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Standard Model (SM). Outline of Part 1

Introduction
– Particles of the Standard Model (SM)
– Quarks and color; mesons, baryons

Gauge invariance
– Basic input from Quantum Field Theory
– Quantum electrodynamics (QED)
– Brief introduction to quantum chromodynamics (QCD)

Unification of weak and electromagnetic interactions
– Experimental facts
– SU(2)L ⊗ U(1)Y theory
– Charged currents
– Neutral currents
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Particles of the Standard Model
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Three fermion families (or generations)
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Left-handed doublets and right-handed singlets
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Fermionic matter of the SM

The SM is a gauge theory, based on the symmetry group SU(3)C ⊗ SU(2)L ⊗ U(1)Y ,
which describes strong, weak and electromagnetic interactions.

The fermionic matter (spin 1
2 ) is organized in a three-fold family structure:[

νe u
e− d ′

]
,

[
νµ c
µ− s ′

]
,

[
ντ t
τ− b ′

]

Each family :

[
νl qu

l− qd

]
≡

(
νl

l−

)
L

,

(
qu

qd

)
L

, l−R , quR , qdR

plus the corresponding antiparticles. Here any lepton is denoted by l = (e−, µ−, τ−),
neutrino – νl = (νe , νµ, ντ ), upper quarks – qu = (u, c, t), and lower quarks –
qd = (d , s, b).

In addition, L stands for “left-handed”, R – for “right-handed” (to be defined later).

The three fermionic families appear to have identical properties, i.e. gauge
interactions; they differ only by their mass and their flavor quantum
number.
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Bosons - interaction carriers
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Quark model – “Periodic Table” of composite particles

Mesons (spin = 0, 1, 2, 3, . . .):

π+ = ud̄ , K+ = us̄, K 0 = ds̄, π0 = (uū − dd̄)/
√
2 . . .

D+ = cd̄ , D0 = cū, D+
s = cs̄ . . .

B+ = ub̄, B0 = db̄, B0
s = sb̄, B+

c = cb̄ . . .

Baryons (spin = 1/2, 3/2, 5/2, . . . ):

p = uud , n = udd , Σ+ = uus, Σ0 = uds, . . .
Σ+

c = udc, Σ++
c = uuc, Ξ+

c = usc, Ξ0
c = dsc . . .

Ξ+
cc = dcc, Ξ++

cc = ucc, Ω+
cc = scc . . .
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Quarks and color

Violation of the Pauli principle for the ∆++ baryon (with JP = 3
2
+):

∆++ = u↑u↑u↑

with three quark spins aligned in the same direction (s3 = 3
2 ), relative angular momenta

are equal to zero, and Q = 3× (+ 2
3 ) = +2.

New quantum number - color - has been introduced [Greenberg, Han, Nambu, and
Bogolyubov, Struminskiy, Tavkhelidze].
The quark may have NC = 3 different colors: qα, α = 1, 2, 3, or α = red, blue, green
(sometimes red, yellow, violet are used):

q =

 q
q
q

 , for each flavor q = u, d , c, s, t, b

Then ∆++ is the antisymmetric state as required by statistics

∆++ =
1√
6
εαβγ |u↑αu↑βu

↑
γ〉

At least 3 colors are needed for making an antisymmetric state of 3 quarks.
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Mesons and baryons
Mesons are colorless (color–singlets)

|M〉 =
1√
3
δαβ |qαq̄β〉 =

1√
3

(qq̄ + qq̄ + qq̄)

Total wave function in the quark constituent model is

Ψ = ψcolor × ψflavor × ψspin−space

For example, for the π-meson with S = L = J = 0 and isospin I = 1:

|π+〉 =
1√
6

(u↑αd̄
↓
α − u↓αd̄

↑
α)× Φ(~r1 − ~r2) π+ meson

Baryons are also colorless (color-singlets)

|B〉 =
1√
6
εαβγ |qαqβqγ〉 =

1√
6

(qqq − qqq + . . .)

For the proton with spin “up”:

|p, Jz = +
1
2
〉 =

1
3
√
2
εαβγ (2u↑αu

↑
βd
↓
γ + 2u↑αd

↓
βu
↑
γ + 2d↓αu

↑
βu
↑
γ

− u↑αd
↑
βu
↓
γ − u↓αd

↑
βu
↑
γ − d↑αu

↓
βu
↑
γ − d↑αu

↑
βu
↓
γ)× Φ(~r1 − ~r2, ~r3 −

1
2

(~r1 + ~r2))
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Quantum Field Theory (QFT): basic input

In quantum mechanics, energy and momentum of a particle correspond to operators
acting on the particle wave function.
The substitutions H = i~ ∂

∂ t
and ~p = −i~ ~∇ lead then to the Schrödinger equation

for a nonrelativistic free particle:

H = ~p 2/(2m) ⇒ i~ ∂

∂t
ψ (~x , t) = − ~2

2m
~∇2ψ (~x , t) .

In a relativistic covariant way we define

pµ = i ∂µ ≡ i
∂

∂xµ
, xµ = (t, x , y , z), µ = 0, 1, 2, 3

(with the natural units convention ~ = c = 1).
For a relativistic free particle, the relation E 2 = ~p 2 + m2 determines the Klein–Gordon
equation: (

� + m2)φ(x) = 0 , where � ≡ ∂µ∂µ =
∂2

∂t2
− ~∇2 .

The Klein–Gordon equation is quadratic on the time derivative because relativity puts
the space and time coordinates on an equal footing.
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Wave equations

Does an equation linear in derivatives exist?

Relativistic covariance (and dimensional analysis) restricts its possible form to the Dirac
equation:

(i γµ∂µ −m)ψ(x) = 0 .

The solutions should also satisfy the Klein–Gordon relation. Applying an appropriate
differential operator, one obtains quadratic equation:

− (i γν∂ν + m) (i γµ∂µ −m)ψ(x) = 0 ≡
(
� + m2)ψ(x)

Terms linear in derivatives cancel identically, while the term with two derivatives
reproduces the operator � ≡ ∂µ∂µ provided the coefficients γµ satisfy the algebraic
relation

{γµ, γν} ≡ γµγν + γνγµ = 2 gµν ,

with metric tensor gµν = diag(1,−1,−1,−1) .

Obviously the components of the four-vector γµ cannot simply be numbers - they should
be matrices.
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Dirac algebra of γ-matrices
The lowest-dimensional solution to the Dirac algebra is obtained with matrices of
dimension D = 4:

γ0 =

(
I 0
0 −I

)
, γ i =

(
0 σi

−σi 0

)
,

with the usual 2× 2 matrices: I =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
,

σ3 =

(
1 0
0 −1

)
, and γ0γµγ0 = γµ† . The three 2× 2 Pauli matrices satisfy{

σi , σj
}

= 2 δij and [σi , σj ] = 2iεijk σk .
The wave function ψ(x) is a column vector with 4 components. It contains two
components of spin 1

2 .
The Dirac equation describes simultaneously fermion of spin 1

2 and its antiparticle.

It turns useful to define the following combination of gamma matrices:

γ5 ≡ γ5 ≡ i γ0γ1γ2γ3 = − i

4!
εµνρσγ

µγνγργσ =

(
0 I
I 0

)
with the properties

γ0γ5γ
0 = −γ5

† = −γ5 , {γ5, γ
µ} = 0 , (γ5)2 = 1 .
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Chirality, left- and right-handed fermions
“Left” and “right” chirality projectors PL and PR :

PL ≡
1
2

(1− γ5) =
1
2

(
I −I
−I I

)
, PR ≡

1
2

(1 + γ5) =
1
2

(
I I
I I

)
,

P2
R = PR , P2

L = PL , PLPR = PRPL = 0 , PL + PR = 1

We can always decompose the Dirac spinor for any fermion (lepton or quark):

ψ(x) = (PL + PR ) ψ(x) ≡ ψL(x) + ψR (x)

with

ψL = PL ψ, ψR = PR ψ, ψL = ψ PR , ψR = ψ PL, where ψ ≡ ψ† γ0

In the massless limit the fermion chirality R or L, is equivalent to the fermion helicity

λ =
~s · ~p
s|~p| = ±1
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Lagrangian formalism in particle physics
The dynamics of any physical system is encoded in the action

S =

∫
d 4x L [φi (x), ∂µφi (x)]

Apparently L[. . .], d 4x and S are Lorentz invariants. The integral over the four
space-time coordinates preserves relativistic invariance. The Lagrangian density L is a
Lorentz-invariant functional of the fields φi (x) and their derivatives. The space integral

L =

∫
d 3x L [φi (x), ∂µφi (x)]

would correspond to the usual non-relativistic Lagrangian.

The principle of stationary action requires the variation δS of the action to be zero
under small fluctuations δφi of the fields. The condition δS = 0 determines

The Euler–Lagrange equations of motion:

∂L
∂φi
− ∂µ

(
∂L

∂ (∂µφi )

)
= 0 .

Knowing the Klein–Gordon and Dirac equations, one can find appropriate Lagrangians.
They should be quadratic on the fields and Lorentz invariant.
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Particles with spin 0 and 1/2
The free spinless particle and its antiparticle (e.g., π+, π−):

L = ∂µφ∗∂µφ−m2 φ∗φ

describes a complex scalar field without interactions.
For spinless particles which are their own antiparticles (no internal charges, like π0) are
described through a real scalar field

L =
1
2
∂µφ∂µφ−

1
2
m2 φ2 .

For spin-1/2 particle and its antiparticle (e.g., e−, e+, q, q̄):

L = ψ (i γµ∂µ −m)ψ ,

ψ(x) = ψ†(x) γ0 is called adjoint spinor. Matrix γ0 is included to guarantee the proper
behaviour under Lorentz transformations: ψψ is a Lorentz scalar, and ψγµψ transforms
as a four-vector. Therefore, L is a Lorentz scalar as it should.
An important observation: one can rewrite Lagrangian in terms of chiral components

L = ψL i γ
µ∂µψL + ψR i γµ∂µψR − m

(
ψLψR + ψRψL

)
Left-handed and right-handed states decouple if the mass of fermion is zero.
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Classical electrodynamics

Let us recall how we describe the photon. The well-known Maxwell equations read

~∇ · ~B = 0 , ~∇× ~E +
∂ ~B

∂ t
= 0 ,

~∇ · ~E = ρ , ~∇× ~B − ∂ ~E

∂ t
= ~J .

provide a unified description of the electric and magnetic forces. The first two equations
are solved writing the EM fields in terms of potentials:

~E = −~∇V − ∂ ~A

∂ t
, ~B = ~∇× ~A .

It is very useful to rewrite these equations in a Lorentz covariant notation. The charge
density ρ and the EM current ~J transform as a 4-vector

Jµ ≡
(
ρ, ~J

)
, also Aµ ≡

(
V , ~A

)
.
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Classical electrodynamics

Define the field strength tensor

Fµν ≡ ∂µAν − ∂νAµ =


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0

 , and F̃µν ≡ 1
2
εµνρσ Fρσ .

Then the covariant form of the Maxwell equations is transparent and simple:

∂µF̃
µν = 0 , ∂µF

µν = Jν

The electromagnetic dynamics is relativistic phenomenon but Lorentz invariance was not
explicit in the original formulation.
Conservation of the electromagnetic current and electric charge follows immediately

∂νJ
ν = ∂ν∂µF

µν = 0 , and therefore
dQ

dt
= 0

Further ∂µFµν = Jν becomes:

�Aν − ∂ν (∂µA
µ) = Jν .
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Gauge transformation

Gauge symmetry means that the same dynamics can be described by different
4-potentials, which give the same tensor Fµν . Therefore the Maxwell equations are
invariant under gauge transformations:

Aµ −→ A′µ = Aµ + ∂µΛ(x) , F ′µν = Fµν .

Taking, e.g. ∂µA
µ = 0 (called the Lorentz gauge), one has the equation

�Aν = Jν .

If Jµ = 0, i.e. there is no external current, we get

�Aν = 0 ⇒ Klein−Gordon equation with m = 0

i.e the four components of Aµ satisfy a Klein–Gordon equation with m = 0.
The photon is therefore a massless particle.

It is also possible to impose a 2nd constraint on Aµ (without changing Fµν). Since there
are 4 components of Aµ and 2 arbitrary constraints, the photon has only 4− 2 = 2
independent physical degrees of freedom, which are its polarizations.
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Gauge principle and electromagnetic interaction

Gauge symmetry allows for introduction of the electromagnetic interaction.
Let us consider the Dirac fermion field without interaction

L0 = ψ (i γµ∂µ −m)ψ

Global U(1) transformations are

Ψ(x) → Ψ′(x) ≡ exp {iQθ}Ψ(x)

where Qθ is an arbitrary real constant. Then L0 is clearly invariant under global U(1).

Let us generalize this to the “local” phase θ(x), i.e.

Ψ(x) → Ψ′(x) ≡ exp {iQθ(x)}Ψ(x)

Gauge principle means: U(1) phase invariance should hold locally, i.e. with different
phases in different space-time points.
This is possible only if we include electromagnetic (EM) field Aµ(x), transforming as

Aµ(x) → A′µ(x) ≡ Aµ(x) +
1
e
∂µθ(x)
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Quantum electrodynamics (QED)
Let us introduce the so-called covariant derivative:

DµΨ(x) ≡ [∂µ − ieQAµ(x)] Ψ(x)

Then one can write the QED Lagrangian

L ≡ i Ψ(x)γµDµΨ(x) − m Ψ(x)Ψ(x) = L0 + eQAµ(x) Ψ(x)γµΨ(x)

which is invariant under local U(1). We also have to add invariant term for the EM field

Lkin ≡ −
1
4
FµνF

µν

and
LQED = L0 + Lkin + eQAµ(x) Ψ(x)γµΨ(x)

Here eQ is the charge of the fermion.

This QED Lagrangian gives rise to the Maxwell equations with the fermion current
Jµ = eQΨ(x)γµΨ(x).

Why do not we include a mass term for electromagnetic field ∼ 1
2m

2
γ A

µAµ ?
Such term would violate gauge invariance under Aµ(x)→ Aµ(x) + 1

e
∂µθ(x), and

therefore
gauge invariance predicts that the photon is a massless particle.
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Quantum electrodynamics (QED)

Figure: Electromagnetic interaction of leptons and quarks. In each vertex we
introduce factor eQ, where Q = −1 for leptons, Q = +2/3 for upper quarks,
Q = −1/3 for lower quarks (here α ≡ e2/(4π) is fine-structure constant).

A. Korchin (NSC KIPT) The Standard Model. Part 1 TES HEP2023 22 / 47



Gauge color symmetry SU(3)C

Let us see how the gauge principle can be applied to quantum chromodynamics (QCD).
One begins with the sum of free Lagrangians of quarks with various flavors f and colors
α:

L0 =
∑

f =u,d,s,c,b,t

∑
α=1,2,3

q̄αf (iγµ∂µ −mf ) qαf

It is invariant under global SU(3)C transformations in color space,

qαf −→ (qαf )′ = Uαβ q
β
f , UU† = U†U = 1 , detU = 1

due to the unitarity of the 3× 3 matrix U.

Following the idea in QED, assume that local symmetry is also satisfied, where SU(3)C

matrices are now space-time dependent

U(x) = exp
(
−igs

λa

2
θa(x)

)
,

with arbitrary parameters θa(x), and 3× 3 matrices λa (a = 1, 2, . . . , 8) – matrices of
Gell-Mann (generators of fundamental representation of SU(3)C algebra).
Here gs is the strong coupling constant.
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Lagrangian of Quantum chromodynamics (QCD)

Since there are 8 parameters, one needs 8 different gauge bosons Gµa (x) – gluons, and
covariant derivative (similarly to QED)

Dµqf ≡
(
∂µ − igs

λa

2
Gµa (x)

)
qf

To build a gauge-invariant kinetic term for the gluon fields, we introduce the
corresponding field strengths

Gµνa (x) = ∂µGνa − ∂νGµa − gs f
abc Gµb Gνc

f abc are called structure constants of SU(3). Finally we arrive at Lagrangian of quarks
and gluons (including gluon kinetic term)

LQCD ≡
∑

f

q̄f (iγµDµ −mf ) qf −
1
4
Gµνa G a

µν .

All interactions between quarks and gluons follow from this Lagrangian.
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Interactions in QCD
Explicitly, the Lagrangian with qqG , GGG and GGGG interactions has the form

LQCD = −1
4

(∂µGνa − ∂νGµa )(∂µG
a
ν − ∂νG a

µ) +
∑

f

q̄αf (iγµ∂µ −mf ) qαf

+ gs G
µ
a

∑
f

q̄αf γµ

(
λa

2

)
αβ

qβf

− gs

2
f abc (∂µGνa − ∂νGµa )G b

µG
c
ν −

g2
s

4
f abc fade G

µ
b Gνc G

d
µG

e
ν

Figure: Interaction vertices in QCD
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Interactions in QCD

Gluons keep quarks together !

More about QCD in next lectures . . .
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Electroweak unification. Charged-current processes.

Low-energy experiments have provided a large amount of information about the
dynamics underlying flavor-changing processes.

— µ− → e−ν̄e νµ
— n→ p e−ν̄e

— π− → e−ν̄e or π− → µ−ν̄µ
— neutrino scattering data: ν̄e p → e+n , νe n→ e−p , ν̄µ p → µ+n or νµ n→ µ−p
— absence of processes like νe p 6→ e+n , ν̄e n 6→ e−p , ν̄µ p 6→ e+n or νµ n 6→ e−p .

Observations:

only the left-handed fermion and right-handed antifermion chiralities participate,

strength of the interaction appears to be universal,

neutrinos are left-handed (νL) while anti-neutrinos are right-handed (ν̄R),

existence of different neutrino types (νe 6= νµ 6= ντ ),

there are separately conserved lepton quantum numbers (Le , Lµ, Lτ ) which
distinguish neutrinos from antineutrinos, leptons from antileptons.
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Charged currents: W± bosons

The low-energy information, and the absence of flavor-changing neutral-current (FCNC)
transitions like µ− 6→ e−e−e+, was sufficient to determine the structure of the
Electroweak (EW) theory.

The intermediate vector bosons W± and Z were theoretically introduced and their
masses correctly estimated, before their experimental discovery.
Nowadays, the huge numbers of W± and Z decay events is accumulated, which bring
much direct experimental evidence of their properties.

Figure: Examples of processes via W -boson exchange: “tree-level” diagrams for
µ− → e−ν̄e νµ and νµ e

− → µ−νe .
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W± boson interactions

♦ Only left-handed fermions and right-handed antifermions couple to the W±. This
means a 100% breaking of parity P: left ↔ right and charge conjugation C:
particle ↔ antiparticle.
However, the combined transformation CP still seems to be a good symmetry
(its violation will be considered later).

♦ The W± bosons couple to the fermionic doublets, where the electric charges of
the two fermion partners differ in one unit, for example e− and νe .
The decay channels of the W− are:

W− → e−ν̄e , µ
−ν̄µ , τ

−ν̄τ , d
′ ū , s ′ c̄ .

The “on-mass-shell” production of t quark is kinematically forbidden, since
mt = 173 GeV > MW = 80.4 GeV.

♦ All fermion doublets couple to W± bosons with the same universal strength.

A. Korchin (NSC KIPT) The Standard Model. Part 1 TES HEP2023 29 / 47



Charged currents: weak and mass eigenstates

♦ The doublet partners of the up, charm and top quarks appear to be mixtures of
the three quarks with charge − 1

3 : d ′

s ′

b ′

 = V

 d
s
b

 , VV† = V† V = 1 .

Thus, the so-called the weak eigenstates d ′ , s ′ , b ′ are different from the mass
eigenstates d , s , b .
They are related through the 3× 3 unitary matrix V, which characterizes
flavor-mixing phenomena. It is called Cabibbo-Kobayashi-Maskawa (CKM) matrix.

♦ The experimental evidence of neutrino oscillations shows that the weak eigenstates
νe , νµ and ντ are also mixtures of the mass neutrino eigenstates ν1, ν2 and ν3.
There is corresponding mixing matrix of Pontecorvo–Maki–Nakagawa–Sakata
(PMNS). However, the neutrino masses are tiny

∣∣m2
ν3 −m2

ν2

∣∣ ∼ 2.5 · 10−3 eV2 ,
m2
ν2 −m2

ν1 ∼ 8 · 10−5 eV2 .

More about neutrino properties you will learn in other lectures at this School.
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Neutral currents: properties

Figure: Tree-level Feynman diagrams for e+e− → µ+µ− and e+e− → ν ν̄.

♦ All interacting vertices are flavor conserving.

♦ γ and Z couple to a fermion and its own antifermion, i.e., γ f f̄ and Z f f̄ .

♦ Transitions of the type µ→ eγ or Z → e±µ∓ are not observed (no FCNC).

♦ Interactions depend on the fermion electric charge Qf , and fermions with the same
Qf have exactly the same universal couplings.

♦ Neutrinos do not interact with γ, but they have a non-zero coupling to Z .

♦ γ has the same interaction for both chiralities fL and fR , but Z couplings are
different for fL and fR .

♦ Only left-handed neutrino νL couples to the Z .

♦ There are three different light neutrino species.
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The SU(2)L ⊗ U(1)Y theory

How to accommodate all these properties of the charged and neutral weak
interactions? One needs a more elaborated structure than that in QED and QCD:

– with several fermionic flavors and different properties of left and right fermions,
– with the left-handed fermions appearing in doublets, e.g. e−L , νe L, etc.
– with massive gauge bosons W± and Z in addition to massless photon.

The simplest group with doublet representations is SU(2). We want to include also the
photon; thus we need an additional U(1) group like in QED we had U(1)em.
The symmetry group combining SU(2) and U(1) is the product

G ≡ SU(2)L ⊗ U(1)Y .

Let us consider a single family of quarks, and introduce the notation

ψ1(x) =

(
u
d

)
L

, ψ2(x) = uR , ψ3(x) = dR .

In the lepton sector we choose a single family of leptons and identify

ψ1(x) =

(
νe

e−

)
L

, ψ2(x) = νeR , ψ3(x) = e−R .
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The SU(2)L ⊗ U(1)Y theory
As in the cases of QED and QCD, let us begin with the free Dirac Lagrangian of quarks
u and d (masses are not included)

L0 = i ū(x) γµ ∂µu(x) + i d̄(x) γµ ∂µd(x) =
3∑

j=1

i ψj (x) γµ ∂µψj (x) .

L0 is invariant under global transformations G in flavor space:

ψ1(x)
G−→ ψ′1(x) ≡ exp (iy1β) UL ψ1(x) doublets,

ψ2(x)
G−→ ψ′2(x) ≡ exp (iy2β) ψ2(x) singlets,

ψ3(x)
G−→ ψ′3(x) ≡ exp (iy3β) ψ3(x) singlets,

where the SU(2)L transformation (non-Abelian as in QCD)

UL ≡ exp
(
i
σi

2
αi
)

(i = 1, 2, 3)

only acts on the doublet field ψ1.
Further, yi are called hypercharges, and we have in total 4 parameters: β and αi .

We have not added a mass term like −mu ūu = −mu (ūLuR + ūRuL) because it mixes
the left- and right-handed fields and spoils the symmetry.
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Local gauge invariance in SU(2)L ⊗ U(1)Y theory

As in QED and QCD, let us require the Lagrangian to be invariant under local
SU(2)L ⊗ U(1)Y gauge transformations, i.e., with parameters αi (x) and β(x).

We have to replace the fermion derivatives by covariant derivatives, and since there are
4 gauge parameters αi (x) and β(x), the four different gauge bosons are needed:

Dµψ1(x) ≡
[
∂µ + i g W̃µ(x) + i g ′ y1 Bµ(x)

]
ψ1(x) ,

Dµψ2(x) ≡ [∂µ + i g ′ y2 Bµ(x)] ψ2(x) ,

Dµψ3(x) ≡ [∂µ + i g ′ y3 Bµ(x)] ψ3(x) ,

where g and g ′ are the coupling constants, and

W̃µ ≡
σi

2
W i
µ =

1
2

(
W 3
µ W 1

µ − i W 2
µ

W 1
µ + i W 2

µ −W 3
µ

)
(i = 1, 2, 3)

denotes a 2× 2 matrix field.

In principle, the 4 gauge fields W 1, W 2, W 3 and B should be related to the 4 gauge
bosons: W±, Z and γ. But this relation is not straightforward.

A. Korchin (NSC KIPT) The Standard Model. Part 1 TES HEP2023 34 / 47



The SU(2)L ⊗ U(1)Y theory

We want Dµψj (x) to transform in exactly the same way as the ψj (x) fields; this fixes the
transformation properties of the gauge fields:

Bµ(x)
G−→ B ′µ(x) ≡ Bµ(x)− 1

g ′
∂µβ(x),

W̃µ
G−→ W̃ ′µ ≡ UL (x) W̃µ U

†
L (x) +

i

g
∂µUL (x)U†L (x)

where
UL(x) ≡ exp

(
i
σi

2
αi (x)

)
The transformation of Bµ is identical to the one for the photon in QED, however Bµ is
not a photon field.

The W i
µ fields transform in a way similar to the gluon fields of QCD.
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Lagrangian in SU(2)L ⊗ U(1)Y theory

When we include covariant derivatives in the free Lagrangian and obtain

L0 → L =
3∑

j=1

i ψj (x) γµ Dµψj (x) = L0 + Lint

which is invariant under the local G transformations.
To build the gauge-invariant kinetic term for the gauge fields, we introduce the field
strengths:

Bµν ≡ ∂µBν − ∂νBµ ,

W̃µν = ∂µW̃ν − ∂νW̃µ + ig
[
W̃µ, W̃ν

]
,

W̃µν ≡
σi

2
W i
µν , W i

µν = ∂µW
i
ν − ∂νW i

µ − g εijk W j
µW

k
ν

where i , j , k = 1, 2, 3.

Bµν is invariant under G transformations (like for the photon Fµν), while W̃µν

transforms “covariantly”:

Bµν
G−→ Bµν , W̃µν

G−→ UL W̃µν U
†
L .

A. Korchin (NSC KIPT) The Standard Model. Part 1 TES HEP2023 36 / 47



The SU(2)L ⊗ U(1)Y theory

The properly normalized kinetic Lagrangian of the gauge fields is

Lkin = −1
4
Bµν B

µν − 1
2
Tr
(
W̃µν W̃

µν
)

= −1
4
Bµν B

µν − 1
4
W i
µν W

µν
i .

Lagrangian Lkin gives rise to cubic and quartic self-interactions among the gauge
fields with the strength given by the same coupling g .

Gauge symmetry forbids mass terms for the gauge bosons.

Fermionic masses are also not possible, because left- and right-handed fields have
different transformation properties, and therefore would produce an explicit
breaking of the gauge symmetry.

In conclusion: SU(2)L ⊗ U(1)Y Lagrangian L + Lkin describes only the massless
fermions and bosons.

This is bad news of course, but the problem can be solved (in the next lectures).
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Charged-current interaction with W±

Interactions of the fermions of single family with the gauge bosons are given by

Lint = −g ψ1γ
µW̃µψ1 − g ′ Bµ

3∑
j=1

yj ψjγ
µψj .

The term containing the SU(2)L matrix

W̃µ =
σi

2
W i
µ =

1
2

(
W 3
µ

√
2W †µ

√
2Wµ −W 3

µ

)

gives rise to charged-current interactions with the boson fields

Wµ ≡ (W 1
µ + i W 2

µ)/
√
2 and its complex− conjugate W †µ ≡ (W 1

µ − i W 2
µ)/
√
2

.
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Charged-current (CC) interaction

For a single family of quarks and leptons,

LCC = − g

2
√
2

{
W †µ [ūγµ(1− γ5)d + ν̄eγ

µ(1− γ5)e]

+Wµ

[
d̄γµ(1− γ5)u + ēγµ(1− γ5)νe

] }
.

The universality of the quark and lepton interactions is now a direct consequence of the
gauge symmetry.

However, it cannot describe the observed phenomena, because the gauge bosons are still
massless and, in particular, give rise to long-range forces. The interaction radius

Rw ∼ 1/MW ,

and for MW = 0 we have Rw →∞, contrary to observations that Rw ∼ 10−18 m.
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Charged-current (CC) interaction

Figure: Weak charged-current interactions
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Neutral-current (NC) interaction

The remaining part of the interaction of fermions with W 3
µ and Bµ fields is

Lint, neutral = −g W 3
µ ψ1γ

µ σ
3

2
ψ1 − g ′ Bµ

3∑
j=1

yj ψjγ
µψj .

Can the field Bµ be the photon? And W 3
µ be Z boson?

No, they cannot. Since the photon has the same interaction with both fermion
chiralities, that would require

y1 = y2 = y3 = y and g ′y = e Qu = e Qd

which cannot be true as Qu = +2/3 and Qd = −1/3. Similarly for Z .

Since both fields are neutral, we can try with a combination of the fields:(
W 3
µ

Bµ

)
≡
(

cos θW sin θW

− sin θW cos θW

) (
Zµ
Aµ

)
,

where θW is called the weak mixing angle, or Weinberg’s angle.
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Neutral-current interaction

In terms of the fields Z and γ, the neutral-current Lagrangian is rewritten as

LNC = −
3∑

j=1

ψj γ
µ{Aµ

[
g
σ3

2
sin θW + g ′ yj cos θW

]
+Zµ

[
g
σ3

2
cos θW − g ′ yj sin θW

]
}ψj .

To obtain QED from the Aµ piece, one needs to impose two conditions:

g sin θW = g ′ cos θW = e and Y = Q − Tz ,

where Tz ≡ σ3/2 is z projection of weak isospin and Q – the EM charge operator for
quarks

Q1 ≡
(

Qu 0
0 Qd

)
, Q2 = Qu , Q3 = Qd for quarks

Q1 ≡
(

Qνe 0
0 Qe

)
, Q2 = Qνe , Q3 = Qe for leptons

Clearly, the weak isospin for the right fields (singlets) is zero, while for the left-handed
fields (doublets) it is 1

2 with z projections ±1/2. Of course, Qνe = 0.
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Neutral-current (NC) interaction

The 2nd identity fixes the fermion hypercharges in terms of their electric charge and
weak isospin:

Quarks : y1 = Qu − 1
2 = Qd + 1

2 = 1
6 , y2 = Qu = 2

3 , y3 = Qd = − 1
3

Leptons : y1 = Qν − 1
2 = Qe + 1

2 = − 1
2 , y2 = Qν = 0 , y3 = Qe = −1

A hypothetical right-handed neutrino νeR has y2 = Qν = 0, i.e both electric charge and
weak hypercharge equal to zero. Since it does not couple either to the W± bosons,
such a particle would not have any interaction and is called sterile neutrino.

Now the neutral-current Lagrangian can be written as

LNC = LQED + LZ
NC ,

LQED = −e Aµ
3∑

j=1

ψjγ
µQjψj ≡ −e Aµ Jµem = −e Aµ

(2
3
ū γµ u − 1

3
d̄ γµ d − ē γµ e

)
is the interaction Lagrangian of QED.
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Neutral-current (NC) interaction

The 2nd term
LZ

NC = − e

2 sin θW cos θW
JµZ Zµ

contains interaction of the Z boson with the neutral fermionic current

JµZ ≡
3∑

j=1

ψjγ
µ (σ3 − 2 sin2 θWQj

)
ψj = Jµ3 − 2 sin2 θW Jµem .

In terms of the more usual fermion fields, LZ
NC has the form

LZ
NC = − e

2 sin θW cos θW
Zµ
∑

f

f̄ γµ(vf − af γ5) f ,

where af = T f
3 and vf = T f

3 − 2Qf sin2 θW .
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Neutral-current interaction

u, c, t d , s, b νe , νµ, ντ e, µ, τ

2 vf 1− 8
3 sin

2 θW −1 + 4
3 sin

2 θW 1 −1 + 4 sin2 θW

2 af 1 −1 1 −1

Of course, all weak currents of quarks are color singlets, i.e.

q̄γµ(vf − af γ5) q ≡
∑

α=1,2,3

q̄αγ
µ(vf − af γ5) qα .
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The end of Part 1

Thank you for attention!
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