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1. Generate Feynman diagrams/amplitude (seconds) 

2. Process amplitude (hours) 

3. Solve system of equations relating Feynman Integrals                         
``Integral Reduction’’ (weeks/months) 

4. Compute the remaining Feynman Integrals ``Master Integrals’’                                                                  
(analytic: <seconds/pspoint,  numeric: ~minutes/pspoint) 

5. Generate events & compute (differential) cross-section  
     (~days/weeks) 
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Workflow of a Calculation

I will mostly 
focus on this 
step

Chetyrkin, Tkachov 81; Laporta 01;
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Workflow of a Calculation

First, a 
comment 
on this step



Difficulty comes from immense size of linear system (#equations & size of equations)
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Integral Reduction
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Slide: Vitaly Magerya (Siegen 2023)



Typical system sizes:  integrals𝒪(10k) → 𝒪(500)
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Handling Rational Functions

Typical coefficient:  mb𝒪(1) − 𝒪(100)



Rational Reconstruction: recover analytic results from numerical samples 

1) Evaluate rational function  over  (integers modulo prime) several times 

2) Use multivariate rational reconstruction, Chinese remainder theorem to infer 
analytic form of  

f ℤp

f

6

Handling Rational Functions

successfully reconstruct a rational number from its image in Zp. However, our main reason
for using finite fields is the possibility of performing calculations e�ciently using machine size
integers, which on most modern machines can have a size of 64 bits. This requirement forces
us to use primes such that p < 264. One can overcome this limitation by means of the Chinese
remainder theorem, which allows to deduce a number a 2 Zn from its images ai 2 Zni if the
integers ni have no common factors. Hence, given a sequence of primes {p1, p2, . . .}, from the
image of a rational number over several prime fields Zp1 ,Zp2 , . . . one can deduce the image
of the same number over Zp1 p2.... Once the product of the selected primes is large enough,
Wang’s reconstruction algorithm will be successful.

The functional reconstruction algorithm we will describe in the next section can be per-
formed over any field, but in practice, it will only be implemented over finite fields. The
coe�cients of the reconstructed function (i.e. n↵, d↵ appearing in Eq. (2.3)) are then mapped
over the rational field using Wang’s algorithm and checked numerically against evaluations of
the function over other finite fields. If the check is unsuccessful, we proceed with reconstruct-
ing the function over more finite fields Zpi , and combine them using the Chinese remainder
theorem as explained above, in order to obtain a new result over Q. The algorithm terminates
when the result over Q agrees with numerical checks over finite fields which have not been
used for the reconstruction.

2.2 Multivariate functional reconstruction

We now turn to the, so called, black box interpolation problem, i.e. the problem of inferring,
with very high probability, the analytic expression of a function from its numerical evaluations.
We assume to have a numerical procedure for evaluating an n-variate rational function f ,
whose analytic form is not known. More in detail, the procedure takes as input numerical
values for z and a prime p and returns the function evaluated at z over the finite field Zp,

(z, p) �! f �! f(z) mod p. (2.4)

We also allow the possibility for this procedure to fail the evaluation. We call this evaluation
points bad points or singular points. Notice that these do not necessarily correspond to
a singularity in the analytic expression of the function, but also to spurious singularities
in intermediate steps of the procedure, or to any other interference with the possibility of
evaluating the function with the implemented numerical algorithm. When this happens, the
singular evaluation point is simply replaced with a di↵erent one. We stress, however, that
the occurrence of such cases is extremely unlikely for a realistic problem, provided that the
evaluation points are chosen with care (we will expand on this later).

A functional reconstruction algorithm aims to identify the monomials appearing in the
analytic expression of the function as in Eq. (2.3), and the value of their coe�cients n↵, d↵.
The basic reconstruction algorithm we discuss in this section is based on a strategy already
proposed in ref. [2]. However, we find it is useful to briefly summarize it here in order to
point out a few modifications and improvements, and also because the discussion below will
benefit from having a rough knowledge of how the functional reconstruction works.

For univariate polynomials, our reconstruction strategy is based on Newton’s polynomial

7

von Manteuffel, Schabinger 14, Peraro 16, 19; Klappert, Lange 19, Wang 81; 

Lewis 94; von Mantueffel (Private); Peraro 16; Maierhöfer, Usovitsch, Uwer 18; Klappert, Lange, 
Maierhöfer, Usovitsch 20; Klappert, Klein, Lange 20; Abreu, Dormans, Febres Cordero, Ita, Kraus, 
Page, Pascual, Ruf, Sotnikov; Magerya 22; …

Avoids: intermediate expression swell, intermediate arbitrary precision 

Implemented in several public computer packages:  
Fermat, FinRed, FiniteFlow, Kira+FireFly, Caravel, Ratracer, …
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Handling Rational Functions

Talk of Alessandro→

To my naive mind: This problem seems like it might work well on a GPU…

Obvious issues: 
1. Are GPUs really much faster with modular arithmetic? 

2. Sampling vs reconstructing time? 

3. Enough memory?
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(z1, p) →
(z2, p) →

(zn, p) →
⋮

→ f(z1) mod p
→ f(z2) mod p

⋮
→ f(zn) mod p

Profit?

Reconstruction ~ Solving Linear 
Systems (also on GPU?)

Common trick: ``mask’’ parts of 
system, reconstruct in batches



Feynman integrals can be difficult to compute analytically  

Various methods to approximate/evaluate them numerically 

Numerical differential equations 

Series solutions of differential equations (AMFlow, DiffExp, Seasyde) 

Taylor expansion in Feynman parameters (TayInt) 

Numerical Mellin-Barnes (MB, Ambre) 

Tropical sampling (Feyntrop) 

Numerical Loop-Tree Duality (cLTD, Lotty) 

Sector decomposition (Sector_decomposition, FIESTA, pySecDec)
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Computing Feynman Integrals

ODE/PDE

Series Solutions

~Monte Carlo 
Integration



My naive guess at one challenge:  
Often want/require very high precision intermediate results  high/arb. precision→
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Series Solutions



My naive guess at one challenge:  
Often want/require very high precision intermediate results  high/arb. precision→
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Series Solutions



Sector Decomposition  
& Quasi-Monte Carlo Integration
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Sector Decomposition in a Nutshell

  

Singularities 

1. UV/IR singularities when some  simultaneously  Sector Decomposition 

2. Thresholds when  vanishes inside integration region  

Sector decomposition 
Find a local change of coordinates for each singularity that factorises it (blow-up)

I ∼ ∫ℝN+1
>0

[dx] xν [𝒰(x)]N−(L+1)D/2

[ℱ(x, s) − iδ]N−LD/2
δ(1 − H(x))

x → 0 ⟹

ℱ ⟹ iδ
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Sector Decomposition in a Nutshell (II)

  

 

Normal vectors incident to each extremal vertex define a local change of variables* 

  

  

*If , need triangulation to define variables (simplicial normal cones  )

I ∼ ∫ℝN
>0

[dx] xν (ci xri)t

𝒩(I) = convHull(r1, r2, …) = ⋂
f∈F

{m ∈ ℝN ∣ ⟨m, nf⟩ + af ≥ 0}

xi = ∏
f∈Sj

y⟨nf ,ei⟩
f

I ∼ ∑
σ∈ΔT

𝒩

|σ | ∫
1

0
[dyf] ∏

f∈σ

y⟨nf ,ν⟩−taf
f ci∏

f∈σ

y⟨nf ,ri⟩+af
f

t

|Sj | > N σ ∈ ΔT
𝒩

Singularities Finite

Kaneko, Ueda 10
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Quasi-Monte Carlo

I[f ] ⇡ Q̄n,m[f ] ⌘ 1

m

m�1X

k=0

Q(k)
n [f ], Q(k)

n [f ] ⌘ 1

n

n�1X

i=0

f

✓⇢
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n
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Li, Wang, Yan, Zhao 15; de Doncker, Almulihi, Yuasa 17, 18;  de Doncker, Almulihi 17;  
Kato, de Doncker, Ishikawa, Yuasa 18

 - Fractional part 
 - Random shift vector 

 - Generating vector 

Previously: 
Precompute  with (CBC) construction 

Guarantee error  if  is square-
integrable and periodic 

CBC needs  bytes memory  @ 2TB 
Can encounter ``unlucky’’ lattices

{}
Δk
z

z

∼ 1/nα δ(α)
x I(x)

𝒪(n) n ≲ 4.1010

I[f ] ⇡ Q̄n,m[f ] ⌘ 1

m

m�1X

k=0

Q(k)
n [f ], Q(k)

n [f ] ⌘ 1

n

n�1X

i=0

f
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n
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Nuyens, Cools 06

Dick, Kuo, Sloan 13
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Periodising Transforms

Lattice rules work especially well for continuous, smooth and periodic functions 
Functions can be periodized by a suitable change of variables: x = �(u)
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I[f ] ⌘
Z

[0,1]d
dx f(x) =

Z

[0,1]d
du !d(u)f(�(u))
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�(u) = (�(u1), . . . ,�(ud)), !d(u) =
dY

j=1

!(uj) and !(u) = �0(u)
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Korobov transform: 
Sidi transform: 
Baker transform: 

!(u) = 6u(1� u), �(u) = 3u2 � 2u3

!(u) = ⇡/2 sin(⇡u), �(u) = 1/2(1� cos⇡t)

�(u) = 1� |2u� 1|
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Korobov transform



1. Performance Improvements



$ nvcc -O3 -arch=sm_70 -std=c++11 -x cu -I../src 102_ff2_demo.cpp -o 102_ff2_demo.out -lgsl -lgslcblas && ./102_ff2_demo.out

integral = 0.27621

error = 4.49751e-07

17

IntLib Style Usage
Let’s compute a finite Feynman integral (à la                                         )de Doncker, Almulihi, Yuasa 17

INT[“A1diminc2”, 2, 3, 4, 0, {2, 2, 0}] =

(6−2ϵ)

INT[“A2diminc2”, 4, 15, 8, 0, {2, 2, 2, 2, 0, 0, 0}] =

(6−2ϵ)

INT[“A2diminc4”, 3, 22, 9, 0, {0, 3, 3, 0, 3, 0, 0}] =

(8−2ϵ)

INT[“A2diminc6”, 4, 58, 12, 0, {0, 3, 0, 3, 3, 3, 0}] =

(10−2ϵ)

INT[“B2diminc4”, 6, 63, 10, 0, {2, 2, 2, 2, 1, 1, 0}] =

(8−2ϵ)

INT[“A3diminc6”, 4, 172, 16, 0, {0, 0, 4, 4, 0, 4, 0, 4, 0, 0, 0, 0}] =

(10−2ϵ)

INT[“A3diminc4”, 5, 662, 15, 0, {0, 3, 3, 0, 3, 0, 0, 3, 0, 3, 0, 0}] =

(8−2ϵ)

INT[“A3diminc2”, 5, 158, 10, 0, {0, 2, 2, 2, 2, 0, 0, 2, 0, 0, 0, 0}] =

(6−2ϵ)

INT[“A3diminc6”, 5, 412, 16, 0, {0, 0, 4, 3, 4, 0, 0, 2, 3, 0, 0, 0}] =

(10−2ϵ)

INT[“A3diminc4”, 5, 433, 13, 0, {2, 0, 0, 0, 3, 3, 0, 2, 3, 0, 0, 0}] =

(8−2ϵ)

1

Note: can compile this code 
with or without CUDA

(Agrees with analytic result)

#include <iostream>
#include "qmc.hpp"
struct formfactor2L_t {

const unsigned long long int number_of_integration_variables = 5;
#ifdef __CUDACC__

__host__ __device__
#endif

double operator()(const double arg[]) const
{

// Simplex to cube transformation
double x0 = arg[0];
double x1 = (1.-x0)*arg[1];
double x2 = (1.-x0-x1)*arg[2];
double x3 = (1.-x0-x1-x2)*arg[3];
double x4 = (1.-x0-x1-x2-x3)*arg[4];
double x5 = (1.-x0-x1-x2-x3-x4);
double wgt =
(1.-x0)*
(1.-x0-x1)*
(1.-x0-x1-x2)*
(1.-x0-x1-x2-x3);
if(wgt <= 0) return 0;
// Integrand
double u=x2*(x3+x4)+x1*(x2+x3+x4)+(x2+x3+x4)*x5+x0*(x1+x3+x4+x5);
double f=x1*x2*x4+x0*x2*(x1+x3+x4)+x0*(x2+x3)*x5;
double n=x0*x1*x2*x3;
double d = f*f*u*u;
return wgt*n/d;

}
} formfactor2L;

int main() {
integrators::Qmc<double,double,5,integrators::transforms::Korobov<3>::type> integrator;
integrator.minn = 100000000; // (optional) lattice size
integrators::result<double> result = integrator.integrate(formfactor2L);
std::cout << "integral = " << result.integral << std::endl;
std::cout << "error = " << result.error << std::endl;
return 0;

}
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Performance (v1.4)

Note:  Performance gain highly dependent on integrand & hardware

Device M Func. 
Evals/s Speedup

Xeon 6140 80.6 -

GTX1080 897 11x

Tesla V100 6710 83x

Accuracy limited by number of function evaluations
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Performance Improvements (since v1.4)

v1.5: Adaptive sampling of sectors, automatic contour def. adjustment 

v1.5.6: Optimisations in integrand code 

v1.6: New Quasi-Monte Carlo integrator ``Disteval’’ 
Faster implementation of old integrator ``IntLib’’ 

CPU & GPU: fusion of integration/integrand code 

GPU: sum result on GPU, less synchronisation 

CPU: better utilisation via SIMD instructions (AVX2, FMA) 

Parse amplitude coefficients w/GiNaC (supports e.g. partial fractioned input) 

Workers can run on remote machines (via ssh) 

Does it help?



20

Performance Improvements Impact
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Vitaly Magerya (Radcor 2023) 
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Adaptive Sampling

Slide:Vitaly Magerya (Radcor 2023) 

ࢍࡽ

�ƕŗɱʚǶ˙ƨ ʌŗȭɱțǶȳǖ ɄǑ ŗȭɱțǶʚʯƕƨʌ
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ࡹࡹࡱࡽ࣯ ࣱࣗࢉࡽࢁࡽࡹࣖ ݙݙ ɱ ৩৩ ࣱࣗࢅࡹࢁ࢙ࡱࣖࡹࡹ࢙ࡹ࣯ ŗȳƕ݀ 
 ȍƨʚ ࣱ࢙ࣖࢅࢁࡱࡱࣖࡽࡱ࢕ࡹ࣯



Main advantages: 
Reduce calls to mulmod 

Fuse integral transforms into 
integrand (less overhead)

22

Fusion of Integration/Integrand Code

IntLib (old style) Disteval (new style)
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Sum Results on Device

Main advantages: Reduce dev  host memcopy↔

Inside integrand 
Partial reduction of result

Outside integrand 
Use additional 
sum_kernel to complete 
the reduction on device
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Profiling (I)

࢙

yȳʚƨǖɼŗʚǶɄȳ ʚǶȭƨࣘ 6ΐЅЏ͛л̙ά ˙ʌ yκЏ�ΐ̼

ݞ ݖݞ � � ˱ �৫ݞƜ

yȳʚƨǖɼŗʚɄɼ࣪�ƉƉʯɼŗƉ˦ ��˱୙ ��˱୚ ��˱୛ ��˱ଡ଼ ��˱ଢ଼ ��˱୞
eâĎ 6ΐЅЏ͛л̙ά ࡽࣖࢅ ʌ ࢁࣖࢍ ʌ ࢑ࡽ ʌ ࢉࣖࡹ ȭ ࢑ࡹ ȭ ࢅࢉ ȭ

yκЏ�ΐ̼ ࡱࣖࡽࡽ ʌ ࡱࣖࡽࡽ ʌ ࡱࡹࡹ ʌ ࢑ࣖࢍ ȭ ࡱࢉ ȭ ࢁࢍࡽ ȭ
óɱƨƨƕʯɱ ࡽࣖࢉ ࡽࣖࢉ ࢅ ࡹࣖ ࢍࣖࢉ ࡱࣖࢁ ࢙ࣖࢅ

,âĎ 6ΐЅЏ͛л̙ά ࢉ ࡹࣖ ʌ ࢅࡹ ʌ ࢍࣖࡹ ȭ ࢁࣖ࢕ ȭ ࢑ࢉ ȭ ࢑ࣖࢅ ǫ
yκЏ�ΐ̼ ࢕ࣖࡱࡽ ʌ ࢍ࢕ ʌ ࡽࣖࢅࡹ ȭ ࡽࣖࡽࢍ ȭ ࡱ࢕ࢅ ȭ ࢁࢅ ࡹࣖ ǫ
óɱƨƨƕʯɱ ࢅ ࡹࣖ ࢍ ࡹࣖ ࢑ࣖ࢕ ࢑ࣖ ࢉ ࢅࣖ࢕ ࡽ࢙ࣖ

ࣷeâĎࣘ ¥ĬǶƕǶŗ ࡱࡱࡹ� ࣙ$eࡱࢅ ,âĎࣘ �¡6 Eϵц̈́ ࢑bࡽࢁ ˝Ƕʚǫ ࡽࢁ ʚǫɼƨŗƕʌࣹ
Vitaly Magerya (Radcor 2023) 
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Profiling (II)

Vitaly Magerya (Radcor 2023) 
ࡹࡽ

E˥ɱƨƉʚƨƕ ɱƨɼǑɄɼȭŗȳƉƨ ǑɄɼ țɄɄɱࣽࢁ Eİ Ƕȳʚƨǖɼŗțʌ

ɱ˦ó͛̈́6͛̈́ 6ΐЅЏ͛л̙ά ǮȩʋƣǐɮŗʋǮȹȩ ʋǮȣƣɾ ǑɄɼ țɄɄɱࣽࢁ ʌƨțǑࣽƨȳƨɼǖ˦ Ƕȳʚƨǖɼŗțʌࣘࢁ

6Ƕŗǖɼŗȭ>éƨțŗʚǶ˙ƨ ɱɼƨƉǶʌǶɄȳ ��˱୙ ��˱୚ ��˱୛ ��˱ଡ଼ ��˱ଢ଼ ��˱୞
ݒݞݏݞ ݒݞ eâĎ ʌࢉࡹ ʌࡱࡽ ʌࡱࢅ ʌࡱࡱࡽ ȭࢁࡹ ȭࡱࢉ

,âĎ ʌࡱࡹ ʌࡱࢉ ʌࡱࡱࢅ ʌࡱࡱࡱࢅ ȭࡱ࢕ࡹ ȭࡱࡱࡽࡹ

ݒݞ ݥݞݒݞ ݥݞ ݥݞݥݞ ݥݞ ݥݞ eâĎ ʌ࢕ࡹ ʌ࢙ࡹ ʌࡱࢁ ʌࡱࡽ ȭࡽࣖࡹ ȭࡽ

,âĎ ʌࢉ ʌࢅࡹ ʌࡱࢍ ʌࡱࢉ ȭࡽࡹ ȭࢍࡹ

ݒݞ ݥݞݒݞ ݏݞݥݞ
eâĎ ʌࢍ ʌࡹࡹ ʌࡽࡹ ʌࡱࢁ ȭࢁ ȭࢅࡽ

,âĎ ʌࢉ ʌࡱࡹ ʌࡱࢉ ʌࡱࡱ࢕ ȭࡱࢍ ȭࡱࡱ࢕
ࣷóŗȭƨ ƕǶŗǖɼŗȭʌ ŗʌ Ƕȳ 6ʯſɄ˙˦ȕࣗ ĎʌɄ˙ǶʚʌƉǫࣗ eɼ˲ŗȳȕŗ ऒࣹࡹࡽ

yȳ ʌǫɄɼʚࣘ ɾƣƅȹȩƐɾ ʋȹ ȣǮȩʠʋƣɾ ɤƣɮ Ǯȩʋƣǐɮŗȑ ʚɄ ŗƉǫǶƨ˙ƨ ɱɼŗƉʚǶƉŗț ɱɼƨƉǶʌǶɄȳࣖ

a×āࣘࢁ ¥ĬǶƕǶŗ ࡱࡱࡹ� ࣙ$eࡱࢅ *×āࣘ �¡6 Eϵц̈́ ࡽࡱࢁ࢑ ˝Ƕʚǫ ࡽࢁ ʚǫɼƨŗƕʌࣖ

࢙

yȳʚƨǖɼŗʚǶɄȳ ʚǶȭƨࣘ 6ΐЅЏ͛л̙ά ˙ʌ yκЏ�ΐ̼

ݞ ݖݞ � � ˱ �৫ݞƜ

yȳʚƨǖɼŗʚɄɼ࣪�ƉƉʯɼŗƉ˦ ��˱୙ ��˱୚ ��˱୛ ��˱ଡ଼ ��˱ଢ଼ ��˱୞
eâĎ 6ΐЅЏ͛л̙ά ࡽࣖࢅ ʌ ࢁࣖࢍ ʌ ࢑ࡽ ʌ ࢉࣖࡹ ȭ ࢑ࡹ ȭ ࢅࢉ ȭ

yκЏ�ΐ̼ ࡱࣖࡽࡽ ʌ ࡱࣖࡽࡽ ʌ ࡱࡹࡹ ʌ ࢑ࣖࢍ ȭ ࡱࢉ ȭ ࢁࢍࡽ ȭ
óɱƨƨƕʯɱ ࡽࣖࢉ ࡽࣖࢉ ࢅ ࡹࣖ ࢍࣖࢉ ࡱࣖࢁ ࢙ࣖࢅ

,âĎ 6ΐЅЏ͛л̙ά ࢉ ࡹࣖ ʌ ࢅࡹ ʌ ࢍࣖࡹ ȭ ࢁࣖ࢕ ȭ ࢑ࢉ ȭ ࢑ࣖࢅ ǫ
yκЏ�ΐ̼ ࢕ࣖࡱࡽ ʌ ࢍ࢕ ʌ ࡽࣖࢅࡹ ȭ ࡽࣖࡽࢍ ȭ ࡱ࢕ࢅ ȭ ࢁࢅ ࡹࣖ ǫ
óɱƨƨƕʯɱ ࢅ ࡹࣖ ࢍ ࡹࣖ ࢑ࣖ࢕ ࢑ࣖ ࢉ ࢅࣖ࢕ ࡽ࢙ࣖ

ࣷeâĎࣘ ¥ĬǶƕǶŗ ࡱࡱࡹ� ࣙ$eࡱࢅ ,âĎࣘ �¡6 Eϵц̈́ ࢑bࡽࢁ ˝Ƕʚǫ ࡽࢁ ʚǫɼƨŗƕʌࣹ



2. Integration: Algorithmic Improvements
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Quasi-Monte Carlo: Unlucky Lattices

࢑ࡹ

ç¡, ƨɼɼɄɼ ʌƉŗțǶȳǖ ſ˦ țŗʚʚǶƉƨ ʌǶ˲ƨ
âɼƨƉǶʌǶɄȳ ſ˦ țŗʚʚǶƉƨ ǑɄɼ ŗ țɄɄɱࣽࡽ ȭŗʌʌǶ˙ƨ ſɄ˥ࣘ ݞ Ɯݞ

�ʌ˦ȭɱʚɄʚǶƉ ƨɼɼɄɼ ʌƉŗțǶȳǖ Ƕʌ ̛ ��݆ୗ�୛ࣗ ſʯʚࣘ
� ʌɄȭƨ țŗʚʚǶƉƨʌ ŗɼƨ ʠȩȑʠƅȋ˖ࣗ ʌɄȭƨʚǶȭƨʌ ſ˦ ȭʯțʚǶɱțƨ Ʉɼƕƨɼʌ ɄǑ ȭŗǖȳǶʚʯƕƨࣙ
� ʚǫƨ ,$, țŗʚʚǶƉƨ ƉɄȳʌʚɼʯƉʚǶɄȳ ȳƨƨƕʌ ާ 
݆� ſ˦ʚƨʌ ɄǑ ȭƨȭɄɼ˦ࣙʱ ˝ƨ ŗɼƨ ŗſțƨ ʚɄ ƉɄȳʌʚɼʯƉʚ țŗʚʚǶƉƨʌ Ʉȳț˦ ʯɱ ʚɄ �Τ��ୡୠ Ʉȳ ŗ $ÿࡽ ʌƨɼ˙ƨɼࣖ

¥ࣖ$ࣖࣘ ɱțŗǶȳ ¡Ʉȳʚƨ ,ŗɼțɄ ˝Ʉʯțƕ ǫŗ˙ƨ ʌƉŗțƨƕ ŗʌ ̛ ��݆ୖ�୛ࣖ

Good: Asymptotic error scaling  

Bad: Huge drop in precision for some “unlucky” lattices  
         Not consistent across integrands

∼ 1/n1.5
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Quasi-Monte Carlo: Unlucky Lattices (II)

Good: Asymptotic error scaling  

Bad: Huge drop in precision for some “unlucky” lattices  
         Not consistent across integrands

∼ 1/n1.5

࢑ࡹ

ç¡, ƨɼɼɄɼ ʌƉŗțǶȳǖ ſ˦ țŗʚʚǶƉƨ ʌǶ˲ƨ
âɼƨƉǶʌǶɄȳ ſ˦ țŗʚʚǶƉƨ ǑɄɼ ŗ țɄɄɱࣽࡽ ȭŗʌʌǶ˙ƨ ſɄ˥ࣘ ݞ Ɯݞ

�ʌ˦ȭɱʚɄʚǶƉ ƨɼɼɄɼ ʌƉŗțǶȳǖ Ƕʌ ̛ ��݆ୗ�୛ࣗ ſʯʚࣘ
� ʌɄȭƨ țŗʚʚǶƉƨʌ ŗɼƨ ʠȩȑʠƅȋ˖ࣗ ʌɄȭƨʚǶȭƨʌ ſ˦ ȭʯțʚǶɱțƨ Ʉɼƕƨɼʌ ɄǑ ȭŗǖȳǶʚʯƕƨࣙ
� ʚǫƨ ,$, țŗʚʚǶƉƨ ƉɄȳʌʚɼʯƉʚǶɄȳ ȳƨƨƕʌ ާ 
݆� ſ˦ʚƨʌ ɄǑ ȭƨȭɄɼ˦ࣙʱ ˝ƨ ŗɼƨ ŗſțƨ ʚɄ ƉɄȳʌʚɼʯƉʚ țŗʚʚǶƉƨʌ Ʉȳț˦ ʯɱ ʚɄ �Τ��ୡୠ Ʉȳ ŗ $ÿࡽ ʌƨɼ˙ƨɼࣖ

¥ࣖ$ࣖࣘ ɱțŗǶȳ ¡Ʉȳʚƨ ,ŗɼțɄ ˝Ʉʯțƕ ǫŗ˙ƨ ʌƉŗțƨƕ ŗʌ ̛ ��݆ୖ�୛ࣖ
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Median Lattice Rules

Instead:  
Compute  on-the-fly 
1. Choose  random  
2. Estimate integral on each lattice 
3. Choose lattice with median integral value

z
R z ∈ Uniform(0; N − 1)

If  is square-integrable and 
periodic  
Integration error:   
With probability:  

δ(α)
x I(x)

C(α, ε)/(ρn)α−ϵ

1 − ρR+1/2/4
∀ 0 < ε & 0 < ρ < 1
Goda, L’Ecuyer 22

࢙ࡹ

¡ƨƕǶŗȳ țŗʚʚǶƉƨʌ Ƕȳ ɱɼŗƉʚǶƉƨ
âɼƨƉǶʌǶɄȳ ſ˦ țŗʚʚǶƉƨ ǑɄɼ ŗ țɄɄɱࣽࡽ ȭŗʌʌǶ˙ƨ ſɄ˥ࣘ ݞ Ɯݞ

yȳ ʌǫɄɼʚࣘ

� ȭƨƕǶŗȳ țŗʚʚǶƉƨʌ ŗɼƨ Ʉȳ ŗ˙ƨɼŗǖƨ ƉɄȭɱƨʚǶʚǶ˙ƨ ˝Ƕʚǫ ,$, țŗʚʚǶƉƨʌࣙ
� ŗʚ ǫǶǖǫƨɼ ɱɼƨƉǶʌǶɄȳʌ ʚǫƨ ˝Ʉɼʌʚ ʯȳțʯƉȕ˦ țŗʚʚǶƉƨʌ ŗɼƨ ŗ˙ɄǶƕƨƕࣙ
� ȳɄ țǶȭǶʚŗʚǶɄȳ Ʉȳ ʚǫƨ țŗʚʚǶƉƨ ʌǶ˲ƨࣙ
� ſʯʚࣘ ȳƨƨƕ ʚɄ ſƨ ƉɄȳʌʚɼʯƉʚƨƕ Ʉȳ ʚǫƨ ̈ ࣗ˦ Ƕȳʚƨɼțƨŗ˙ƨƕ ˝Ƕʚǫ ǶȳʚƨǖɼŗʚǶɄȳࣖ



3. Contour Deformation



31

Neural Networks for Contour Deformation

5.3. Deformation of the integration contour

after having integrated out the loop momenta, see Ref. [300]. The leading Landau
singularity is again given by the solution to the system of equations assuming an empty
set of vanishing Feynman parameters.
How we deal with these singularities will be described in the following section.

5.3 Deformation of the integration contour

5.3.1 Cauchy theorem

Re(z)

Im(z)

10

Figure 5.2: Schematic picture of the closed contour avoiding poles on the real axis.

Unless the function F is of definite sign for all possible values of invariants and Feyn-
man parameters, the denominator of a multi-loop integral will vanish within the integra-
tion region on a hypersurface given by the solutions of the Landau equations. To avoid
the non-physical poles on the real axis, the Cauchy theorem

∮

c

N∏

j=1

dzjI(z⃗) =
∫ 1

0

N∏

j=1

dxjI(x⃗) +
∫ 0

1

N∏

j=1

dzjI(z⃗) = 0 (5.5)

can be exploited, where Re(z⃗) = x⃗. To be able to use the theorem, the original integrand,
depending only on the real coordinates xj, is analytically continued to the complex plane.
The coordinate transformation reads

∫ 1

0

N
∏

j=1

dxjI(x⃗) =
∫ 1

0

N
∏

j=1

dxj

∣
∣
∣
∣

(
∂zk(x⃗)
∂xl

)∣
∣
∣
∣
I(z⃗(x⃗)) , (5.6)

where the new complex coordinates z⃗ describe a path parametrized by the variables x⃗.
With a given description of the coordinates z⃗, the Cauchy theorem in Eq. (5.5) can be
formulated. It is valid in this form as long as the deformation is in accordance with
the causal iδ prescription of the Feynman propagators, as the region enclosed by the
integration contour then does not contain any singular points, compare Fig. 5.2. It is
important to keep in mind, that no poles should be crossed while changing the integration
path, otherwise Eq. (5.5) is no longer valid.

55

Feynman integral (multi-loop/leg): 

I ∼ ∫
1

0
[dx] xν [𝒰(x)]N−(L+1)D/2

[ℱ(x, s)]N−LD/2

Must deform contour to avoid poles on real axis

Feynman prescription  tells us how to do this 

Expand  around :  

Old Method 

 with small constants  

New Method  
Generalise  and use Neural Network (Normalizing Flows) to pick contour

ℱ → ℱ − iδ

ℱ(z = x − iτ) x ℱ(z) = ℱ(x) − i∑
j

τj
∂ℱ(x)

∂xj
+ 𝒪(τ2)

τj = λj xj(1 − xj)
∂ℱ(x)

∂xj
λj > 0

λj → λj(x)
Winterhalder, Magerya, Villa, SJ, Kerner, Butter, Heinrich, Plehn 22

Soper 99; Binoth, Guillet, Heinrich, Pilon, 
Schubert 05; Nagy, Soper 06; Anastasiou, 
Beerli, Daleo 07; Beerli 08; Borowka, 
Carter, Heinrich 12; Borowka 14;…
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Neural Networks for Contour Deformation (II)

Normalizing Flows consist of a series of (trainable) bijective mappings for which we 
can efficiently compute the Jacobian

Procedure

SciPost Physics Submission

2. -glob:  
optimization of  parameters

�
�j

1. Contour deformation: 
 used if multi-scale integral 

Analytic 
continuation

3. Normalizing flow: 
remapping of reals 

zj = yj(x)

yj � � zj = yj � i�j �j = �j yj(1 � yj) �F
�yj

xj � � xj � �

zj � �

�j = 0
yj � yj(x)

�j = �opt

�j = 0

yj � �

Figure 5: Schematic illustration of our workflow.

invertible network (INN) variant [61–63]. Even if we are not interested in this symmetric
evaluation, normalizing flows have the considerable advantage of a tractable Jacobian. A
simple realization are stacked coupling layers [62,64], where we split the input vector x in
x1 and x2 and use an element-wise multiplication � and sum to define the mapping

y1 = x1 � es1(x2) + t1(x2) x1 = (y1 � t1(x2)) � e�s1(x2)

y2 = x2 � es2(y1) + t2(y1) x2 = (y2 � t2(y1)) � e�s2(y1) , (20)

where s1, s2, t1 and t2 are parametrized by neural networks. The Jacobian of such a
coupling block is [62]

J =

 
0

@y2
@y1

diag(es2(y1))

!✓
diag(es1(x2)) @y1

@x2

0

◆
. (21)

While J is not triangular, we will only be interested in the log-determinant, which can be
calculated e�ciently as

log (det J) = log

 
dimx2Y

i=1

es1(x2)i

!
+ log

 
dim y1Y

i=1

es2(y1)i

!

=
dimx2X

i=1

s1(x2)i +
dim y1X

i=1

s2(y1)i .

(22)

For all examples we employ a normalizing flow consisting of these a�ne coupling
blocks, where each coupling block describes a bijective mapping RN

$ RN . To map the
Feynman parameters x 2 [0, 1]N from the unit-hypercube to RN bijectively we apply the
logit function

y = logit(x) ⌘ log

✓
x

1 � x

◆
, with (Jlogit)jk =

�jk
xj � x2j

, (23)

11

Loss:    constructed to minimise variance without crossing polesL = LMC + Lsign
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Neural Networks for Contour Deformation (III)

Applied to several 1 & 2-loop Feynman Integrals with multiple masses/thresholds 
using tensorflow

Proof of principle that Machine Learning can help to find improved contours and 
reduce variance, still a tradeoff between training time/ integrating time

SciPost Physics Submission
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Figure 8: Relative integration error for sector one of the triangle2L (left) and elliptic2L
(right) integrals using the standard pySecDec algorithm (green), the ⇤-glob algorithm
(blue) and ⇤-glob with additional normalizing flow (red). The lower panel shows the ratios
to the standard method.

Performance

Finally, we illustrate the performance gain achieved by applying both, the ⇤-glob algorithm
only and its combination with the normalizing flow.

In Figure 8 we show results for the triangle2L (left) and the elliptic2L (right) integral.
For both integrals we consider the first sector integral after sector decomposition. We
sample 100 phase space points varying over 4-5 orders of magnitude in the squared center-
of-mass energy s ⌘ (p1 + p2)2. For both processes, we intentionally consider points below
and above threshold, to compare the performance when no contour deformation is needed.
We normalized the kinematic invariants using m2 = 1. For the triangle2L integral, shown
in the left panel of Figure 8, the average integration error over all phase-space points is
reduced by a factor two for the ⇤-glob algorithm and by a factor of 5 for our ML-approach.
In the low-energy regime the error reduction stays around the average value. For increasing
energies towards threshold at s/m2 = 1, the absolute integration error of the standard
pySecDec method and the pure ⇤-glob algorithm increase, while absolute integration
error of our ML-approach keeps decreasing. This results in a relative performance gain by
a factor of up to 30 close to the threshold. The threshold being located at s/m2 = 1 is a
consequence of considering sector one, which e↵ectively corresponds to a topology where
one of the massive triangle propagators connecting to p3 is pinched. In contrast, in the
elliptic2L sector 1 integral, shown in the right panel of Figure 8, the importance sampling
through the normalizing flow reduces the integration error by a factor of 20 and does not
show the rising profile towards the threshold. The average integration error is reduced by
a factor of 7 or 2 depending on whether the additional mapping of the normalizing flow is
used or not. The kinematic points for this diagram are chosen to have varying values of
t = (p1 + p3)2 and p24.

In general, for energies close but above threshold the performance gain is less pro-
nounced, as the contour deformation in this regime has less freedom for optimization and
the e↵ect of modifying the real parts is diminished.
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Figure 1: Feynman diagrams for our four example integrals, which we call pentagon1L,
ladder2L (first line) and triangle2L, elliptic2L (second line). The blue lines denote massive
lines, green lines denote massive or o↵-shell external legs (with a mass di↵erent from m).

Example diagrams

The Feynman diagrams we use to develop and benchmark our approaches are shown in
Figure 1.

The top left diagram is a one-loop pentagon integral as it occurs in the production
of a top quark pair in association with another massive particle and depends on four
independent Mandelstam invariants as well as the top quark mass and the invariant mass
of p5. Analytically it depends on logarithms and dilogarithms of ratios of kinematic
invariants, leading to a complicated branch-cut structure. After Feynman parametrization
the corresponding integral is described by 4 independent Feynman parameters.

The top right diagram is a two-loop box diagram with one massive on-shell leg and
one o↵-shell leg. This diagram is a topology occurring for example in tt̄V production at
two loops, where the boson V is radiated o↵ an external top quark. It is close to the
configuration of a 2-loop gluon ladder diagram where the exchange of gluons between
two top quark lines gives rise to a Coulomb singularity. The analytic expression for this
type of diagram is not known, but it is anticipated that it will contain elliptic functions.
This integral depends on 6 Feynman parameters and is the most complicated example we
consider in terms of dimensionality.

The diagram on the lower left of Figure 1 is a two-loop three-point function with
a massive sub-triangle occurring, for instance, in NLO corrections to Higgs production
in gluon fusion. It is the easiest 2-loop diagram we consider and serves as a stepping
stone towards more complicated 2-loop diagrams. Analytic results for this diagram can
be found in Refs. [49–51]. Depending on 5 Feynman parameters this integral is in between
the previous two examples in terms of dimensionality of the integration.

The diagram on the lower right is a topology occurring in Higgs+jet production in
gluon fusion at two loops. Its analytic expression contains elliptic functions and therefore
is cutting edge for integrals that are currently accessible analytically. It has been calculated
(semi-)analytically in Refs. [52,53] and also served as a benchmark for the development of
the program pySecDec [45], where it is contained in the list of examples. This integral is
5-dimensional, so it has the same number of Feynman parameters as the triangle diagram,
but it depends on four kinematic invariants rather than two.
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4. Expansions: Method of Regions
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Method of Regions

Consider expanding an integral about some limit: 
  ,    or   for  

Issue: integration and series expansion do not necessarily commute 

Method of Regions 

  

1. Split integrand up into regions ( ) 
2. Series expand each region in  
3. Integrate each expansion over the whole integration domain 
4. Discard scaleless integrals (= 0 in dimensional regularisation) 
5. Sum over all regions 

p2
i ∼ λQ2 pi ⋅ pj → λQ2 m2 ∼ λQ2 λ → 0

I(s) = ∑
R

I(R)(s) = ∑
R

T (R)
t I(s)

R
λ

Smirnov 91; Beneke, Smirnov 97; Smirnov, Rakhmetov 99; Pak, Smirnov 11; Jantzen 2011; … 
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Applying Expansion by Regions

s m

For large ratio of scales ( ) the EBR result is faster & easier to integratem2/s

(at large ) 
~1 day

m2/s

Ratio of the finite  piece of numerical result  to the analytic result 𝒪(ϵ0) Rn Ra

~2 min
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Challenges and Opportunities

Frontiers 

*  @ 2-loop : fine (e.g. HH, HJ, ZZ, ZH) 

+ masses (e.g. EW corrections) - suitable 

+ large hierarchies (e.g. small  , large , thresholds) 

*  @ 2-loop : challenging (high dim phase-space) 

* 3-loop+ : suitable, less explored 

Opportunities 
1. Improvements in algorithm & implementation 

2. Smarter numerical integration routines 

3. Improved contour deformation 

4. Expansions

2 → 2

mb s

2 → 3

Figure 1: Sample Feynman diagram with a Higgs boson exchange in the top quark loop.
Straight, dashed and curly lines represent top quarks, Higgs bosons and gluons, respec-
tively.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2: Diagrams with Higgs boson self coupling and one-particle reducible diagrams.
These classes of diagrams are not considered in this paper.

tegrals where two di↵erent masses are present inside the loops.

• Provide details of the analytic computation of the master integrals which appear in
the subclass of diagrams considered in this paper.

• Provide explicit analytic results for the master integrals in the high-energy limit.

The remainder of the paper is organized as follows: in the next section we introduce our
notation and in Section 3 we outline the expansions which we apply to the Feynman
diagrams. In Section 4 details of the computation of the amplitudes in terms of master
integrals are provided. In Section 5 we provide a detailed description of the computation
of the master integrals and numerical results of the form factors are are given in Section 6.
We conclude in Section 7. In the appendix we present results for three-dimensional Mellin-
Barnes integrals which enter our result.
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Figure 1: Example diagrams for the Nf–part of the qq̄ channel. The colour factor

notation is expained in [38].

2.2.2 Reduction

We use 28 integral families, the corresponding topologies are shown in Appendix A.5.

As we aim at a numerical evaluation of the master integrals, the goal of the reduction

– 4 –

WIP: Gudrun Heinrich, SJ, 
Matthias Kerner, Tom Stone, 
Augustin Vestner

WIP: V. Magerya, G. Heinrich, 
SJ, M. Kerner, S. Klein, J. Lang, 
A. Olsson



Updates 
• Recent code improvements give ~3-5x speed up 
• Performance gains from both algorithmic improvements and optimisation 
• Median lattice rules: lattices of unlimited size, smaller fluctuations in error 
• Quite general input can be evaluated, using mixture of CPU/GPU codes 

Applications 
• Various processes at  with many masses @ 2-loops 
• Various applications to 3-loop and 4-loop problems with limited number of scales 
• First applications to  amplitudes @ 2-loops 

Future Resources 
• For our type of numerical integration it is clear that GPUs are hugely beneficial 
• If this is generally “the way to go” depends a lot on whether other algorithms 

can be efficiently parallelised (e.g. rational reconstruction, series solutions)

2 → 2

2 → 3

38

Conclusion

Thank you for listening!
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pySecDec: a program for numerically evaluating dimensionally regulated 
parameter integrals on CPU or GPU

pySecDec

Publicly available (Github)

Install with:  python3 -m pip install --user --upgrade pySecDec

Other public sector decomposition tools:  
sector_decomposition + CSectors  

FIESTA

Bogner, Weinzierl 07; Gluza, Kajda, Riemann, Yundin 10

A. Smirnov, V. Smirnov, Tentyukov 08, 09, 13, 15; Smirnov 16; Smirnov, Shapurov, Vysotsky 21
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Sector Decomposition in a Nutshell (III)

Calculation of Multi-Loop Integrals with SecDec-3.0 Johannes Schlenk

is performed in sector j. The vectors ei denote the orthonormal basis of RN−1, the set Sj contains
the facets incident to the vertex j. In cases where the set Sj contains more than N− 1 elements,
an additional triangulation of the sector is needed. In SECDEC the triangulation algorithm imple-
mented in NORMALIZ is used for this purpose.

Compared to the other strategies implemented in SECDEC, strategy G2 is the fastest method
and it usually produces the smallest number of sectors.

As an example we decompose the two-loop vacuum integral with one massive and two mass-
less propagators using strategy G2. After employing the Cheng-Wu theorem to integrate out the
massive Feynman parameter x3, the Feynman integral becomes

I =

m

=−Γ(−1+2ε)
(

m2
)1−2ε

∫ ∞

0

dx1dx2
(

x11x
0
2+ x11x12+ x01x12

)2−ε . (3.4)

The exponent vectors

v1 =

(

1
0

)

,v2 =

(

1
1

)

,v3 =

(

0
1

)

(3.5)

can be read off from the polynomial in the denominator of Eq. (3.4) and the associated Newton
polytope Δ is shown in Fig. 1.

1

2

1

0
1
v1

v2v3

n3
n1

n2

Figure 1: Newton polytope Δ associated to the two loop vacuum integral of Eq. (3.4)

The facet normal vectors

n1 =

(

−1
0

)

n2 =

(

0
−1

)

n3 =

(

1
1

)

a1 = 1 a2 = 1 a3 = −1
(3.6)

together with Eq. (3.2) specify the facet representation of the polytope Δ. The sets Sj associated to
the three extremal vertices v1 to v3 are S1 = {3,1}, S2 = {1,2} and S3 = {2,3}. In this case no
additional triangulation is necessary since the size of the sets already equals N−1. The change of
variables defined in Eq. (3.3) can then be written as

x1 = y−11 y3,
x2 = y−12 y3

(3.7)
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=

Schlenk 2016

For each vertex make the local change of variables  

e.g.  :  ,   : ,   : r1 x1 = y−1
1 y1

3 , x2 = y0
1 y1

3 r2 x1 = y−1
1 y0

2 , x2 = y0
1 y−1

2 r3 x1 = y0
2 y1

3 , x2 = y−1
2 y1

3
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leading to the decomposed form of the vacuum integral

I =−Γ(−1+2ε)
(

m2
)1−2ε

∫ 1

0
dy1dy2dy3

y−ε1 y−ε2 y−1+ε3

(y1+ y2+ y3)2−ε
[δ (1− y2)+δ (1− y3)+δ (1− y1)] ,

(3.8)
where the δ -distributions correspond to the sets S1 to S3.

3.2 Complex Masses

In certain applications, especially in the electroweak context, the width of unstable particles
can be important. A consistent treatment is provided by the complex-mass scheme [24, 25], where
the width Γ is included as a negative imaginary part of the mass via the replacement

m2 → m2c ≡ m2
(

1− i
Γ
m

)

. (3.9)

The graph polynomial F then has the form

F = F0+U∑
j
x j
(

m2j − im jΓ j
)

, (3.10)

i.e. the widths induce a negative imaginary part:

ImF =−U∑
j
x jm jΓ j (3.11)

In general, for zero widths, F will exhibit kinematic-dependent zeros even after sector de-
composition, which can be avoided by a suitable deformation of the integration contour [26–28].
Similarly, a non-zero width can help to avoid these singular regions as well, but one cannot expect
this to lead to a stable numerical integration in all cases. Thus it makes sense to try to combine the
two in a consistent way, which should be possible since both the contour deformation and the com-
plex masses are required to produce only negative imaginary parts in order to fulfill the Feynman
+iδ prescription. For SECDEC-3.0 we have chosen

z⃗(⃗x) = x⃗− i⃗τ (⃗x), (3.12a)

τk = λxk(1− xk)
∂ReF
∂xk

, (3.12b)

i.e. to set the widths to zero in the definition of the deformation. For small deformations we then
have

F (⃗z(⃗x)) = ReF (⃗x)+ i ImF (⃗x)− iλ∑
k
xk(1− xk)

[

(

∂ReF
∂xk

)2
+ i

∂ ReF
∂xk

∂ ImF

∂xk

]

−
λ 2

2 ∑k,l
xk(1− xk)xl(1− xl)

∂ReF
∂xk

∂ReF
∂xl

[

∂ 2 ReF
∂xk∂xl

+ i
∂ 2 ImF
∂xk∂xl

]

+O(λ 3). (3.13)

Up to order λ , the imaginary parts induced by the widths and the contour deformation are both
negative as they should. The term involving ∂ ImF

∂xk does no harm because it is purely real. At order
λ 2, however, ImF leads to an imaginary part of indefinite sign, which would otherwise have been

5
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Finding Regions

 

Normal vectors w/ positive  component define change of variables  

  

Original integral  may then be approximated as  

I ∼ ∫ℝN
>0

[dx] xν (ci xri)t → ∫ℝN
>0

[dx] xν (ci xriλri,N+1)t → 𝒩N+1

λ nf = (v1, …, vN,1)

x = λnf y , λ → λ

I I = ∑
f∈F+

I( f ) +…

Pak, Smirnov 10; Semenova, 
A. Smirnov, V. Smirnov 18

1,2 ∈ F+

3 ∉ F+

(0, 1)

(1, 0) (2, 0)
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