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Bias parameters & Cosmology

Approach: model independent, just assumes Equivalence Principle  

Consistency relations: MM, Nishimichi T., Pietroni M., Phys. Rev. D100 
(2019); MM, Nishimichi T., Pietroni M., JCAP 07 (2020) 

LSS bootstrap & beyond: D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 
10 (2021); Amendola L., MM, Pietroni M., Quartin M., arXiv:2307.02117

https://arxiv.org/abs/2307.02117


Equivalence principle
Consistency relations

Exact equalities among correlation functions of different order 
(Peloso M., Pietroni M., JCAP 2013,  
Kehagias A., Riotto A., Nucl.Phys. 2013,  
Creminelli P., Noreña J., Simonović M., Vernizzi F., JCAP 2013)

⟨δ(x1, τ1)…δ(xn, τn) |ΦL⟩ = ⟨δ(x̃1, τ̃1)…δ(x̃n, τ̃n)⟩ .

Effect of long modes on linear scales  
 Equivalence Principle (or Galilean Invariance)⟶

⟨δm(q, τ)δg(k1, τ1)…δg(kn, τn)⟩′ q→0 = − PL(q, τ)
n

∑
i=1

D+(τi)
D(τ)

q ⋅ ki

q2 ⟨δg(k1, τ1)…δg(kn, τn)⟩′ 



rBAO

CR and BAO
•MM, Nishimichi T., Pietroni M., Phys. Rev. D100 (2019) 
•MM, Nishimichi T., Pietroni M., JCAP 07 (2020)



rBAO
Equal-time squeezed limit

μ = k̂ ⋅ q̂

lim
q/k→0

Bααα(q, k+ . k−)
Pαα(q)Pαα(k) = − μ2

bα(q)
d log Pαα(k)

d log k
+ O (( q

k )
0

)
Unchanged by 
nonlinearities!

Peloso M. and Pietroni M., JCAP (2013) 
Kehagias A. and Riotto A., Nucl. Phys. (2013) 
Baldauf T. et al., Phys.Rev.D (2015)
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CR and BAO
•MM, Nishimichi T., Pietroni M., Phys. Rev. D100 (2019) 
•MM, Nishimichi T., Pietroni M., JCAP 07 (2020)

In presence of a scale like the BAO, the oscillating part of the 
derivative is enhanced by a  factor, we can isolate it 

to verify CR and measure bias
∼ k rBAO



lim
q/k→0

B(0)
t (q, k)

P(0)
t (q)P(0)

t (k)
= − 1

3bt
+ bt − 1

9bt
βt

1 + 3
5 βt

1 + 2
3 βt + 1

5 β2t

∂ log P(0)
t (k)

∂ log k
+ …

lim
q/k→0

B(lk=2)
t (q, k)

P(0)
t (q)P(0)

t (k)
= − 2βt

45bt

2 + bt(5 + 3βt)
1 + 2

3 βt + 1
5 β2t

∂ log P(0)
t (k)

∂ log k
+ …

Multipoles + Kaiser

lim
k→0

P(2)(k)
P(0)

t (k)
= 4βt

21
7 + 3βt

1 + 2
3 βt + 1

5 β2t

f ≡ d log D
d log a

Growth rate

βt ≡ f
bt

Angles

μq ≡ q̂ ⋅ ̂z

μk ≡ k̂ ⋅ ̂z

μ ≡ k̂ ⋅ q̂

CR and BAO
N-body simulations: redshift space w/ biased tracers, MM+ (2020)



CR and BAO
N-body simulations: redshift space w/ biased tracers, MM+ (2020)

 accuracy on  
with a model-independent 

approach!

5 − 7 % b1 and  f



LSS Bootstrap
•D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 10 (2021)
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SYMMETRIES

LSS Bootstrap
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SYMMETRIES
Homogeneity and isotropy

Mass and momentum conservation (only 
for dark matter)

Equivalence principle

LSS Bootstrap
•D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 10 (2021)
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LSS Bootstrap

Equivalence principle

Leading Order: single momentum 
going → 0

•D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 10 (2021)
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Leading Order: single momentum 
going → 0
Next-to-Leading Order: sum of two 
momenta going → 0
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Leading Order: single momentum 
going → 0
Next-to-Leading Order: sum of two 
momenta going → 0

LSS Bootstrap

Next-to-Next-to-Leading Order: sum 
of three momenta going → 0
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K2(q1, q2) = c1 + cββ(q1, q2) + cγγ(q1, q2)

K1(q1) = c0

{c0, c1, cβ, cγ} Leading Order

Only 3 parameters left! 
(tracers)

LSS Bootstrap
Kernel at second order

β(q1, q2) = |q1 + q2 |2 q1 ⋅ q2
2q2

1q2
2

γ(q1, q2) = 1 − ( q1 ⋅ q2
q1 q2 )

2

αa(q1, q2) = q1 ⋅ q2
q2

1
− q1 ⋅ q2

q2
2

Only 1 parameter left! 
(matter)

Mass+momentum 
conservation (matter)



The LSS Bootstrap
Kernel at 3rd order

K3(q1, q2, q3) = c2 + cγ1γ(q1, q2) + cγ2γ(q12, q3) + cβ1β(q1, q2) + cβ2β(q12, q3)

+cγγγ(q1, q2)γ(q12, q3) + cβββ(q1, q2)β(q12, q3) + cγβγ(q1, q2)β(q12, q3)

+cβγβ(q1, q2)γ(q12, q3) + (cα + cγαγ(q1, q2) + cβαβ(q1, q2)) αa(q12, q3)

{c2, cγ1, cγ2, cβ1, cβ2, cγγ, cββ, cγβ, cβγ, cα, cγα, cβα}

Leading Order Next-to-Leading Order

LSS Bootstrap
Kernel at third order

Only 4 parameters left! 
(tracers)

Only 2 parameters left! 
(matter)

Mass+mom. conservation



G2(q1, q2) = 2β(q1, q2) + dγγ(q1, q2)

LSS Bootstrap

In redshift space at 1-loop for the PS and tree-level for the BS we are mostly 
sensitive to the time dependent function that appears in the 2nd order 
kernel

B(q1, q2, q3) = 2Z1(q1)Z1(q2)Z2(q1, q2)PL(q1)PL(q2) + 2 perms.

Z2(q1, q2) = K2(q1, q2) + fμ2
12G2(q1, q2) + …

f = fΛCDM(1 + εf ) dγ = dΛCDM
γ (1 + εdγ

) We can detect deviations 
from CDM in a model-
independent way!

Λ



The LSS Bootstrap
Kernel at 3rd order
LSS Bootstrap
Euclid-like Forecast

MM, Amendola L., Pietroni 
M., Quartin M., in preparation

PRELIMINARY 
RESULTS!



The LSS Bootstrap
Kernel at 3rd order
LSS Bootstrap
Euclid-like Forecast

MM, Amendola L., Pietroni 
M., Quartin M., in preparation

PRELIMINARY 
RESULTS!

A new dimension to 
constrain beyond- CDMΛ



The LSS Bootstrap
Kernel at 3rd order
Conclusion and outlook

Model-independent approaches cover a large variety of existing models 

Beyond-inflationary CDM physics (?) 

CR and BAO approach will be used within Euclid collaboration 

Bootstrap already implemented in PyBird (ongoing MCMC on sims) 

Implementing the Bispectrum (with M. Peron)

+Λ



Thanks for your attention!



Backup slides



Equivalence principle: Fall 
in the same way

Long modes

Equivalence principle

Short modes



lim
q/k→0

Bt(q, k+, k−)
Pt(q)Pt(k) = − μ2

bt

d log P(k)
d log k

+ …

bt = lim
q→0

Ptt(q)
Ptm(q)Bias parameter

CR and BAO
N-body simulations: real space w/ biased tracers, MM+ (2019)

=

=



lim
q/k→0

Bt(q, k+, k−)
Pt(q)Pt(k) = − μ2

bt

d log P(k)
d log k

+ …

Preliminary 
results!

~7-15 %σb

CR and BAO
Euclid Flagship simulations (Euclid coll.+, in prep.)



LSS Bootstrap

Equivalence principle

Leading Order: single momentum 
going → 0
Next-to-Leading Order: sum of two 
momenta going → 0
Next-to-Next-to-Leading Order: sum 
of three momenta going → 0

•D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 10 (2021)



LSS Bootstrap

Equivalence principle

Leading Order: single momentum 
going → 0
Next-to-Leading Order: sum of two 
momenta going → 0
N -to-Leading Order: sum of 
momenta going 

.l−1 l − 1
→ 0

•D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 10 (2021)



LSS Bootstrap

Equivalence principle

Leading Order: single momentum 
going → 0
Next-to-Leading Order: sum of two 
momenta going → 0
N -to-Leading Order: sum of 
momenta going 

.l−1 l − 1
→ 0

lim
q1,…,qm→0

Kn(q1, …, qm, qm+1, …, qn) =
q1 ⋅ Qn,m

q2
1

…
qm ⋅ Qn,m

q2m
Kn−m(qm+1, …, qn) + O (( 1

q )
m−1

)

•D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 10 (2021)



LSS Bootstrap

Equivalence principle

Leading Order: single momentum 
going → 0
Next-to-Leading Order: sum of two 
momenta going → 0
N -to-Leading Order: sum of 
momenta going 

.l−1 l − 1
→ 0

lim
q1+q2→0

Kn(q1, q2, q3, …, qn) ⊃ k ⋅ q12
q2

12
Kn−2(q3, …, qn)∫

η
dη′ f+(η′ ) D+(η′ )2

D+(η)2 G2(q1, q2; η′ )

•D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 10 (2021)



LSS Bootstrap

Equivalence principle

Leading Order: single momentum 
going → 0
Next-to-Leading Order: sum of two 
momenta going → 0
N -to-Leading Order: sum of 
momenta going 

.l−1 l
→ 0

lim
Ql,0→0

Kn(q1, …, ql, ql+1, …, qn) ⊃
k ⋅ Ql,0

Q2
l,0 ∫

η
dη′ f+(η′ )( D+(η′ )

D+(η) )
l

Gl(q1, …, ql; η′ )Kn−l(ql+1, …, qn; η)

•D’Amico G., MM, Pietroni M., Vernizzi F., JCAP 10 (2021)


