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Bound state perturbation theory ??

QED atoms: Yes, but tricky …

QCD hadrons: Non-perturbative!?

Bound state derivations based on

the QED action, (c.f. the S-matrix)

are needed for textbooks and QCD.
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4 15. Quark Model

Table 15.2: Suggested qq̄ quark-model assignments for the lightest
mesons made of u, d and s quarks. Mesons in boldface are included in
the Summary Table. The wave functions f and f Õ are given in the text
(Eq. (15.9)) and the singlet-octet mixing angles in Table 15.5 below for
the well established nonets. The classification of the 0++ mesons is con-
troversial: (i) the scalars a0(980), Kú

0 (700), f0(980) and f0(500), omitted
from the table, are often considered to be four-quark states, but are also
proposed for the ground state scalar nonet (see the chapter “Scalar Mesons
below 1 GeV” in this Review); (ii) there are three isoscalar 0++ mesons,
f0(1370), f0(1500) and f0(1710), both f0(1500) and f0(1710) being pro-
posed as glueballs. The three states are expected to mix. The isoscalar
assignments in the 21S0 (0≠+) nonet are also tentative. Details and alter-
native schemes can be found in “Spectroscopy of Light Meson Resonances”
in this Review.
a The 1+± and 2≠± isospin 1

2 states mix. In particular, the K1A and K1B

are nearly equal mixtures of the K1(1270) and K1(1400) [7]. The 2≠±

mixed partner of the K2(1770) is the established K2(1820).
b The physical vector mesons are mixtures of 13D1 and 23S1 (for a discus-
sion see [8]).
c This state has also been proposed as a tetraquark state [9].
d The ÷(1475) and ÷(1405) (not shown) may be manifestations of a single
state [10].
e This state has also been proposed as the ground state tensor glue-
ball [11, 12].

n2s+1¸J JP C I = 1 I = 1
2 I = 0 I = 0

ud̄, ūd, us̄, ds̄; f Õ f
1Ô
2(dd̄ ≠ uū) d̄s, ūs

11S0 0≠+ fi K ÷ ÷Õ(958)
13S1 1≠≠ fl(770) Kú(892) „(1020) Ê(782)
13P0 0++ a0(1450) Kú

0(1430) f0(1370, 1500, 1710)
11P1 1+≠ b1(1235) K1B

a h1(1415) h1(1170)
13P1 1++ a1(1260) K1A

a f1(1420) f1(1285)
13P2 2++ a2(1320) Kú

2(1430) f Õ
2(1525) f2(1270)

13D1 1≠≠ fl(1700) Kú(1680)b „(2170)c Ê(1650)
11D2 2≠+ fi2(1670) K2(1770)a ÷2(1870) ÷2(1645)
13D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670)
13F4 4++ a4(1970) Kú

4(2045) f4(2300) f4(2050)
13G5 5≠≠ fl5(2350) Kú

5 (2380)
21S0 0≠+ fi(1300) K(1460) ÷(1475)d ÷(1295)
23S1 1≠≠ fl(1450) Kú(1410)b „(1680) Ê(1420)
23P1 1++ a1(1640) K1(1650)
23P2 2++ a2(1700) Kú

2(1980) f2(1950)e f2(1640)
21D2 2≠+ fi2(1880)
31S0 0≠+ fi(1800) K(1830) ÷(1760)
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3Gribov’s perturbative confinement

Gribov, hep-ph/9807224 and hep-ph/9902279
Dokshitzer and Kharzeev, hep-ph/0404216 αcrit

s = πC−1
F (1 − 2/3) ≃ 0.43

5 Spontaneous symmetry breaking in asymptotically
free theories

In the present section we will consider the equation for the fermion Green’s function in QCD

∂2G−1(q) = g(q)∂µG
−1(q)G(q)∂µG

−1(q) , (73)

where

g(q) =
α(q2)

π
λaλa =

4α(q2)

3π
.

This equation was discussed extensively [1] in connection with the problem of quark con-
finement. Here we shall use the equation for the discussion of the spontaneous breaking of
chiral symmetry in asymptotically free theories. The asymptotic freedom is reflected in this
equation by the fact that α(q2) decreases when q2 → ∞. We will assume that in the limit
q → 0 α(q2) approaches a finite value.

g

q2

g(0)

Figure 1

At q2 → ∞ the solution of the equation (73) has the form

G−1(q) = Z−1

[

(m− q̂) +
ν31
q2

+
ν42 q̂

q4

]

, (74)

q̂ = γµqµ .

If α = 0, the quantities Z, m, ν1, ν2 are arbitrary parameters. In the case when α(q2) is
defined by perturbation theory, Z,m, ν1, ν2 are the following functions:

Z = Z0

(

α

α0

)γZ

, m = m0

(

α

α0

)γm

, ν1,2 = ν01,2

(

α

α0

)γ1,2

. (75)

The anomalous dimensions γZ , γm and γ1,2 can easily be found from the equation (73).
Generally speaking, the solution depends on four parameters. In the limit q2 → ∞ the
chiral invariant solution can be written as

G−1 = −Z−1q̂

(

1−
ν42
q4

)

. (76)

The general solution (74) corresponds to massive quarks. In the solution which corresponds
to spontaneously broken chiral symmetry, m0 = 0. In this case the mass term decreases
when q2 → ∞; the term ν1 is responsible for the violation of the symmetry.

17

There is a critical value of  :αs

At  the structure of the vacuum

changes and the coupling freezes.

αcrit
s

5

PDG

9. Quantum chromodynamics 33

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  
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Figure 9.4: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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D&K: “This number … is numerically small. 
Gribov’s ideas … offer an intriguing possibility to 
address all the diversity and complexity of the 
hadron world from within the field theory with a 
reasonably small effective interaction strength.”
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4Positronium in QED (1)

|e−e+, P = t = 0⟩ ≡ ∫ dx1dx2 ψ̄(x1) Γ F(x1 − x2)ψ(x2) |0⟩

ΓPara = γ5

Γλ
Ortho = eλ ⋅ γ0γ

JPC = 0−+

JPC = 1−−

Analytic, non-perturbative solution for  eigenstates in the classical potential.e−e+

( −
∇2

me
−

α
r )F(r) = EB F(r)

HQED |e−e+⟩ = (2m + EB) |e−e+⟩

α ≪ 1 NR approximation

F(r) = N exp(−α m r/2)

May serve as the starting point for a formally exact perturbative expansion.
Caswell and Lepage (1978)

EB = − α2m/4



5Positronium in QED (2)

NRQED is used to calculate the perturbative expansion Caswell and Lepage (1986)

Adkins, Cassidy, and Pérez-Ríos (2022)

QED calculations for atoms are done in the rest frame only

Positronium hyperfine splitting  is given by a power expansion in ΔE = M(3S1) − M(1S0) α

ΔE
me

=
7
12

α4 − (8
9

+
ln 2
2 ) α5

π
−

5
24

α6 ln α + [1367
648

−
5197
3456

π2 + (221
144

π2 +
1
2 )ln 2 −

53
32

ζ(3)] α6

π2

−
7α7

8π
ln2 α + (17

3
ln 2 −

217
90 ) α7

π
ln α + 𝒪(α7) Agrees with experiment

Poincaré covariance is challenging for bound states (spatially extended)

In IF:   Does the potential  remain instantaneous when  ?    [Yes]

            Do other Fock states than  contribute when  ?  [Yes]

−α/ |x | |P | ≫ M
|e−e+⟩ |P | ≫ M



6Instantaneous potential (QED in IF)

No physical particle can move faster than light.

Gauge theory Lagrangians lack  and  terms.

    and  do not propagate in space-time. They are gauge dependent:

∂tA0 ∇ ⋅ A
⟹ A0 AL

  Coulomb gauge


       Temporal gauge

∇ ⋅ A(t, x) = 0
A0(t, x) = 0

Gauge condition for all x at the same t

induces an instantaneous potential

Consider here temporal gauge: quantization without constraints,  E = − ∂tA
Invariance of physical states under t-independent gauge transformations requires:

(∇ ⋅ E − eψ†ψ) |phys⟩ = 0 Determines EL from instantaneous electron positions:

EL(t, x) |phys⟩ = − ∇x ∫ dy
e

4π |x − y |
ψ†ψ(t, y) |phys⟩
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7Positronium in motion (IF)

⟶

P = 0 P >> M

The Coulomb potential  grows with P, 

wheras excitation energies decrease with P:

−
α
z

E
M

The Poincaré covariance of atoms
is realised dynamically in the IF.

Boost

∼ 1/αme ∼ 1/αE

QED:   Fock state contributes to EB at leading  for .


            It subtracts the large Coulomb energy, ensuring  

|e−e+γ⟩ 𝒪(α2) P > 0
E = M2 + P2

M. Järvinen, Phys. Rev. D71 (2005) 085006  [hep-ph/0411208]

Lorentz contraction

P2 + (2m + EB)2 − P2 + 4m2 ≃
2m EB

P



Paul Hoyer Kolymbari 2024

8Fock expansion in A0=0 gauge (QED)

H(t) |M, P, t⟩ = M2 + P2 |M, P, t⟩ M: Rest mass P: CM momentum

|M, P, t⟩ = ∑
j

Φj |{e−}, {e+}, {γ}⟩j
Fock expansion in terms of 

in temporal gauge ( )

e−, e+, γ
A0 = 0

Recall: (∇ ⋅ E − eψ†ψ) |phys⟩ = 0

EL(t, x) |phys⟩ = − ∇x ∫ dy
e

4π |x − y |
ψ†ψ(t, y) |phys⟩

H(t) = ∫ dx[H0 + HV + Hint] HV = ∫ dx 1
2 E2

L

x2

x1

Electrons in every Fock state interact

through their instantaneous electric field:

Hint = − e∫ dx ψ† α ⋅ A ψ
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|e−e+; P, t = 0⟩ ≡ ∫ dx1dx2 ψ̄(x1) eiP⋅(x1+x2)/2 Φ(P)(x1 − x2) ψ(x2) |0⟩

Perturbative bound state expansion (QED)
Start from the  Fock state of Positronium with momentum P|e−e+⟩

Operating with H(t) creates an  Fock component at |e−e+γ⟩ 𝒪(e)

Operating with H(t) on  creates  and

 components at , etc.

ce+e− |e−e+⟩ + ce+e−γ |e−e+γ⟩ |e−e+γγ⟩
|e−e+ e−e+⟩ 𝒪(e2)

Form eigenstates of H(t) at  by including a sufficient number of Fock states.𝒪(en)

This defines a perturbative expansion for bound states of any CM momentum P

A systematic PQED approach to atoms allows to consider an extension to hadrons.

Caswell and Lepage (1978)



10Quarkonia

The  and  states are described by the Schrödinger eq. with the “Cornell potential”cc̄ bb̄

V (r) = V 0r � 4

3

↵s

r
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V′￼ ≃ 0.18 GeV2, αs = αs(m2
Q)
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I. INTRODUCTION

Quarkonium spectroscopy has celebrated a great re-
surgence in the past few years thanks to a wealth of new
information, primarily from electron-positron colliders,
but also from hadronic interactions. Transitions between
quarkonium states shed light on aspects of quantum
chromodynamics !QCD", the theory of the strong inter-
actions, in both the perturbative and nonperturbative re-
gimes. In the present paper we review the new informa-
tion on these states and their transitions and indicate
theoretical implications, updating earlier discussions
such as those by Kwong et al. !1987, 1988"; Kwong and
Rosner !1988"; Godfrey and Rosner !2001a, 2001b,
2002"; Barnes and Godfrey !2004"; Brambilla et al.
!2004"; Eichten et al. !2004" !which may be consulted for
explicit formulas".

We deal with states composed of a heavy quark Q=c
or b and the corresponding antiquark Q̄. We discuss QQ̄
transitions primarily to other QQ̄ states, with some ref-
erence to processes involving QQ̄ annihilation, and
largely bypass decays to open flavor #treated, for ex-
ample, by Barnes and Godfrey !2004"; Brambilla et al.
!2004"; Eichten et al. !2004, 2006"; Barnes et al. !2005"$.

A brief overview of the data on the charmonium and
bottomonium systems is provided in Sec. II. We then
review theoretical underpinnings in Sec. III discussing
quarks and potential models, lattice gauge theory ap-
proaches, perturbative QCD and decays involving glu-
ons, and hadronic transitions of the form QQ̄→ !QQ̄"!
+ !light hadrons". Section IV is devoted to charmonium.
Section V treats the bb̄ levels and includes a brief men-
tion of interpolation to the bc̄ system. Section VI pro-
vides a summary.

II. OVERVIEW OF QUARKONIUM LEVELS

Since the discovery of the J /% more than 30 years ago,
information on quarkonium levels has grown to the
point that more is known about the cc̄ and bb̄ systems
than about their namesake positronium, the bound state
of an electron and a positron. The present status of char-
monium !cc̄" levels is shown in Fig. 1, while that of bot-
tomonium !bb̄" levels is shown in Fig. 2. The best-

established states are summarized in Tables I and II.
The levels are labeled by S, P, D, corresponding to

relative orbital angular momentum L=0,1 ,2 between
quark and antiquark. !No candidates for L&3 states
have been seen yet." The spin of the quark and anti-
quark can couple to either S=0 !spin-singlet" or S=1
!spin-triplet" states. The parity of a quark-antiquark
state with orbital angular momentum L is P= !−1"L+1;
the charge-conjugation eigenvalue is C= !−1"L+S. Values
of JPC are shown at the bottom of each figure. States are
often denoted by 2S+1#L$J, with #L$=S ,P ,D , . . . . Thus
L=0 states can be 1S0 or 3S1; L=1 states can be 1P1 or
3P0,1,2; L=2 states can be 1D2 or 3D1,2,3, and so on. The
radial quantum number is denoted by n.

III. THEORETICAL UNDERPINNINGS

A. Quarks and potential models

An approximate picture of quarkonium states may be
obtained by describing them as bound by an interquark
force whose short-distance behavior is approximately

M
as

s
(G

eV
/c

2 )

4.0

3.5

3.0

Charmonium
family

2 M(D)

ηc(3S)

ηc(2S)

ηc(1S) γM1M1

DD

DD

π+π−J/ψ
ψ(4S) or hybrid
ψ(2D)

ψ(3S)

ψ(13D1)
ψ(2S) DD

DD*

ππππ,
η,
π0

γM1M1
γE1E1

π0

γE1E1

γE1E1hc(1P)

J/J/ψ

χc0(1P)
χc1(1P)

χc2(1P)

χc1(2P) χc2(2P)
X(3872)?

(ρρ,ωω,γγ)J/ψψ
ωJ/ψψ γγγγ

DD,

FIG. 1. Known charmonium states and candidates, with se-
lected decay modes and transitions.
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M
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s
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2 )
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10.50

10.25

10.00

9.75

9.50

Bottomonium
family

ππππ
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η,π0
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+ transitions+ transitions
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(γE1E1)
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FIG. 2. Transitions among bb̄ levels. There are also numerous
electric dipole transitions S↔P↔D !not shown".

1162 Eichten et al.: Quarkonia and their transitions
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E. Eichten et al, Rev. Mod. Phys.  80 (2008) 1161

V´r is treated as a classical potential.

It involves the confinement scale V´.

Transitions are calculated 

perturbatively in , as in QED.αs
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11Lattice QCD confirmed the Cornell potential

even a pure Coulomb potential, σ = 0, implies a non-vanishing σeff at finite t ! r.
Of course, the symmetry of the Wilson loop under interchange of r and t also implies
that no plateau in V (r, t) can be found, unless t " r. For smeared Wilson loops, one
would still expect a similar 1/t2 approach (with a different coefficient) of σeff towards
the asymptotic limit, while effective masses, V (r, t), will approach V (r) exponentially
fast at any r.

4.7.2 The quenched potential

-4

-3

-2

-1

0

1

2

3

0.5 1 1.5 2 2.5 3

[V
(r)

-V
(r 0

)] 
r 0

r/r0

β = 6.0
β = 6.2
β = 6.4
Cornell

Figure 4.2: The quenched Wilson action SU(3) potential, normalised to V (r0) = 0.

In Figure 4.2, we display the quenched potential, obtained at three different β values
in units of r0 ≈ 0.5 fm from the data of Refs. [173, 29]. The lattice spacings, determined
from r0, correspond to a ≈ 0.094 fm, 0.069 fm and 0.051 fm, respectively. The curve
represents the Cornell parametrisation with e = 0.295. At small distances the data
points lie somewhat above the curve, indicating a weakening of the effective coupling
and, therefore, asymptotic freedom. We will discuss this observation later. All data
points for r > 4a collapse onto a universal curve, indicating that for β ≥ 6.0 the scaling
region is effectively reached for the static potential. Moreover, continuum rotational
symmetry is restored: in addition to on-axis separations, many off-axis distances of the
sources have been realised and the corresponding data points are well parameterised by
the Cornell fit for r > 0.6 r0. Prior to comparison between the potential at various β,
the additive self-energy contribution, associated with the static sources, that diverges
in the continuum limit has been removed. This is achieved by the parametrisation-
independent normalisation of the data to V (r0) = 0.

42

The quenched Wilson 
action SU(3) potential.

Gunnar S. Bali, Phys.Rept. 343 (2001) 1

V (r) = V 0r � 4

3

↵s

r
<latexit sha1_base64="ZnAdRTUtScPLNXsAHVUhJv3e5cA="></latexit>

Cornell:



Paul Hoyer Kolymbari 2024

12Transitions are determined perturbatively

The mass has been determined through fits to the in-
variant mass spectrum of !c!1S" decay products in reac-
tions such as ""→!c!1S" !Asner et al., 2004; Aubert et
al., 2004b", B→!c!1S"K !Fang et al., 2003", and
J /# , #!2S"→"!c!1S" !Bai et al., 2000, 2003" using all-
charged or dominantly charged final states, and in pp̄
→!c!1S"→"" !Ambrogiani et al., 2003". All these recent
measurements have uncertainties in the few-MeV range,
but do not agree with each other particularly well. The
averaged value is m#!c!1S"$=2980.4±1.2 MeV !Yao et
al., 2006", which includes an error inflation of S=1.5 to
account for the spread of results. The observed splitting
of 116.5±1.2 MeV between J /# and !c!1S" is consistent
with an unquenched lattice QCD prediction of
%110 MeV !Davies et al., 2006".

The square of the wave function at the origin cancels
out in the ratio of partial widths !Kwong et al., 1988",

$!!c → """
$!J/# → %+%−"

=
4
3
&1 + 1.96

&S!mc
2"

'
' . !24"

Using the “evaluated” partial widths in Yao et al.
!2006", $!!c→"""=7.2±0.7±2.0 keV and $!J /#
→%+%−"=5.55±0.14±0.02 keV, one finds that
!3/4"$!!c→""" /$!J /#→%+%−"=0.97±0.29, which is
consistent with Eq. !24" but still not precisely enough
determined to test the QCD correction. A more precise
test would have taken into account m!J /#"!2mc and
the running of &S.

The total width of !c is dominated by the gg final
state. Its value has not remained particularly stable over
the years, with Yao et al. !2006" quoting $tot!!c"
=25.5±3.4 MeV. This value is !3.54±1.14"(103 that of
$!!c→""". The gg /"" ratio is predicted !Kwong et al.,
1988" to be

$!!c → gg"
$!!c → """

=
9#&S!mc

2"$2

8&2 &1 + 8.2
&S!mc

2"
'

' , !25"

leading to &S!mc
2"=0.30−0.05

+0.03. This value should be re-
garded with caution in view of the large QCD correction
factor 1+8.2&S /'(1.8.

New measurements have been reported of the prod-
uct of the two-photon widths and branching ratios to
selected four-meson final states for the !c !Uehara et al.,
2008". Combining with branching ratios from the Par-
ticle Data Group !PDG", one obtains $!!c→"""
=2.46±0.60 keV !Metreveli, 2007", a value considerably
lower than that just quoted, and disagreeing with the
prediction in Eq. !24".

C. P-wave !cJ states

The 1P states of charmonium, )cJ, were first seen in
radiative decays from the #!2S". The )cJ states lie
128/171/261 MeV !J=2/1/0" below the #!2S". Their
masses can most accurately be determined in pp̄ colli-
sions !Armstrong et al., 1992; Andreotti et al., 2003,
2005b" with )cJ→"J /#→"!e+e−" or )c0→'0'0 by mea-
suring the excitation curve, where the well-known and

small beam energy spread results in low systematic un-
certainty #O!100 keV" !Andreotti et al., 2003"$. In prin-
ciple, a precise measurement of the photon energy in
#!2S"→")cJ allows a mass measurement as well, given
that the #!2S" mass is well known. The BES Collabora-
tion used the decay #!2S"→")cJ followed by photon
conversions "→e+e− to improve upon the photon energy
resolution !Ablikim et al., 2005c".

The J=0 state is wide, about 10 MeV, while the J=1
and 2 states are narrower #0.89±0.05 and 2.06
±0.12 MeV, respectively !Yao et al., 2006"$, which is be-
low detector resolution for most exclusive )cJ decays.
The most accurate width determinations to date come
from pp̄ experiments, again from fits to the excitation
curve !Andreotti et al., 2003, 2005b".

1. Production and decay via E1 transitions

E1 transitions have played an important role in
quarkonium physics with the initial theoretical work de-
scribing charmonium suggesting that the triplet 1P states
could be observed through the E1 transitions from the
#!2S" resonance !Appelquist et al., 1975; Eichten et al.,
1975, 1976, 1978, 1980". It is a great success of this pic-
ture that the initial calculations by the Cornell group
!Eichten et al., 1975, 1976, 1978, 1980" agree within 25%
of the present experimental values.

New studies have been performed by the CLEO Col-
laboration of the rates for #!2S"→")c0,1,2 !Athar et al.,
2004" and #!2S"→")c0,1,2→"" J /# !Adam et al., 2005a".
We use these data to extract the magnitudes of electric
dipole matrix elements and compare them with various
predictions.

The inclusive branching ratios and inferred rates for
#!2S"→")cJ are summarized in Table III. Photon
energies are based on masses quoted by Yao et al.
!2006". Branching ratios are from Athar et al. !2004".
Partial widths are obtained from these using
$tot##!2S"$=337±13 keV !Yao et al., 2006". The E1 ma-
trix elements )*1P )r )2S+) extracted using the nonrelativ-
istic expression in Eq. !6" are shown in the last column.

In the nonrelativistic limit the dipole matrix elements
in 3S1→

3PJ transitions )*r+NR) for different J values are
independent of J. Predictions of specific nonrelativistic
potential models sit in a small range from 2.4 to
2.7 GeV−1 !see Fig. 3", with a slightly larger range ob-
tained using potentials constructed from charmonium

TABLE III. Properties of #!2S"→")cJ decays, using results
from Yao et al. !2006" and branching fractions B from Athar et
al. !2004", as well as Eq. !6".

J

k" B $##!2S"→")cJ$ )*1P )r )2S+)

!MeV" !%" !keV" !GeV−1"

2 127.60±0.09 9.33±0.14±0.61 31.4±2.4 2.51±0.10
1 171.26±0.07 9.07±0.11±0.54 30.6±2.2 2.05±0.08
0 261.35±0.33 9.22±0.11±0.46 31.1±2.0 1.90±0.06
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 is calculated perturbatively, as :ηc → hadrons ηc → gg

No V´ dependence: The confining interaction does not create gluons

Consistent with the dominance of  and qqq constituents 

also for strongly bound states.

qq̄
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13The inclusion of ΛQCD

 does not have the confinement scale  .ℒQCD ΛQCD

Neither do the field equations of motion, nor the EL constraint of  gauge:A0 = 0

(∇ ⋅ Ea
L + gfabcAb ⋅ Ec − gψ†Taψ) |phys⟩ = 0

The confinement scale must be introduced without changing  :ℒQCD

Steven Weinberg:
“. . . Quantum field theory is the way it is because . . . it is the only way 
to reconcile the principles of quantum mechanics . . . with those of special relativity.” 

 may be introduced through a boundary condition:  .ΛQCD Ea
L( |x | → ∞) ≠ 0

Quantum Theory of Fields (Vol. I)

This implies a non-vanishing gluon field energy in the vacuum.
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14A non-vanishing field energy of the vacuum

Recall the “Bag model”: ℒbag = (ℒQCD − B) θ(bag)

9

Perturbative 
vacuum

QCD 
vacuum

Bag pressure B

FIG. 3. Sketch of the MIT Bag Model [24]. The kinetic pressure of the quarks balances the pressure B of the color field in the
QCD vacuum.

amplitude A(s, t) tends to peak in the forward direction, t ' 0. This is described by “Regge exchange”,

A(s ! 1, t . 0 fixed) ' �(t)s↵(t) ↵(t) = ↵0 + ↵0t (2.1)

The exchanged ”Reggeon” may be viewed as an o↵-shell (t  0) hadron. Data shows that Regge trajectories are
approximately linear, with a universal slope ↵0 ' 0.9 GeV2. Regge exchange is illustrated in Fig. 4(a) for ⇡+⇡� !
⇡+⇡�, to which the ⇢ trajectory ↵⇢(t) ' .5 + .9 t/GeV2 contributes.

In a Chew-Frautschi plot the spin J of hadrons is plotted versus their squared masses M2. Remarkably, the hadrons
lie on the linear Regge trajectories determined by scattering data for t  0, i.e., ↵(M2) = J . This is shown for the
⇢ trajectory states in Fig. 4(b)). Other hadrons with light (u, d, s) valence quarks such as nucleons and hyperons
similarly lie on linear Regge trajectories. The reason for this is not understood, but it has inspired string-like models
of hadrons, with the valence (di)quarks connected by a color flux tube [29, 30].

π+ π+

π– π–
π– π–

s →

→ t

≃
s → ∞, t fixed

π+ π+

α(t)

(a) (b)

FIG. 4. (a) Scattering amplitude for ⇡
+
⇡
� ! ⇡

+
⇡
� with ⇢ Regge exchange at high energies. (b) Chew-Frautschi plot of

hadron spins J vs. their M
2, and the Regge trajectory ↵⇢(t). Plot from [31].

Duality is a pervasive feature of hadron dynamics. In hadron scattering duality implies that s-channel resonances

 1125 Page 70 of 636 Eur. Phys. J. C          (2023) 83:1125 

Fig. 28 The suppression of QCD vacuum fields, as represented by the
energy density, from the region between a quark–antiquark meson (top)
or three-quark baryon (bottom). Quark positions are illustrated by the
colored spheres. The separation of the quarks in the meson are 0.50 fm
(left), 1.00 fm (middle), and 1.50 fm (right). The baryon frames illus-
trate the spherical cavity (or bag) observed at small quark separations
of 0.27 fm from the center (left), the development of a filled-∆ shape at
moderate separations of 0.42 fm (middle) and finally the emergence of

a Y-shape flux tube (right) at large quark separations of 0.72 fm from
the system center [404]. The surface plot illustrates the reduction of the
vacuum energy density in a plane passing through the centers of the
quarks. The vector field illustrates the gradient of this reduction. The
tube joining the quarks reveals the positions in space where the vacuum
energy density is maximally expelled and corresponds to the “flux tube”
of QCD

via a variational method with explicit B-meson operators.
These interpolating fields mix with the traditional flux-tube
operators in a matrix of correlation functions. Upon solving
for the energy eigenstates, mixed states with their associated
avoided level crossings are observed.

Following the notation of Ref. [418], the calculation
proceeds as follows. The QQ static quark operator con-
nected with an optimized spatially smeared flux-tube opera-
tor Vt (r, 0) from position 0 to r at Euclidean time t is

Q(r,t)
γ · r
r

Vt (r, 0) Q(0,t), (4.122)

where γ · r/r selects the spin-symmetric state to be com-
bined with the symmetric gluonic string Vt (r, 0), enabling
mixing with two pseudoscalar B mesons. Note, the anti-
symmetric spin-combination is obtained via γ · r/r → γ5
and yields the same energy levels, as both spin cases are
calculated from the same Wilson loop.

Similarly, the BB meson interpolating field for a pseu-
doscalar B meson at r and a B meson at 0 at Euclidean time
t is

Q(r,t) γ5 qi(r,t) q̄
i
(0,t) γ5 Q(0,t), (4.123)

where qi(r,t) annihilates the light-quark flavor, i . The four
elements of the correlation matrix are obtained from the four
combinations of these two operators.

Contracting the heavy-quark operators in the standard
flux-tube operators provides

[
Q(r,t)

γ · r
r

Vt (r, 0)Q(0,t)

]†
Q(r,0)

γ · r
r

V0(r, 0)Q(0,0)

= 2 tr
{
V †
t (r, 0)Ur(t, 0) V0(r, 0)U

†
0 (t, 0)

}
≡

(4.124)

where the heavy-quark mass dependence has been sup-
pressed for simplicity. Here Ur(t, 0) denotes the product of
time-oriented links at the position r from time 0 to t and the
trace is over color indices. This is the standard Wilson loop
depicted by the r (horizontally) by t (vertically) rectangle in
Eq. (4.124).

Similarly, contracting out the quark field operators in the
mixed correlator provides

Q(0,t) γ5 qi(0,t) q̄
i
(r,t) γ5 Q(r,t) Q(r,0)

γ · r
r

V0(r, 0) Q(0,0)

≡ = (4.125)

where the wavy line depicts a light quark operator. Finally,
contraction of the quark operators in the BB correlator pro-
vides

123

Lattice QCD supports the physical

picture of the bag model.

F. Gross, et al., Eur.Phys.J.C 83 (2023) 1125  [2212.11107]

A. Chodos, et al., Phys. Rev. D9 (1974) 3471

However, this modified  .ℒQCD
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15Long-range effects from  ?Ea
L( |x | → ∞) ≠ 0

QED: EL(t, x) |phys⟩ = − ∇x ∫ dy
e

4π |x − y |
ψ†ψ(t, y) |phys⟩   for → 0 |x | → ∞

This gives the  potentials of the  and  in 

An external observer sees a dipole field, which must vanish for 

−α/r e− e+ ψ̄(x1)ψ(x2) |0⟩
|x | → ∞

QCD:  Color singlet states give  at all x (after summing over quark colors)Ea
L(x) = 0

In  the  quark sees the  field of the  anti-quark


The  field of  need not, separately for each color A, vanish as  .

ψ̄ A(x1)ψ A(x2) |0⟩ qA(x1) Ea
L(x) q̄A(x2)

Ea
L(x) q̄A(x2) |x | → ∞

Consider a homogenous solution  in solving for  from∇ ⋅ Ea
L(x) |phys⟩ = 0 Ea

L(x)

∇ ⋅ Ea
L(x) |phys⟩ = g[ − fabcAb ⋅ Ec + ψ†Taψ(x)] |phys⟩
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16 from a boundary conditionΛQCD

Ea
L(x) |phys⟩ = ∇x ∫ dy[κ x ⋅ y+

g
4π |x − y | ][fabcAb ⋅ Ec(y) − ψ†Taψ(y)] |phys⟩

Poincaré symmetry restricts the form of the homogeneous solution:

16

= ∫ dydz{y ⋅ z[ 1
2 κ2 ∫ dx + gκ] + 1

2

αs

|y − z | }ℰa(y)ℰa(z)ℋV ≡ 1
2 ∫ dx∑

a

Ea
L ⋅ Ea

L

ℰa(y)

The term  gives an x-independent field energy density:  ∝ κ2 HV ∝ ∫ dx

For each state ,  is determined such that the energy density is universal.|phys⟩ κ

This leaves one physical scale , given by the energy density of the vacuumΛQCD

The contribution to the Hamiltonian is
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17 Fock state potentialqq̄

globally color singlet  stateqq̄

Cornell potential

This potential is valid also for relativistic  Fock states, in any frameqq̄

The universal vacuum energy density is

The linear, confining part  is of  .∝ Λ2 𝒪(α0
s )

Eigenstate of ℋV

|q(x1)q̄(x2)⟩ ≡ ∑
A

ψ̄ A(x1)ψ A(x2) |0⟩

ℋV ≡ 1
2 ∫ dx∑

a

Ea
L ⋅ Ea

L
ℋV |qq̄⟩ = Vqq̄ |qq̄⟩

Vqq̄(x1, x2) = Λ2 |x1 − x2 | − CF
αs

|x1 − x2 |

EΛ =
Λ4

2g2 CF



18Baryon Fock state potential

Baryon Fock state

Confining potential

Analogous potentials are obtained for any globally color singlet 
quark and gluon Fock state, such as  and gg.qq̄g

When two of the quarks coincide the potential reduces to the  potential:qq̄

|q(x1)q(x2)q(x3)⟩ ≡ ∑
A,B,C

ϵABCψ†
A(x1)ψ†

B(x2)ψ†
C(x3) |0⟩

Vqqq(x1, x2, x3) = Λ2 dqqq(x1, x2, x3) −
2
3

αs( 1
|x1 − x2 |

+
1

|x2 − x3 |
+

1
|x3 − x1 | )

dqqq(x1, x2, x3) ≡
1

2
(x1 − x2)2 + (x2 − x3)2 + (x3 − x1)2

Vqqq(x1, x2, x2) = Λ2 |x1 − x2 | −
4
3

αs

|x1 − x2 |
= Vqq̄(x1, x2)
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19 bound states at qq̄ 𝒪(α0
s )

|qq̄, P = t = 0⟩ ≡ ∫ dx1dx2 ψ̄ A
α(x1)δABΦαβ(x1 − x2)ψB

β (x2) |0⟩

⇥
i�0� ·

!
r+m�0

⇤
�(x) + �(x)

⇥
i�0� ·

 
r�m�0

⇤
=

⇥
M � V (|x|)

⇤
�(x)

The bound state condition  givesH |qq̄⟩ = M |qq̄⟩

where x ≡ x1 – x2 and V(x) = Λ2 |x |

In the non-relativistic limit (m ≫ Λ) this reduces to the Schrödinger equation.
The quarkonium phenomenology with the Cornell potential.⇒ 
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20 Example:  states at −ηP = ηC = (−1)j 𝒪(α0
s )

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�0) + 1

i
�5 F1(r)Yj�(x̂)

F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0 Radial equation

Regularity of the wave function determines the bound state masses M

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

5 10 15 20

1

2

3

4

5

6

j
m = 0

M2/V′￼

Linear Regge trajectories
with daughters:

Spectrum similar to
dual models
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21Frame dependence of EM form factors

In a perturbative expansion each order in αₛ, including ,
must have exact Poincaré covariance. Boost covariance is dynamical in IF.

𝒪(α0
s )

<latexit sha1_base64="BwyOUG1Rmq3vGvzTJLAd7/MbFno="></latexit>

Fµ
AB(y) = hB,PB |jµ(y) |A,PAi = ei(PB�PA)·yhB,PB |jµ(0) |A,PAi

Check with electromagnetic form factor for any states A, B:

∂μFμ
AB = 0 Gauge invariance OK

Fμ
AB Transforms as a 4-vector under boosts: Poincaré invariance OK
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22The three main points

1. Systematic perturbative methods bound states, based on the action,

 should be developed for bound states.

Cf. the derivation of the perturbative S-matrix in the Interaction Picture.

3. The confinement scale  must be introduced without changing  . ΛQCD ℒQCD

2. The Poincaré covariance of bound states merits attention.

PH: 2101.06721, 2304.11903 


