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Outline of the talk

 ● Introductory remarks on the GPU structure and on parallelisation of a sequential algorithm

 ● Reconstruction of rational functions as a tool to speed up the solution of very large linear systems 
    (e.g. relevant in writing NNLO-EW amplitudes)

 ● Parton showering
    (LL shower already very fast, future NLL showers might benefit from a)
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This presentation illustrates the problems found in the study of two computational problems relevant in HEP

The topics have been considered in the framework of two undergraduate thesis at the University of Milano
   (Stefano Schmidt, Isacco Beretta)

The goal was to accelerate the execution of a sequential algorithm, discussing how to restructure it for porting on a GPU

The problems have been analysed, and the studies offer useful indications for future attempts
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Basic comments about GPUs

 ● Commercial GPUs offer a large number of cores O(10³), with reasonable amount of RAM O(10 GB), 
    but with a small working cache O(100 kB) per microprocessors strip

 ● A GPU works as a “single instruction multiple threads” processing device
    acceleration is achieved if all the logical threads executed on the physical cores do exactly the same sequence of operations

 ● The cache limitation sets a bound on the amount of data and code which can be processed with high efficiency

 ● The estimate of the speed-up factor: 
      1) depends on the hardware
      2) should be done for fixed amount of power consumption ( the only parameter common to servers with CPU / GPU )



Alessandro Vicini - University of Milano                                                                                                                                                                                                                                                                                 CERN, November 14th 2023
4

Problem 1: reconstruction of a rational function, the physical background
 ● Scattering amplitudes are the mathematical tool used to compute the scattering probability of elementary particles
    The presence of  “virtual exchanges”, i.e. the presence of particles forming closed internal loops in the Feynman diagrams

                                                                   
    leads to a structure like 

                                                     

    where the integrals  account for the impact of the closed loops, 

    while the  are rational functions of the kinematical invariants of the process and of the particle masses
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ℳ =
N

∑
j=1

cj(s, t, u, . . . ) Ij(s, t, u, . . . )

Ij

cj

 ●  The actual number of terms N in this sum can be sizeably reduced by exploiting many linear relations among the 
    As a drawback, the symbolic solution of the linear systems of equations expressing these relations carries along the
    presence of huge expressions of the determinants of these systems O( GB )

  

Ij

 The fact that the  are rational functions can be exploited to determine them via a reconstruction procedure  

     → the goal is to avoid the intermediate huge expressions and directly get the compact final form of the result

    The solutions must be obtained in terms of rational numbers, floating point approximations are not considered

cj
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Problem 1: reconstruction of a rational function, the mathematical background (Mastrolia, Peraro, Huber)

 ● one variable problem

Introduzione Motivazioni Fisiche Ricostruzione Ricostruzione razionale CUDA

Ricostruzione funzionale

Rappresentazione canonica

f (x) =
P

R

r=0 pr x r

P
R0

r 0=0 qr 0x r 0
(4)

w�
Rappresentazione di Thiele

f (x) = a0 +
x � x0

a1 +
x � x1

a2 +
x � x2

· · ·+ x � xN�1
aN

(5)

Se R � R 0
, N ⇡ 2R. La ricostruzione finisce quando si trova

ak = 1.

Isacco Beretta Università degli studi di Milano
Metodi numerici per la ricostruzione di funzioni polinomiali fratte
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Introduzione Motivazioni Fisiche Ricostruzione Ricostruzione razionale CUDA

Vantaggi della rappresentazione di Thiele

Si può ricostruire f (x) in modo semplice, senza sapere a priori

il grado di numeratore e denominatore.

ai dipende solo dagli aj con j  i .
Alla fine della ricostruzione si può facilmente tornare in forma

canonica.

Per il calcolo ricorsivo dei coe�cienti

f0(x) := f (x), fn+1(x) :=
✓ fn(x)� an

x � xn

◆�1
, (6)

) ai = fi(xi).
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recursive solution
N ≧ R+R’ evaluations are needed
→ intrinsically sequential

Thiele representation

 ● the numerical evaluation of the “cumbersome function f(x) ” must be available

 ● multivariate problem  and  are homogeneous polynomials,
for fixed  they are numerical coefficients 
of the polynomial in 

they can be evaluated several times, 
for different choices of 

exploiting these determinations,
 and  can be reconstructed using an

algorithm for the reconstruction of polynomials 

pr( ⃗z) qr′￼
( ⃗z)

⃗z
t

⃗z

pr( ⃗z) qr′￼
( ⃗z)

f( ⃗z) =
∑R

r=0 pr( ⃗z)

∑R′￼

r′￼=0 qr′￼
( ⃗z)

⃗z = (z1, …, zn)

  h(t, ⃗z) = f(t ⃗z)

h(t, ⃗z) =
∑R

r=0 pr( ⃗z) tr

∑R′￼

r′￼=0 qr′￼
( ⃗z) tr′￼

● Analogous recursive relations to reconstruct polynomials of one or several variables
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Problem 1: reconstruction of a rational function, GPU implementations

 ● porting on a GPU

the recursive solution to reconstruct the rational function of a single variable can NOT be parallelized

but

in the realistic multivariate case, 

we need a large number of evaluations of   and  ,  ,  millions in typical cases ( R~60)                                                                                                                 

→ the GPU can be effective at this point

 - perform, in parallel, on the GPU all those evaluations
 - assign to a single thread the whole recursive procedure to evaluate   ( )  for a given 
   we have O(R) distinct independent polynomials   and  → exploit parallelism

   a substantial speed up is apparent when the number of evaluations is large

pr( ⃗z) qr′￼
( ⃗z) (n − 1 + R

R )

pr( ⃗z) qr′￼
( ⃗z) r (r′￼)

pr( ⃗z) qr′￼
( ⃗z)
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Problem 1: reconstruction of a rational function, GPU implementations

 ● finite fields and number representation

 - the polynomials  and  have rational coefficients  

 - the integers involved in the reconstruction have a huge number of digits  (hundreds!)

pr( ⃗z) qr′￼
( ⃗z)
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Problem 1: reconstruction of a rational function, GPU implementations

5.3. NEWTON MULTIVARIATO 27

Figura 5.4

Figura 5.5
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Problem 1: reconstruction of a rational function, GPU implementations

 ● finite fields and number representation

 - the polynomials  and  have rational coefficients  

 - the integers involved in the reconstruction have a huge number of digits  (hundreds!)

    → usage of finite fields to handle the problem

 - the accuracy of the inverse map  depends on the value of    

     → the larger  the higher the probability to end up on the correct rational number

 

- the usage of one single field (the lazy solution) suffers of the size of the largest available 

      →  #bits > log₁₀(2) * degreemax²    if degreemax>29 then 256 bits could be insufficient to represent an integer

 - alternative solution: reconstruct over several finite fields  and use the chinese remainder theorem

      → the GPU can be effective also at this point, because we repeat the previous long procedure several times

pr( ⃗z) qr′￼
( ⃗z)

ϕ−1 : ℤp → ℚ p

p

p

{ℤp1
, . . . , ℤpn

}
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Problem 1: reconstruction of a rational function, comments

the reconstruction of the rational functions multiplying the Master Integrals in 2-loop scattering amplitudes is a 
demanding problem
the GPU can deal with the large number of evaluations needed to sample and reconstruct the coefficients of the 
polynomials

the problem has been fully solved on Mathematica and in C++ (Boost Multiprecision)

the GPU implementation found a bottleneck with one single finite field because the small set of available integers
→ in this study, the parallel version of the code was limited to polynomials of low degree → low gain

prospects:
the usage of multiple finite fields must be considered ( optimisation of the algorithm flow needed )
and tested on known coefficients of NNLO QCD-EW or NNLO-EW corrections 
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Problem 2: parton showering, physical background
the exact calculation of the amplitude describing a final state  is extremely difficult, for large 

soft/collinear phase space regions: 
          the  emission probability is higher
          the approximated energy and angular emission spectra are known

thanks to factorisation properties, each emission can be described independently of all the others, 
                                                  the photon parameters depend only on the event kinematics before its emission

→  a probabilistic algorithm (a Markov chain) can be formulated to dress an event with 

f + n γ n

γ

n γ
16 CAPITOLO 2. IL CONTENUTO DELLA SIMULAZIONE

100000

1e+06

1e+07

1e+08

1e+09

0 0.2 0.4 0.6 0.8 1

E
ve

nt
i

x

Figura 2.2: Grafico della distribuzione D(x,M
2
) in scala logaritmica calcolato dal

software sviluppato. Si è posto M = 1.69⇥ 10
8 GeV2

. In ascissa è messa la frazione x di

energia del positrone; in ordinata è messo il numero di eventi conteggiati in quel bin. Il

diagramma contiene 250 bins ed è calcolato con 1⇥ 10
9

eventi.

Monte Carlo realistica chiaramente occorre tenere conto di queste variazioni secondo un
algoritmo di riscostruzione cinematica dell’emissione. La ricostruzione cinematica deve
essere esguita dopo l’emissione di ogni fotone, al punto indicato nell’algoritmo di parton
shower nella sezione precedente.

Supponiamo che l’elettrone abbia un 4-impulso p prima dell’emissione e p
0 dopo

l’emissione; sia q il 4-impulso del fotone. Allora esiste un sistema inerziale di coordinate
per cui valgono le seguenti relazioni.

p = (E, 0, 0, pz)

p
0
= (zE, ~p0)

q = (1� z)E · (1, sin(✓) cos(�), sin(✓) sin(�), cos(✓))

(2.25)

Chiaramente tutte le particelle sono on-shell (cioè il modulo quadro del 4-impulso è pari
alla massa a riposo della particella): in particolare vale quindi E2 � pz

2
= me

2. Inoltre
deve valere la conservazione del 4-impulso: p = p

0
+ q. Si supponga completamente noto

il 4-impulso p del positrone: occorre quindi calcolare i valori degli angoli ✓ e � e il vettore
~p0.

È nota dalle QED la distribuzione angolare dell’angolo ✓ di emissione del fotone

Π(sf , si) = exp [−
α
2π

log (
sf

si ) I+(ε)]

The energy spectrum of an electron radiating a photon is given by the structure function 
       solution of the DGLAP equations

A central element to simulate  is the Sudakov form factor

D(x, Q2)

D(x, Q2)

which expresses the probability of an electron changing its virtuality from  to 

without emitting photons with energy larger than 

si sf

ε
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Problem 2: parton showering, the algorithm
A HEP simulation typically has two stages: 
      a) the generation of N events
      b) the simulation of additional radiation via Parton Shower on top of each individual event
The QED soft/collinear factorisation guarantees that the convolution of the two procedures yields 
      events distributed  according to the SM predictions

The Parton Shower algorithm:
   1) the Sudakov form factor allows to decide if an additional photon has to be emitted, with an hit-or-miss procedure

        2a) the photon is not emitted → exit
        2b) the photon is emitted       → photon and electron kinematics are generated (the electron gets a virtuality)

             3) the electron variables are updated and the emission of another photon is attempted again (go to step 1) 
                 unless the virtuality of the electron exceeds a max value (→ exit)

 🙁 the final number of photons emitted, before the algorithm exits, can not be predicted (probabilistic process)
       for each emission, the calculation of photon/electron kinematics has a variable number of steps

The structure of the Parton Shower algorithm breaks the parallelism of the GPU, 
      because of the different number of photons emitted, event by event

Large bunches of tree-level (LO) events can be easily generated on a GPU, simultaneously,
because the squared matrix elements are rational functions of kinematical invariants and masses
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Problem 2: parton showering, sequential vs parallel executions

A toy Monte Carlo event generator has been implemented, with CPU and  GPU versions.
The simulation describes the process  and adds FSR radiation. Use kinematical distributions as benchmarks.

The gain is the ratio of exec time between  GPU Nvidia GeForce480 and a single core of a CPU Intel i5-3550 @ 3.3 GHz

ud̄ → e+νe

 • The first phase, the generation of tree-level events (no shower) on the GPU shows a gain factor 25 (one event per thread).  

 • If the complete showering of one event is assigned to a thread, then the gain factor of the whole simulation is only 3.
   this value signals that - the execution of each thread is sequential (the OS can not execute the threads of a warp simultaneously), 
                                   - the GPU has a lower clock

The parallelism loss is due to the several branching points of the procedure:
     - in the hit-or-miss step to decide about the emission                                        →  reorganising these two steps 
     - in the functions to generate the values of the photon kinematical values                 is a key point
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Problem 2: parton showering, parallel generation of kinematical variables

The emitted photon is described by 3 variables: 

        and  is distributed according to  , 

                              with primitive                    

                              we determine  solving                 with a bisection routine

       is distributed according to                    

                               we determine  with hit-or-miss

These procedures executed from inside a Parton Shower thread are highly inefficient (parallelism breaking)

(Eγ, θeγ, ϕ)

Eγ = z Ee z P(z) = (1 + z2)/(1 − z)

I+(ε) = ∫
1−ε

0
dz P(z) = − 2 log(ε) −

1
2

(1 − ε)2 − 1 + ε

z ξ = I+(1 − z)

θeγ P(θ) =
1

1 − β cos θ
β = 1 − (me/E)2

θeγ

A significant (~50%) fraction of the execution time is spent in the generation of the kinematics.
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Problem 2: parton showering, parallel generation of kinematical variables

Ideally, 32 threads in a warp should be executed simultaneously

 - If the hit-or-miss for the emission decision fails for some threads, they wait until the other threads finish    → inefficiency
 - If the routines to construct the kinematics diverge, the active threads are executed in a sequential manner → divergence 

The loss of efficiency in the first hit-or-miss is unavoidable and moderate, compared to the divergence in the second step

Tentative solution
→ we generate a long array of  and  values, distributed as above    (dedicated run, before the showering phase)
      we fully exploit the GPU parallelism  (for this phase only speed-up by a factor ~40)

→ we run the showering procedure
     in the threads where an emission takes place, the photon kinematics routine picks the values from the above lists 
     the computation of the photon momentum components is a fixed set of equations (it preserves the parallelism)

This choice brings the overall gain from 3 to 11

Eγ θeγ
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Problem 2: parton showering, perspectives

Restructuring the Parton Shower algorithm requires:

  - efficient separate generation of the kinematical variables (done, feasible)
          (in QED no angular ordering is needed, this trick must be modified in QCD)

  - understand the possibility of a generation of samples of events with one-photon only, two-photons only, etc. 
         technically feasible with good preservation of parallelism
         non trivial recombination of the events to obtain physically meaningful results 
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Conclusions

The GPU is effective when a specific very demanding task is isolated

More flexible data structures (longer integers) would be beneficial
In polynomial reconstruction, GPU are potentially very relevant for fast acquisition of “readable” information 
    about the analytical structure of the amplitude

In Parton Showers, a reorganisation of the sequence of operations has proved to be beneficial



Alessandro Vicini - University of Milano                                                                                                                                                                                                                                                                                 CERN, November 14th 2023
18

Backup
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n_events Tempo di GPU (s) Tempo di CPU (s)

1⇥ 10
6

0.47 5.36

1⇥ 10
7

4.68 53.44

1⇥ 10
8

46.87 522.51

1⇥ 10
9

468.81 5306.68

Tabella 5.1: Confronto del tempo di esecuzione del software tra la CPU e la GPU. Si

noti la dipendeza lineare del tempo di esecuzione nel numero di eventi.
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Figura 5.5: Tempo di esecuzione del software: le due serie si riferiscono all’esecuzione

su CPU e su GPU. Si noti il vantaggio dato dall’esecuzione su GPU (retta con coefficiente

angolare maggiore).

mGPU (eventi/s) 2.13⇥ 10
6

mCPU (eventi/s) 1.88⇥ 10
5

gain (mGPU/mCPU ) 11

Nel grafico 5.5 sono riportati dati presentati in tabella 5.1.

5.2.2 Tempo di esecuzione e N_THREADS e N_BLOCKS

Si riporta in tabella 5.2 uno studio del tempo di esecuzione della GPU in funzione della
dimensione della griglia a parità di eventi processati. Si è scelto di processare un numero
di eventi pari a 1⇥ 10

7.
Dai dati ottenuti si osserva che quando il numero di threads per blocco scende sotto il

valore di 32 (numero di threads in un warp) l’efficienza dell’esecuzione cala drasticamente
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N_THREADS
N_BLOCKS

1 8 32 256 512 1024 2048

1 10103.20 1295.87 342.70 135.72 116.32 106.94 104.92
8 1641.48 207.55 56.03 24.07 20.63 19.19 18.73
32 547.32 69.09 18.85 8.44 7.33 6.83 6.68
256 99.98 13.00 7.31 4.79 4.68 4.64 4.62
512 70.28 9.06 6.91 5.20 5.08 5.01 5.00

Tabella 5.2: Tempo di esecuzione (in secondi) della simulazione in funzione del nu-

mero N_BLOCKS di blocchi e N_THREADS di threads per blocco. Il tempo si riferisce a

un’elaborazione di 1⇥ 10
7 eventi con i parametri standard riportati a inizio sezione.

e l’utilizzo della scheda grafica in tale configurazione è privo di utilità. Per valori di
threads per blocco superiori a tale numero, a parità di dimensione della griglia, il software

dà risultati migliori.
Si osserva inoltre che il numero ottimale di threads per blocco è pari a 256: per valori

superiori o inferiori infatti, il tempo di esecuzione del software cresce a parità di blocchi.
Il valore ottimale di esecuzione corrisponde a una griglia 2048x256; tuttavia si osserva che
il tempo di esecuzione diminuisce di poco anche con un valore di N_BLOCKS più basso.

5.2.3 Profiling

Un profiling del sotware permette di avere chiaro quali sono le procedure più onerose in
termini del tempo di esecuzione; da un confronto di questo con un profiling eseguito su
CPU è possibile ricavare informazioni circa il guadagno su GPU di ogni singola operazione
della simulazione, evidenziando quindi le operazioni che meno si prestano all’esecuzione
su scheda grafica (o quelle meno ottimizzate).

Purtroppo il profiler a disposizione permette di eseguire solamente un profiling
delle funzioni __global__ ed è dunque poco utile ai fini del presente lavoro (tutta la
simulazione è contenuta in un’unica procedura __global__!). Si è eseguito dunque un
profiling “artigianale”: si è fatta eseguire la simulazione privata di volta in volta di una
procedura. Noto il tempo di esecuzione totale si è ottenuto per differenza il tempo di
esecuzione della procedura rimossa2.

Per il profiling del software su CPU si è seguita la stessa procedura.
Si riportano nella seguente tabella 5.3 i dati relativi al profiling eseguito. Per ogni

operazione è riportato il tempo assoluto di esecuzione e il tempo percentuale sul totale.
2
Questo approccio, seppure poco rigoroso, può dare risultati coerenti in quanto il tempo di esecuzione

dei singoli passi dell’algoritmo non dipende dagli altri; in altre parole: ogni procdeura è indipendente

dalle altre.
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• massa traversa M⌧ della coppia leptonica (definita nella sezione 4.4): fig. 5.4

Per il calcolo di tutte le distribuzioni si è impostato S = (1.3⇥ 10
4 GeV)

2
= 1.69⇥ 10

2 TeV2

e M = 80GeV.

1

10

100

1000

10000

100000

1e+06

1e+07

1e+08

0 2 4 6 8 10 12 14

E
ve

nt
i

Numero fotoni

Figura 5.1: Distribuzione del numero di fotoni emessi in un singolo evento. La distri-

buzione è calcolata con 1⇥ 10
9

eventi; il numero massimo di fotoni di cui è consentita

l’emissione è posto pari a 15.
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Procedura Tempo di GPU (s) Tempo di CPU (s) Gain

Simulazione completa 9.375 100 % 9.257 100% 11
Generazione stati finali di scattering 0.935 10 % 2.009 22% 25

Calcolo delle distribuzioni 0.218 2 % 0.046 0.5% 3
Algoritmo di parton shower 8.222 88 % 7.202 77.5% 10
Estrazione della viariabile z 0.195 2 % 1.042 11% 63
Estrazione della variabile ✓ 2.545 27 % 3.922 42.5% 18

Ricostruzione cinematica di un fotone 3.619 39 % 0.656 7% 2

Tabella 5.3: Profiling del software. Per varie procedure è indicato il tempo di esecuzione

assoluto, percentuale per la CPU e la GPU. Il profiling è svolto con un numero di

eventi pari a 2⇥ 10
7

per la GPU e 2⇥ 10
6

per la CPU. Si ricordi che la procedura

compute_distribution è chiamata due volte.

Si noti che le operazioni non sono necessariamente svolte dalle stesse funzioni nelle CPU
e nella GPU: in particolare l’estrazione delle variabili z e ✓ da parte della CPU è svolta
all’interno della procedura parton_shower. Si riporta inoltre il gain misurato per ogni
singola operazione. Le simulazioni sono eseguite con 2⇥ 10

7 eventi per la GPU e con
2⇥ 10

6 eventi per la CPU. La GPU è fatta lavorare nella condizione ottimale di una
griglia 512x256.

preliminary results

photon multiplicities

execution time

breakdown of execution time
GPU=  events,    CPU=  events107 106

CUDA profiling
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D(x, s)

s x D(x, s)

x D(x, s)

K2 = m2 x = 1

ξ 0 1

ξ Π(s, K2)

• ξ ≤ Π(s, K2)

• ξ > Π(s, K2)
K ′2

ξ = Π(K ′2, K2)

z
P (z) 0 x+ = 1 − ε

K ′2 K2 zx
x

x D(x, s)

s → −s

the Parton Shower algorithm


