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Outline
• Bias expansion

• Nonlocality in time

• Terms and conditions

• Modified gravity

• SEP and WEP violating

• Different species

• Baryons

• Neutrinos

• Caveats (other new scales)



Hubble UDF

Theory of galaxy 
clustering



• We cannot yet simulate the formation of galaxies* 
fully realistically

• Need to abstract from the incomplete understanding 
on small scales

• Only hope for rigorous results is on scales k < kNL

• Goal: describe galaxy clustering up to a given scale 
and accuracy using a finite number of free bias 
parameters     :

�g(x) =
X

O

bO O(x)

bO

Theory of galaxy 
clustering

(at fixed time)

* Of course, everything in following will apply to any tracer of LSS.
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EFT approach in LSS

• Effective field theory: write down all terms 
(in Lagrangian or equations of motion) that 
are consistent with symmetries

• Gravity: general covariance

• Galaxy density: 0-component of 4-vector 
(momentum density)

• Order contributions by perturbative order, 
and number of spatial derivatives 

Cf. Pierre Zhang’s talk



EFT approach in LSS
• LSS is non-relativistic: velocities v << c

• Only relevant metric component is time-
time component: gravitational potential Φ

• Relevant remaining gauge symmetries:

Time rescaling

Time-dependent 
Lorentz boost
(“generalized Galilei 
transformation”

Rotations

⌧ ! ⌧ + c(⌧) , � ! �+ C(⌧)

xi ! xi + ⇠i(⌧) , � ! �+Ai(⌧)x
i

vi ! vi + ⇠i0(⌧)

xi ! Ri
jx

j
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EFT bias expansion
• What can (and thus has to) appear?

• Stress-energy (matter): 

• But not velocity (forbidden by gauge symmetry)

• Time derivatives have to be convective:

• Gravity (potential):

• But not Φ or r�
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EFT bias expansion

• We are not done yet however… Two issues:

• Many terms are redundant, as they are related through the 
equations of motion for matter and gravity (continuity, Euler, 
Poisson)

• Cumbersome, but no problem - can eliminate redundant terms 
order by order in perturbations

• So far, we have written the EFT as local in time and space

• Only makes sense if spatial and time derivatives are suppressed

• True for spatial derivatives, but not for time derivatives! 
Galaxies form over many Hubble times (as does matter field)

• Theory is nonlocal in time.



Galaxy formation

• Consider coarse-grained (large 
scale) view of region that forms a 
galaxy at conformal time τ

• Formation happens over long time 
scale, but small spatial scale R*

• For halos, expect R⇤ . RL



Galaxy formation
• Consider large-scale perturbations

• Galaxy density then becomes a 
local function in space*

• Using equations of motion, we can 
eliminate dependence on matter 
density and velocity

• We are left with nonlinear, 
nonlocal-in-time functional of tidal 
tensor:
ng(x, ⌧) = Fg [@i@j�(xfl(⌧

0), ⌧ 0)]

* higher spatial derivatives are suppressed 
by (λ/R*)2 -> later

x = xfl(⌧)

xfl(⌧
0)
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• Consider operator (field) O(x,t) that is constructed from*

• For simplicity, consider linear dependence of galaxy on O

• Linear functional in time:

• In perturbation theory, we know the convective time evolution of all these 
operators.

• Morally, at n-th order, there at most N(n) different time dependences (with 
N=n for EdS), and hence <= N independent terms!

• Equivalently: arbitrarily high time derivatives can be written in terms of 
<= N terms

Non-locality in time
2.3 Systematics of the Bias Expansion

We now describe how to systematically carry out the bias expansion up to higher orders, starting

from Eq. (2.5). We will restrict ourselves to lowest order in (spatial) derivatives, which yields

the leading operators on large scales. Let us begin by assuming Gaussian initial conditions. As

discussed above, Eq. (2.5) still involves a functional dependence on the long-wavelength modes

along the past fluid trajectory. Consider a general operator O constructed out of the field3

⇧`

ij
⌘ ⇧ij . At linear order, the dependence of ng(x, ⌧) on O can formally be written as

ng(x, ⌧) =

Z
⌧

⌧in

d⌧ 0 fO(⌧, ⌧
0)O(xfl(⌧

0), ⌧ 0) (2.28)

=

Z
⌧

⌧in

d⌧ 0 fO(⌧, ⌧
0)

�
O(x, ⌧) +

Z
⌧

⌧in

d⌧ 0 fO(⌧, ⌧
0)(⌧ 0 � ⌧)

�
D

D⌧
O(x, ⌧) + · · · ,

where D/D⌧ is a convective time derivative. In Eulerian coordinates, D/D⌧ is given by

D

D⌧
=

@

@⌧
+ ui

@

@xi
, (2.29)

where ui is the peculiar velocity. The expansion in (2.28) shows that we have to allow for convec-

tive time derivatives such as D(⇧ij)/D⌧ , in the basis of operators. Including time derivatives of

arbitrary order then provides a complete basis of operators. Note however that the higher-order

terms in the expansion (2.28) are not suppressed, since both galaxies and matter fields evolve

over the Hubble time scale. Fortunately, it is possible to reorder the terms in (2.28) so that only

a finite number need to be kept at a given order in perturbation theory [15].

To do this, we do not work with the convective time derivatives of operators directly, but

instead take special linear combinations which are chosen in such a way that the contributions

from lower-order operators cancel. Let O[n] denote an operator that starts are n-th order in

perturbation theory, while O(n) stands for the n-th order contribution of O. Consider for example

⇧ij at linear order in perturbation theory, i.e. ⇧(1)
ij

. We will also define ⇧[1]
ij

⌘ ⇧ij , as it will turn

out to be the lowest-order operator in a hierarchy. Taking the convective derivative of ⇧(1)
ij

(at

this order, this is simply equivalent to the ordinary time derivative) with respect to the logarithm

of the growth factor D(⌧), we have

D

D lnD
⇧(1)

ij
= (Hf)�1 D

D⌧
⇧(1)

ij
= ⇧(1)

ij
, (2.30)

where f ⌘ d lnD/d ln a is the logarithmic growth rate. Hence, the operator

⇧[2]
ij

⌘

✓
D

D lnD
� 1

◆
⇧[1]

ij
, (2.31)

involves the first time derivative of ⇧ij , but starts at second order in perturbation theory. This

can be generalized to a recursive definition at n-th order [15],

⇧[n]
⌘

1

(n� 1)!


(Hf)�1 D

D⌧
⇧[n�1]

� (n� 1)⇧[n�1]

�
. (2.32)

3To avoid clutter in the expressions, we will drop the labels ` on the long-wavelength fields from now on.
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Non-locality in time
• Ignore convective/fluid trajectory part for now.

• In PT, we can generally write

• Then, for any kernel fO, time integral becomes

• We have absorbed time non-locality into a finite set of bias 
coefficients bOα  

2.3 Systematics of the Bias Expansion

We now describe how to systematically carry out the bias expansion up to higher orders, starting

from Eq. (2.5). We will restrict ourselves to lowest order in (spatial) derivatives, which yields
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involves the first time derivative of ⇧ij , but starts at second order in perturbation theory. This
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Lagrangian picture

• In practice, need to expand operators in 
convective time derivatives:

• A bit cumbersome in Eulerian frame. Things much 
easier conceptually in Lagrangian frame:
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We now describe how to systematically carry out the bias expansion up to higher orders, starting

from Eq. (2.5). We will restrict ourselves to lowest order in (spatial) derivatives, which yields

the leading operators on large scales. Let us begin by assuming Gaussian initial conditions. As
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involves the first time derivative of ⇧ij , but starts at second order in perturbation theory. This

can be generalized to a recursive definition at n-th order [15],
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3To avoid clutter in the expressions, we will drop the labels ` on the long-wavelength fields from now on.
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Lagrangian picture

• Claim: complete set of bias expansion 
consists of all scalars constructed out of 
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for ⌧ � ⌧⇤. We have fixed the integration constant by introducing the galaxy overdensity �g(x⇤, ⌧⇤) on the
formation time slice. Here, xfl(⌧) denotes the Eulerian coordinate of the fluid trajectory corresponding to
a fixed Lagrangian position q = xfl(⌧ = 0), and x⇤ ⌘ xfl(⌧⇤) denotes the position on the formation time
slice. By introducing the displacement s through xfl(⌧) = q + s(q, ⌧), we can write the equation of motion
governing the fluid trajectory as

✓
@2

@⌧2
+ H @

@⌧

◆
s(q, ⌧) = �r�

⇣
q + s(q, ⌧), ⌧

⌘
, (2.25)

with initial condition s(q, ⌧ = 0) = 0. This equation was first derived by [119]. At linear order, we can
neglect the appearance of s in the argument of r�(xfl), and this yields Eq. (B.16) in Appendix B.

Thus, if we know the bias relation at ⌧⇤, Eq. (2.24) supplies us with the bias relation at all later times. This
has been derived in [79, 118] (see also [120]). It is important to note that conserved evolution relates �g(x, ⌧)
and �g(x⇤, ⌧⇤) at two di↵erent times along the same fluid trajectory (solid line in Fig. 5). Mathematically,
this is due to the convective derivatives in Eq. (2.23); physically, it states that galaxies and matter fall at
the same rate in the large-scale gravitational field, and hence co-evolve along the same trajectories in the
absence of an initial velocity bias.

We can make Eq. (2.24) even more clear by rewriting it as

1 + �g
���
⌧

=
1 + �|⌧
1 + �|⌧⇤

(1 + �g|⌧⇤) , (2.26)

where a vertical bar |⌧ denotes a quantity evaluated at ⌧ on a fixed fluid trajectory. This simply states that
the density ratio of two conserved, initially comoving fluids remains constant under gravitational evolution,
as required by the equivalence principle; we will encounter this again in Sec. 8.2 when considering the
di↵erent initial conditions for baryons and CDM set in the early Universe. Moreover, letting ⌧⇤ ! 0, so
that �|⌧⇤ ! 0, we recover the well-known relation between Eulerian and Lagrangian densities of a conserved
tracer (see Tab. 5), derived for the special case of a spherical perturbation in Eq. (2.13).

In the following, we will solve Eq. (2.26) to second order in perturbations, that is, up to quadratic terms

in �(1) and K(1)

ij . Denoting second-order terms with a superscript (2), we easily obtain

1 + �(1)

g (x, ⌧) + �(2)

g (x, ⌧) = 1 + �(1) � �(1)

⇤ + �(1)

g⇤

+ �(2) � �(2)

⇤ + �(2)

g⇤ + [�(1)

⇤ ]2 � �(1)�(1)

⇤ +
h
�(1) � �(1)

⇤

i
�(1)

g⇤ , (2.27)

where f⇤ ⌘ f(x⇤, ⌧⇤), while quantities without a subscript ⇤ are evaluated at (x, ⌧). Here, we have separated
linear and second order terms into the first and second line. Note however that the distinction between
x⇤ = xfl(⌧⇤) and x is itself first order in perturbations. This is simply because the fluid trajectory in an
unperturbed FRW spacetime is xfl = const. Specifically, using the definition of the Lagrangian displacement
[Tab. 5, see Eq. (B.16) for the linear-order expression], we have at linear order

x⇤(x, ⌧) = x + s(q, ⌧⇤) � s(q, ⌧) = x +

✓
D⇤

D
� 1

◆
s(1)(x, ⌧) + · · · , (2.28)

where D⇤/D ⌘ D(⌧⇤)/D(⌧), and D(⌧) is the linear growth factor defined in Eq. (B.9). Thus, we can neglect
the distinction between x and x⇤ in the argument of the terms in the second line of Eq. (2.27), while those
in the first line need to be expanded. For example, we obtain

�(1)(x, ⌧) � �(1)(x⇤, ⌧⇤) =

✓
1 � D⇤

D

◆
�(1) �

✓
D⇤

D
� 1

◆
D⇤

D
si
(1)

@i�
(1) , (2.29)

where on the right-hand side all quantities are evaluated at (x, ⌧).
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Relation to Eulerian 
observables

• Non-perturbative, local-in-time relations 
between Mij and velocity shear:

• Mij and tidal field:

which we used so far, can be written in terms of M and its time derivatives. We have

vi = ṡi , (3.2)

where here and in the following a dot stands for the convective derivative with respect to ⌧ ,
i.e. ˙( ) = D( )/d⌧ . [Recall that it reduces to ordinary derivative on functions of (q, ⌧).] This
implies that @ivj is a measure of the time derivative of Mij :

@vi
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@qk

. (3.3)

We can compute
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with J = det(@x/@q) = det(1 + M), so that
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@xl
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Therefore, all terms allowed in the bias relations can be written using M and its time deriva-
tives.

3.1 Invariant density

In order to gain insight into the general form of bias parametrization in terms of Mij it

is useful to work out the explicit structure of Lagrangian operators O[n]
lgr appearing in the

perturbative expansion of some local operator O(x, ⌧) such as �(x, ⌧). The Lagrangian density

components are defined in Eq. (2.9). The first observation is that one can easily get �[n]
lgr(q)

using Lagrangian perturbation theory. The density can be written as

1 + �(x, ⌧) = [det(�ij + Mij)]
�1

���
x=q+s

. (3.8)

The Lagrangian components �[n]
lgr(q) are nothing other than the perturbative expansion of the

inverse determinant evaluated at q. Let us write the determinant in terms of traces:

det(1+M) = 1+Tr[M ]� 1

2
(Tr[M2]�Tr[M ]2)+

1

6
(2Tr[M3]�3Tr[M2]Tr[M ]+Tr[M ]3), (3.9)
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For the potential on the other hand we can use

s̈i + Hṡi = � @�
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Complete bias 
expansion

• Start with Einstein-de Sitter (EdS):

• Simple to write down all Lagrangian bias 
terms:

when transforming the time coordinate from ⌧ to ln D(⌧): then, the right-hand side of Eq. (2.59) simply
becomes 2nD2(⌧)O(2) + 3nD3(⌧)O(3).

Note that, even when starting with an operator OL that is a local combination of @q,i@q,j�, the higher-

order terms O(n)

L generated by time evolution are in general not expressible as local combinations of @q,i@q,j�.

Instead, terms involving @i@j/r2 acting on powers of @l@m� appear, just as we have seen with O(3)

td
in

Eq. (2.50). Fundamentally, this is a consequence of the fact that gravity acts over long distances, so that
the gravitational evolution of the tidal field cannot be approximated as local [148, 149]. In particular, the
invariant definition of the tidal field is a certain projection of the Weyl tensor [150], which corresponds to
the specific part of the Riemann tensor that is not locally related to the stress-energy tensor via the Einstein
equations.

Crucially however, while we assume that galaxy formation is local (we relax this assumption in Sec. 2.6),
we do not have to assume that gravity is local. Indeed, one can straightforwardly derive the evolution of
the tidal field in perturbation theory, and take that into account in the bias expansion, namely through

the terms O(m)

L described above. One finds that the time derivatives of the tidal field only contain a small
subset of all possible operators constructed out of @i@j/r2 acting on powers of @l@m�. Only these specific
operators should be included in the bias expansion, because only these terms correspond to local observables,
essentially time derivatives of the tidal field along the fluid flow.

Let us now construct an explicit Lagrangian basis of bias operators. It is convenient to write these in
terms of the Lagrangian distortion tensor introduced in Sec. 2.4,

Mij ⌘ @sj
@qi

. (2.60)

Note that at linear order, M (1)

ij is directly proportional to @q,i@q,j�(1). Knowing that we can always recast
the time derivatives as a sum of higher-order operators, we simply have to take all scalar contractions of the

contributions M (n)

ij at each perturbative order; up to quadratic order, this was already written in Eq. (2.42).

However, we do not need to include tr[M (n)] ⌘ �ijM (n)

ij with n > 1, as these terms can always be expressed
in terms of lower-order operators through the equations of motion for Mij (see [80, 151] for the explicit
expression of the latter). The basis up to fourth order then is [131]7

1st tr[M (1)]

2nd tr[(M (1))2] , (tr[M (1)])2

3rd tr[(M (1))3] , tr[(M (1))2] tr[M (1)], (tr[M (1)])3 , tr[M (1)M (2)] (2.61)

4th tr[(M (1))4] , tr[(M (1))3] tr[M (1)] ,
⇣
tr[(M (1))2]

⌘2

, (tr[M (1)])4 ,

tr[M (1)] tr[M (1)M [2]] , tr[M (1)M (1)M (2)] , tr[M (1)M (3)] , tr[M (2)M (2)] .

At fourth order, we have used the fact that, as a 3 ⇥ 3 symmetric matrix, M (1)

ij is characterized by three

independent rotational invariants, allowing us to eliminate tr[(M (1))2](tr[M (1)])2. Starting at third order,
Mij is no longer symmetric; that is, the displacement vector also has a curl component. However, at each
order in perturbations, the antisymmetric part of Mij can be re-expressed in terms of combinations of lower-
order contributions to the symmetric part, M(ij) ⌘ (Mij + Mji)/2, via the equations of motion [80, 151].
Hence, it is su�cient to write the bias expansion purely in terms of the contributions to the symmetric part,

M (n)

(ij).

All of the operators in Eq. (2.61) are easily evaluated in Lagrangian perturbation theory. The first
instance of a convective time derivative appears at third order in the bias expansion through the operator

7We have added two operators at fourth order that were missing in [131]; specifically, the first two terms in the very last
line of Eq. (2.61).
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Complete bias expansion 
for general expansion history
• Equations of motion in GR for any 

expansion history:

Rampf, 2012; Matsubara, 2015; FS, arXiv:2012.09837

that the source term only involves quadratic and cubic couplings. This in turn allows for
convenient recursion relations [37–39].

First, we decompose the displacement (at any order) into longitudinal and transverse
(or curl) components:

s = r
Ò2 ‡ ≠ 1

Ò2r ◊ t, (2.8)

where ‡ © r · s denotes the divergence of the displacement, which only contributes to the
symmetric part of H, while the curl t = r ◊ s also sources the antisymmetric part of H.
Here, we have only allowed for solutions consistent with homogeneity, or equivalently periodic
boundary conditions, allowing us to remove the constant solution and the solution Ã x in
s (see [40]). We will also assume that the spatial average of s vanishes, likewise in keeping
with periodic boundary conditions.

Second, we convert the time coordinate from conformal time · to ⁄ © ln D, the logarithm
of the linear growth factor which is given by the growing solution to the linear ODE

DÕÕ + HDÕ ≠ 3
2�mH2D = 0. (2.9)

We now follow the treatment of Matsubara [39]. Combining Eqs. (26), (28), (31) and (59)
there, we then obtain the following set of coupled ODE describing the evolution of the n-th
order longitudinal and transverse contributions to H:

D3/2(⁄)‡(n)(q, ⁄) =
ÿ

m1+m2=n

;
tr

Ë
H

(m1)(q, ⁄)D3/4(⁄)H(m2)(q, ⁄)
È

≠ tr
Ë
H

(m1)(q, ⁄)
È

D3/4(⁄) tr
Ë
H

(m2)(q, ⁄)
È <

≠ 1
2

ÿ

m1+m2+m3=n

ÁijkÁlmnH(m1)
il

(q, ⁄)H(m2)
jm

(q, ⁄)D1/2(⁄)H(m3)
kn

(q, ⁄)

D0(⁄)(t(n))i =
ÿ

m1+m2=n

Áijk
1
H

(m1)D0H
(m2) €

2

jk
, (2.10)

where

“(⁄) © �m(⁄)
f2(⁄) ≠ 1; ⁄ © ln D

Dc © ˆ2

ˆ⁄2 + 1
2[1 + 3“(⁄)] ˆ

ˆ⁄
≠ c[1 + “(⁄)] for any c œ R. (2.11)

Notice that contributions to the transverse source term with m1 = m2 vanish. For this
reason, the transverse component begins at third order.

In a Euclidean matter-dominated (Einstein-de Sitter, EdS) universe, “ = 0, and the
ODE can be solved analytically for the fastest growing mode. This leads to the simple
recurrence relations given in Appendix A [30, 38]. In particular, both ‡ and t factorize, i.e.

‡(n)(q, ⁄) = en⁄‡(n)(q, ⁄ = 0) (2.12)

and similarly for the transverse component.

– 4 –
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Complete bias expansion 
for general expansion history
• Can be solved iteratively, given a(t)

• Schematic contributions:

• Again, in EdS time dependence is the same at 
each order. In practice, time dependence in 
ΛCDM-like universe extremely similar,

FS, arXiv:2012.09837

3. s is constructed by evaluating Eq. (2.8) on the grid. Note that s(n)(k) has Fourier-space
support up to k = n�.

4. s(k) is copied to a larger grid of size N3
CIC in Fourier space (“CIC grid”), and Fourier-

transformed to real space.

5. The displacement is then evaluated at each position q in the CIC grid, and mass
mCIC = 1 assigned to the Eulerian position x = q + s(q) using a cloud-in-cell (CIC)
assignment scheme on the grid scale.

The use of pseudo-particles and density assignment in the last step ensures the conserva-
tion of mass at machine precision. This is important in order to avoid spurious noise on large
scales, and would not be ensured if one were to expand Eq. (2.5) in the displacement directly.
The approach described here is very similar to that taken in initial conditions generators for
N-body simulations (e.g., [42, 43]). The main di�erences are that we go to higher orders in
LPT, include beyond-EdS corrections, and apply a sharp-k cut on the linear density field
before the LPT construction. Recently, Ref. [44] described a very similar scheme.

The final result is the Eulerian density field ”(x, ·) on a grid of size N3
CIC at a given

time · , to any desired order in LPT, and for any expansion history. We next turn to the
construction of the fields appearing in the bias expansion of tracers.

3 Bias expansion at leading order in derivatives

The Lagrangian distortion tensor H(q, ·) captures all leading gravitational observables for
an observer comoving with matter on the trajectory labeled by the Lagrangian coordinate q,
as shown in [30], where “leading” refers to leading order in spatial derivatives. This means
that, as a function of Lagrangian coordinate and at leading order in derivatives, the galaxy
density can be written as a nonlinear functional in time, Fg, of H:

”g(q, ·) =
⁄

·

0
d· Õ Fg[H(q, · Õ); · Õ; · ]. (3.1)

In the perturbative regime, we then expand Fg in powers of H, leading to the appearance
of all rotational invariants of H(q, · Õ), such as tr[H], in general evaluated at di�erent points
in time. If every contribution to these invariants can be written in separable form, as in
Eq. (2.13), then the integral over · Õ in Eq. (3.1) can be formally done, leading to a bias
expansion of the form

”g(q, ·) =
ÿ

O

bO(·)OL(q, ·), (3.2)

n Shapes contributing to H
(n) (schematic)

1 H(1)

2 H(1)H(1)

3 H(1)H(2), H(1)H(1)H(1)

4 H(1)H(3,1), H(1)H(3,2), H(2)H(2), H(1)H(1)H(2)

Table 1. Di�erent schematic shapes contributing to H
(n) at a given order n for general expansion

histories.
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where bO(·) absorbs the unknown small-scale physics encoded in Fg, and the sum runs over
a specific set of Lagrangian bias operators OL. Note that we have to allow for a di�erent bias
coe�cient for each distinct time dependence appearing in the expansion of the invariants
constructed out of H (see [45] for the analogous treatment in the Eulerian case). While
this bias construction was previously largely done under the simplifying EdS assumption,
the approach continues to work for general expansion histories thanks to the separable LPT
solution for H in Eq. (2.13).

Let us now describe how to construct the set of complete bias operators OL at leading
order in derivatives. We begin by separating the distortion tensor H into symmetric and
antisymmetric parts:

Hij = Mij + Cij , where Mij = Mji; Cij = ≠Cji. (3.3)

This is also convenient for the numerical implementation. The relation of M and C to the
longitudinal and transverse parts of the displacement, ‡ and t, is given in Eq. (B.2).

The set of Lagrangian bias operators OL now comprises all scalar combinations (rota-
tional invariants) of the contributions to the symmetric part of the Lagrangian distortion
tensor, M (n,p), with the following exception: ‡(n,p) © tr[M (n,p)] with n > 1 and any p does
not have to be included, since it can be re-expressed in terms of lower-order terms using the
LPT recursion relations. This implies that the bias expansion at order n > 1 only requires
the M

(m,p) up to m = n ≠ 1. The transverse displacement t is likewise determined by the
set of M (m,p) at lower orders, and hence does not need to be included separately. For this
reason, it is su�cient to include only the symmetric part M in the bias expansion (whether
or not the contribution from t is included in M is irrelevant for the completeness of the bias
expansion, and only corresponds to a change of basis).

Previous references (e.g., [16]) have listed the complete set of bias operators (at leading
order in derivatives and assuming the EdS approximation) up to fourth order. We now
describe how the general set of operators is constructed up to any order. The building blocks
are the set {M (m,p)}p

m=1,...n≠1, where p again denotes the di�erent shapes that exist at a
given order m for a general expansion history; in case of the EdS approximation, there is
only a single shape at each order. The enumeration of the n-th order bias expansion then
proceeds as follows:

1. We first construct all scalar invariants up to including n-th order out of the M
(m,p).

Given the restriction on tr[M (m,p)], and since these are symmetric 3-tensors, the in-
variants at order m consist of the set

I(m) =
;

tr[M (1)], {tr[M (m1,p1)
M

(m2,p2)]}p1,p2
m1+m2Æm

,

{tr[M (m1,p1)
M

(m2,p2)
M

(m3,p3)]}p1,p2,p3
m1+m2+m3Æm

<

©
Ó

I(m)
s

ÔNI(m)

s=1
. (3.4)

2. We then construct all independent products

I(m1)
s1 · · · I(mk)

sk
, 1 Æ k Æ n,

with m1 + · · · + mk = n; si œ {1, . . . , NI(mi)}. (3.5)

Technically, this is done iteratively by running over the set of partitions of n, and then,
for each partition {mi}k

i=1, constructing products of all combinations of the {s1, . . . sk}.

– 7 –

Only symmetric part 
of H, i.e. M needed 
in bias expansion.



Complete bias expansion 
for general expansion history
• Bias operators constructed out of the 

shapes M(α=n,p)

• First effect on bias expansion at fourth 
order:

FS, arXiv:2012.09837

This construction works up to any order n, although the number of independent opera-
tors increases rapidly toward larger n. As already shown in App. C of [16], the first bias term
that is not present in the EdS approximation appears at fourth order, where tr[M (3)

M
(1)]

generalizes to
tr[M (3,1)

M
(1)], tr[M (3,2)

M
(1)]. (3.6)

The number of additional bias operators that appear when going beyond the EdS approxi-
mation likewise increases rapidly at orders n > 4, as can be inferred from Tab. 1.

After the construction of the set of Lagrangian bias operators, each operator is displaced
to Eulerian space using the displacement field s(q) following the description at the end of
Sec. 2, where the mass mCIC of each pseudo-particle is now given by the respective operator:

mO

CIC(q) = OL(q). (3.7)

This follows the same treatment as in [17], where the Zel’dovich displacement was used for
s. Note that, due to the Jacobian of the displacement to Eulerian space, the displacement
transforms each operator according to

OL(q) æ O(x) = [1 + ”(x)]OL(q[x]). (3.8)

At leading order in perturbations, this corresponds to the desired result, OL(q[x]). At higher
orders, since the bias expansion contains all combinations of operators, the prefactor 1 + ”
can be absorbed by a redefinition of bias parameters.

4 Higher-derivative bias

Having described the construction of the complete bias expansion at any order in perturba-
tions, we next turn to the expansion in derivatives. In general, this expansion is controlled
by the parameter (kRú)2, where k is the wavenumber and Rú is a spatial length scale that
is specific to a given tracer. For halos, this scale is expected and found to be of order the
Lagrangian radius [5, 46, 47], but for real galaxies it could be substantially larger (e.g., [48–
50]), so that the ability to include higher-derivative bias operators is potentially important.
Even for halos, Ref. [1] found them to be numerically relevant at su�ciently high order in
perturbations.

At k-th order in derivatives, the fundamental ingredients of the bias expansion are all
invariants constructed from r · · ·rM

(m,p), with up to k derivatives acting on any M
(m,p)

(see Sec. 2.6 of [16]). Notice that k has to be even, since all indices need to be contracted
(there are no preferred directions); the number of derivatives acting on a single instance of
M

(m,p) can be odd of course.
The full set of higher-derivative terms is unfortunately cumbersome for several rea-

sons. First, the memory requirements for constructing the tensor r · · ·rM
(m,p) increase

exponentially with the number of derivatives. Second, there are degeneracies between higher-
derivative terms which are not trivial to remove. As a simple example, consider only terms
involving ‡(1) = tr[M (1)]. We have, for k = 2 and n = 2,

Ò2(‡(1))2, (r‡(1))2, ‡(1)Ò2‡(1), (4.1)

only two of which are independent. In this case, the degeneracy is obvious, but it is much
more di�cult to identify and remove at higher orders.
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Figure 5. Maximum-likelihood value Âin ≠1 for all halo samples and redshifts (but for one simulation
realization only) at a fixed cuto� value. The x axis shows the combination (b1 ≠ 1)Dnorm, where
Dnorm = D(z)/D(0) is the normalized growth factor at the redshift of the given sample. The di�erent
panels show di�erent cuto� values as indicated. In each panel, we show results for di�erent forward
model/bias expansions. This gives an overview of the overall performance of di�erent expansions at
di�erent cuto� values.

Ain vs. bias: So far, we have discussed Âin as a function of cuto� � for individual halo
samples. Fig. 5 shows an alternative representation, where all halo mass bins and redshifts are
plotted in a single panel, but at fixed cuto�. This gives a good overview of the performance of
a given expansion order at a fixed cuto�. We choose to plot results as the fractional deviation
of the inferred ‡8 value from the truth, i.e. Âin ≠1, as a function of the combination b1Dnorm

where b1 is the linear bias and Dnorm = D(z)/D(0) is the normalized growth factor at the
redshift of the given halo sample. As argued in [38], b1Dnorm is a rough indicator for the
magnitude of higher-order bias contributions (that is, higher order in perturbations rather
than derivatives). Since we marginalize over b1 here, we adopt the values for b1 reported in
[38] for the same halo samples using the third-order likelihood; this is entirely su�cient for
this purpose. The di�erent panels in the figure show di�erent cuto� values. Some interesting
trends can be gleaned from this representation:

• For � = 0.08 h Mpc≠1, all results are consistent with Âin = 1 within errors; no signifi-
cant improvement is seen for higher LPT or bias orders.

• At � = 0.1 h Mpc≠1, deviations start to become statistically mildly significant for the
most highly biased samples, in agreement with the conclusions of [38].
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panels show di�erent cuto� values as indicated. In each panel, we show results for di�erent forward
model/bias expansions. This gives an overview of the overall performance of di�erent expansions at
di�erent cuto� values.

Ain vs. bias: So far, we have discussed Âin as a function of cuto� � for individual halo
samples. Fig. 5 shows an alternative representation, where all halo mass bins and redshifts are
plotted in a single panel, but at fixed cuto�. This gives a good overview of the performance of
a given expansion order at a fixed cuto�. We choose to plot results as the fractional deviation
of the inferred ‡8 value from the truth, i.e. Âin ≠1, as a function of the combination b1Dnorm

where b1 is the linear bias and Dnorm = D(z)/D(0) is the normalized growth factor at the
redshift of the given halo sample. As argued in [38], b1Dnorm is a rough indicator for the
magnitude of higher-order bias contributions (that is, higher order in perturbations rather
than derivatives). Since we marginalize over b1 here, we adopt the values for b1 reported in
[38] for the same halo samples using the third-order likelihood; this is entirely su�cient for
this purpose. The di�erent panels in the figure show di�erent cuto� values. Some interesting
trends can be gleaned from this representation:

• For � = 0.08 h Mpc≠1, all results are consistent with Âin = 1 within errors; no signifi-
cant improvement is seen for higher LPT or bias orders.

• At � = 0.1 h Mpc≠1, deviations start to become statistically mildly significant for the
most highly biased samples, in agreement with the conclusions of [38].
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Order Leading bias operators Higher-derivative operators Total number of operators
o = 3 [7, Eq. (3.6)] Ò2” 8
o = 4 [15, Eq. (3.6)] Ò2”, (r”)2, Ò2O(2) [4] 19
o = 5 [29] [13] 42

Table 1. Number of relevant operators at each order, following Eq. (3.12) and Eq. (3.13). The
numbers in brackets give the total number of operators in each case. O(2) stands for the two second-
order bias operators (second line in Eq. (3.6), but after displacement to Eulerian space).

3.2 Higher derivatives and ordering of operators

The bias expansion is an expansion both in orders of perturbations, as considered above,
and in derivatives. In our construction, we add higher-derivative operators iteratively to the
set of Eulerian bias operators. These derivatives could equivalently be added in Lagrangian
space. However, since the displacement is the most costly operation, it is more e�cient to
generate these new terms after the displacement. For each pair of operators O, OÕ in the set
of Eulerian operators, we add

Ò2

xO, rxOÕ · rxO, OÕÒ2

xO (if O ”= OÕ) (3.11)

to the set of operators. This set is chosen to be linearly independent (hence we exclude
OÒ2

xO), and to capture a majority of higher-derivative operators. It does not capture the
complete set of higher-derivative operators at second and higher order in perturbations how-
ever (see [40] for details). We then repeat this application of derivatives recursively until all
relevant operators are included.

The relevance of a given operator O which starts at n-th order in perturbations, involves
2m derivatives, and k stochastic fields is given by [35]

‘(O) =
3 �

kNL

4n(3+nL)/2

(�Rú)2m(P {0}
Á �3)k/2, (3.12)

where nL © d ln PL(k)/d ln k
---
k=�

is the linear power spectrum slope at the cuto� �. The
index k is either 0 (for operators appearing in ”g,det) or 1 (for those appearing in the variance).

Specifically, we determine the minimum relevance by selecting a value of o as the max-
imum order of operators with no additional derivatives appearing in ”g,det, and then include
all higher-derivative operators that have the same or higher relevance in ”g,det. Similarly,
one would include all operators that, for k = 1, have the same or higher relevance in the
variance. As mentioned in Sec. 2, we do not include stochastic operators for results in this
paper however. We will show results for o = 3, 4, 5.

In order to be able to easily compare results at di�erent values of the cuto� � and
redshift z, we evaluate Eq. (3.12) at fixed parameter values, namely

z = 0; kNL = 0.25 h Mpc≠1; � = 0.14 h Mpc≠1; Rú = 5 h≠1Mpc. (3.13)

The value of Rú is a reasonable compromise given the Lagrangian radii of the halo samples
considered, while � = 0.14 h Mpc≠1 represents the middle of the range in cuto� values we will
consider below. With these values, we obtain the sets of relevant operators given in Tab. 1.
In case of o = 5, we only list the total number of operators. Clearly, they multiply rapidly
toward higher order. Notice that the non-Gaussianity of the noise field, which we neglect in
the Gaussian likelihood of Eq. (2.3), only becomes formally relevant at o = 6 [35].
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Lbox = 2000 Mpc/h

evaluating the likelihood in Fourier space on a grid of size Ng. This is mostly done in order
to cross-check the equivalence with the Fourier-space formulation; one can equivalently set
Ng = N red

g in this term without any impact on the inference, as it is an additive constant.
Eq. (4.1) is straightforward to evaluate, however still explicitly depends on the bias

parameters, which requires one to search for a maximum in a high-dimensional parameter
space. As shown in [34] and [39], it is possible to analytically marginalize over the bias
parameters; this is because the log-likelihood Eq. (4.1) is a quadratic polynomial in the bias
parameters (they enter linearly in ”g,det). In the case that all bias parameters are marginalized
over (in the notation of the above references, µ æ 0), the likelihood becomes

≠2 ln P(”g|‡0; ‡8; ”in) = C ≠
ÿ

O,OÕ
BO(A≠1)OOÕBOÕ + ln det A

+ Nmodes

(N red
g )3

N
red
gÿ

x

ln
A

2fi
N6

g

(N red
g )3

[‡(x)]2
B

+ ln det Cprior , (4.2)

where

C(‡0) =
N

red
gÿ

x

1
[‡(x)]2

!
”g(x)

"2 (4.3a)

BO(‡0; ‡8; ”in) =
N

red
gÿ

x

”g(x)O(x)
[‡(x)]2 +

ÿ

OÕ
(C≠1

prior
)OOÕbprior

OÕ (4.3b)

AOOÕ(‡0; ‡8; ”in) =
N

red
gÿ

x

O(x)OÕ(x)
[‡(x)]2 + (C≠1

prior
)OOÕ , (4.3c)

while bprior

O
and Cprior denote the mean and covariance of a Gaussian prior on the bias

parameters. While the code implementation allows for priors, for this paper we drop the
prior terms, i.e. formally send C≠1

prior
æ 0, corresponding to a uniform prior on the bias

parameters. Note that the O(x), and hence BO and AOOÕ , depend on ‡8 and ”in via the
forward model, as well as on ‡0 via the variance. In this paper, we always show results
marginalized over all bO (while Refs. [34, 38] did not marginalize over b1).

All the grid operations are straightforwardly parallelized (using OpenMP in our imple-
mentation). For the matrix operations (inverse and determinant), we use the LU decompo-
sition with full column pivoting as provided by the Eigen C++ library [47].3 Specifically, we
write ÿ

O,OÕ
BO(A≠1)OOÕBOÕ = B€ · X where X satisfies A · X = B, (4.4)

avoiding the explicit computation of the matrix inverse.
The computation of the ‡8 profile likelihood proceeds by finding the maximum of the

likelihood Eq. (4.2) over all free parameters for a range of of ‡8 values [34]. Specifically, we
determine the maximum log-likelihood for the values

Ain © ‡8

‡fid
8

œ {0.9, 0.95, 0.98, 1.00, 1.02, 1.05, 1.1}, (4.5)

3
The matrix AOOÕ is positive definite and as such lends itself to a Cholesky decomposition. However, we

have found this to be less accurate than the LU decomposition.
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Complete Eulerian bias 
expansion

is unique up to the addition of higher order local operators. Recall that the convective
derivative of a locally measurable quantity is also locally measurable. Since in the expansion

Eq. (2.12) every O[n]
lgr is accompanied by a di↵erent power of D(⌧), by combining convective

time derivatives of O(x, ⌧) we can easily construct the desired operator

Ô[n](x, ⌧) = Dn(⌧)O[n]
lgr(q) + O(�n+1). (2.17)

For instance, Ô[dO](x, ⌧) ⌘ O(x, ⌧), and at next order:

Ô[dO+1](x, ⌧) ⌘ O0(x, ⌧) � dOO(x, ⌧), (2.18)

where prime denotes convective derivative with respect to log D(⌧):

O0(x, ⌧) =
D

d log D(⌧)
O(x, ⌧) =

D(⌧)

Ḋ(⌧)

D

d⌧
O(x, ⌧). (2.19)

At higher orders Ô[n](x, ⌧) can be constructed recursively:

Ô[n] ⌘ 1

(n � dO)!

h
(Ô[n�1])0 � (n � 1)Ô[n�1]

i
. (2.20)

The above mapping leads to a one to one mapping between the linearly independent bases
of operators {Elgr(q)} and {Ê(x, ⌧)}, and confirms the su�ciency of the ansatz Eq. (2.15).

To lowest order in spatial derivatives, a complete and non-redundant basis {Elgr(q)}
for all {O[n]

lgr}, is made of all scalars that can be constructed from products of ⇧[n]
ij

(q) ⌘
(@i@j�)[n]

lgr(q). By the equations of motion Tr[⇧[n]
ij

] can be expressed in terms of lower order
traces and hence is not independent. We therefore have up to fourth order (and using matrix
notation)

1st Tr[⇧[1]] (2.21)

2nd Tr[(⇧[1])2], (Tr[⇧[1]])2

3rd Tr[(⇧[1])3], Tr[(⇧[1])2]Tr[⇧[1]], (Tr[⇧[1]])3, Tr[⇧[1]⇧[2]]

4th Tr[(⇧[1])4], Tr[(⇧[1])3]Tr[⇧[1]], Tr[(⇧[1])2]Tr[(⇧[1])2], (Tr[⇧[1]])4, Tr[⇧[1]⇧[3]],

Tr[⇧[2]⇧[2]].

In practice it is more natural to work with the distortion matrix M ij = @i
qs

j in the Lagrangian
space. In Sec. 3 we will discuss the connection between the two sets of variables and write

an identically looking basis in terms of various M [n]
ij

(q).

To obtain the corresponding Eulerian basis {Ê(x, ⌧)}, we define the analogs of ⇧[n]
ij

(q).

The time-derivatives of @i@j�(x, ⌧) can be combined to obtain Eulerian operators ⇧̂[n]
ij

(x, ⌧)

whose leading order expression in perturbation theory are given by ⇧̂[n]
ij

(x, ⌧) = Dn(⌧)⇧[n]
ij

(q)+

O(�n+1). Starting from

⇧̂[1]
ij

(x, ⌧) = @i@j�(x, ⌧), (2.22)

the higher order operators can again be calculated recursively. Suppressing the indices and
the argument (x, ⌧)

⇧̂[n] =
1

(n � 1)!

h
(⇧̂[n�1])0 � (n � 1)⇧̂[n�1]

i
. (2.23)
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There exists an analogous expansion in Eulerian coordinates:
due to short-scale modes whose statistics are uncorrelated over large distances. Such stochasticity

is described by introducing a set of random variables ✏i(x) which are uncorrelated with the matter

variables. They are thus completely described by their moments h(✏i)n(✏j)m · · ·i (n+m > 1, with

h✏ii = 0 since any expectation value can be absorbed into the mean galaxy density). Let us

restrict to Gaussian initial conditions for the moment. We can demand that these moments only

depend on the statistics of the initial small-scale fluctuations '(ks), |ks| & ⇤. The influence

of these small-scale initial conditions on the late-time galaxy density will then depend on the

long-wavelength observables through the gravitational evolution of the initial conditions. Thus,

we need to allow for stochastic terms in combination with each of the operators in the basis

discussed in Sec. 2.3. Counting the stochastic fields as linear perturbations, we have to add four

stochastic fields ✏i up to cubic order, namely

1st ✏1 (2.36)

2nd ✏2Tr[⇧ij ]

3rd ✏3Tr[(⇧ij)
2] , ✏4 (Tr[⇧ij ])

2 ,

where ⇧ij = ⇧
[1]
ij
, as defined in (2.2). Let us note that, in principle, one could also have stochastic

terms of the form ✏ij⇧ij . However, in position space, correlation functions of ✏ij are proportional

to (products of) Kronecker delta tensors and Dirac delta functions. For this reason, the e↵ects of

these terms on the statistics of galaxies are indistinguishable from those written in (2.36). Hence,

the basis (2.36) fully captures the e↵ects of stochastic noise terms.

Let us now consider the non-Gaussian case, and study under what conditions PNG induces

additional stochastic terms. By assumption, stochastic variables ✏i only depend on the statistics

of the small-scale initial perturbations. As long as the coupling between long and short modes

is completely captured by the relation (2.15), all e↵ects of this coupling are accounted for in our

non-Gaussian basis (2.34). In this case, Eq. (2.36) only needs to be augmented by terms of the

same type multiplied by  ,

1st � (2.37)

2nd ✏  

3rd ✏ � Tr[⇧ij ] .

As we show in App. B.2, this holds whenever the initial conditions are derived from a single

random degree of freedom, corresponding to a single set of random phases. This is the case for

the ansatz in (2.11).

Consider the correlation of the amplitude of small-scale initial perturbations over large dis-

tances. This can be quantified by defining the small-scale potential perturbations 's(x) through

a high-pass filter Ws. Writing 's(k) ⌘ Ws(k)'(k) in Fourier space, where Ws(k) ! 0 for k ⌧ ⇤,

we obtain the following two-point function of ('s)2(k):

h('s)
2(k) ('s)

2(k0)i0 =
4Y

i=1

Z

ki

�̂D(k � k12) �̂D(k
0
� k34)⇥ h's(k1)'s(k2)'s(k3)'s(k4)i . (2.38)

13

…

Small-scale modes lead to 
stochastic contributions:

⇧[1]
ij = @i@j�(x, ⌧)

⇧[n]
ij / D

D⌧
⇧[n�1]

ij

where

starts at n-th order in pert. theory

Time derivatives <~>
“Nonlocality in time”



• Bias expansions in different coordinates at fixed order in PT should be 
equivalent

• I.e. related by unitary transformation

• Order at which “time non-locality” appears in bias expansion is mostly 
semantics

• E.g. whether velocity potential included

• But could also include acceleration potential…

• Impact of non-EdS expansion history appears at 4th order (3d order for 
galaxy shapes)

• In principle, allows for probing history of structure formation

• All of the individual bias terms are locally observable (tidal field and its time 
derivatives as measured by comoving observer).  Any conclusion on formation 
time of galaxies must rely on making specific assumptions about the kernels fO.
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Remarks / Discussion points



Spatial nonlocality and 
scale-dependent bias

• Beyond large-scale limit: need to expand 
spatial nonlocality of galaxy formation

• Higher derivative biases are suppressed 
with scale R*

• E.g., 

• This also allows for baryonic physics, 
which has to come with additional derivatives

• Example: pressure perturbations

• Pressure force:

• At higher order in derivatives, time 
evolution no longer determined by gravity 
alone

R2
⇤r2�, R2

⇤(r�)2, R2
⇤r2(sij)

2, · · ·�g(k, ⌧) =
�
b1 + br2�k

2R2
⇤
�
�(k, ⌧)

�p = c2s�⇢
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Velocity bias
• Galaxy velocities are important probe of cosmology - but how 

related to matter velocity?

• Recall that bias expansion for galaxy density cannot include 

• The same is true for any observable - in particular also the 
relative velocity between matter and galaxies

• Hence, relative velocity can be written as 

• Necessarily higher derivative ~ R*2 ! Cf. pressure forces

• Also small-scale stochastic velocities, with power spectrum 
~ k4, which captures virial motions

• Summary: Galaxy velocities are unbiased on large scales.

vig � vi = @i
n
� , (@i@j�)

2 , · · ·
o
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Modified gravity:       
SEP,  WEP

• One example: long-range dark forces

• Violation of weak equivalence principle 
generally leads to relative displacement 
between galaxies and matter

• Cf. Salvatore B. / Marco C.’s talks



Modified gravity:       
SEP,  WEP

• Widely discussed MG models generally preserve weak 
equivalence principle, but violate strong equivalence 
principle

• Strongly-gravitating objects (black holes, screened 
bodies) in general fall differently than weakly  
gravitating objects

• EP violation for screened objects

• Most easily shown in Einstein-Infeld-Hoffmann 
approach

• Present for chameleon screening, but not Vainshtein 
screening

Hui, Nicolis, Stubbs (2009)
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FIG. 2: Our mathematical trick.

Comparing Eq. (61) with Eq. (23), we can see that π
here is equivalent to ϕ/

√
6 there. We adopt the non-

canonically normalized π in this section (not to be con-
fused with the number 3.141...) to ease comparison with
the DGP literature. In the language of the previous
section, DGP (and its galileon generalization) has α =
1/

√
6, meaning its Jordan frame action has no quadratic

scalar kinetic term. In this respect, DGP/generalizations
resemble f(R) or Brans-Dicke theory with ωBD = 0 (Ap-
pendix B), but the resemblance is superficial because
DGP/generalizations have higher derivative interactions
which allow a completely different screening mechanism.

A compact source creates a π profile that scales like
1/r at large distances (linear regime). However in ap-
proaching the source the non-linear term10 of Eq. (61)
starts becoming important, thus changing the behavior
of π to

√
r. This suppresses the force mediated by π for

all objects that are inside this non-linear ‘halo’ surround-
ing the source. The size of this halo is set by the so-called
Vainshtein radius,

RV ≡
(

M

M2
Pl m

2

)1/3

, (64)

where M is the mass of the source, and m is the graviton
mass scale (about Hubble scale today).

Despite the qualitative similarities, this kind of non-
linearity differs significantly from that in the chameleon
case. The point is that the strong non-linearities π expe-
riences close to the source do not renormalize the source’s
total scalar charge. To see this, notice that the source-

10 Non-linear in the π equation of motion, cubic in the action.

free part of the Lagrangian (61) has a shift-symmetry,

π → π + a . (65)

As a consequence, π’s equation of motion is the diver-
gence of the associated Nöther’s current

∂µJµ = −T m
µ

µ , (66)

where Jµ is a non-linear function of first and second
derivatives of π. We therefore have a non-linear Gauss-
like law for π, whose source is the trace of the matter
energy-momentum tensor. For a time-independent solu-
tion, this equation is readily integrated via Gauss’s the-
orem to yield

∮

S

&J · d&a = Qtot (67)

where S is any surface, and Qtot is the total scalar
charge 11 enclosed by S, defined as the volume integral
of (minus) the matter T m

µ
µ—the total mass for non-

relativistic sources. So, for instance, if we consider a
single compact spherical source at the origin and we take
S to be a sphere centered at the origin, with radius much
larger than RV , then on S π is in the linear regime, and
we have

6M2
Pl

∮

S

&∇π · d&a & M ⇒ π & −
1

3

GM

r
r ( RV ,

(68)
regardless of how non-linear π’s dynamics may be in-
side the Vainshtein region. The mass M is thus also the

11 Qtot here is proportional to Q in Eq. (43). The difference in
normalization is related to the different normalizations for ϕ and
π.



Modified gravity:       
SEP,  WEP

• Phenomenology of chameleon-screened MG:

• Interesting effects, but only within 
Compton length of fifth force

• Already constrained to be in nonlinear 
regime; e.g.,

• On large scales, effects scale as 

<latexit sha1_base64="I5jZR6H/pJYfDf5HbqfZ1KO/dMc="></latexit>
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Additional species: 
baryons



Linear evolution of 
baryons and CDM

• Standard treatments of structure formation 
(perturbation theory, N-body simulations) neglect 
radiation and anisotropic stress (accurate at z <~ 
100). We will do the same here.

• Then, baryons and CDM are described by 
continuity and Euler equations, and at linear order:

• Only coupled by gravity, via

The e↵ect of baryon-CDM relative velocity and density perturbations on the
clustering of galaxies

Fabian Schmidt
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(Dated: April 29, 2016)

Pre-recombination acoustic oscillations induce non-adiabatic perturbations between baryons and
dark matter, corresponding to a constant relative-density �bc and decaying relative-velocity pertur-
bation vbc. Due to their significant large-scale correlations and prominent baryon acoustic oscillation
(BAO) features, these modes are potentially important for the use of the BAO as standard ruler. We
present a complete treatment of the e↵ects of the baryon-CDM perturbations on galaxy clustering
in the context of a rigorous perturbative bias expansion. The leading e↵ects are proportional to �bc

and ✓bc = @iv
i
bc. We estimate the magnitude of these terms through the excursion set approach. The

contribution from v
2
bc, which has attracted significant attention recently, contributes at subleading

(1-loop) order. Depending on its bias parameter, which is highly uncertain, it could be smaller,
comparable to, or up to an order of magnitude larger than the leading ✓bc term. On the other hand,
�bc is expected to be by far the largest contribution, and the most significant potential worry for
the BAO ruler. We also give complete expressions of the galaxy power spectrum at 1-loop order,
identifying several new terms.

I. INTRODUCTION

Our Universe contains two dominant matter compo-
nents: cold dark matter (CDM, c) and baryons (b, i.e. all
non-relativistic standard model particles). In studies of
structure formation, we commonly treat these two fluids
as a single, comoving matter fluid (or, a collection of col-
lisionless particles). However, the coupling of baryons to
radiation in the primordial plasma before recombination
leads to relative perturbations in density and velocity
of the baryon and CDM components. While significant
initially, these perturbations grow less rapidly than the
adiabatic growing mode and hence are very small in the
low-redshift universe. However, since these perturbations
have significant large-scale correlations, they are poten-
tially detectable through their imprint in the clustering
of galaxies on large scales. Moreover, they retain a sig-
nificantly stronger imprint of the BAO feature than the
adiabatic growing mode, so that they are of relevance
for the use of the BAO feature in the galaxy two-point
function as a standard ruler [1, 2].

Let us consider the evolution of baryons and CDM
after baryon-photon decoupling, approximating both as
pressureless fluids, which is appropriate on su�ciently
large scales. The evolution of two such fluids coupled by
gravity is described by the Euler and continuity equations
which at linear order become

@

@⌧
�s = � ✓s , s 2 {b, c}

@

@⌧
✓s +H✓s = � 3

2
⌦m(a)H2�m , (1)

where �s ⌘ �⇢s/⇢̄s, ✓s = @jvjs, while �m = fb�b+(1�fb)�c
is the total matter density perturbation and fb = ⌦b/⌦m.
It is useful to combine these equations and to rewrite

them in terms of �m and �r = �b � �c:

@2

@⌧2
�m +H @

@⌧
�m � 3

2
⌦m(a)H2�m = 0

@2

@⌧2
�r +H @

@⌧
�r = 0 . (2)

We now immediately obtain the general solution of these
two decoupled ODE as

�m(⌧) =A+D+(⌧) +A�H(⌧)

�r(⌧) =R+ +R�Dr(⌧) , (3)

where A±, R± are constants and

Dr(⌧) ⌘ H�1
0

Z 1

⌧

d⌧ 0

a(⌧ 0)
=

Z 1

ln a(⌧)

d ln a0

a02H(a0)/H0
. (4)

During matter domination, this approaches the Einstein-
de Sitter result Dr = �2a�1/2. �m contains the two well-
known growing and decaying modes / A± of adiabatic
perturbations. A third mode / R+ ⌘ �bc is a constant
compensated perturbation �⇢c = ��⇢b, corresponding to
�m = 0 while �r 6= 0 [3–5]. This mode can be seen as
modulating the local baryon-CDM ratio, fb,loc = fb(1 +
�bc). The significance of the fourth decaying mode / R�
becomes clear by considering

✓bc
aH

⌘ ✓b � ✓c
aH

= R�
H0

a2H(a)
, R� =

✓bc,0
H0

, (5)

where ✓bc,0 ⌘ ✓bc(z = 0). Thus, this mode corresponds
to an initial relative velocity vbc / 1/a between the two
fluids.
With few exceptions [6–8, 34], studies of structure for-

mation using perturbation theory and N-body simula-
tions have focused on the adiabatic growing mode A+.
Ref. [9] pointed out that pre-recombination plasma waves
(baryon acoustic oscillations, BAO) lead to a significant

The e↵ect of baryon-CDM relative velocity and density perturbations on the
clustering of galaxies

Fabian Schmidt
Max-Planck-Institut für Astrophysik, Karl-Schwarzschild-Str. 1, 85748 Garching, Germany

(Dated: April 29, 2016)

Pre-recombination acoustic oscillations induce non-adiabatic perturbations between baryons and
dark matter, corresponding to a constant relative-density �bc and decaying relative-velocity pertur-
bation vbc. Due to their significant large-scale correlations and prominent baryon acoustic oscillation
(BAO) features, these modes are potentially important for the use of the BAO as standard ruler. We
present a complete treatment of the e↵ects of the baryon-CDM perturbations on galaxy clustering
in the context of a rigorous perturbative bias expansion. The leading e↵ects are proportional to �bc

and ✓bc = @iv
i
bc. We estimate the magnitude of these terms through the excursion set approach. The

contribution from v
2
bc, which has attracted significant attention recently, contributes at subleading

(1-loop) order. Depending on its bias parameter, which is highly uncertain, it could be smaller,
comparable to, or up to an order of magnitude larger than the leading ✓bc term. On the other hand,
�bc is expected to be by far the largest contribution, and the most significant potential worry for
the BAO ruler. We also give complete expressions of the galaxy power spectrum at 1-loop order,
identifying several new terms.

I. INTRODUCTION

Our Universe contains two dominant matter compo-
nents: cold dark matter (CDM, c) and baryons (b, i.e. all
non-relativistic standard model particles). In studies of
structure formation, we commonly treat these two fluids
as a single, comoving matter fluid (or, a collection of col-
lisionless particles). However, the coupling of baryons to
radiation in the primordial plasma before recombination
leads to relative perturbations in density and velocity
of the baryon and CDM components. While significant
initially, these perturbations grow less rapidly than the
adiabatic growing mode and hence are very small in the
low-redshift universe. However, since these perturbations
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function as a standard ruler [1, 2].

Let us consider the evolution of baryons and CDM
after baryon-photon decoupling, approximating both as
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During matter domination, this approaches the Einstein-
de Sitter result Dr = �2a�1/2. �m contains the two well-
known growing and decaying modes / A± of adiabatic
perturbations. A third mode / R+ ⌘ �bc is a constant
compensated perturbation �⇢c = ��⇢b, corresponding to
�m = 0 while �r 6= 0 [3–5]. This mode can be seen as
modulating the local baryon-CDM ratio, fb,loc = fb(1 +
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With few exceptions [6–8, 34], studies of structure for-

mation using perturbation theory and N-body simula-
tions have focused on the adiabatic growing mode A+.
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I. INTRODUCTION

Our Universe contains two dominant matter compo-
nents: cold dark matter (CDM, c) and baryons (b, i.e. all
non-relativistic standard model particles). In studies of
structure formation, we commonly treat these two fluids
as a single, comoving matter fluid (or, a collection of col-
lisionless particles). However, the coupling of baryons to
radiation in the primordial plasma before recombination
leads to relative perturbations in density and velocity
of the baryon and CDM components. While significant
initially, these perturbations grow less rapidly than the
adiabatic growing mode and hence are very small in the
low-redshift universe. However, since these perturbations
have significant large-scale correlations, they are poten-
tially detectable through their imprint in the clustering
of galaxies on large scales. Moreover, they retain a sig-
nificantly stronger imprint of the BAO feature than the
adiabatic growing mode, so that they are of relevance
for the use of the BAO feature in the galaxy two-point
function as a standard ruler [1, 2].

Let us consider the evolution of baryons and CDM
after baryon-photon decoupling, approximating both as
pressureless fluids, which is appropriate on su�ciently
large scales. The evolution of two such fluids coupled by
gravity is described by the Euler and continuity equations
which at linear order become
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We now immediately obtain the general solution of these
two decoupled ODE as

�m(⌧) =A+D+(⌧) +A�H(⌧)

�r(⌧) =R+ +R�Dr(⌧) , (3)

where A±, R± are constants and
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During matter domination, this approaches the Einstein-
de Sitter result Dr = �2a�1/2. �m contains the two well-
known growing and decaying modes / A± of adiabatic
perturbations. A third mode / R+ ⌘ �bc is a constant
compensated perturbation �⇢c = ��⇢b, corresponding to
�m = 0 while �r 6= 0 [3–5]. This mode can be seen as
modulating the local baryon-CDM ratio, fb,loc = fb(1 +
�bc). The significance of the fourth decaying mode / R�
becomes clear by considering
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⌘ ✓b � ✓c
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H0

a2H(a)
, R� =

✓bc,0
H0

, (5)

where ✓bc,0 ⌘ ✓bc(z = 0). Thus, this mode corresponds
to an initial relative velocity vbc / 1/a between the two
fluids.
With few exceptions [6–8, 34], studies of structure for-

mation using perturbation theory and N-body simula-
tions have focused on the adiabatic growing mode A+.
Ref. [9] pointed out that pre-recombination plasma waves
(baryon acoustic oscillations, BAO) lead to a significant

H = aH

FS, 2016



Galaxy clustering and 
baryon-CDM perturbations
• Four modes: adiabatic growing (~D(t)) and decaying 

(~H(t)), relative density (const) and relative velocity (~a-1)

• Neglect adiabatic decaying

• Distinguish three physical effects (partially historic 
reason):

• Constant mode δbc

• Decaying relative velocity divergence θbc

• Uniform relative velocity vbc2

FS, 2016



Galaxy clustering and 
baryon-CDM perturbations
• Galaxies form from baryons, hence we need to 

include them in the bias expansion used to 
describe galaxy clustering on large scales:

• Straightforward to systematically include at 
higher order in bias expansion.

• Evaluate at Lagrangian position

• No time derivatives as these modes are not 
coupled to gravity

�g(x, ⌧) = b1�m(x, ⌧) + bbc� �bc(q) + bbc✓ ✓bc(q) + bbcv2v2
bc(q) + · · ·

FS, 2016



What is the impact of 
these modes ?

• Contribution of bc modes rapidly 
becomes small compared to 
growing mode in the matter 
perturbation

• However, because they are sourced 
by the acoustic waves in the plasma, 
they have a prominent BAO feature 
in their two-point function

• Relevant for galaxy clustering using 
BAO as standard ruler

FS, 2016 Pg(k) = b21Pmm(k) + 2b1b
bc
� Pm�bc(k) + 2b1b

bc
✓ Pm✓bc(k) + b1b

bc
v2I�(2),v2

(k) + · · ·
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perturbation
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FIG. 3: Leading baryon-CDM perturbation contributions to
the galaxy power spectrum (absolute magnitude divided by
b1 at z = 1.2), relative to the linear matter power spectrum
(solid: ✓bc; long-dashed: �bc). Here we have used b

bc
� = 1

and b
bc
✓ = 6.8/[(1 + z)H0] [Eq. (20), setting b1 = 2]. We

also show the largest of the contributions from the term in

Eq. (6), bbcv2I [�(2),v2
bc](k), which enter at 1-loop order (short-

dashed; Sec. III B), assuming b
bc
v2 = 0.01��2

vbc .

where Pxy(k) denote linear cross-power spectra between
the matter density (�), the relative density perturbation
(�bc = R+) and the relative velocity divergence (✓bc =
R�H0). Fig. 3 shows the leading contributions, i.e. those
involving only one power of �bc, ✓bc, divided by b1 and
the linear matter power spectrum P��(k), at z = 1.2.
We use the transfer function output of CAMB [24], from
which we obtain R+, R� via the matching described in
App. A. Note that both �bc and ✓bc contributions have a
very similar scale dependence. Clearly, despite the large
value of bbc

✓
as compared to bbc

�
, the baryon-CDM density

perturbation �bc is by far the largest contribution, being
roughly scale independent for k & 0.05hMpc�1 at the
level of ⇠ 1%. Given that the correlation coe�cient of
all the fields �, �bc, ✓bc is unity, we also infer immediately
that the contributions in Eq. (31) involving two powers
of �bc, ✓bc are highly suppressed, and contribute at most
at the ⇠ 0.01% level.

The operator v2
bc

considered in the previous literature,
being quadratic, only contributes to Pgg(k), Pgm(k) at
the 1-loop level. We will turn to this in Sec. III B. Fig. 3
also shows the largest of the 1-loop contributions / v2

bc
,

assuming a value bbc
v2 = 0.01��2

vbc
at the upper end of the

expected range. It is clearly larger than the contribution
from ✓bc, but smaller than that from �bc. While these
conclusions depend on the values of the various bias pa-
rameters, we generically expect �bc to provide the largest
baryon-CDM contribution to the galaxy power spectrum.
We will discuss the significance of these contributions for
the BAO standard ruler in Sec. IV.

III. GALAXY CLUSTERING AND

BARYON-CDM PERTURBATIONS BEYOND

LINEAR ORDER

We now generalize the results of the previous section
to nonlinear order in perturbation theory. We begin by
deriving all operators that have to be included in the bias
expansion Eq. (8) of a general galaxy sample in the pres-
ence of baryon-CDM perturbations, that is for nonzero
�bc, ✓bc, vbc. We then provide the complete description
of the 1-loop galaxy power spectrum, i.e. the leading
nonlinear correction to the results of Sec. IID.

A. General bias expansion

The complete bias expansion in the case of Gaussian
initial conditions and perturbations that are exclusively
in the adiabatic growing mode has recently been derived
[17, 19]. We will build on those results. To start, let us
derive the equations for the nonlinear system of the cou-
pled baryon-CDM fluids, i.e. the nonlinear generalization
of Eq. (1). Denoting the velocity of the total matter fluid
as vi

m
and defining the convective time derivative

D

D⌧
⌘ @

@⌧
+ vi

m

@

@xi
, (32)

we obtain (see also [20])

D

D⌧
�s + ✓s = � �s✓s � gsv

i

bc
@i�s (33)

✓
D

D⌧
+H

◆
✓s +

3

2
⌦mH2�m = � (@ivk

s
)2 � gsv

i

bc
@i✓s ,

where s = b, c and we have introduced the shorthand
gb = 1 � fb and gc = �fb. On the l.h.s. we now have
the standard di↵erential operator for the gravitational
evolution, while the r.h.s. contains the nonlinear terms
due to gravitational evolution and the relative velocity.
It is clear that �m, ✓m and the relative density and ve-
locity no longer decouple at nonlinear order. Noting
that D/D⌧ is invariant under homogeneous but time-
dependent translations (boosts), these equations are ex-
plicitly boost-invariant. That is, all quantities that ap-
pear in Eq. (33) are local observables (note in particular
the absence of vm).
Eq. (33) gives us a strong hint as to which operaters

we should allow to appear in the bias expansion in the
two-fluid system. We have to include vbc, �b, �c as well as
✓b, ✓c and @ivj

b
, @ivj

c
in the bias expansion. Again, it is

convenient to decompose these in terms of the adiabatic
growing mode �m, @ivj

m
and the baryon-CDM perturba-

tions R+, R�. The latter modes are captured in the bias
expansion by including

R+(q) and Ri

� ⌘
@i
q

r2
q

R�(q) , (34)



Figure 4. Joint constraints on fnl and A using the BOSS DR12 galaxy power spectrum for di↵erent bias
parameter relations. For b�(b1) we consider the same three relations as in Fig. 3, and for b�(b1) we utilize the
relations obtained in Ref. [71] for the same halo populations. The left panel is for correlated CIP (⇠ = 1) with
a CMB prior on fnl to break the perfect degeneracy between fnl and A. The right panel is for uncorrelated
CIP (⇠ = 0), which requires no fnl prior. The result in both panels is for the case with Gaussian priors on b1.
The corresponding one-dimensional constraints are listed in Tab. 3.

Correlated (⇠ = 1), with CMB fnl prior

All halos 33% higher c200 33% lower c200

A �133+133

�162
�65+64

�62
607+584

�694

fnl Planck prior Planck prior Planck prior

Uncorrelated (⇠ = 0), without CMB fnl prior

All halos 33% higher c200 33% lower c200

|A| 1479+519

�947
580+266

�371
6062+2775

�3550

fnl 0+64

�144
2+27

�51
21+426

�208

Table 3. Constraints on fnl and A for correlated (⇠ = 1, top) and uncorrelated (⇠ = 0, bottom) CIP. For
⇠ = 1, the fnl constraints are dominated by the CMB prior fnl = �0.9 ± 5.1, which we assume to break the
degeneracy between fnl and A. The result is for Gaussian priors on b1. The quoted errors are 1�.

The constraints on fnl and A are shown in Fig. 4 and Tab. 3. For correlated CIP, the constraints
on A are nearly indistinguishable from those in the previous section assuming fnl = 0. That means
the degeneracy between fnl and A does not degrade the correlated CIP constraints if fnl is kept
within the values allowed by Planck. On the other hand, we do observe a significant degradation of
the uncorrelated CIP constraints that do not assume any priors on fnl: compared to the fnl = 0 case,
the error bars �|A| increase by ⇡ 60%. We have also checked (not shown) that if a CMB prior on fnl

is imposed, then there is also no degradation of the uncorrelated CIP constraints.

6 Summary & Conclusions

Primordial CIP are a mixture of isocurvature modes produced during inflation characterized by a com-
pensation of baryon and CDM perturbations that leads to no total matter perturbations (cf. Eq. (1.1)).
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Primordial baryon-CDM 
isocurvature perturbations

• Scale-invariant isocurvature 
perturbations between baryons 
and CDM lead to fNL-like scale-
dependent bias

• Tight constraints (and bδbc is 
arguably better understood 
than bφ)

• Factor of ~2 better than CMB

Barreira et al 2020a,b ;                                         Barreira, arXiv:2302.01927



Additional species: 
neutrinos

• Cf. Marilena’s talk

• Introduce an additional large scale: kfs

• Strictly, EFT expansion only valid for k << kfs, 
but suppression of gravitational effect by fν 
helps a lot of course.



Caveat: Reionization

• Two interesting effects:

• Compton drag

• Radiative transfer effects



Caveat: Reionization

• Compton drag 3
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FIG. 1: Transfer function for the divergence of the baryon-CDM relative velocity ✓r (divided by H0 to be dimensionless) at
z = 0. We show the primordial contribution, obtained by using a pre-reionization transfer function output from CAMB evolved
to z = 0, as well as the Compton drag and pressure contributions as estimated in the text [Eq. (14) and Eq. (20); we have
adjusted the value of ↵0 from the approximate estimate Eq. (10) by ⇠20%]. Also shown is the total transfer function, as well
as the output from CAMB at z = 0, which agrees well. All transfer functions are normalized so that Tm(k ! 0, z = 0) = 1.

is the energy density of radiation. However, since the
radiation field is close to isotropic (radiation density per-
turbation are at the level of 10�4 and negligible here),
an electron at rest in the CMB rest frame experiences no
net force. If the electron moves with velocity v�e relative
to the CMB rest frame, it experiences a drag due to the
fact that there is a radiation dipole given by (v�e/c)T�

in the electron rest frame. Thus, the drag force on the
electron is

Fe = �
v�e

c
�Tu� . (8)

Multiplying this by the electron density yields the force
density fe = neFe, which, via the Coulomb coupling
between electrons and nuclei, contributes to the r.h.s. of
the baryon Euler equation through afe/⇢b, where ⇢b is
the baryon density (the factor of a arises because we have
written the Euler equation in terms of @/@⌧). Choosing
the CMB rest frame as defining the global coordinate
system, as is usually done, we have v�e = vb. Adding
this to Eq. (1), we have

v0
b
+Hvb = �r�� xe↵H vb , (9)

where xe(⌧) is the electron ionization fraction, and the

dimensionless function ↵ is given by

↵(⌧) = a(⌧)
�Tu�(⌧)

YempcH(⌧)
= ↵0(1 + z)4E�1(z) ,

↵0 ⇡ 1.61h�1
⇥ 10�6 , (10)

and Ye ⇡ 1.08 is the electron molecular weight, mp is the
proton mass, and E(z) = H(z)/H0 is the scaled Hubble
rate.

We finally obtain the equation of motion for the
baryon-CDM relative velocity, at linear order in pertur-
bations, in the presence of Compton drag:

v0
r
+Hvr = � xe↵Hv . (11)

Here, we have approximated the baryon velocity with the
total matter velocity v. This approximation is su�cient,
since the di↵erence between vb and v is suppressed by
2–3 orders of magnitude, while, as we will see, the con-
tribution on the r.h.s. of Eq. (11) is itself already highly
suppressed. Moreover, since we are working at linear or-
der in perturbations, the contribution from Eq. (11) sim-
ply adds to the primordial relative velocity of Eq. (6).

Contributions to the linearly evolved 
baryon-CDM relative velocity today

CMB
dipole

Proto-galaxy

FS, F. Beutler, arXiv:1705.07843 



Figure 2. Same as Fig. 1, but suppressing only one space dimension (with �⌘g,⇤ defined as
⌘g � ⌘⇤). We see that there is only one position on the surface ⌘ = ⌘⇤ from which we could
in principle receive the radiation directly (without it being scattered towards us at (⌘g,xg)):
however this point is hidden behind the observed galaxies.

Let us then assume that there are some local properties of galaxies that depend on the
received flux along their whole past history: for example, these could be the heating and
cooling rates of the gas accreting onto the parent halo, which are in turn related to the star-
formation rate. Therefore, we expect this dependence to be inherited by the galaxy number
density ng [5]. More precisely, we can parameterize its response to the intensity of ionizing
radiation by means of a Green’s function Gg along the fluid worldline (the subscript “g” is
to differentiate it from the Green’s function for the q tracers, that is discussed in Section
3.4). Such function encodes the “UV physics” of galaxy formation that the bias expansion
is oblivious about. At zeroth order, the RT effects on the mean galaxy density can then be
written as

ng|ion(⌘) = 4⇡

Z ⌘

⌘⇤

d⌘
0
Z

+1

0

dE G
(0)

g (⌘, ⌘
0
, E) I(⌘0, E) , (3.7)

where G
(0)

g is the zeroth-order Green’s function and we have used the fact that I does not
depend on n̂. Similarly, at first order in perturbations, we have

�ng|ion(⌘,x) =

Z ⌘

⌘⇤

d⌘
0
Z

dn̂

Z
+1

0

dE G
(1)

g (⌘, ⌘
0
, E, n̂) �I

�
⌘
0
,xfl(⌘

0), E, n̂
�

=

Z ⌘

⌘⇤

d⌘
0
Z

dn̂

Z
+1

0

dE G
(1)

g (⌘, ⌘
0
, E, n̂) �I(⌘0,x, E, n̂) ,

(3.8)

where again we have used the fact that xfl is equal to x at the order we are working at.

– 9 –

Radiative transfer effects

• MFP of ionizing radiation 
increases dramatically 
during reionization

• If formation efficiency of 
galaxies depends on the 
local flux of ionizing 
radiation, number of 
galaxies depends on 
distribution of matter within 
this MFP

Cabass, FS (2018);      see also Pontzen (2014), Meiksin & McQuinn (2018), Sanderbeck et al (2018)



Radiative transfer effects

Cabass, FS (2018);      see also Pontzen (2014), Meiksin & McQuinn (2018), Sanderbeck et al (2018)

Figure 1. Spacetime diagram for a single emission time ⌘⇤. The observer is at (⌘0,0), while
the observed galaxies are at (⌘g,xg). The tracers that we assume to be locally biased with
respect to the radiation field are observed at (⌘q,xq).

form (see Appendix A.2 for a derivation)

I(⌘,x, E, n̂) =

✓
1 + z(⌘)

1 + z⇤

◆
3

e
�⌧(⌘,x, E, n̂) I⇤

�
⌘⇤,x + n̂(⌘ � ⌘⇤), E(⌘⇤, ⌘)

�

=

✓
1 + z(⌘)
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◆
3

e
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�⌘ a⇤ ⇢em

�
⌘⇤,x + n̂(⌘ � ⌘⇤)

�
"em

�
⌘⇤, E(⌘⇤, ⌘)

�

4⇡
,

(3.4)

where the emitted intensity I⇤ is equal to �⌘(⇢em"ema)|⌘=⌘⇤/(4⇡) (and is independent of n̂
given that "em is isotropic), and the redshift dependence of the photon energy is, for general
⌘
0  ⌘, given by

E(⌘0, ⌘) = E
1 + z(⌘0)

1 + z(⌘)
, (3.5)

so that E is the energy measured by an observer at (⌘,x). Given the number density of
absorbers and the absorption cross section, the optical depth ⌧ in Eq. (3.4) is equal to

⌧(⌘,x, E, n̂) =

Z ⌘

⌘⇤

d⌘
0 (�abnaba)

�
⌘
0
,x + n̂(⌘ � ⌘

0), E(⌘0, ⌘)
�

. (3.6)

From now on we take �ab to be the bound-free cross section �bf for photoionization of the
1s state, and nab = nHI to be the corresponding number density of neutral hydrogen in the
1s state. We will discuss what happens if we consider the full cross section and the more
general scenario of multiple absorbers (like higher levels of hydrogen or helium, for example)
in Section 3.6. Moreover, since in this section we assume the absorbers to be homogeneous,
nHI = nHI, ⌧ does not depend on n̂. Also, for simplicity of notation we will drop the bar on
nHI.
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From now on we take �ab to be the bound-free cross section �bf for photoionization of the
1s state, and nab = nHI to be the corresponding number density of neutral hydrogen in the
1s state. We will discuss what happens if we consider the full cross section and the more
general scenario of multiple absorbers (like higher levels of hydrogen or helium, for example)
in Section 3.6. Moreover, since in this section we assume the absorbers to be homogeneous,
nHI = nHI, ⌧ does not depend on n̂. Also, for simplicity of notation we will drop the bar on
nHI.
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From now on we take �ab to be the bound-free cross section �bf for photoionization of the
1s state, and nab = nHI to be the corresponding number density of neutral hydrogen in the
1s state. We will discuss what happens if we consider the full cross section and the more
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Figure 4. Plot of F (0)

ion
for different values of �e↵ (blue curves). It has been multiplied by

an RT bias coefficient (more precisely, by the combination 2bem(⌘⇤)/b1(⌘) of Eq. (3.35)) with
arbitrary value of 0.04 (note that, depending on the parent halo mass and redshift, the RT bias
coefficients could be small) and its limit for k = 0 has been subtracted (since it can always be
reabsorbed in the linear LIMD bias). The green dot-dashed curve shows the relative difference
between the square of the transfer functions for the total matter overdensity (at z = 1) withP

m⌫ = 0.1 eV and m⌫ = 0.

This is the green dot-dashed curve in Fig. 4. The corresponding correction due to RT effects,
at leading order in bem, is given by (see Eq. (3.32))

�Pgg(⌘, k)

Pgg(⌘, k)
=

2bem(⌘⇤)

b1(⌘)
fion(⌘, k

2) , (3.35)

where fion is given by Eq. (3.31) and we recall that bem must indeed be regarded as a small
number since we reabsorbed the leading RT bias coefficient g0 into it. Can this mimic the
effect due to massive neutrinos? First, we see that the amplitude of this scale-dependent
correction at k = 0 is always degenerate with the linear LIMD bias. In other words, b1 is
fixed by the amplitude of Pgg on large scales (obviously neglecting degeneracies with, e.g.,
�8, since they are not relevant for the sake of this discussion). This corresponds to redefining
b1 in Eq. (3.32) as b1(⌘) ! b1(⌘) � bem(⌘⇤)fion(⌘, 0). Correspondingly Eq. (3.35) sees simply
fion(⌘, k

2) replaced by fion(⌘, k
2) � fion(⌘, 0). This is plotted in Fig. 4 at leading order in

H�e↵ (blue curves). From the plot it is clear that these scale-dependent corrections are very
similar in shape to those from massive neutrinos, i.e. RT effects could give rise to a bias in
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This is summarized in Tabs. 1, 2. For example, let us consider the case of the galaxy
response varying on cosmological time scales; that is, the observable properties of a given
galaxy sample retain a memory of the ionizing flux received at some earlier time. Then, the
dependence of these functions on the details of galaxy formation can be absorbed in general-
ized RT bias coefficients, without needing a detailed “UV” modeling of galaxy formation, if:
a) one can neglect inhomogeneities in the optical depth; b) the emission of ionizing radiation
only happens for a short period of time �⌘ ⌧ H�1. If these assumptions do not hold, we
cannot predict the dependence on k of these three functions unless we know precisely how
the response of galaxies to the ionizing radiation depends on time. It is important to stress
that this does not happen in the gravity-only bias expansion. There, the time dependence of
the Green’s function can be reabsorbed, order by order in perturbations and spatial deriva-
tives, into the time-dependent bias coefficients. Here we cannot do this because, through the
received flux, the galaxies are sensitive to the inhomogeneities in the distribution of sources
and sinks of ionizing radiation evaluated along their past light cone, and not only along the
past fluid worldline. Consequently, the time dependence of the Green’s function affects also
the scale dependence of the bias.

It is however important to emphasize that it is entirely possible for the response to ionizing
radiation to happen on time scales much faster than a Hubble time. For example, in the case of
line emission from diffuse gas we can imagine that the response to the ambient radiation field
is controlled by the recombination rate, which has nothing to do with Hubble. More precisely,
if we wanted to be completely general, we should have considered a Fourier transform of the
Green’s functions of Section 3.2 with respect to ⌘ � ⌘

0. This Fourier transform can have
support for both ! ⇠ H and for ! � H, and in this work we have focused on the case where
the Fourier coefficients are nonzero at low frequencies. [FS: wlog, since fast frequencies will

Table 1. This table shows which assumptions are necessary to predict the scale dependence
of the bias from RT effects, assuming no inhomogeneities in the optical depth. �⌘em and �⌘G

are the interval over which "em is non-vanishing and the typical extent in time of the galaxy
response, respectively. By 3 we mean that the higher-derivative terms can be resummed into
well-defined functions of k

2
�
2

e↵
, each multiplied by an RT bias coefficient and an increasing

power of H�e↵ . The case of an instantaneous galaxy response is discussed in Appendix A.4.

�⌧ = 0 �⌘G ⌧ H�1 �⌘G ⇠ H�1

�⌘em ⌧ H�1 3 3

�⌘em ⇠ H�1 3 7

Table 2. Same as Tab. 1, but taking into account the inhomogeneities in the optical depth.

�⌧ 6= 0 �⌘G ⌧ H�1 �⌘G ⇠ H�1

�⌘em ⌧ H�1 3 7

�⌘em ⇠ H�1 7 7
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When can this effect be described 
rigorously (in EFT sense) ?

Effect on galaxy power spectrum



Primordial non-
Gaussianity

• Two effects:

• Contribution to n-point functions inherited from 
matter (~b1n)

• Scale-dependent bias from long/short mode coupling

• Determined by squeezed-limit scaling of 
primordial correlators: (kL/kS)Δ -> scale-dependent 
bias ~ kΔ-2.

• Note: parity-violating signatures suppressed in squeezed 
limit.

FS, Kamionkowski; Assassi, Baumann, FS                                   cf. Ben Wallisch’s talk



Summary
• EFT allows for rigorous incorporation of all local-in-space, 

nonlocal-in-time physics of structure formation

• Effects of non-EdS expansion history appear at 4th order, but 
likely extremely small in real world

• Isocurvature perturbations, primordial non-Gaussianity can 
likewise be incorporated

• Strictly, only real show-stopper are additional large spatial scales:

• Neutrino free-streaming scale

• Mean free path of ionizing radiation (memory effect of high-z/
reionization)

• Very reasonable that these have very small amplitude, but how 
small?



PRELIMINARY

P.S. On field-level 
inference…

• EFT-based full field-level inference on blind 
catalogs from beyond 2-pt challenge:

Credit: Minh Nguyen

Thanks to Y. Kobayashi, A. Salcedo, E. Krause, 
and M. Ivanov, M. Pellejero !


