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The theory of QCD
The QCD Lagrangian

LQCD = Lclassical + ['gauge—fixing + Eghost )
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The theory of QCD
The QCD Lagrangian
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where

Eclassical = Z ( m m) qj ZF;V Fa;w

flavours

i,j=1,...,N and a=1,...,N>~1, where N is the number of colors.
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Covariant derivative
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The theory of QCD
The QCD Lagrangian

LQCD = Eclassical + ['gauge—fixing + Eghost )

where
Llassical = Z ( m m) qj Z/:Ijl/,:a;w
flavours
ihj=1,...,N and a=1,..., /V2—1, where N is the number of colors.

Covariant derivative
D =~,D" =, (0" + igsA*) with Al = AT
where T?s are generators of the SU(N) color algebra

[T2, TP =ife>eTe.
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The theory of QCD
The QCD Lagrangian

LQCD = Eclassical + ['gauge—fixing + Eghost )

where
Llassical = Z ( m m) qj Z/:Ijl/,:a;w
flavours
ihj=1,...,N and a=1,..., /V2—1, where N is the number of colors.

Covariant derivative
D =~,D" =, (0" + igsA*) with AR = ART?
where T?s are generators of the SU(N) color algebra
[T2, TP =ife>eTe.
Field-strength tensor
Fi, = 0,A% — 0,A% — g f* AL AT .
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SU(N) color group
SU(N) is a special unitary Lie group defined by
[7—37 Tb] _ I'fabc TC
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SU(N) color group
SU(N) is a special unitary Lie group defined by
[7—37 Tb] _ if‘abc TC

» T2 are are the generators of SU(N) color algebra
» £35¢ are the structure constants of SU(N)
3 fab¢ £ 0 = QCD is a non-abelian theory
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SU(N) color group
SU(N) is a special unitary Lie group defined by
[7—.37 Tb] _ if‘abc TC

» T2 are are the generators of SU(N) color algebra
» £35¢ are the structure constants of SU(N)
3 fab¢ £ 0 = QCD is a non-abelian theory
» The group elements can be represented by N x N matrices
U = exp(if,T?) which are unitary UUT = 1 and with det(U) =1

< representations of T? operators are hermitian and traceless matrices
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SU(N) color group
SU(N) is a special unitary Lie group defined by
[7—.37 Tb] _ if‘abc TC

» T2 are are the generators of SU(N) color algebra
» £35¢ are the structure constants of SU(N)
3 fab¢ £ 0 = QCD is a non-abelian theory
» The group elements can be represented by N x N matrices
U = exp(if,T?) which are unitary UUT = 1 and with det(U) =1

< representations of T? operators are hermitian and traceless matrices

For QCD, N =3
» quarks are in the fundamental, triplet representation

1
(T,j)F = EAZ where A\? are the Gell-Mann matrices
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SU(N) color group
SU(N) is a special unitary Lie group defined by
[7—.37 Tb] _ if‘abc TC

» T2 are are the generators of SU(N) color algebra
» £35¢ are the structure constants of SU(N)
3 fab¢ £ 0 = QCD is a non-abelian theory
» The group elements can be represented by N x N matrices
U = exp(if,T?) which are unitary UUT = 1 and with det(U) =1

< representations of T? operators are hermitian and traceless matrices

For QCD, N =3
» quarks are in the fundamental, triplet representation

1
a — a a .
(T,-J-)F = 5)\,-]- where A\? are the Gell-Mann matrices
» gluons are in the adjoint, octet representation

(i) = —if*
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SU(N) color group

Useful relations:

Tr(T?)e (Tb)F = Tgré?, Tpr = % (by convention)
2 a N2 —1
za:(Tij)F(Tjk)F = Cri, Cr = N
Tr [( Ta)A(Tb)A} = CA§ab, CA = N,

where Cr and C4 are the Casimirs of the fundamental and the adjoint
representation, respectively (T2T? is an invariant of the algebra).
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Useful relations:

Tr(T?)e (Tb)F = Tgré?, Tpr = % (by convention)
2 a N2 —1
Za:(Tij)F(Tjk)F = Cri, Cr = N
Tr [( Ta)A(Tb)A} = CA§ab, CA = N,

where Cr and C4 are the Casimirs of the fundamental and the adjoint
representation, respectively (T2T? is an invariant of the algebra).

For QCD we have
4
CF - 5 5 CA - 3
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SU(N) color group

Useful relations:

Tr(T?)e (Tb)F = Tgré?, Tpr = % (by convention)
2 a N2 —1
Za:(Tij)F(Tjk)F = Cro, Cr = N
Tr [( Ta)A(Tb)A} = CA§ab, CA = N,

where Cr and C4 are the Casimirs of the fundamental and the adjoint

representation, respectively (T2T? is an invariant of the algebra).
For QCD we have

4
CF = g y CA - 3
And also
(T2) . (T2)r = 1 Suliy — i6~(5k, (Fierz identity)
i)F\TKIJF 2 |7 2N

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1 4/41



Fierz identity and the large N, limit

1 1
(T;)F (TE/)F = 2 |:5jk5il - 2NC6U6H:|
— 3 --)'--F —_—— —— .
j 3 — 1 vi o > >
k 8 | 2 2N,
—_——— —
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Fierz identity and the large N, limit

1 1
(T;)F (TE/)F = 2 |:5jk5il - 2NC6U6H:|
,—)_c‘—)—. —_— ——
J g 1 . l vi . 1 —_—
k 8 | - 2 2N,
—_——— —

If N. > 1, we can replace a gluon with the gg pair:
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QCD Lagrangian: local gauge symmetry

. 1
‘Cclassical = Z (7,' (ID — m)lj qJ _ ZFSVFWV

flavours

The above Lagrangian is invariant under the local gauge symmetry.
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QCD Lagrangian: local gauge symmetry

. 1
‘Cclassical = Z d,’ (IID — m)lj qJ _ ZI_‘:y’l:a,u«u

flavours
The above Lagrangian is invariant under the local gauge symmetry.

Redefinition of the quark fields by the SU(3) group element
U(x) = exp (i0.(x)T?) ,

independently at each phase space point, does not change the physical
content of the theory.
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QCD Lagrangian: local gauge symmetry

. 1
‘Cclassical = Z d,’ (IID — m)lj qJ _ ZI_‘:y’l:a,u«u

flavours
The above Lagrangian is invariant under the local gauge symmetry.

Redefinition of the quark fields by the SU(3) group element
U(x) = exp (i0.(x)T?) ,

independently at each phase space point, does not change the physical
content of the theory.

SU(3) transformation:

ai(x) = qi(x) = U(x);q(x)
Dy.a(x) D,,(x) = U(x);Duq;(x)

—
A U(x)A"U(x)_l—l—é[a“U(x)] U(x)~?
—

Fuv U(x)Fu U(x) ™
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QCD Lagrangian: the interactions

£c|assica| = Z qi (i’\/lt (6# + igSA“) - m)ijqj

flavours

(0,42 — 0, A% — g FPPCADAD) (01 AL — 07 Al — go P AL AY)

1
4

-8s C_II’YuAZV q;

EpbeALAT (01 AL — 0" AL)

_g54g5 fabCfadeAZAlc/ Ad wpev
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Gauge-fixing and ghost terms
The QCD Lagrangian

EQCD = Eclassical + ACgauge—fixing + ACghost
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Gauge-fixing and ghost terms
The QCD Lagrangian

EQCD = Eclassical + ACgauge—fixing + ACghost
The gauge-fixing and ghost part:
1
£gauge—fixing = _i (aMAa,u) (8VA3V)

['ghost = 8u773T (auéab + gsf;';bcACM) b
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Gauge-fixing and ghost terms
The QCD Lagrangian
EQCD = ['classical + Lgauge—fixing + Eghost

The gauge-fixing and ghost part:

1
£gauge—fixing = _i

['ghost = aunaT (auéab + gsf;bcACM) b

(0,A%) (8, A™)

» The gauge-fixing term is needed because of a degeneracy of sets of
gluon field configurations that enter the path-integral formulation of
QCD and which are equivalent under gauge transformation.

— This degeneracy makes it impossible to write a gluon propagator.
Adding gauge-fixing term to the Lagrangian solves the problem.

< Choice of the parameter ¢ fixes the gauge.
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Gauge-fixing and ghost terms
The QCD Lagrangian
Lqcp = Leassical + Lgauge-fixing + Lghost
The gauge-fixing and ghost part:
Lgauge fixing = —%(QAQ“)(BVA”)
Lonost = Oun™ (0"6%° + gsfapc A™)

» The gauge-fixing term is needed because of a degeneracy of sets of
gluon field configurations that enter the path-integral formulation of
QCD and which are equivalent under gauge transformation.

— This degeneracy makes it impossible to write a gluon propagator.
Adding gauge-fixing term to the Lagrangian solves the problem.

< Choice of the parameter ¢ fixes the gauge.

» On top of that, non-abelian gauge theory needs unphysical degrees
of freedom, called ghosts, 7, which are complex scalar fields obeying
Fermi statistics.
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Ways to solve QCD

When coupling is small g, < 1:
» Perturbative expansion

o= a(l)gs2 + U(z)gf + 0(3)gs6 +...
S—— S—— S——

leading order (LO)  next-to-leading order (NLO) NNLO

+ provides very precise results at high energies
— relies on o) being all of the same order: not always true!

— unable to study QCD in the range of the proton mass ~ 1 GeV
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Ways to solve QCD

When coupling is small g, < 1:

» Perturbative expansion

o= a(l)gs2 + U(z)gs“ + 0(3)gs6 +...
S—— S——

——
leading order (LO)  next-to-leading order (NLO) NNLO

+ provides very precise results at high energies
— relies on o) being all of the same order: not always true!
— unable to study QCD in the range of the proton mass ~ 1 GeV

In principle, for any value of g:
» Lattice QCD

Put quarks and gluons on 4D-lattice and compute which
configurations are most likely.

+ excellent at calculating static properties like hadron masses

— only limited lattice sizes (hence large spacings) can be used in
practice because of very high computational costs

— unable to address questions in collider physics because of missing
analytic continuation from the imaginary to the real time
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Feynman rules

BV i
a, M b, v 5ab 7 1— pp !
TTTOTTTTTTS  — g +( f)P2+I'6 P2 + i€
i . 1 , b, /
I Iy 5ii I(p + m);w a M > v _ 5ab I

p2—m?+ e

au
= gfigr  °°

Sebastian Sapeta (IFJ PAN)

p? + ie

—g:f**[(p— q)7g""
+(g—r)g”
+ (r _ p)ygau]

7Ig52 fxac fxbd [gpugpa + gpogy'y]
bv —lg52 fxad fxbc [gyugpa + g/l.[)glld]
_/g52 fxab fxcd [gupgua + guo'gp,p]
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Types of gauges
Covariant gauges: depend on a parameter £

a, U b, v yry :
swossTSIITS = 920 —g’”—l—(l—f)pp I
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Types of gauges
Covariant gauges: depend on a parameter £

a, M b, v 6ab » ) pupu i
BTTTTTTTTOT = — —
g" +( f)szﬂ.6 17

Choices of & correspond to various gauges in this class:
» ¢ =0: Landau gauge
» ¢ =1: Feynman gauge
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Types of gauges
Covariant gauges: depend on a parameter £

a, M b, v P”PV i
swwssTSIIIS = 920 | — g HV 1-—
g" +( §)p2+ie 17

Choices of & correspond to various gauges in this class:
» ¢ =0: Landau gauge
» ¢ =1: Feynman gauge

Axial gauges: depend on an arbitrary vector n,,

a, b, v k,n, + k,n n? i
~oosssESITS = 9P | — Ll v k. k
B+ k-n (k-n)2"7" | p2 + e
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Types of gauges
Covariant gauges: depend on a parameter £

a, M b, v P”PV i
swwssTSIIIS = 920 | — g HV 1-—
g" +( §)p2+ie 17

Choices of & correspond to various gauges in this class:
» ¢ =0: Landau gauge
» ¢ =1: Feynman gauge

Axial gauges: depend on an arbitrary vector n,,

a, b, v kuny + k,n, n? i

asssTTTSSITS = 520 | — — k k,| ——
B+ k-n (k-n)2"7" | p2 + e
» big advantage: ghost contributions disappear
— Faddeev-Popov determinant is A-independent

» Light-cone gauge: a special case of axial-gauge with n?> =0
— subtleties related to k - n singularities
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Meaning of interactions

» Quarks carry colour and anti-colour, gluons carry colour-anti-colour

» Gluon repaints the quark as well as the gluon
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Meaning of interactions

» Quarks carry colour and anti-colour, gluons carry colour-anti-colour

» Gluon repaints the quark as well as the gluon

antigreen-red

7Ig5(7—1?)l: Vgp = 7igS(Tredgreen )F ’Y(I;'Lp
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Meaning of interactions

» Quarks carry colour and anti-colour, gluons carry colour-anti-colour

» Gluon repaints the quark as well as the gluon

Tantigreenfred

7Ig5(7—1?)l: Vgp = 7Ig5( redgreen )F’Yé{’p

b
—&f*[(p—q)"g™ + (p— q)"g™ + (p — 9)"g™]
— —gsf (green-antiblue) (antigreen-red) (antiblue-red)
. <[(p—a) g™ +(p—a) g™ +(p—q) g™
a
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Renormalization

Let’s calculate the quark self-energy graph in 4 dimensions

K kcut dk
/d4k _&_ ~ / — ~ In kcut
P p-k k
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Renormalization

Let’s calculate the quark self-energy graph in 4 dimensions

K kcut dk
/d4k _&_ ~ / — ~ In kcut
P p-k l(

Divergent as k.,; — oo: ultraviolet (UV) divergence.
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Renormalization

Let’s calculate the quark self-energy graph in 4 dimensions

cut k
/d4 _&_ / iN'“kcut

Divergent as k.,; — oo: ultraviolet (UV) divergence.

The same in D = 4 — 2¢ dimensions (D < 4, i.e. € > 0)

/de _&_ = /CF< + In(47) — E> (=3m+¢&(p—m))

+ finite part
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Renormalization

Let’s calculate the quark self-energy graph in 4 dimensions

cut k
/d4 _&_ / iN'“kcut

Divergent as k.,; — oo: ultraviolet (UV) divergence.

The same in D = 4 — 2¢ dimensions (D < 4, i.e. € > 0)

/de _&_ = /CF< + In(47) — E> (=3m+¢&(p—m))

+ finite part

UV divergence is a property of QCD (and many other QFTs):

» it arises because we extend our theory up to infinite energies, but
each theory is valid only up to a certain scale A.
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Renormalization

Divergences can be attributed a meaning and removed via the procedure
of renormalization, which amounts to the following redefinitions

A = ZPAL
= Zzl/QCIR
= 21/277/?
8s = ZggsR,ue
m? = mef?
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Renormalization

Divergences can be attributed a meaning and removed via the procedure
of renormalization, which amounts to the following redefinitions

AL = ZIPpl
= Zzl/QCIR
= 7R

8s = ZggsR,ue

m = Z,m%

» objects on the l.h.s. are the bare fields, bare coupling and bare mass,
which we introduced in our original QCD Lagrangian

» on the r.h.s., we have the renormalized, physical fields, coupling and
mass, which are finite and measurable in experiment
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Renormalization

Divergences can be attributed a meaning and removed via the procedure
of renormalization, which amounts to the following redefinitions

AV
q
U

&s

,772

2
Zzl/2 ar
21/277/?

ZggsR,ue
Znm%

» objects on the l.h.s. are the bare fields, bare coupling and bare mass,
which we introduced in our original QCD Lagrangian

» on the r.h.s., we have the renormalized, physical fields, coupling and
mass, which are finite and measurable in experiment

The Z; coefficients contain divergences that cancel the divergences of the
bare objects (A*, q, 1, g, m?) giving the finite renormalized objects

(A%, qr, 1. gsr, M%).

Sebastian Sapeta (IFJ PAN)

QCD and Feynman Diagrams, Lecture 1
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Renormalization

The QCD Lagrangian (just the classical part for simplicity) takes the
following form in terms of the renormalized fields

['classical = ZQC_IR (la - meR) ar — ZZZ?}/2ZggsR,U6(7RARQR

Z3 2 Z3728%1* 2
_T (8IJA:‘9?V - aVA:‘a?u) - g4 (fabCA:‘%M f?u)
73 Z gorpi
+ 3 g8sRH fabe (auAi;?V _ aVA;M) Alfg\,u CRl/

2
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Renormalization

The QCD Lagrangian (just the classical part for simplicity) takes the
following form in terms of the renormalized fields

['classical = ZQC_IR (la - meR) ar — ZZZ?,I/2ZggsR,u6(7RARQR
2375821

1 (fabcA%M ‘,i?l,)z

Z3 2
~ % (0uAR, = 0,AR,) ~
73 Z gorpi
+ 3 gg RH fabc (auAi;?V _ aVA;M) Allj?p, ‘/f?y

This can be rewritten as a sum of the original Lagrangian + counterterms

Lejassical = Gr (id — mgr) qr — gsr1 GrARGR + - .-
+ Gr (22 = ViD= (Z2Zn — Vme) ar = (2223°Z = V)genn“Grrar + -
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Renormalization
The QCD Lagrangian (just the classical part for simplicity) takes the
following form in terms of the renormalized fields

Lelassical = ZQC_IR (la - meR) dr — ZZZI/2ZggsR,u6(7RARQR

7372
_é (a A:‘a?l/ - al/A:‘a? )2 - = ngRM (fabCA:‘%M ‘.‘:?l/)z

Z ZggsRﬂ b v v A2
72 ¢ (0" Ag — 0A ﬂ) AR/L

This can be rewritten as a sum of the original Lagrangian + counterterms

Lelassical = Gr (N? - mR) ar — gsRNEC_]RARQR + ...
+ Gr (22 = ViD= (Z2Zn — Vme) ar = (2223°Z = V)genn“Grrar + -

Hence, when doing computations one proceeds as follows

> use the Feynman rules discussed earlier (1% line above, now with all
objects renormalized)

> supplement that with the set of counterterm vertices (2" line above)
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Renormalization

How do we get the Z; coefficients?. .. By requiring the counterterm to
cancel the pole part (PP) of Green functions.
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Renormalization

How do we get the Z; coefficients?. .. By requiring the counterterm to
cancel the pole part (PP) of Green functions.

For example, the quark self-energy graph gives:

PP/de_&_ = 22 CeS. (<3m+£(p— m)),

where S, = 1 + In(47) — 7,
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Renormalization

How do we get the Z; coefficients?. .. By requiring the counterterm to
cancel the pole part (PP) of Green functions.

For example, the quark self-energy graph gives:

PP/de_&_ = 22 CeS. (<3m+£(p— m)),

where S, = 1 + In(47) — ¢, and the corresponding counterterm:

—Ko>— = i[p(Z-1)—(ZZn—1)m].
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Renormalization

How do we get the Z; coefficients?. .. By requiring the counterterm to
cancel the pole part (PP) of Green functions.

For example, the quark self-energy graph gives:

PP/de_&_ = 22 CeS. (<3m+£(p— m)),

where S, = 1 + In(47) — ¢, and the corresponding counterterm:

—Ko>— = i[p(Z-1)—(ZZn—1)m].

Requirement of vanishing of the sum leads to the conditions:
i [%c S+ Z —1} ~- 0
P 4 CF e 2 = 0,
im [ZL CeS.(3m +Em) + (ZoZm — 1)} = 0,
™

and this fixes Z» and Z,,.

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1 16/41



Renormalization: MS scheme

But wait! If we take e.g. the first condition with explicit S,
| as 1
ip|—Cr ~+In(4n) —ve | €+ 2L — 1| =0,
47 €

the Z; coefficient is fixed such that it cancels not only the pole % but also
the constant piece In(47) — vg. Isn't that arbitrary? It is, and that is OK.
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Renormalization: MS scheme

But wait! If we take e.g. the first condition with explicit S,
| as 1
ip|—Cr ~+In(4n) —ve | €+ 2L — 1| =0,
47 €

the Z; coefficient is fixed such that it cancels not only the pole % but also
the constant piece In(47) — vg. Isn't that arbitrary? It is, and that is OK.

In the renormalization procedure, together with the infinite piece, one can
subtract an arbitrary constant. That defines the renormalization scheme.
— Physical observables turn out not to depend on this arbitrary choice.

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1 17/41



Renormalization: MS scheme

But wait! If we take e.g. the first condition with explicit S,
| as 1
ip|—Cr ~+In(4n) —ve | €+ 2L — 1| =0,
47 €

the Z; coefficient is fixed such that it cancels not only the pole % but also
the constant piece In(47) — vg. Isn't that arbitrary? It is, and that is OK.

In the renormalization procedure, together with the infinite piece, one can
subtract an arbitrary constant. That defines the renormalization scheme.
— Physical observables turn out not to depend on this arbitrary choice.

1
» Minimal Subtraction (MS) scheme: cancelling only the pole -
€

. - e . 1
» Modified Minimal Subtraction (MS) scheme: cancelling the pole —,
€

together with the constant In(47) — ~e.
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Renormalization: MS scheme

But wait! If we take e.g. the first condition with explicit S,
| as 1
ip|—Cr ~+In(4n) —ve | €+ 2L — 1| =0,
47 €

the Z; coefficient is fixed such that it cancels not only the pole % but also
the constant piece In(47) — vg. Isn't that arbitrary? It is, and that is OK.

In the renormalization procedure, together with the infinite piece, one can
subtract an arbitrary constant. That defines the renormalization scheme.
— Physical observables turn out not to depend on this arbitrary choice.

1
» Minimal Subtraction (MS) scheme: cancelling only the pole -
€

— 1
» Modified Minimal Subtraction (MS) scheme: cancelling the pole —,
€
together with the constant In(47) — ~e.
Z; coefficients of the MS and the MS schemes are % independent

» Z;s, by construction, cancel only the part singular at high
momentum. But in this limit all masses are negligible and cannot
appear in residues of the pole.
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Renormalization

Applying similar procedure to other Green functions gives us the full set,
of Zs, which, in MS, to the first order in as, read

(0%

s Se 2
47e (G40 (ozs)

Z3 _ 1_0{555 |:<§_13> CA+4TRnf:|+O(a§)

Z, = 1-

4re 2 6 3
5 as Se 3 & 2
z - 1% cA(4 4>+(9(a5)
as Se 2
Zn = 1-— s 3CF+O(aS)

as S, (11 2 )
- 1- He - 271
z = 1-%3 (6 22 Rnf>+0(as)
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Renormalization group

[To simplify notation, from now on, gs — go (bare) and gsg — g (renormalized)]

S, /11 2
8o = gH Ly = g’ [1 - (CA - TRnf)]

dre 6 3
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Renormalization group

[To simplify notation, from now on, gs — go (bare) and gsg — g (renormalized)]

S, /11 2
8o = gH Ly = g’ [1 - (CA - TRnf)]

Are 6 3

The bare coupling cannot depend on p, hence

dg Jgo dg €80
0= = = - Y
anp &8 =+ =50 F g %
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Renormalization group

[To simplify notation, from now on, gs — go (bare) and gsg — g (renormalized)]

as S (11 2
=guZ, =gut|l— —Ca— =T
8o = 8H £Lg = 81 [ dre (6 A 3 R”f)]

The bare coupling cannot depend on p, hence

dg 9Jgo dg €80
0 == = _ = _
dlnugo(u,g(u)m) Bt Jiny 0g dinp ~ 2
In terms of B g2
as =
4
we get
dOés g dg 2 ].lCA — 4TRnf
= = — = — _— O
Blas) = G2 = amding — or T O)
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Renormalization group

[To simplify notation, from now on, gs — go (bare) and gsg — g (renormalized)]

as S (11 2
=guZ, =gut|l— —Ca— =T
8o = 8H £Lg = 81 [ dre (6 A 3 R”f)]

The bare coupling cannot depend on p, hence

dg 9Jgo dg €80
0 == = _ = _
dlnugo(u,g(u)m) Bt Jiny 0g dinp ~ 2
In terms of B g2
as fr—
4
we get
dOés g dg 2 ].lCA — 4TRnf
= = — = — _— O
Blas) = G2 = amding — or T O)

» coupling runs with the scale y?

» 11Ca —4Trne =21 >0, hence S(as) < 0in QCD
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Running coupling

As (as) is negative, as becomes small at high scales:
— asymptotic freedom [Gross, Wilczek, Politzer '73]

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1 20/41



Running coupling
As (as) is negative, as becomes small at high scales:
— asymptotic freedom [Gross, Wilczek, Politzer '73]
The renormalization group equation (here at lowest order):

> Oass

0Q?

11CA — 4TRnf

@ 127

:—boag where by =
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Running coupling
As (as) is negative, as becomes small at high scales:
— asymptotic freedom [Gross, Wilczek, Politzer '73]
The renormalization group equation (here at lowest order):

Oas
0Q?

11CA — 4TRnf

2
Q 127

:—boag where by =

allows one to relate couplings at two
different scales Qg and @

QS(QS)

2y
as(@7) = 1+ boors(Q2) In %g

> at proton mass as(1GeV) ~ O (1)

» at the scale of the Z boson mass
as(91 GeV) ~ 0.1
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Running coupling

As (as) is negative, as becomes small at high scales:
— asymptotic freedom [Gross, Wilczek, Politzer '73]

The renormalization group equation (here at lowest order):

Oa 11CA - 4TRnf
25 — _ppa? where bpp=—"2 7
Q PIeE 0 s 0 Tor
0s July 2000
allows one to relate couplings at two o(Q) | 2.4 Deep Tnelastic Scattering
different scales @y and Q@ 04 i i
2
2y _ as(Qp)
aS(Q ) - 2 Q2 0
1+ boas(QF) In &
02
> at proton mass as(1GeV) ~ O (1)
» at the scale of the Z boson mass -
as(91 GeV) ~ 0.1 =—QCD 0, (Mz)=0.1184 +0.0007

Sebastian Sapeta (IFJ PAN)

QCD and Feynman Diagrams, Lecture 1
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The A parameter

The one-loop running coupling diverges at low scales

, 2
as(Q ) - 00 as 1+b0as(Q2)|n% =0

2
Qs = 2
(1) 1+ bpas(Q2) In %
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The A parameter

The one-loop running coupling diverges at low scales

, 2
as(Q ) - 00 as 1+b0as(Q2)|n% =0

2
(& = 2
() 1+ boas(Q?) In 22

Let us denote the scale at which this happens as u? = A%. Solving the
equation on r.h.s. above gives

as(Q2) = 1

- .02
b0|n%
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The A parameter

The one-loop running coupling diverges at low scales

, 2
as(Q ) - 00 as 1+b0as(Q2)|n% =0

2
(& = 2
() 1+ boas(Q?) In 22

Let us denote the scale at which this happens as u? = A%. Solving the
equation on r.h.s. above gives

1
(@) =
° bo In %22
We've introduced the parameter A defined as the scale at which as = oco.

> A ~ 200 MeV is measurable but it is not an observable as its value
depends on: perturbative order, renorm. scheme, number of flavours.

» The order of magnitude of A indicates a scale at which as becomes
large and perturbative theory is not applicable any longer.

» Notice that for massless QCD there is no mass scale in the theory as
gs is dimensionless. Mass scale however emerges via renormalization
group and the appearance of A parameter (dimensional transmutation).
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Exact symmetries of QCD

» Local gauge invariance.
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Exact symmetries of QCD

» Local gauge invariance.

: _1 _
» Baryon number conservation B = 3(ng — ng) = const.
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Exact symmetries of QCD

» Local gauge invariance.
: _ 1 _
» Baryon number conservation B = 3(ng — ng) = const.

> Discrete symmetries: charge conjugation (C), parity (P) and time
reversal (T) invariance.
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Exact symmetries of QCD

v

Local gauge invariance.

Baryon number conservation B = £(nq — ng) = const.

Discrete symmetries: charge conjugation (C), parity (P) and time
reversal (T) invariance.

There is one additional gauge invariant operator of mass dimension
four that can be added to the Lagrangian

9g a 17 1% 1 vo
Lo = 327T2FWF5 where F;L :26“ PFacp

and this term violates CP symmetry.
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Exact symmetries of QCD

v

Local gauge invariance.
: _ 1 _
Baryon number conservation B = 3(ngq — ng) = const.

Discrete symmetries: charge conjugation (C), parity (P) and time
reversal (T) invariance.

There is one additional gauge invariant operator of mass dimension
four that can be added to the Lagrangian

Ly

0g° . = . 1
= s Pl where P = Sd70F,

and this term violates CP symmetry.

» This term is a total divergence so it does not contribute to
perturbation theory (that is why it is absent in Feynman rules).

> It turns out that due to non-trivial topological structure of the QCD
vacuum it can however contribute via non-perturbative effects.

» Experimental limit § < 107°. This raises the question: what makes
it so small? - the so called strong CP problem. One popular solution
is introduction of Axion particle.
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Approximate symmetries of QCD

Isospin SU(2) symmetry
> m, ~23MeV,my ~4.8MeV < m, hence u and d quarks have
approx. equal masses and form a doublet of the SU(2) isospin group
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Approximate symmetries of QCD

Isospin SU(2) symmetry
> m, ~23MeV,my ~4.8MeV < m, hence u and d quarks have
approx. equal masses and form a doublet of the SU(2) isospin group
Flavour SU(3) symmetry

» adding the s quark, with mg ~ 95 MeV extends it to somewhat less
accurate SU(3) flavour symmetry; representations of this group
correspond to mesons and baryons and correctly predict the spectra
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Approximate symmetries of QCD

Isospin SU(2) symmetry
> m, ~23MeV,my ~4.8MeV < m, hence u and d quarks have
approx. equal masses and form a doublet of the SU(2) isospin group
Flavour SU(3) symmetry

» adding the s quark, with mg ~ 95 MeV extends it to somewhat less
accurate SU(3) flavour symmetry; representations of this group
correspond to mesons and baryons and correctly predict the spectra

Chiral SU(2).® SU(2)g symmetry
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Approximate symmetries of QCD

Isospin SU(2) symmetry
> m, ~23MeV,my ~4.8MeV < m, hence u and d quarks have
approx. equal masses and form a doublet of the SU(2) isospin group
Flavour SU(3) symmetry
» adding the s quark, with mg ~ 95 MeV extends it to somewhat less
accurate SU(3) flavour symmetry; representations of this group
correspond to mesons and baryons and correctly predict the spectra
Chiral SU(2).® SU(2)g symmetry
» For massless quarks, the left- and the right-handed fields decouple
completely in the Lagrangian, which exhibits new chiral symmetry.
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Approximate symmetries of QCD

Isospin SU(2) symmetry
> m, ~23MeV,my ~4.8MeV < m, hence u and d quarks have
approx. equal masses and form a doublet of the SU(2) isospin group

Flavour SU(3) symmetry
» adding the s quark, with mg ~ 95 MeV extends it to somewhat less
accurate SU(3) flavour symmetry; representations of this group
correspond to mesons and baryons and correctly predict the spectra
Chiral SU(2).® SU(2)g symmetry
» For massless quarks, the left- and the right-handed fields decouple
completely in the Lagrangian, which exhibits new chiral symmetry.
» Masses of u and d quarks are very small so the QCD Lagrangian
shows approximate chiral symmetry.
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Approximate symmetries of QCD

Isospin SU(2) symmetry
> m, ~23MeV,my ~4.8MeV < m, hence u and d quarks have
approx. equal masses and form a doublet of the SU(2) isospin group
Flavour SU(3) symmetry
» adding the s quark, with mg ~ 95 MeV extends it to somewhat less
accurate SU(3) flavour symmetry; representations of this group
correspond to mesons and baryons and correctly predict the spectra
Chiral SU(2).® SU(2)g symmetry
» For massless quarks, the left- and the right-handed fields decouple
completely in the Lagrangian, which exhibits new chiral symmetry.
» Masses of u and d quarks are very small so the QCD Lagrangian
shows approximate chiral symmetry.
» This symmetry is spontaneously broken at the level of the vacuum
(which is non-trivial in QCD and connects left- and right-handed fields).
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Approximate symmetries of QCD

Isospin SU(2) symmetry
> m, ~23MeV,my ~4.8MeV < m, hence u and d quarks have
approx. equal masses and form a doublet of the SU(2) isospin group
Flavour SU(3) symmetry
» adding the s quark, with mg ~ 95 MeV extends it to somewhat less
accurate SU(3) flavour symmetry; representations of this group
correspond to mesons and baryons and correctly predict the spectra
Chiral SU(2).® SU(2)g symmetry
» For massless quarks, the left- and the right-handed fields decouple
completely in the Lagrangian, which exhibits new chiral symmetry.
» Masses of u and d quarks are very small so the QCD Lagrangian
shows approximate chiral symmetry.
» This symmetry is spontaneously broken at the level of the vacuum
(which is non-trivial in QCD and connects left- and right-handed fields).
» This results in the appearance of three (number of broken
generators) pseudo-Goldstone bosons: 70, 7t and 7, which are
indeed very light with m ~ 140 MeV (they are not exactly massless
as the chiral symmetry is not exact).
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Infrared and collinear safety

Let's take the process e*e™ — hadrons. At LO (i.e. Born level) we have

Y*/Z
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Infrared and collinear safety

Let's take the process e*e™ — hadrons. At LO (i.e. Born level) we have

Y*/Z

2
Tl

1 4
OBorn = m/zw\/le*e*—mf]‘qub = Te?; Ne

where s is the center-of-mass energy of the incoming eTe™ pair and ¢ is
a quark charge.

» Factor N. comes from sum over colours.
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Infrared and collinear safety

NLO real correction to the et e~ — hadrons annihilation

q q
g

12 s v*/Z
q q

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1 25/41



Infrared and collinear safety

NLO real correction to the et e~ — hadrons annihilation

q q
g
Y47 ¢ 12
q q
q-g 1 1 1
M _ 12 x ~ ~ —
| M qag (q-8)(G-8) E2(1—cosfqg)(1— cosby)
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Infrared and collinear safety

NLO real correction to the et e~ — hadrons annihilation

q q

v*/Z £ 1*IZ

et}
ol

. 1 1 1
‘Mwﬁqﬁgﬁ X ( 7

q-8)(q-g) Eigz(lfcosqu) (1 — cosfgg)
Hence
E; — 0 soft limit
M, qgg|* — 00 if Oge — 0 collinear limit
0gg — 0 collinear limit

» real correction to ete™ annihilation has soft and collinear
divergences
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Infrared and collinear safety

The integral [ |M,_ q4¢|>d2 can be performed in D = 4 — 2¢ > 4
dimensions and yields

te~ =43 Qs 2 3 19
or ¢ 9% = oBom {%CF (62 + P + 0 (e)
1 . .
> — term corresponds to the soft + collinear divergence
€
1 . .
» — term corresponds to the collinear divergence
€

19 | _
> > is a finite term

» O (e) are terms vanishing in the limit D — 4
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Infrared and collinear safety: virtual correction

q q
Y*/Z Y*/Z
q q
q
Y*/Z
q
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Infrared and collinear safety: virtual correction

q q
Y*/Z Y*/Z
q q
q
Y*/Z
q

- g rn vir s 2 3
T MGG = oo {26 (51 8) v0l0)
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Infrared and collinear safety: virtual correction

q q
Y*/Z Y*/Z
q q
q
Y*/Z
q

ete— = m vir S 2 3
0V+ —qq _ MC(,E-;O )Mc(]c_] 1) _ TBorn {;TCF (62 o 8) +(9(6)}

» The same structure as in the case of real cross section: double and
single poles in € + regular term.
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ete”™ — hadrons: combined result

+ o +o— 5 +o— =
e e~ —hadrons __ e"e” —qq e"e” —qg
o = OBom + Op €+oy

- Qs 2 3 19 Qs 2 3
_UBorn{l+ 27TCF <62 + € + 2 ) + 27TCF <_62 e _8> +O(€)}

€ as 3
;%Bom{1+2;4cF+o(a§)}

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1 28/41



ete”™ — hadrons: combined result

+a— = +a— =
e'e —qqg e’ e —qq
+oy

e" e~ —hadrons = op +JR
Qs 2 3 19 Qs 2 3
= UBorn{1+ %CF <2 + < + 2) + gCF <_62 L —8> —|—O(€)}

» Collinear and soft divergences cancelled between real and virtual
diagram emissions. We could safely take the € — 0 limit.

Total cross section for et e~ annihilation to hadrons
is a collinear and infrared safe observable.

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1 28/41



ete”™ — hadrons: combined result

e o o=
e"e” —qgg ete” —qqg
R toy

- Qs 2 3 19 Qs 2 3
_UBom{l—F 27TCF <62 + c + 5 > + 27TCF <—62 — —8> —|—O(e)}

Lo
e" e~ —hadrons
o = OBomn tO

» Collinear and soft divergences cancelled between real and virtual
diagram emissions. We could safely take the € — 0 limit.

Total cross section for et e~ annihilation to hadrons
is a collinear and infrared safe observable.

» This is a manifestation of a more general theorem by Kinoshita, Lee
and Nauenberg (KLN), which states that the soft and collinear
singularities, present in real and virtual corrections, must cancel each
other in the sum, for sufficiently inclusive observables.

28/41
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Infrared and collinear safe observables

do

1 n n
= mzﬂ:dcb IMM126(X — fx(pr,- .., Pn))
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Infrared and collinear safe observables

do

1 n n
= mzﬂ:dcb IMM126(X — fx(pr,- .., Pn))

An observable X is called infrared and collinear safe if

f(")(pl ey Pn) if ppr1—0
f(n+1)(pla"'7pmpn+1) — X ’ e nil
X K(PL, o Pa+ Po1) i P || o
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Infrared and collinear safe observables

do

1 n n
= mzﬂ:dcb IMM126(X — fx(pr,- .., Pn))

An observable X is called infrared and collinear safe if

f(")(pl ey Pn) if ppr1—0
f(n+1)(pla"'7pmpn+1) — X ’ e nil
X K(PL, o Pa+ Po1) i P || o

Physics behind this requirement:

» one is not able to distinguish between configurations |gg) and
|gg + ng (soft or collinear))

» the results of measurements should not be dependent on detector’s
energy resolution and granularity
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Summary of the features of QCD

» Quantum field theory with spin-% quarks as fundamental degrees of

2
freedom.
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Summary of the features of QCD

» Quantum field theory with spin-% quarks as fundamental degrees of

2
freedom.

» The theory is asymptotically free: strength of interactions decreases
with energy.
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Summary of the features of QCD

» Quantum field theory with spin-% quarks as fundamental degrees of

2
freedom.

» The theory is asymptotically free: strength of interactions decreases
with energy.

» Quarks carry new degree of freedom called colour.
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Summary of the features of QCD

» Quantum field theory with spin—% quarks as fundamental degrees of

freedom.

» The theory is asymptotically free: strength of interactions decreases
with energy.

» Quarks carry new degree of freedom called colour.

» Number of colours N. = 3.

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1

30/41



Summary of the features of QCD

» Quantum field theory with spin-% quarks as fundamental degrees of

2
freedom.

» The theory is asymptotically free: strength of interactions decreases
with energy.

» Quarks carry new degree of freedom called colour.
» Number of colours N. = 3.

» The theory exhibits local gauge invariance under SU(3) colour
group. This leads to appearance of gauge particles: the gluons.
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Summary of the features of QCD

» Quantum field theory with spin-% quarks as fundamental degrees of

2
freedom.

» The theory is asymptotically free: strength of interactions decreases
with energy.

» Quarks carry new degree of freedom called colour.
» Number of colours N. = 3.

» The theory exhibits local gauge invariance under SU(3) colour
group. This leads to appearance of gauge particles: the gluons.

» Quarks and gluons build bound states that are singlets of SU(3).
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How do we know that QCD is the right theory?

Deep inelastic scattering (DIS) process

e (k')
Q@ = -
Q2
X =
2p-q
X B "q
Y =
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How do we know that QCD is the right theory?

Deep inelastic scattering (DIS) process

e (k')
Q@ = -
Q2
X =
2p-q
X B "q
Y =

General form of the cross section

2 2
do  Amag,

a0~ o L+ A=yPT Al @)+ 5 [Fax, Q%) — 2¢Fi(x, @)}

where F; and F, are the structure functions.
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How do we know that QCD is the right theory?

Deep inelastic scattering (DIS) process

e (k')
Q@ = -
Q2
X =
2p-q
X B "q
Y =

General form of the cross section

2 2
do  Amag,

dxdQ =~ Q*

(14 (1-y)?] Fu(x, Q%) + X [Fa(x, Q) — 2xFi(x, @2)] }

where F; and F, are the structure functions.

Hypothesis: proton consists of pointlike, spin—%, free objects called
partons. *p interaction happens via v* interacting with exactly one

Parton- ., That goes under the name of the parton model.
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How do we know that QCD is the right theory?

Parton model hypothesis implies the so called Bjorken scaling
Fi(Xa Q2) — FI(X)

» |If v* was scattering off non-pointlike constituents of size Qp, F;,
which is dimensionless, would need to depend on the ratio Q/ Q.
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How do we know that QCD is the right theory?

Parton model hypothesis implies the so called Bjorken scaling
Fi(Xa Qz) — FI(X)

» |If v* was scattering off non-pointlike constituents of size Qp, F;,
which is dimensionless, would need to depend on the ratio Q/ Q.

More specifically, in the parton model:

5 2 (),
Fa(x) = Z e?xfi(x),

iy

—
X

~
I

where f;(x), is a probability of finding a parton with momentum fraction
x inside the proton, the so called parton density function (PDF).
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How do we know that QCD is the right theory?

Parton model hypothesis implies the so called Bjorken scaling
Fi(Xa Qz) — FI(X)

» |If v* was scattering off non-pointlike constituents of size Qp, F;,
which is dimensionless, would need to depend on the ratio Q/ Q.

More specifically, in the parton model:

5 2 (),
Fa(x) = Z e?xfi(x),

iy

—
X

~
I

where f;(x), is a probability of finding a parton with momentum fraction
x inside the proton, the so called parton density function (PDF).

» Seeing Bjorken scaling in the data would provide a strong evidence
in favour of the parton model.
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Bjorken scaling

And what does the data tell us? Back then in 1970. ..

T T T T T T

04 |- + 26evZ<02<18 Gev? |
. 0.3 7% — '3 o |8°
& I° & 26°
N [ b 05 L — T
%u‘_\‘ 0.2 i 04

" , i ‘ CIPEY TR
A W S S

= Q.
o I SO TR s *S ..
o] 0.2 0.4 0.6 0.8

o
~
»
o
©

o Q2 (Gawrc)? =

Conclusion: experimental evidence in favour of the parton model proves
that the proton consists of objects that are

> pointlike = today we identify them with quarks
» free = that requires that the theory behind is asymptotically free
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Bjorken scaling now

HERAF,
? x=6.32E-5 _
e / )?-%Ogégfm F— ZEUS NLO QCD fit
2 i,//t}/ /" x=0.000253
o Ay 0004 —— H1 PDF 2000 fit
WS .!“%{1 s « H19400 » data from DIS experiments:
mo 4y a rel, .
s a0 gL S0 fixed target and HERA
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Callan-Gross relation
In the parton model
Fa(x) = 2xFy(x) (Callan-Gross relation)
which follows from spin—% property of partons.

One can construct the longitudinal structure function, corresponding to
the absorption of the longitudinally polarized photons

Fi(x) = Fa(x) — 2xF1(x) .

Callan-Gross relation means that F; = 0 in the parton model.

» Follows from the fact that spin—% parton cannot absorb a
longitudinally polarized photon.

» In the experiment, we indeed see that F; is very small. That
confirms that partons are spin—% particles.
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Colour
Spin-statistics
The wave function of particles like like AT
AT +3) = [ut)u)uT)

is totally symmetric in spin and flavour. That violates Pauli-principle
unless there is an addition degree of freedom, in which the wave function
is fully anti-symmetric. This is colour.
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unless there is an addition degree of freedom, in which the wave function
is fully anti-symmetric. This is colour.

SU(3) color group leads to “white” baryons, i.e. hadrons and mesons are
singlets of SU(3). Coloured particles are never observed: confinement.

» All that is consistent with experiment!
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Colour
Spin-statistics
The wave function of particles like like AT
AT +3) = [ut)u)uT)

is totally symmetric in spin and flavour. That violates Pauli-principle
unless there is an addition degree of freedom, in which the wave function
is fully anti-symmetric. This is colour.

SU(3) color group leads to “white” baryons, i.e. hadrons and mesons are
singlets of SU(3). Coloured particles are never observed: confinement.

» All that is consistent with experiment!

But how many colours?

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1 36/41



» 70 — ~v decay rate

i
A N2
» F(7® — yy) = 7.63eV <3C>

Experimental value: (7% — ~vv) = 7.84 4- 0.56eV.

> ete™ decay ratio

e W 3
et T

o(ete™ — hadrons)
o(ete” — putu~)

@
o

11
= NeTqeg = Ne -

R =

Experimental value: N, ~ 3.2.

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1

37/41



What about gluons?

» Electron-nucleus DIS allows us to measure the momentum weighted
probability density of quarks and anti-quarks in the nucleon

L 1
1?8/0 dszeN(X):/O dx x[u(x) + d(x) + a(x) + d(x)] ~ 0.5

Charged particles carry only half of proton's momentum!
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What about gluons?

» Electron-nucleus DIS allows us to measure the momentum weighted
probability density of quarks and anti-quarks in the nucleon

1 1
1?8/0 dszeN(X):/O dx x[u(x) + d(x) + a(x) + d(x)] ~ 0.5

Charged particles carry only half of proton's momentum!

» Bjorken scaling holds only approximately and F; starts to depend on
Q? as we go to lower values of x

» this happens because of gluons which are produced in abundance at
low-x
» gluons go beyond the simple picture of the naive parton model

Violation of Bjorken scaling is indeed seen in the data at low-x!
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Scaling violation seen in the data!
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_8F2(X7 Q2)

Al @) Olnx

QZ

Fa(x, Q%) c(Q%) x N

From HERA data:

A~ 0.2 — 0.4 for the range
x < 0.01 and Q2 > 10 GeV?

» large x: proton consists
mostly of valence quarks
and looks like in the
naive parton model

» small x: proton consist
mostly of gluons and the
parton model needs to
be improved with QCD
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It all fits!

» Quantum field theory with spin—% quarks as fundamental degrees of
freedom : Callan-Gross relation, parton model v/
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It all fits!

>

>

Quantum field theory with spin—% quarks as fundamental degrees of
freedom : Callan-Gross relation, parton model v/

The theory is asymptotically free: strength of interactions decreases
with energy: Bjorken scaling v/

Quarks carry new degree of freedom called colour: A*T+ & others v/
Number of colours N, = 3: eTe™ decay ratio & others v/

The theory exhibits local gauge invariance under SU(3) colour
group. This leads to appearance of gauge particles: the gluons:
scaling violation of F, v/

Quarks and gluons build bound states that are singlets of SU(3):
coloured particles never observed v

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 1

40/41



It all fits!

» Quantum field theory with spin—% quarks as fundamental degrees of
freedom : Callan-Gross relation, parton model v/

» The theory is asymptotically free: strength of interactions decreases
with energy: Bjorken scaling v/

» Quarks carry new degree of freedom called colour: A™* & others v/
» Number of colours N. = 3: ete™ decay ratio & others v’

» The theory exhibits local gauge invariance under SU(3) colour
group. This leads to appearance of gauge particles: the gluons:
scaling violation of F, v/

» Quarks and gluons build bound states that are singlets of SU(3):
coloured particles never observed v

+ Countless tests from several generations of experiments!
(some of them covered in lectures 2 and 3 )
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Summary of lecture 1

» QCD is an extremely successful theory of strong interactions.
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QCD is an extremely successful theory of strong interactions.

It is based on SU(3) local color symmetry.

It is a non-abelian theory which results in gluon self-interactions.
In this lecture, we have concentrated on perturbative methods,
which are applicable in the limit of small coupling.

QCD exhibits UV divergence. It is removed by renormalization.

Renormalization of QCD leads to running of the coupling as and the
[ function turns out to be negative, hence the strength of the
interaction decreases with scale: asymptotic freedom.
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For correctly defined observables, soft and collinear divergences
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QCD is an extremely successful theory of strong interactions.
It is based on SU(3) local color symmetry.
It is a non-abelian theory which results in gluon self-interactions.

In this lecture, we have concentrated on perturbative methods,
which are applicable in the limit of small coupling.

QCD exhibits UV divergence. It is removed by renormalization.

Renormalization of QCD leads to running of the coupling as and the
[ function turns out to be negative, hence the strength of the
interaction decreases with scale: asymptotic freedom.

QCD exhibits also soft (infrared) and collinear divergencies.

For correctly defined observables, soft and collinear divergences
cancel between real and virtual contributions.

In certain limit, QCD predicts Bjorken scaling of the DIS F, function
and the violation of Bjorken scaling in another limit.
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QCD is an extremely successful theory of strong interactions.
It is based on SU(3) local color symmetry.
It is a non-abelian theory which results in gluon self-interactions.

In this lecture, we have concentrated on perturbative methods,
which are applicable in the limit of small coupling.

QCD exhibits UV divergence. It is removed by renormalization.

Renormalization of QCD leads to running of the coupling as and the
[ function turns out to be negative, hence the strength of the
interaction decreases with scale: asymptotic freedom.

QCD exhibits also soft (infrared) and collinear divergencies.

For correctly defined observables, soft and collinear divergences
cancel between real and virtual contributions.

In certain limit, QCD predicts Bjorken scaling of the DIS F, function
and the violation of Bjorken scaling in another limit.

QCD has withstood an enormous number of experimental tests.
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