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Dynamical system

Definition (Dynamical system)

Let T=Ror T = Z, respectively, and let X be a metric space. A dynamical system is a triple
(®,T, X), where the continuous mapping ® : T x X — X satisfies the following properties:

- Initial value (identity) condition: ®gz = z for all z € X

- Group property: @,z = PPy = @,z for all x € X and for all s,¢ € T.
— T is called the parameter space.
— X is called the phase space.

— & is called the evolution operator.
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Dynamical system

- If T =R, then the dynamical system is called continuous, and in case T = Z, one has a
discrete dynamical system.

- The second property of a dynamical system is called group property because the family of
mappings {®; : t € T} of X into itself forms a group under composition.

- If the family of mappings {®; : t € T{} of X into itself forms a semigroup under
composition, then the triple (@, Tar, X) is said to be a semi-dynamical system.

- The parameter space T can also be multi-dimensional, for e.g. T =R%, d > 2. In this case
the evolution operator @ is a generalized non-autonomous evolution operator.
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Dynamical system

Example (Shift operator)

Let T=R, d € N, let X be the space C(R,R%), of bounded continuous functions x : R — R?
with the norm ||x||x = sup x(¢) for all x € C(R,R?). Let (6;)icr be the family of shift
teT

operators on X, defined by 6;x = x(t + -) for all t € R. Define ® on T x X as $ox = x and
®;x = O;x for all t € R. Then (®, X, T) forms a continuous dynamical system.
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Dynamical system

Example (ODEs)

Let T=R, X =R% and A € L(X, X) be a bounded linear operator
9y
dt

x(0) =x0, x0€X

t)=Ax, t>0

Defining ®; := e4*, then (®;, X, T{) forms a semi-dynamical system.
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Dynamical system

Example (PDEs)

Let T=R,® CRY X = L%(®) and A € L(D(A), X) be a closed linear operator (e.g.
A=A=Y1 02)
L
dt
x(0) =x¢, x0€X

t)=Ax, t>0

Let (T;)i>0 : X — X be the operator semi-group generated by A, then defining ®, := T}, we
get (¥4, X, T§) forms a semi-dynamical system.

- Differential equations provide a way to specify dynamical systems.
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Differential equations
Let T=R, X =R%and F: T x X — X be a smooth vector field. Consider the initial value
problem (IVP)

d
ax(t) =F(t,x(t), Ti>t>0
x(0) =x9, x0€X

Alternatively, the IVP can be written in the following integral form:

x(t) = xo +/O F(s,x(s)) ds

- Existence: If ' € C(T x X; X) then there exists at least one solution.

- Uniqueness: Additionally, if F' is locally Lipschitz continuous, i.e. for any compact set
K €T x X there exists a corresponding Lipschitz constant Lx such that:

||F<t7X1) - F(t7X2>||X S LKHXI - X2||Xa V(t7X1>7 (taXQ) S K7

then we get global uniqueness of the solution.
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Deterministic methods

Based on Taylor series expansion of the solution x(¢) at tg, for 7 > 0 we get

x(to +7) = x(to) + 7 X (to) + O(12) = x¢ + 7 F(to,x0) + O(7?).

Letting ¢, = to + n7, x, = x(t,,) we get the following numerical schemes:
- Euler method: x,41 = %, + 7F (tn,Xp),
Xpnt+l = Xp + TF(tn-&-la X7l+1)7

- s-stage Runge-Kutta method: i1

k‘i:F(t—‘rCiT,Xn—‘rTZaijk‘j), 1=1,...,8

Xptl =Xp + T Z bik;
i=1

j=1

- Collocation method: Find polynomial g € P¢ of degree s such that
- g(tn) = Xn
- g/(tn +oT) = F(tn + ¢, g(tn + CiT))
— Xp4+1 = g(tn + T)
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Deterministic methods

- Collocation method: Let {Li,..., L} be the Lagrange basis of the polynomial space P¢_,
of degree s — 1 with respect to the nodes ¢y, ...,¢s, with 0 < ¢; < -+ < ¢s <1, then:

— ki =g'(tn + &i7)

— g'(tn +01) =301 ki L;(0)

— g(tn + it )—Xn+Tfpl "(tn +5T)d5=xn+72;:1aijkj
0 L;(6)do, for i,5=1,.

— k; = F(t, +cl7'xn+7'z 1 Qij j)1:1,...,s

Qi =

— Tpi1 = g(tn +T)—Xn+7'f0 (tn Jr(ST)(;—XnJrTZ

bj:fo LJ(5)d5, jil,...,S

- Results in a set of non-linear equations which needs to be solved using for e.g. Newton
method.

- Is equivalent to implicit s-stage Runge-Kutta method.
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Stochastic methods

- Monte carlo integration Let f: R? — R?, we are interested in numerical approximation I
of the integral I = fg r)dz, ® C R compact. Let P = {xg,...,z,} represent the
partitioning of the set 2.

- Deterministic approach is to use some type of quadrature rules such as:

— Midpoint rule: I, = Z?zl fimy)Ax;, Az; :=x; — x;—1 and m; = m‘%
— Trapezoidal rule: I,, = S0 [f(2:) + f(2i1)] A”,
— General quadrature rule: I,, = S0 wif(x}), ot € [z 1, 7]

T =1limy oo In
- Let € € (0,1). In general, it can be shown that: to achieve a given e accuracy the

minimum number of discretization points n(e) required is proportional to I@\

- Thus larger the value of d, i.e. the dimension of the integration domain, exponentially
higher the number of discretization points needed. This is called the curse of
dimensionality.
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Stochastic methods

- Monte carlo integration: A simple method
to get rid of this curse is to replace the
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given accuracy ¢ is proportional to

One can now, apply this approach to solve differential equation.
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Stochastic methods

Consider the initial value problem (IVP)

d
dt
Its solution can be written as

x()—xo+/0F 8—X0+Z

= X + Z ESeu(ti,l,ti)[F(S)]

=1

—XO+Z{’ - ZFSk]

Writing in an iterative manner we get

Xnt1 = Xn + Escu, tw+1)[F(S)]

=x, n+1 ZF Sk
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Stochastic methods

Similarly, for nonlinear IVP

%X(t) = F(t,x), with x(0) =%, x0€X

we get
Xpt1 = Xp + ESGL{(tmtn+1)[F(S x(S5))]

1—
=x, + n+ ZF SkyXn)-

Let F(t,z) :=t\/|z] +sin®(Zt) — 3H(t — 2),
with H being the Heaviside functlon then the
MC integration based solution is as shown in
the Figure on the right.
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Statistical problem

- Consider a set of data D comprising of pairs for inputs and outputs
D:={(X,Y1),....,(Xn,YN)} CX XY

assumed to be independent and identically distributed observations sampled from an
unknown probability distribution P.

- The task is to find a mathematical relation, F', between the input X € X and the output
Y €Y. In other words, find a mapping X — F(X) =:Y such that F: X = Y fits
(explains) the observed data D is some optimal sense.

- To measure the quality of the estimated relation F', we need to define a loss functional
L:YXY—R
such that L(Y, }A’) is able to quantify the closeness between the observed output ¥ and the

estimated output Y.
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Typical loss functions

Some common loss fu{lctions are

- L(Y,Y) = |[Y = Y7y, squared L? norm

CLY,Y) =Y - Y/Hi’;(y), squared LP norm with p € (0, oo]

- L(Y, Y) =—H(Y, Y) = Ey[log Y], cross-entropy of Y with respect to Y
The quality of the estimated function F' is given by:

E(F) = Ep[L(Y, F(X))] = /XL(YvF(X))P(dX)

N
1
~ o D LY F(X))
i=1
= F can be estimated by solving the following statistical optimization problem

F = argmin E(F)
F
If F = F(-;0) is parameterized by 6, then
0 = argmin E(F(-;0)).
0
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Typical models for function F

- The type of function models used can be categorized into parametric and non-parametric
models.

- Here we consider only parametric models

- Some common parametric function models are:
— Linear model: F(X;0) =a’X +b,0 = (a,b)
— Quadratic model: F(X;0) =a”X?+b"'X 4 ¢,0 = (a,b,c)
— Polynomial model: F(X;60) =", 07 X" 0= (6;)

— Exponential model: F(X;0) = et X+ 9 = (a,b)

— Perceptron model: F(X;0) =o(> i, XFw; +b),0 = ((w;),b)

Multi-layer-perceptron model:
F(X;0) = o ( Xhoy oo (S0 XTwi +b1) + bt) + b ), 0 = (), (b))
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Feedforward neural network

D0 Input Hidden
fx’ﬁ% o (Zn: WX, + b) e layer

Output
layer

Figure: Example of a feedforward neural network !

1 https://github.com/PetarV-/TikZ/tree/master/Multilayer%20perceptron
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Universal approximation theorems

Theorem ( [7,8] Single layer and arbitrary width )

Let 0 : R = R be a continuous activation function other than a polynomial. Let d, D € N then
for every continuous function f : R — RD, every compact subset K C R and every e > 0
there ezists a single-layer neural network f = ny + Z] 1 Mj0 (w x +b;) with N € N, such that

sup |f(z) - f(a)] <e.
reK

Theorem ([9,10] Constrained width and arbitrary depth)

Let X C R? be compact. Let o : R — R be any non-affine continuous function that is
continuously differentiable with non-zero derivative atleast at one point. Let N .4\ pio
denote the space of feed forward neural networks with d input neurons, D output neurons, and
of arbitrary depth each with d + D + 2 neurons, such that hidden neurons have activation
function o and output neurons have identity activation function. Then given any € > 0 and
any f € C(X,RP), there exists f 6N£D:d+D+2 such that sup \f(x) —fl<e.

rzeX
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Problem formulation

Problem

Let I C (0,00) be time interval, ® C R? be an open bounded domain and ®; = I x ® denote
the open space-time cylinder. Let a semi-dynamical system be specified by a generic
differential equation of the form

F(t,z,y(t, x),0y(t, x), Voy(t, x), Vay(t,z)) =0  on Dy,
G(t,z,y(t,2), Vay(t,z)) =0 on 0D x I,
y(0,2) = yo(z) VreD,

where y : ®; = R, F: IX® XxRXxRXxRIxR¥>¥ 5 R G:Ix0D xRxRY =R, yo:D —R.

The task is to find the solution y(¢,x) for all (t,z) € D;.

The goal is to computationally solve the above equation using a neural network.
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General steps

- Let y(¢,x) be given by a surrogate function ¥(t, x;#) parameterized by 6 € R™. This is to
say let y(t,z) = ¢¥(t, x; ).

- (t, x; 0) represents a neural network with internal parameters 6.
- define a loss function to enable learning of # parameter.
- possible types of loss functions:
— Residual loss: E(0) = f©1 F(t, 2,19, Oy, Vuthg, V21hg)2dx dt

— Variational formulation:

E(¢g) = A f(t, 2,99, Ouby, Vathg, Varhe)da dt
Do = argmin E(bg)

0 = argmin E(¢g)
o
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Monte carlo integration

For (t;,x;) =: & € U(D 1) we can write

E= F(tvx7w0a8tw0avmw0,vi'l/19)2dl‘ dt
D
91] «
x ;F@we(&), Do (&), Vo (&), V21bp (£:))?
_ P
-y 2

Thus &; € D can be interpreted as a training sample.

- & can be some fixed collocation points that may be given as discrete mesh (uniform or
triangulated), quasi-uniformly distributed points

- potentially infinite training data
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Initial and boundary conditions

Initial and boundary conditions can be enforced in the following manner.

- soft assignment: add penalty term to the loss function

BE(0) = ||F(t,x, %0, Ditbe, Vatbe, Vi)||5,
+ )\1||G(t7x71/)97v$w9)“%91
+ Aa2|1e(0,2) — yo(z)|%

- hard assignment: use an ansatz function that satisifies the boundary condition by
construction.

1/’9(@ 1') - a(tv l‘) + 6(t7 :L’) + 7(t7 Z, ¢9)

where « satisfies the initial condition, 3 satisfies the boundary condition and ~ is zero on
the boundary and only valid on ©j.
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Example

Consider the 1D linear diffusion equation on ® = (0,1) and t > 0

Owy(t,x) = y(t,x) + f(t,x), =€ (0,1),t>0
y(t,0) = go(t),y ( 1) =g:(t)
y(0,z) = yo(z), z€(0,1)

For this case, one could use the following ansatz function:

a(t,z) B(t,x)
Yo(t, ) = do(t)yo(x) + di>0(t)dg0,13 (2)[(1 = 2)go(t) + zg1(t)]
v(t,z,¢0)

+ (1= em) (1 — )]
= 19(0,0) = y0(0), ¥6(0,1) = yo(1), ¥e(0,7) = yo(z)
= g(t,0) = go(t), Ye(t,1) = g1(t), Ya(t,z) = y(t,x, dp)
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Irregular domain

To deal with complex and irregular domains ®, one can proceed in the following manner:

- define a distance function D(z) which represents the distance to the boundary 9® and
use it construct the ansatz function.

- more practical would be to define the ansatz function as:
Po(t,z) = D(x)P(t)yo(x) + B(t,z) + (1 = P(t))D(x)¢o
and let D(x), P(t) and S(t,x) be approximated again by some neural network-
- D, D — R to approximate D
— By : 0D x I = R to approximate S(¢,z) i.e. y(t,x) on 0D x I.

— P, : I — R to some smooth time dependent function such that P,(0) = 1, e.g. et |
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1D advection equation

We want to solve the following PDE:

99 09
E—l—u%—o on ;g

¢(0,2) =v onD fort =0.

- The independent variables (i.e,  and t) are used as input values for the NN, and the
solution (i.e. ¢) is the output.

- In order to find the solution, at each step the NN outputs are derived w.r.t the inputs.

- The loss function that matches the PDE is built and the weights are updated accordingly.

If the loss function goes to zero, we can assume that our NN is indeed the solution to our
PDE.

- 'We can also try to find a general solution for different values of u, v and also ® so it will
be set also as an input.
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Figure: Simulation of 1D advection equation
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Reaction diffusion equation
In this example we are going to solve a reaction diffusion equation.

u+V-(oVu)=pu(l —u) onD;
Voau=0 ondd;
ug=v ond fort=0.

0w
0
o8
“ om
x

Figure: Simulation of 1D advection equation
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Vortex transport equation
In this example we are going to solve the Euler equations for an isentropic two-dimensional
vortex in a full-periodic square domain.
pt +V - (pu) =0o0n Dy
(pu)t + (u-V)(pu) + Vp=0on D;
u=v, p=rondd;

ug =ug, po=roond fort=0.

>
&

£

Figure: Simulation of 1D advection equation
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Lotka-Volterra equation

We want to solve the following ODE:

d‘zsf) = azx(t) — Bx(t)y(t) fort>0
WO sy1) +yatu(t) fort >0

z(0) =z, y(0)=1yo fort=0.

15
Xty

wo 25 10 15 20 0 5 10 3
t t

Figure: Simulation of Lotka-Volterra equation
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