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Zubarev statistical operator

Zubarev statistical operator

relativistically covariant formulation of the statistical operator:

@ spacetime possesses foliation into a family of spacelike
hypersurfaces X, parametrized by "time” o

@ assumption : hydrodynamical approximation < local
equilibrium in small vicinity of each point

The Zubarev statistical operator is constructed from conserved
currents which characterize the system macroscopically. D. N.
Zubarev, A. V. Prozorkevich, and S. A. Smolyanskii, Derivation of
nonlinear generalized equations of quantum relativistic
hydrodynamics, " Theoretical and Mathematical Physics 40 no. 3, (Sep,
1979) 821-831. https://doi.org/10.1007/BF01032069.



Zubarev statistical operator

Density operator in equilibrium is expressed through the conserved
quantities. Stress - energy tensor TH” = TE¢ (Belifante -
Rosenfeld, or symmetrized)

p=Sew(- /Z AT, (T ()8, (x) — J#(x)¢(x)))

Tr(p) = 1, timelike B, = Buy, vt =1, (= pu

The partition function
Z=Trep(= [ dEan,(T()8,( = *(5()

In equilibrium d—p =0.



Zubarev statistical operator

Sufficient condition for equilibrium:

dp A v v
CTg =0, logp=—log(2) — /dZJ,Bn“gW(T Pu, — Zu,-j,- )

= 0=0,(T""Bu, —>_jrBui) = T8, (Bu,) ZJ, (Bpi)

(operators vanish at spatial infinity, currents are conserved)
solution:

Bui = (i = const., B, = Bu, = b, + wysx?, by, wys = const.

Zubarev statistical operator in the presence of macroscopic motion
o1 . \
p=opl(= [ dZam (T (08,0 =1 ()c(x))



Zubarev statistical operator

define the charge operators
pr = /dZn,,'?'”“, Qi = /dZn,,j;’,
i = [ amn (o — sy = e w4 k- R,

introduce the linear velocity, acceleration and vorticity

1 1 1

v, = Bbu, a, = Eww,u”, Wy = — 75 €upo W’
& Wy = Beuvpow’u’ + ayu, — a,uy,)

the Zubarev statistical operator may be written as

o= le*ﬁ(vuﬁlurauk”*w#:j“*z; i Q)
V4



Partition function expressed through the functional integral

Fermions coupled to non-Abelian gauge bosons

QCD: fermions (quarks) coupled to SU(3) gauge bosons (gluons)
in the fundamental representation

—derivation of the effective Lagrangian for general macroscopic
motion in GTE for quarks and gluons

Dirac Lagrangian + gauge field Lagrangian:

I 1 )
L= W(X)(E'y“Du —m)V(x) — ETr(FWF“ )
D‘u = aﬂ — igA#, F/W = (9#/\,, — 61,/4# — ig[A#, AZ,]

Dirac field and gauge field BR energy momentum tensors:

<~ —

TE(x) = JU(x)(" D" + 7" D"V (x), D, = D~ D,
T (x) = 2TH{FPH ()Y (x) + 38" () Foo (x)FP” ()



Partition function expressed through the functional integral

Partition function expressed through the functional integral

We fix one particular hypersurface ¥ at t = 0 with n = (1,0,0,0).
The partition function

Z[].] = Trexp( — /dZBny(?'VPup — Z:ul.ll\ly)) = Trexp( — H)
define a Hamiltonian comprising macroscopic motion
Hi= [ dZpn(T"u, ~ 3 ujf), dE = &

With the aid of the coherent state system (for fermions) and the
systems of eigenstates of A, I1 (for gauge field) we obtain

_ b - -
Z[h] = Trexp( —H h) - /D¢D¢DA}L eJz @ Jy dTLSET).G(%,7). A(%.7))



Partition function expressed through the functional integral

Non - interacting fermions

Divide the interval (0, h) into N — oo pieces with length ¢
exp<th) :exp<fH5> X 1y X exp(fH(s) X 1y X ... xexp(fH<
with B
15= [ DiDye [ ommir o) )
Here
|9) = el dz””®T707M¢|Q>, (9] = (Q e dTnud Py

|Q2) is the Fock space state, in which all one - particle states are
vacant, while all anti - particle states are occupied.

- h — .
Z[h] = Tr exp( —H h) = / DED el x Jy d7Ls(6(%m).0(%7))



Partition function expressed through the functional integral

Non - interacting fermions

- h — .
Z[H = Trexp( — Hh) = [ DFDg els i Lo o5y
The Euclidean lagrangian
_ 1 0<—> o 0
L(6,6) = =657° 96 + B(0, %) (3 i
N T kin T ia ol
- UO(Oa X)m¢¢ —u (07 X)QZ)I’VJ 8]7 17k¢
K =1 0. iZ i . .
+ (0, X)¢5 17 i 0, — 6,700,610, )
—. =1 -1, .7z
— u°(0,%)%in' 0 i50+ u0(0,>"<')<;5§ify/ 9 j¢)



Partition function expressed through the functional integral

Pure gauge field

Hamiltonian density in the gauge Ao = 0:
A 1 /a_n A A
A= (a0 + B757)

vectors of physical Hilbert space are identified with the complex -
valued wave functionals O[A]: A% (x)®,[A] = A% (x)P,[A],
N7 (x)®,[A] = 5Aal ¢ +|A], x € ¥,. Operator I1; obeys

canonical commutation relat|ons with A:

(17 (x), A°(y)] = —i5*6161%) (x - y)

X,y€Ls
We identify ®,[A/(t,X)] = ®,.[A(t',X)]. Gauss constraint
G2[A] = D17 ®[A] = 0

is generator of space - dependent gauge transformations.



Partition function expressed through the functional integral

Pure gauge field
Eigenstates of A and [1: (A|A") = §[A— A, (N|IV) = [N — 7]

]. i ai a
Al = i [ dTA%(x)N2(x)
(AIM = ==

Here Vol is divergent constant from
]. i a ai
—~ [ p..n i [dEnz(x)A%(x) _ A
i [ Deesnie o[A]
The functional delta - function: for any functional ®
/ Dex AL O[A1] 6(A1 — As) = O[A2]

Next, we define R
(N[H[A) = h(1, A) (N[A) (1)

Direct calculation gives h(, A) = 1 (I’If’l’l? + Bfo’)
I



Partition function expressed through the functional integral

Pure gauge field

Divide the interval (0, h) into N — oo pieces with length §

exp(—Hh)zlnxexp(—Hé) Xlelnxexp(—H6) X 1gx

Ll x1p X exp(—H(S) X 1y
with
1 = /DA]A>(A|, 1n=/Dn|n><n|
Then

Z[h] — TI" eXp( _ H h) — / DADI_I efz d3X foh dTLﬂ,A(A()_(',T)vn()_(‘,T))



Partition function expressed through the functional integral

Pure gauge field

Z[h] = Tr exp( —H h) - / DADM elz & Jy drta a(AGn) M)

.0

Lna(A, M) = naklaAz — B(0,X) Tou[A, Mu(0, %)
Here
1 loa
Tuw(x) = F(x)F,(x) + Zgw(X)FSg(X)F"’J (x)

1 aipai 1 apa j ' ai g2
=0000(5 NN + 2 B7B?) + (8],60 + 678} )eu* B}

Lo vl 1 -
+ 5 (0,8, + 0,0,)(50; BiBi — BB} + Ea,jnaknak — Mn¥).
with identification M? = % = BoA? and BY = —JeiuFj.



Partition function expressed through the functional integral

Fermions + gauge field

Divide the interval (0, h) into N — oo pieces with length ¢
exp(—Hh) =1,@1n x exp( — Hd) x 1y © 14 x Inx
xexp(—HcS) X1p®@1gx..x1y®14x1p xexp(—Hé) x 14
with

La= [ DALA) (Al 10 = [ DRI (M)

1, = [ DiDve =Ty )

Then
Tr exp ( “H h) _ / D3DG DADM e o dPx [ drL(B(%,7).6(%,7),A(Z,7) (%))



Partition function expressed through the functional integral

Fermions + gauge field

Trexp( H h / D¢D¢ DADIN ef): d3x fo dTL (X,7),0(X,7),A(X,7),N(X,7))

_ 1 e _

LG, A M) = =657°06 + B(0,%) (3 1if? — wo(0, %) mp

- ko, %)&fﬁﬂ@w + 050,053 712° 1 Djod — 54700500, %)
(0, %6 D56 + (0, %) 1/ Dy

+ I'I"ki%Aa — (0, X) To[A, Mut(0, %)

The covariant derivatives here act on ¢ and ¢ only.



Partition function expressed through the functional integral

From Euclidean functional integral to the functional
integral in Minkowski space - time

Z[H] = / D3DSDADM e o dPx [ drL(@(%.7).6(%,7),A(%.7) (%.7))
In the same way we obtain also Z[ih] = exp( —iH h):

exp( —iH h) - / D$DpD.ADT eifz P foh LS w). S w). A% w) N(Fw)
Rescaling of emergent "time"variable w:
E= wB(R), B(X.t) = 6(%, t/B(F)), A%, 1) = Alx, t/B())
In the new "time"variable
_ , 3. [hB(R) — . . R
Z[ih] — / D'lpD'l/}DADI_l el fzd X f() dtL(’([)(X,t),’l[)(X,t),A(X,t),n(X,W))
I



Partition function expressed through the functional integral

From Euclidean functional integral to the functional
integral in Minkowski space - time

Z[it] = / DEDYDADT & Je @ Jy™ ™ L0005, AR M%)

with $U(%) = 503 u(0, %):

£, AT =3 5Dy — m)) + (1 — $0)(i°5 Dov)
+ 3 i + (TG A#(Ds + 0)) — 5D+
1

1 o
+ N7ER — Yo(5 NN + = B7B7) — e Bitl

Integration over 1 may be performed.



Partition function expressed through the functional integral

2lihf = / DDy DA, ol [ d'x L(.A)

= {(MB(x), X)X € £}
ut(0, X)
two convenient choices for the scaling function B(X):

e B(X) = p(0,X) = U*(X) = u(0,X)

o B(X) = B(0,X)u°(0,X) = U(X) = v"(0,%)/u°(0,X)
boundary conditions:

integration region: Xo(hyperplane) — L =
introduce the new variable #(X) = B((X

h—

\_/

fermions: ¢ (X, B(X)h) = (X, 0) $(X, B(X)h) = —¢(X,0)
gauge bosons: A, (X, B(X)h) = A.(X,0)



Effective theory of QCD in the presence of macroscopic motion

Temporal gauge Ag =0

Effective Lagrangian comprising macroscopic motion:

LG50, A) =00 5Dy = m)y+ 3 g

i

— o/l km k
+py (g[’YJa’Y 1(Dj + Dj) 2D )
1 ai Cai ai pai
+§(E Ea _ Baig )

1 . o
o (Wl — WW)B7 B} — e B

2\ =2\,.0 = 2\ u“(t()’)_()
B(X) = B(to, X)u"(to, X) & W(X) = D(t, %)
1 .
Ef = Fi,‘”uv B = _EGMUkFajkn“7 VO = V“nu, i,J spacelike



Effective theory of QCD in the presence of macroscopic motion

hB(%)

Integration region

Z[ih] = / DyDYDA, & | X LWv.A)



Effective theory of QCD in the presence of macroscopic motion

Gauge invariant formulation

LG5, A) = () (+* 5 By — m)or -+ (1 — (Un)) (@) 5 (D))
3 i) + 4 BB g1 AUD” + D))

WA () L DP L pavps L paepann a
- up@b(V”)* @D——n W T adn upBvo

1
-4 i o (1€ F7 ) (1 15 F P 417
- u—F‘g FPl,n" + F2,F?n,n'

n

il‘u( ) ( (0 X)/%( ))U’M(O,X), A,ul/ = 8uv — Ny



Particular cases

Rotation (pure gauge field)

1. "Passive” rotation: the system is at rest in the rotating reference
frame:

1 o
S(g;fw Au) = /d4X£(g5w Au)7 E(g;'fm A#) = _ZF:ngP'\’WgIg Fuaa

2. "Active"” rotation: Zubarev operator with corresponding 3, u:

5(77uuvAm ut) :/d4xc(7]uuaAua ut),

1 -1
‘C(nmu A#? UM) == MFQMVF:V - 481n FapaFaMVAHPAVU
1 _ -
— %(n“em,pgFapail”)(n“eﬂpﬁgl:apoil”)
1
— iTFlj’uFa”’)ilpn” + F;MF"””npn“
n



Particular cases

Rotation (pure gauge field)

Insert the following background data:
1. "Passive"rotation:

ds® =g/ dx" dx"
=(1 — w?(x® + y?))dt? + 2wydtdx — 2wxdtdy — dx? — dy? — dz?
2. "Active” rotation:
ds? =n,,dxtdx” = dt? — dx?® — dy? — dz*

_/B(O))_(’) i 2) = X X
=5 Y OF), BR) = 5(0,%)1°(0,¥)

B 1
\/1 — w?(x2 4+ y?)

= S(gp Au) = S(us, A, u)
I

t(X)

ut

(1, —wy,wx,0) = " = (1, —wy,wx,0)




Particular cases

Accelerated motion

ds? =, dx"dx” = dt? — dx® — dy? — dz*

LA () = (t(();)) u(to, X), B(X) = B(to, X)u’(to, X)

1
(o, %) = (1 + ax, at,O)’ = " =(1,0,0,0)

(1+ ax)2 — at? =t

In the effective Lagrangian only the spatial components of il enter
non-trivially! (for this choice of B)

= the only effect if acceleration is manifested through the scaling
function (+» spacetime dependent temperature)

B(¥) = B(0,%)u’(0,X) = B(0, %) = Bo(1 + ax)
N



Particular cases

Freedom in the choice of the function B(X)

Freedom in the choice of the function B(X) < dependence of the
integration measure on reparametrizations t — tB(X) < anomaly
in D, T* (absent in 4D)

Z[ih] = / DyDYDA, e | 4 £0v-A)

integration region: Xo(hyperplane) — L\ =
( 0,%)

ﬁ\
X

{(hB(X), X)X € T}
u(0,X)

introduce the new variable {#(X) =

boundary conditions:

fermions: ¢ (X, B(X)h) = —¢(X, 0) P(X, B(K)h) = —1)(,0)
gauge bosons: A, (X, B(X)h) = A,(X,0)



Conclusions

quark - gluon plasma in Heavy lon Collisions

HIC Experimental Data

VS.

G Siuators 5,9 -l et o1 [

Lattice QCD,
analytical methods

|

better model assumptions

Extract 3,(x) from the models of fireball — Lagrangian £[3,(x)]
— simulations and analytical calculations




Conclusions

Conclusions

@ Zubarev statistical operator allows to describe the equilibrium
in the presence of macroscopic motion (straight motion,
rotation, acceleration)

@ The effective lagrangian for description of such a system is
derived

@ In hydrodynamic approximation we can think of each coarse
grain of the system as equilibrium. The obtained Lagrangian
may then be used with arbitrary profile of macroscopic
velocity and local temperature

@ Applications to quark - gluon plasma simulations are possible



Future directions: normal component of 3He — A

3He — A

consider superfluid 3He — A and repeat the just mentioned steps
within the Zubarev statistical operator approach
preliminaries:

1. "normal” liquid 3He is a Fermi liquid featuring a Fermi surface

2. it undergoes a phase transition (in case of appropriate external
conditions - pressure and temperature) by spontaneous
symmmetry breaking

3. the superfluid component of 3He — A provides the vacuum
background which is coupled to the normal component of
excitations

4. difficulty: space and time dependent matrix-valued vierbein,
the order parameter of the phase transition, in an emergent
relativistic theory of chiral fermions



Future directions: normal component of 3He — A

e starting point: effective Lagrangian of superfluid 3He — A
without macroscopic motion, slowly varying vierbein and
thereby small values of the superfluid velocity

3 He without spin orbit interaction (G = U(1) x SO(3)t x SO(3)°):

S=3aP)eP)asp) = = Y Tialp)ialp)

p.s BY piasias

~ k k2
p=(w, k), k= Tk e(p) = iw — (2—M3 —p) = iw — ve(lk| — kg),

Jia(p) = 5 > (K = K)aa(p)loalgac(p)e??, e+ = -~ =1
pi+p2



Future directions: normal component of 3He — A

requirement for validity of Taylor expansion around Fermi surface:

L vi|(x[k] F kF)|

= typical length scales a and time scales 7:

\"4
F o 7>

wqm—#r%>uh, "

@ carry out bosonization with complex bosonic fields A,

@ apply spontaneous symmetry breaking prescription for
3He — A (specification of the form of A;)



Future directions: normal component of 3He — A

superfluid 3He — A-phase:
Aiw = VBV Ag(m; — in))d, = /BVkevi(m; —in))d,, i,a=1,23
with frame fields

dd=m-m=n-n=1 m-n=0, l=mxXxn

introduce Nambu Gorkov spinors:

A d_
V)= <e53<x3flp>> e
—a(-p)

@ expansion around the two Fermi points yields an effective
Lagrangian which is relativistically invariant



Future directions: normal component of 3He — A

near the Fermi points K,’l\,,L = KL = +kgl" we define

Vr(p) = W(K, +p) = ( X(Ks +p) ) |

—X“(K-—p)
1 0
vi(p) = TPW(K- +p) = (X"c((’fgj_”,ﬁﬂ e = 8 Y/iT((:g))
0 V|||

with XC = —io’\* & Yr(p) = iTleﬂ’t(—P)

Seff = i/d4xe[¢Lieg(X)Tbvqu — [VMJL]I'G’Z(X)7b¢L
+ ER’.eg(X)Tbvu@bR - [VMER]"eﬁ(X)de’R]



Future directions: normal component of 3He — A

split off the spin space dependence and introduce Dirac spinors:

ps _ L+ 5(do) 1 <_s(d1 - id2)>

with eigenspinors n° =
2 SENSPIOB T = (T —sd5) \  sds — 1

Yrr=Y_ ViR PULR=VI =V RO
s=%+

V= (W] 0R)T, W= (VLR Py =yt =V @

1 0
. T
\U:(\u+7 ezhlﬁQ]\u—) , et =et 8 \\//if:
0 vl



Future directions: normal component of 3He — A

1 — =
Seff = n / d*xe[Win’yPel! D,V — [WD,]inyPelv]
. rs —r S\( SIS s T
D,=V,—iBu, B7=imVum)6"1+ie g['yl,'y2])

B, (, b, . sl
: gW;}u[’YlfY ] b,

Abelian Berry connections and non-Abelian spin connection:

b; = iﬁsvuns, Wpl2 = 27Tiﬁ+v“77_

@ construct the Zubarev statistical operator from (conserved)
current densities



Future directions: normal component of 3He — A

N A 1x A 2
logp=—a — /dZnu(Te’fBa — EMngab —Calhy — ZC,_/,“)

IS 1, A A
——a-— /dZnu(Té’fﬁa - 5sg‘bQ"”:’ —Cadh — Y _ Gl
for vanishing gauge field B = 0:
Bl = b+ wh XV
Q;w =wu + ej(v)\eau)ﬁ/\ = eZ(»CBe)au = eZ[ﬁ)\V/\eau + ea)\vuﬁ)\]

P(LET)vpe =0, Tuvp = €ap ij = eaﬂ(vyez —V,ed)
additionally for non-vanishing gauge field 5 # 0:
B2G.(B) =0, Q*P,,(B)=0



	Zubarev statistical operator
	Partition function expressed through the functional integral 
	Effective theory of QCD in the presence of macroscopic motion
	Particular cases
	Conclusions
	Future directions: normal component of 3He-A 

