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Our plan for lecture 2

Let’s try to do some complete, useful and interesting calculation

I e+ + e− → q + q̄ at leading order (aka Born, tree level)

I e+ + e− → q + q̄ at one loop

I e+ + e− → q + q̄ + g

We will calculate the above processes and take baby steps to show
exactly all the elements involved
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The process

e+ + e− → γ∗ → q + q̄

Because we are interested in QCD corrections, we shall ignore the first
part, e+ + e− → γ∗ as it can be easily factored out.

Hence, we shall focus on the process

γ∗ → q + q̄

I First thing we can say about it is that it is a 1→ 2 process.

Let’s assign 4-momenta to our particles

γ∗(p1)→ q(p2) + q̄(p3)

We shall consider quarks to be massless, hence we can obtain the
following relations

p1 = p2 + p3

Q2 ≡ p2
1 = 2p2p3
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Predictions in perturbative QCD

I In the region where the strong coupling αs � 1, fixed-order
perturbative expansions is expected to work well

σ = σ0︸︷︷︸
LO

+ αsσ1︸︷︷︸
NLO

+ α2
sσ2︸︷︷︸

NNLO

+ α3
sσ3︸︷︷︸

N3LO

+ · · ·

State of the art

I NLO
I fully understood
I automated
I known practically for all processes of interest

I NNLO
I many 2 → 2 results obtained in recent years
I current frontier: 2 → 3 processes

I N3LO
I pp → H, Z/γ∗, W± [Anastasiou, Duhr, Dulat, Furlan, Gehrmann,

Herzog, Lazopoulos, Mistlberger ‘15 - ‘21]
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Feynman rules

I External particles:

us(p) incoming fermion

ūs(p) outgoing fermion

v̄ s(p) incoming antifermion

v s(p) outgoing antifermion

εµ(p) incoming boson

ε∗µ(p) outgoing boson

I Each loop comes with momentum, which is integrated over with the

measure
∫

d4k
(2π)4 or

∫
ddk

(2π)d
in d dimension

I Each fermion loop brings a factor −1

I Four-momentum is conserved at each vertex

I Average over spins/polarizations of incoming particles and sum the
spins/polarizations of outgoing particles
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Feynman rules

= δab
[
−gµν + (1− ξ)

pµpν

p2 + iε

]
i

p2 + iε

= δij
i(/p + m)µν

p2 −m2 + iε
= δab

i

p2 + iε

=−igs(T a
ji )Fγ

µ
σρ =

−gs f abc
[
(p − q)σgµν

+ (q − r)µgνσ

+ (r − p)νgσµ
]

= gs f
aijqµ =

−ig2
s f

xac f xbd
[
gµνgρσ + gµσgνγ

]
−ig2

s f
xad f xbc

[
gµνgρσ + gµρgνσ

]
−ig2

s f
xabf xcd

[
gµρgνσ + gµσgµρ

]
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Tools

All calculations presented here are done with

I Mathematica
httops://wolfram.com

I FeynArts
https://feynarts.de/

I FeynCalc
https://feyncalc.github.io
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γ∗→ qq̄ at LO
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γ∗ → qq̄ at LO

Step 1: Draw all possible topologies

I A set of possible topologies is restricted by the number of external
particles and types of vertices (e.g. 3- and 4-point vertices in QCD)
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γ∗ → qq̄ at LO

Step 2: Figure out which particles can run through diagrams

γ

u

up1, µ

p2, s, i

p3, r , j
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γ∗ → qq̄ at LO

Step 3: Obtain the amplitude (aka matrix element)

γ

u

up1, µ

p2, s, i

p3, r , j

M(0)
γ∗→qq̄ = εµ(p1)ūs(p2)

(
− iQf e γ

µδij

)
v r (p3)

And the conjugate amplitude

M∗(0)
γ∗→qq̄ = ε∗ν(p1)v̄ r (p3)

(
iQf e γ

νδji

)
us(p2)
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(
− iQf e γ

µδij

)
v r (p3)

And the conjugate amplitude

M∗(0)
γ∗→qq̄ = ε∗ν(p1)v̄ r (p3)

(
iQf e γ

νδji

)
us(p2)

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 2 11/49



Complex conjugate amplitude

(ūγµv)∗ = v† (γµ)†
(
γ0
)†

u = v† (γµ)† γ0u = v†γ0γµu = v̄γµu

Hence

M∗(0)
γ∗→qq̄ =

(
εν(p1)ū(p2)

(
− iQf e γ

νδij

)
v(p3)

)∗
= ε∗ν(p1)v̄(p3)

(
i Qf e γ

νδji

)
u(p2)
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γ∗ → qq̄ at LO

Step 3: Obtain the amplitude squared

|M(0)
γ∗→qq̄|2 = Q2

f e
2 δijδji εµ(p1) ε∗ν(p1) v̄ r (p3)γνus(p2)ūs(p2)γµv r (p3)

Step 4: Perform colour algebra

δijδji = δii = Tr[δ] (fundamental representation)

= Nc = CA
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γ∗ → qq̄ at LO

Step 5: Perform fermion spin sum

|M(0)
γ∗→qq̄|2 = Q2

f e
2 CAεµ(p1) ε∗ν(p1) v̄ r (p3)γνus(p2)ūs(p2)γµv r (p3)

= Q2
f e

2 CAεµ(p1) ε∗ν(p1) Tr [v̄ r (p3)γνus(p2)ūs(p2)γµv r (p3)]

= Q2
f e

2 CAεµ(p1) ε∗ν(p1) Tr [us(p2)ūs(p2)γµv r (p3)v̄ r (p3)γν ]
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= Q2
f e

2 CAεµ(p1) ε∗ν(p1) Tr [us(p2)ūs(p2)γµv r (p3)v̄ r (p3)γν ]
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Spin sums

∑
s

us(p)ūs(p) = /p + m

∑
s

v s(p)v̄ s(p) = /p −m

Hence, in our case

∑
s,r

Tr [us(p2)ūs(p2)γµv r (p3)v̄ r (p3)γν ] = Tr[/p2
γµ/p3

γν ]
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γ∗ → qq̄ at LO

Step 6: Compute traces of γ matrices

|M(0)
γ∗→qq̄|2 = Q2

f e
2 CA εµ(p1) ε∗ν(p1) Tr

[
/p2
γµ/p3

γν
]

= Q2
f e

2 CA εµ(p1) ε∗ν(p1) p2ρp3σTr [γργµγσγ
ν ]
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Clifford algebra

{γµ, γν} = 2gµν ⇒ γµγν = −γνγµ + 2gµν

gµνgνσ = δµσ ⇒ gµνgνµ = (gµν)2 = gµµ = δµµ = d

Tr[γµγν ] = −Tr[γνγµ] + 8gµν

Tr[γµγν ] = 4 gµν

Tr[γργµγσγν ] = −Tr[γργµγνγσ] + 2Tr[γργµ]gσν

= Tr[γργνγµγσ]− 2Tr[γργσ]gµν + 2Tr[γργµ]gσν

= −Tr[γνγργµγσ] + 2Tr[γµγσ]gνρ − 2Tr[γργσ]gµν

+ 2Tr[γργµ]gσν

Tr[γργµγσγν ] = 4 (gµσgνρ − gρσgµν + gρµgσν)
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γ∗ → qq̄ at LO

Step 6: Compute traces of γ matrices

|M(0)
γ∗→qq̄|2 = Q2

f e
2 CA εµ(p1) ε∗ν(p1) Tr

[
/p2
γµ/p3

γν
]

= Q2
f e

2 CA εµ(p1) ε∗ν(p1) p2ρp3σTr [γργµγσγ
ν ]

= 4Q2
f e

2 CA εµ(p1) ε∗ν(p1) p2ρp3σ (gµσgνρ − gρσgµν + gρµgσν)
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Polarization sums

In the axial gauge

n · A = 0

with n2 = 0 (light-cone gauge), polarization vectors fulfill the relation

n · ε(k) = 0

and we are left with only physical polarizations, d-2 in d dimensions.

The corresponding sum reads∑
phys. pol.

εµ(p) ε∗ν(p) = −gµν +
pµnν + nµpν

n · p

In Feynman gauge∑
pol.

εµ(p) ε∗ν(p) = −gµν + (1− ξ)
pµpν

p2

but this sum runs also through non-physical polarizations and one needs
to introduce ghosts to account for that
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γ∗ → qq̄ at LO

Step 7: Perform sum over polarizations

gµνgνσ = δµσ

gµνgνµ = (gµν)2 = gµµ = δµµ = d

|M(0)
γ∗→qq̄|2 = 4Q2

f e
2 CA εµ(p1) ε∗ν(p1) p2ρp3σ (gµσgνρ − gρσgµν + gρµgσν)

= 4Q2
f e

2 CA (−gµν)p2ρp3σ (gµσgνρ − gρσgµν + gρµgσν)

= 4Q2
f e

2 CA p2ρp3σ

(
gµσδρµ − gρσδµµ + gρµδσµ

)
= 4Q2

f e
2 CA (1− ε)Q2

Done!
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γ∗→ qq̄ at NLO (virtual)
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γ∗ → qq̄ at NLO (virtual)

Step 1: Draw all possible topologies

I A set of possible topologies is restricted by the number of external
particles and types of vertices (e.g. 3- and 4-point vertices in QCD)
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γ∗ → qq̄ at NLO (virtual)

Step 2: Figure out which particles can run through diagrams

γ

u

u

u

u

gp1, µ

p2, s, i

p3, r , j
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γ∗ → qq̄ at NLO (virtual)

Step 3: Obtain the amplitude

γ

u

u

u

u

gp1, µ

p2, s, i

p3, r , j

M(1)
γ∗→qq̄ = −

∫
ddk1

(2π)d
ερ(p1)

gµν

(k1 − p2)2

ū(p2) (−igsγµT a
ik)

/k1

k2
1

(−iQf eγ
ρ)

/k1 − /p2
− /p3

(k1 − p2 − p3)2

(
−igsγνT a

kj

)
v(p3)

= iQf e g
2
s T

a
ikT

a
kj

∫
ddk1

(2π)d
ερ(p1)

1

(k1 − p2)2

× ū(p2)γµ
/k1

k2
1

γρ
/k1 − /p2

− /p3

(k1 − p2 − p3)2
γµv(p3) ,

and, similarly, the conjugate amplitude M∗.
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ū(p2) (−igsγµT a
ik)

/k1

k2
1

(−iQf eγ
ρ)

/k1 − /p2
− /p3

(k1 − p2 − p3)2

(
−igsγνT a

kj

)
v(p3)

= iQf e g
2
s T

a
ikT

a
kj

∫
ddk1

(2π)d
ερ(p1)

1

(k1 − p2)2
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γ∗ → qq̄ at NLO (virtual)

Step 3: Obtain the amplitude squared

In fact, what we are interested in is an interference term, since

|M|2 = |M(0) +M(1) + · · · |2

=
(
M∗(0) +M∗(1) + · · ·

)(
M(0) +M(1) + · · ·

)
= |M(0)|2 +M∗(0)M(1) +M∗(1)M(0) +O

(
g4
s

)

Step 4: Perform colour algebra

δijT
a
ikT

a
kj = T a

ikT
a
ki = Tr[T aT a] = TF δ

aa = TF (N2
c − 1) = CACF

I Recall that the Casimir operators read

CF =
N2 − 1

2N
, CA = N .
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Colour algebra

The SU(N) Lie algebra is defined by

[T a,T b] = if abcT c ,

where fabc is the antisymmetric structure constant tensor of SU(N)

fabc = −fbac ,

which is a real object. The generators are Hermitian

T
a † = T

a ,

which translates into the following relations

T a∗
ij = T a

ji ,(
T

a
T

b
)∗

= T
b
T

a .

The last equation follows from(
T

a
T

b
)∗

=
(
T

a
T

b
)∗
ij

= T a ∗
ik T b ∗

kj = T a
kiT

b
jk =

(
T

b
T

a
)
ji

= T
b
T

a .
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Colour algebra

Some useful color algebra identities

Tr(T a) = 0 ,

Tr(T aT b) = TF δab ,

δaa = N2 − 1 ,

Tr(T aT bT aT c) = − 1

4N
δbc ,

Tr(T aT bT c) =
1

4

(
dabc + if abc

)
,

facddbcd = 0 ,

facd fbcd = Nδab .

From the above we have

Tr(T aT bT bT a) = CAC
2
F ,

Tr(T aT bT aT b) = −1

2
CF .

f abcT bT c =
i

2
CAT

a .
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Colour algebra

[Cvitanovic ’76]

if abc =
1

TF
Tr([T a,T b]T c)

T a
ijT

a
kl = TF

(
δilδkj −

1

Nc
δijδkl

)

I Allows one to evaluate all the colour factors algorithmically
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γ∗ → qq̄ at NLO (virtual)

Step 5: Perform fermion spin sum

Step 6: Compute traces of γ matrices

Step 7: Perform sum over polarizations

At this point, our interference term reads

M∗(0)
γ∗→qq̄M

(1)
γ∗→qq̄ = −iQ2

f e
2(2− 2ε)CACF g2

s∫
ddk1

(2π)d
p2 · p3(−2εk2

1 − 4k1 · p3) + k1 · p2(4k1 · p3 + 4ε)p2 · p3

k2
1 (k1 − p2)2(k1 − p2 − p3)2

I Now we need to integrate over the loop momentum k1
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γ∗ → qq̄ at NLO (virtual)

We have the following factors in the denominator (let’s call them
propagators)

k2
1 ≡ P1

(k1 − p2)2 ≡ P2

(k1 − p2 − p3)2 ≡ P3

And the following scalar products in the numerator

k2
1 , k1 · p2 , k1 · p3

Now, we can write all the scalar products as combinations of
denominators

k2
1 = P1

2 k1 · p2 = k2
1 − (k1 − p2)2 = P1 − P2

2 k1 · p3 = (k1 − p2)2 − (k1 − p2 − p3)2 + Q2 = P2 − P3 + Q2

I Our entire expression can be written in terms of the propagators P1,
P2, P3 and the external parameter Q2
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γ∗ → qq̄ at NLO (virtual)

Topology

T1(a1, a2, a3) =

∫
ddk1

(2π)d
1

k2a1
1 (k1 − p2)2a2 (k1 − p2 − p3)2a3

I All integrals in our expression can be written with the above
topology T1

I Note that positive ai corresponds to a propagator in the denominator
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γ∗ → qq̄ at NLO (virtual)

It turns out that the following integrals appear in our expression

T1(0, 0, 1)

T1(0, 1, 0)

T1(1, 0, 0)

T1(1,−1, 1)

T1(0, 1, 1)

T1(1, 0, 1)

T1(1, 1, 0)

T1(1, 1, 1)

I We have, in total 8 integrals to evaluate, some of them with only
positive, others with positive and negative indices
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γ∗ → qq̄ at NLO (virtual)

IBP reduction

In dimensional regularization the integral over total derivative is zero∫
ddk1 . . . d

dkL
∂

∂kµi

(
qµ

Pa1
1 · · ·P

aN
N

)
= 0 ,

where q is an arbitrary loop or external momentum.

This generates a set of relations between integrals∑
k

ck Ik = 0 .

known as integration by parts (IBP) identities.
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γ∗ → qq̄ at NLO (virtual)

That’s what we get from IBP reduction

T1(0, 0, 1) = 0

T1(0, 1, 0) = 0

T1(1, 0, 0) = 0

T1(1,−1, 1) = −1

2
s23T1(1, 0, 1)

T1(0, 1, 1) = 0

T1(1, 0, 1) = T1(1, 0, 1)

T1(1, 1, 0) = 0

T1(1, 1, 1) = − 2(d − 3)

(d − 4)s23
T1(1, 0, 1)

All integrals can be expressed in terms of the single master integral

T1(1, 0, 1)
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Scaleless integrals

Notice that some integrals from our list have been reduced to zero by the
IBP identities, e.g.

T1(1, 0, 0) =

∫
ddk1

(2π)d
1

k2
1

= 0 ,

T1(1, 1, 0) =

∫
ddk1

(2π)d
1

k2
1 (k1 − p2)2

= 0 .

These are so-called scaleless integrals.

Notice that the only external scale available in our problem is

Q2 = 2p2 · p3 .

However, integrals like T1(1, 0, 0) or T1(1, 1, 0) cannot depend on this
scale, hence, they must vanish.
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γ∗ → qq̄ at NLO (virtual)

Our only master integral is is called a bubble integral and it reads

T1(1, 0, 1)

∫
ddk1

(2π)d
1

k2
1 (k1 − p2 − p3)2

≡ Bub(s23) ,

where
s23 = (p2 + p3)2 = 2p2 · p3 = Q2
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γ∗ → qq̄ at NLO (virtual)

In summary:

Our interference term M∗(0)M(1) with 8 loop integrals can be expressed
in terms of only one, bubble integral, which is known exactly

Bub(Q2) = iπ
d
2

Γ(ε)Γ(1− ε)2

Γ(2− 2ε)(−Q2)ε

I We shall calculate this integral in lecture 3
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Spoiler

All NLO master integrals in 4 dimensions can be expressed by ....

I Considering all combinations of massless/massive internal/external
particles, this gives in total 24 integrals at NLO [Ellis, Zanderighi ‘08]
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γ∗ → qq̄ at NLO (virtual)

The final result (exact) reads

M∗(0)
γ∗→qq̄M

(1)
γ∗→qq̄ = iπd/2cΓQ

2
f e

2g2
s CACF

(1− ε)(2− ε+ 2ε2)

(1− 2ε) ε2

(
−Q2

)−ε
where

cΓ =
Γ(1− ε)2Γ(1 + ε)

Γ(1− 2ε)

I Notice the
1

ε2
pole. It corresponds to the gluon being both soft and

collinear.
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γ∗ → qq̄ at NLO (real)

γ∗(p1)→ q(p2) + q̄(p3) + g(p4)

Now, this is a 1→ 3 process and it is characterized by the following
Mandelstam variables

s23 = (p2 + p3)2 = 2p2 · p3

s24 = (p2 + p4)2 = 2p2 · p4

s34 = (p3 + p4)2 = 2p3 · p4

s234 = (p2 + p3 + p4)2 ≡ Q2

I Recall that for γ∗ → qq̄ we had only one variable Q2

Again, we shall consider quarks to be massless, hence we can obtain the
following relations

p1 = p2 + p3 + p4

Q2 ≡ p2
1 = s23 + s24 + s34
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γ∗ → qq̄ at NLO (real)

Step 1: Draw all possible topologies

I A set of possible topologies is restricted by the number of external
particles and types of vertices (e.g. 3- and 4-point vertices in QCD)
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γ∗ → qq̄ at NLO (real)

Step 2: Figure out which particles can run through diagrams

γ

u

u

g

u
γ

u

u

g

up1, µ

p2, i

p4, ν

p3, j

p2, i

p4, ν

p3, j
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γ∗ → qq̄ at NLO (real)

Step 3: Obtain the amplitude

γ

u

u

g

u
γ

u

u

g

u

(a)

p1, µ

p2, i

p4, ν

p3, j

(b) p2, i

p4, ν

p3, j

M(0)
a = −εµ(p1)εν(p4)ū(p2)

(
iQf eγ

µ
) /p3

+ /p4

(p3 + p4)2

(
−igsγνT a

ij

)
v(p3)

M(0)
b = −εµ(p1)εν(p4)ū(p2)

(
−igsγνT a

ij

) /p2
+ /p4

(p2 + p4)2
(iQf eγ

µ) v(p3)
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γ∗ → qq̄ at NLO (real)

Step 3: Obtain the amplitude (aka matrix element) squared

|M|2 = |Ma +Mb|2 = |Ma|2 + |Mb|2 +M∗aMb +MaM∗b

Step 4: Perform colour algebra

T a
ij

(
T a
ij

)∗
= T a

ijT
a
ji = Tr[T aT a] = TF δ

aa = TF (N2
c − 1) = CACF

Step 5: Perform fermion spin sum

Step 6: Compute traces of γ matrices

Step 7: Perform sum over polarizations for the photon and the gluon
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γ∗ → qq̄ at NLO (real)

Recall that

Q2 = s23 + s24 + s34

Let’s introduce

sij =
Q2

2
(1− xij)

where

xij ∈ [0, 1]

Then

2 = x23 + x24 + x34

I We can use the above to eliminate x23
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γ∗ → qq̄ at NLO (real)

Then, our final result reads

|Mγ∗→qq̄g |2 = 8CACFQ
2
f e

2g2
s (1− ε)x

2
24 + x2

34 + ε(2− x24 − x34)

(1− x24)(1− x34)

If we now try to integrate this matrix element in order to obtain the total
cross section for the process γ∗ → q + q̄ + g , we shall encounter
singularities.

Structure of singularities familiar from e+e−

|M|2 →∞ if

 x24 → 1 and x34 → 1 soft limit

x24 → 1 collinear limit

x34 → 1 collinear limit
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γ∗ → qq̄ at NLO (real)

γ

u

u

g

up1, µ

p2, i

p4, ν

p3, j

p24 = p2 + p4 = p +
s24

2p24 · n
n , where p2 = n2 = 0 , p · n 6= 0

I p defines the collinear direction and n is an auxiliary light-like vector

In the collinear limit:

p2 → z2p , p4 → z4p , zi =
pi · n
p · n

z2 + z4 = 1
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γ∗ → qq̄ at NLO (real)

γ

u

u

g

up1, µ

p2, i

p4, ν

p3, j

p24 = p2 + p4 = p +
s24

2p24 · n
n , where p2 = n2 = 0 , p · n 6= 0

I p defines the collinear direction and n is an auxiliary light-like vector

In the collinear limit:

p2 → z2p , p4 → z4p , zi =
pi · n
p · n

z2 + z4 = 1

Sebastian Sapeta (IFJ PAN) QCD and Feynman Diagrams, Lecture 2 48/49



γ∗ → qq̄ at NLO (real)
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γ∗ → qq̄ at NLO (real)

|Mγ∗→qq̄g |2 = 8CACFQ
2
f e

2g2
s (1− ε)x

2
24 + x2

34 + ε(2− x24 − x34)

(1− x24)(1− x34)

|Mγ∗→qq̄g |2

|Mγ∗→qq̄|2
∝ 2CFg

2
s

Q2

[
1 + z2

1− z
− ε (1− z)

]

Compare to

P̂(0)
qq (z) = CF

[
1 + z2

1− z
− ε (1− z)

]

I Other splitting functions can be obtained by the same procedure
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1 + z2

1− z
− ε (1− z)

]

Compare to

P̂(0)
qq (z) = CF

[
1 + z2

1− z
− ε (1− z)

]

I Other splitting functions can be obtained by the same procedure
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