our result for the O(↵S↵) correc-
tion as a function of the anti-muon pT . The left panels
depict the region around the Z peak, and the right pan-
els the high-pT region. In the main panels we show the
absolute correction d�(1,1)/dpT , while the central (bot-
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Figure 2. As Fig. 1, but for the di-muon invariant mass.

tom) panels display the correction normalised to the LO
(NLO QCD) result. Our results for the complete O(↵S↵)
correction are compared with those obtained in two ap-
proximations. The first approximation consists in com-
puting the finite part of the two-loop virtual amplitude
in the pole approximation, suitably reweighted with the
exact squared Born amplitude. This approach precisely
follows that adopted for the charged-current DY process
in Ref. [49] (see Eq. (14) therein for the precise defini-
tion). The pole approximation, which includes factoris-
able and non-factorisable [44] contributions, requires the
QCD–EW on-shell form factor of the Z boson [40]. The
second approximation is based on a fully factorised ap-
proach for QCD and EW corrections, where we exclude
photon-induced processes throughout (see Ref. [45, 49]
for a detailed description). We see that the result ob-
tained in the pole approximation is in perfect agreement
with the exact result. This is due to the small contri-
bution of the two-loop virtual to the computed correc-
tion, as observed also in the case of W production [49].
Our result for the O(↵S↵) correction in the region of
the peak is reproduced relatively well by the factorised
approximation. Beyond the Jacobian peak, this approx-
imation tends to overshoot the complete result, which is
consistent with what was observed in Refs. [45, 49]. As
pT increases, the (negative) impact of the mixed QCD–
EW corrections increases, and at pT = 500GeV it reaches
about �60% with respect to the LO prediction and �15%
with respect to the NLO QCD result. The factorised ap-
proximation describes the qualitative behaviour of the
complete correction reasonably well, also in the tail of
the distribution, but it overshoots the full result as pT
increases.

In Fig. 2 we show our result for the O(↵S↵) correction
as a function of the di-muon invariant mass mµµ. The

μR = μF = MZ

The N3LO corrections clearly stabilise the
dependence on the choice of the QCD scales

The mixed NNLO QCD-EW corrections
feature a O(-1.5%) correction, up to 1 TeV of invariant mass
missing in any additive combination available in simulation tools

At large invariant mass, 
QCD and EW show a factorisation pattern.

Next to the resonance, 
kinematic effects are important for a proper description

R.Bonciani, L.Buonocore, M.Grazzini, S.Kallweit, N.Rana, F.Tramontano, AV, (2021)



Need for a full NNLO-EW calculation to reduce the uncertainties to sub-percent level
The NNLO-EW corrections to scattering processes are still today one of the frontiers in QFT

                               
The NNLO-EW corrections could modify in a non-trivial way the large-mass/momentum tails of the distributions

Large logarithmic corrections (EW Sudakov logs) appear in the virtual corrections 

At two-loop level, we have up to the fourth power of 

The size of the constant term is not trivial
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Figure 1: Separate logarithmic contributions to R(e+e− → qq̄) in % to the Born approximation:
(a) the one-loop LL (ln2(s/M2), long-dashed line), NLL (ln1(s/M2), dot-dashed line) and N2LL
(ln0(s/M2), solid line) terms; (b) the two-loop LL (ln4(s/M2), short-dashed line), NLL (ln3(s/M2),
long-dashed line), NNLL (ln2(s/M2), dot-dashed line) and N3LL (ln1(s/M2), solid line) terms.

section) we obtain in the same notations

RLR(e+e− → QQ̄) = 1− 4.48L(s) + 17.51 l(s)− 13.16 a

− 1.16L2(s) + 15.66L(s) l(s)− 43.50 l2(s) + 44.05 l(s) a ,

RLR(e+e− → qq̄) = 1− 1.12L(s) + 12.05 l(s)− 16.44 a

− 0.81L2(s) + 18.02L(s) l(s)− 130.74 l2(s) + 278.71 l(s) a ,

RLR(e+e− → µ+µ−) = 1− 13.24L(s) + 116.58 l(s)− 148.42 a

− 0.79L2(s) + 23.68L(s) l(s)− 155.46 l2(s)− 116.67 l(s) a .

(66)

Finally, for the left-right asymmetry ÃLR (the difference of the cross sections for the left-
and right-handed initial state particles divided by the total cross section) which differs from
ALR for the quark-antiquark final state we have

R̃LR(e+e− → QQ̄) = 1− 2.75L(s) + 10.60 l(s)− 9.05 a

− 0.91L2(s) + 11.16L(s) l(s)− 33.49 l2(s) + 28.28 l(s) a ,

R̃LR(e+e− → qq̄) = 1− 1.07L(s) + 11.75 l(s)− 16.21 a

− 0.77L2(s) + 17.06L(s) l(s)− 125.18 l2(s) + 267.60 l(s) a .

(67)

The numerical structure of the corrections in the case of e+e− annihilation is shown in
Figs. 1-3. In Fig. 1 the values of different logarithmic contributions to R(e+e− → qq̄) are

22

1-loop 2-loop

           B.Jantzen, J.H.Kühn, A.A.Penin, V.A.Smirnov, hep-ph/0509157

corrections to  
due to EW Sudakov logs

e+e− → qq̄

11urgently needed to match sub-percent precision in the TeV region, but also to match FCC-ee precision 
Alessandro Vicini - CERN and University of Milano                                                                                                                                                                                                                                 FCC-ee Physics Workshop, February 1st 2024
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Towards the NNLO-EW corrections to σ( ff̄ → μ+μ− + X)
 • The evaluation of NLO corrections (QCD and EW) can be accomplished with automatic tools

 • At NNLO level different conceptual and technical problems arise:

  - evaluation of the 2-loop virtual amplitudes
        increasing complexity depending on the number of internal massive lines (# of energy scales)
        one of the main bottlenecks so far

          

  - phase-space integration of double-real and real-virtual contributions
        reaching 0.1% precision is challenging (subtraction techniques)

                  ,                    ,       
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 The NNLO QCD-EW corrections to Drell-Yan are an excellent playground for many of these problems
T.Armadillo, R.Bonciani, S.Devoto N.Rana,, AV, arXiv:2201.01754

    → in turn, directly relevant for e+e− → qq̄ + X

Towards the NNLO-EW corrections to σ( ff̄ → μ+μ− + X)

QCD meets EW, 08.02.2024 - Simone Devoto

Numerical grid

STRUCTURE OF A LOOP COMPUTATION

Computation of the interference terms

7

Feynman Amplitudes

Process definition

Reduction to a set of Master Integrals

Evaluation of the Master Integrals

Subtraction of the UV poles (renormalisation)

Subtraction of the IR poles

Numerical evaluation in phase-space points

courtesy of Simone Devoto



The double virtual amplitude: generation of the amplitude

14

ℳ(0,0)(qq̄ → ll̄) =

ℳ(1,1)(qq̄ → ll̄) =

�

�

μ

μγ

�

�

�

μ

μ�

�

O(1000) self-energies + O(300) vertex corrections +O(130) box corrections + 1loop x 1loop 
     (before discarding all those vanishing for colour conservation, e.g. no fermonic triangles)
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2Re (ℳ(1,1)(ℳ(0,0))†) =
NMI

∑
i=1

ci(s, t, m; ε) 𝒯i(s, t, m; ε)

The double virtual amplitude: reduction to Master Integrals

The coefficients  are rational functions of the invariants, masses and of 

Their size can rapidly “explode” in the GB range

    → careful work to identify the patterns of recurring subexpressions, keeping the total size in the O(1-10 MB) range

ci ε
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The Master Integrals  satisfy a system of first order linear differential equations

The solution can be obtained in several cases in closed analytical form in terms of special functions (GPLs, elliptic functions)

                                            in general in semi-analytical form, via series expansions (with arbitrary precision)

                                                           using codes like DiffExp, SeaSyde, AMFlow

ℐi
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                                            in general in semi-analytical form, via series expansions (with arbitrary precision)
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ℐi

The open question in view of 2-loop EW calculations with difficult 2-loop Master Integrals is the feasibility

      of writing the differential equations in symbolic form  → if yes, then the semi-analytical solution is available for any integral

The performance of such “solvers” can be optimised , in the most demanding cases with several internal masses
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Evaluation of the Master Integrals by series expansions
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, 2205.03345

The Master Integrals satisfy a system of differential equations. 
The MIs are replaced by formal series with unknown coefficients →  eqs for the unknown coefficients of the series.

DiffExp by M.Hidding, arXiv:2006.05510 implements this idea, for real valued masses, with real kinematical vars.
But we need complex-valued masses of  W and Z bosons (unstable particles) → SeaSyde
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Complete knowledge about the singular structure of the MI 
can be read directly from the differential equation matrix

The solution can be computed with an arbitrary number of significant digits, 
but not in closed form  → semi-analytical 

We implemented the series expansion approach, for arbitrary complex-valued masses, 
working in the complex plane of each kinematical variable, one variable at a time
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 • Additional ingredients are needed at NNLO EW, in the 2-loop virtual sector

      - the complete implementation of the 2-loop EW renormalisation, in the complex mass scheme,
         using as input parameters precisely those that we plan to fit from the data (e.g.  or    )

      - a practical solution to handle the  problem

      - an IR subtraction scheme (possibly inherited from QCD) fully consistent with gauge invariance

sin2 θℓ
eff sin2 ̂θ(μ2

R)

γ5

Towards the NNLO-EW corrections to σ( ff̄ → μ+μ− + X)
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Conclusions

 • The NNLO EW corrections to the Drell-Yan processes will be needed to match the final HL-LHC precision
   Steady progress is pushing the frontier of NNLO calculations from QCD-EW to full EW

 • These results will be the core of the calculations needed at the FCC-ee 
       to describe fermion-pair production in the whole energy range

 • The availability of these corrections will establish the SM benchmark with precision comparable to the data

    → increase the significance of an observed deviation, as a function of energy → relevant to SMEFT studies

 • As a starting example, the extraction of  at high-masses at the LHC shows 
        the potential biases induced by neglecting SM higher-order effects

    → any BSM study must be done on top of the best SM results (NNLO-EW?) to avoid fake conclusions

sin2 ̂θ(μ2
R)


