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話すこと
　Muon  anomaly が新物理の寄与によるものであったとき(g − 2)μ

 新物理のレプトンフレーバー構造に与える示唆は何か？

 フレーバー対称性との整合性は？

 他の物理量への予言は？
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Muon  anomaly(g − 2)μ

New FNAL result

anomalous magnetic dipole moment of the muon   aμ ≡
(g − 2)μ

2

Muon  anomaly ?(g − 2)μ

SM Exp

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
rs

=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
Exp
µ

� a
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= (251± 59)⇥ 10�11
. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is

�aµ =
4mµ

e

v
p
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⇤2
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µµ

] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to
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. (A.4)

The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is
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The one-loop relation can be found in [175].
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].
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where EL and ER denote three flavors of left-handed and right-handed leptons, respectively, and v

denotes the vacuum expectation value (VEV) of the Higgs field H. Here the prime of the Wilson

coe�cient indicates the flavor basis corresponding to the mass-eigenstate basis of charged leptons.

The relevant e↵ective Lagrangian is written as:

Ldipole =
1

⇤2

✓
C
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RL

Oe�

RL

◆
, (3.2)

where ⇤ is a certain mass scale of NP in the e↵ective theory.

In the following discussions, we take the A4 modular symmetry for leptons. Most of modular

flavor models are supersymmetric models. Since we study the model below the supersymmetry

breaking scale, the light modes are exactly the same as the SM with two doublet Higgs models.

Note that the modular symmetry is still a symmetry of the low-energy e↵ective action below

the supersymmetry breaking scale, as confirmed in the moduli-mediated supersymmetry breaking

scenario.

3.1 Representation of charged leptons in A4 modular invariant model

We take a simple A4 modular-invariant flavor model of leptons, which is successful in reproducing

neutrino masses and mixing angles, as shown explicitly in Appendix C. In the model, the left-

handed charged leptons compose a A4 triplet 3 and the three right-handed ones are A4 three

di↵erent singlets. Then, those are expressed as follows:
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R
, ⌧

c

R
) = (1, 100, 10) , (eR, µR, ⌧R) = (1, 10, 100) . (3.3)

It is noticed that leptons of second and third families are exchanged each other in ĒL. As seen

in the Table of Appendix C, both EL and ĒL have the same modular weight, �k = �2. On the

other hand, k = 0 for ec
R
, eR, etc..

The holomorphic and anti-holomorphic modular forms of weight 2 compose the A4 triplet:
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where modular forms are given explicitly in Appendix B.2.

3.2 [ ĒR�EL ] and [ ĒL�ER ] bilinears in the flavor space

In order to investigate the flavor structure of the Wilson coe�cient of the dipole operator, let us be-

gin with discussing the holomorphic operator of charged leptons, [ ĒR�EL ] and anti-holomorphic

4
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we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing
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we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,
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of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.
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B A4 modular symmetry

B.1 Modular flavor symmetry

We briefly review the models with A4 modular symmetry. The modular group �̄ is the group of

linear fractional transformations � acting on the modulus ⌧ , belonging to the upper-half complex

plane as:
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, where a, b, c, d 2 Z and ad� bc = 1, Im[⌧ ] > 0 , (B.1)
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For N = 2, we define �̄(2) ⌘ �(2)/{I,�I}. Since the element �I does not belong to �(N) for

N > 2, we have �̄(N) = �(N). The quotient groups defined as �N ⌘ �̄/�̄(N) are finite modular

groups. In these finite groups �N , TN = I is imposed. The groups �N with N = 2, 3, 4, 5 are

isomorphic to S3, A4, S4 and A5, respectively [31].

Modular forms fi(⌧) of weight k are the holomorphic functions of ⌧ and transform as

fi(⌧) �! (c⌧ + d)k⇢(�)ijfj(⌧) , � 2 �̄ , (B.5)
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the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane
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we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.

Acknowledgement
This work was supported by JSPS KAKENHI Grant Numbers JP20K14477 (HO), and JP21K13923

(KY).

Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
rs

=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
Exp
µ

� a
SM
µ

= (251± 59)⇥ 10�11
. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is

�aµ =
4mµ

e

v
p
2

1

⇤2
Re [C 0

e�
µµ

] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2
. (A.4)

The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is

B(`r ! `s�) =
m

3
`r
v
2

8⇡�`r

1

⇤4

✓
|C

0
e�
rs

|
2 + |C

0
e�
sr

|
2

◆
. (A.5)

6
The one-loop relation can be found in [175].

16

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.

Acknowledgement
This work was supported by JSPS KAKENHI Grant Numbers JP20K14477 (HO), and JP21K13923

(KY).

Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
rs

=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
Exp
µ

� a
SM
µ

= (251± 59)⇥ 10�11
. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is

�aµ =
4mµ

e

v
p
2

1

⇤2
Re [C 0

e�
µµ

] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2
. (A.4)

The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is

B(`r ! `s�) =
m

3
`r
v
2

8⇡�`r

1

⇤4

✓
|C

0
e�
rs

|
2 + |C

0
e�
sr

|
2

◆
. (A.5)

6
The one-loop relation can be found in [175].

16

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.

Acknowledgement
This work was supported by JSPS KAKENHI Grant Numbers JP20K14477 (HO), and JP21K13923

(KY).

Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
rs

=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
Exp
µ

� a
SM
µ

= (251± 59)⇥ 10�11
. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is

�aµ =
4mµ

e

v
p
2

1

⇤2
Re [C 0

e�
µµ

] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2
. (A.4)

The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is

B(`r ! `s�) =
m

3
`r
v
2

8⇡�`r

1

⇤4

✓
|C

0
e�
rs

|
2 + |C

0
e�
sr

|
2

◆
. (A.5)

6
The one-loop relation can be found in [175].

16

FNAL, BNL
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2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.
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2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are
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tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as
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is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular
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10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate
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 muon ,(g − 2)μ

value of Eq.(A.2), the real part of the Wilson coe�cient of the muon C
0
e�
µµ

has been obtained as

seen in Eq.(A.4) [19]. Now, we can estimate the magnitude of the electron (g � 2)e anomaly by

using the relation in Eq.(4.1) as:

�ae =
4me
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v
p
2
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⇤2
Re [C 0

e�
ee

] ' 5.8⇥ 10�14
, (4.2)

where ⇤ denotes a certain mass scale of NP. It is easily seen that �ae and �aµ are proportional

to the lepton masses squared. This result is agreement with the naive scaling �a` / m
2
`
[161].

In the electron anomalous magnetic moment, the experiments [162] give

a
Exp
e

= 1159 652 180.73(28)⇥ 10�12
, (4.3)

while the SM prediction crucially depends on the input value for the fine-structure constant ↵.

Two latest determination [163,164] based on Cesium and Rubidium atomic recoils di↵er by more

than 5�. Those observations lead to the di↵erence from the SM prediction

�a
Cs

e
= a
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e

� a
SM,CS
e

= (�8.8± 3.6)⇥ 10�13
,

�a
Rb

e
= a

Exp
e

� a
SM,Rb
e

= (4.8± 3.0)⇥ 10�13
. (4.4)

Our predicted value is small of one order compared with the present observed one at present. We

wait for the precise observation of the fine structure constant to test our framework.

4.2 (g � 2)µ and µ ! e�

The NP in the LFV process is severely constrained by the experimental bound B(µ+
! e

+
�) <

4.2 ⇥ 10�13 in the MEG experiment [165]. We can discuss the correlation between the anomaly

of the muon (g � 2)µ and the LFV process µ ! e� by using the Wilson coe�cients in Eqs.(3.18)

and (3.19). The ratio is given as:
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Let us introduce small parameters �↵, �� and �� as follows:
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].
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See also [153–156].
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we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to
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BNL

Note on EDM, U(2)

1 Constraints from data
From (g � 2)µ
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From B(⌧± ! µ±�) < 4.4⇥ 10�8 (90% CL) as measured by the BaBar experiment
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].
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See also [153–156].
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, τ → μγ τ → 3μ

τ → eγ

EDM  dμ muon ,(g − 2)μ
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Lepton flavor violation
,  ,  μ → eγ μ → 3e μN → eN
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Lepton flavor structure

Lepton flavor violation
,  ,  μ → eγ μ → 3e μN → eN

is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].
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See also [153–156].

3

, τ → μγ τ → 3μ

τ → eγ

where de = de(µ = me). Therefore, the EDM of the electron is extracted from the e↵ective

Lagrangian

LEDM =
1

⇤2
C
0
e�
ee

Oe�

LR

=
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⇤2
C
0
e�
ee

v
p
2
eL�

µ⌫
eRFµ⌫ , (4.24)

which leads to

de = �
p
2

v

⇤2
Im [C 0

e�
ee

] , (4.25)

at tree level, where the small e↵ect of running below the electroweak scale is neglected. The

experimental upper bound in Eq.(4.21) leads to:

1

⇤2
Im [C 0

e�
ee

] < 1.6⇥ 10�12 TeV�2
, (4.26)

and it may be compared with its real part of

1

⇤2
Re [C 0

e�
ee

] = 4.9⇥ 10�8 TeV�2
, (4.27)

which is derived by Eqs.(4.1) and (A.4). What is the origin of the tiny imaginary part of C 0
e�
ee

? The

coe�cient C 0
e�
ee

in Eq.(3.19) is rewritten in a term of small parameter �� likewise Eq.(4.6)

C
0
e�
ee

= 3 (1�
p
3)�̃e|✏

⇤
1| = 3 (1�

p
3)�̃e(m)(1 + ��)|✏

⇤
1| , (4.28)

where �e(m) is taken to be real positive by the redefinition of the right-handed charged lepton field

in order to reproduce real positive charged lepton mass. However, ��, which is originated from the

unknown mode of m, is complex in general. The small parameter �� could be related to both the

µ ! e� transition and the electron EDM. Eqs.(4.10) and (4.28) lead to

Im [C 0
e�
ee

] ' 3 (1�
p
3)�̃e(m)(Im ��)|✏

⇤
1| , C

0
e�
µe

'
3

2
(1�

p
3)�̃e(m)(�� � �↵) . (4.29)

Putting the constraints of experiments in Eqs.(4.21) and (4.27), we obtain

Im [C 0
e�
ee

]

Re [C 0
e�
ee

]
' (Im ��) <

1.6⇥ 10�12

4.9⇥ 10�8
= 3.3⇥ 10�5

. (4.30)

Suppose |Im ��| ' |��| and |�↵| ' |��| (or |�↵| ⌧ |��| ), then, this bound is stronger than 1.4⇥10�3

from the µ ! e� in Eq.(4.7). Indeed, the upper bound of the electron EDM forces the branching

ratio of µ ! e� to be B(µ+
! e

+
�) < 2.3⇥ 10�16.

The muon and the tauon EDM may be interesting in high-energy model building [173]. We

can also estimate them by using Eq.(3.19). It is easily found that the predicted value increases

at most proportional to its mass. The muon EDM is predicted to be far smaller than the present

upper bound [174].
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and µH(L) denotes the higher (lower) mass scale. The coe�cient in front of Cledq is numerically

small. The coe�cients CeH controls the µ–e flavor violating coupling of the physical Higgs boson,

which is tightly constrained by other observables [168,169] and can be safely ignored in the present

analysis.

Finally, approximate evolutions are obtained as follows:

Ce�
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(µL) = [1� 3L̂(y2

t
+ y

2
b
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(µH)� 16L̂yte C
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v
2

⇤2
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3
t
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(1)
`equ

rs33

(µH) . (4.19)

It is emphasized that the leptonic flavor structures of C(3)
`equ

rs33

(µH) and C
(1)
`equ

rs33

(µH) are just the same

ones as Ce�
rs
(µH) because these Wilson coe�cients of the 4-fermion operator are written by a

product of 3-point coupling of leptons and that of quarks in our Ansatz Eq.(2.1). Therefore, the

RG contributions do not change the flavor structure of Ce�
rs
(µH) apart from the overall factor at

low-energy.

On the other hand, [Ye]rs(µL) has non-trivial RG contribution to the flavor structure due

to C
(1)
`equ

rs33

(µH), which has the same flavor structure of Ce�
rs
(µH). If magnitudes of C(1)

`equ

rs33

(µH) and

C
(3)
`equ

rs33

(µH) are comparable, we have the relation by using the numerical value of (A.4),

�������
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3
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�������
' 10�3
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�������

16L̂yte C
(3)
`equ
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(µH)

Ce�
µµ
(µL)

�������
, (4.20)

where both sides denote relative contributions of the RG versus diagonal (2,2) components of

Ce�
rs
(µL) and [Ye]rs(µL), respectively. Thus, the impact of the term 6v2L̂y3

t
C

(1)
`equ

rs33

(µH) on the flavor

structure is minor in Eq.(4.19) as far as the RG terms are next-to-leading ones. Therefore, our

numerical result in section 4 is still available even if the RG e↵ect is included.

4.4 EDM of the electron

The current experimental limit for the electric dipole moment of the electron is given by ACME

collaboration [170]:

|de/e| . 1.1⇥ 10�29 cm = 5.6⇥ 10�13 TeV�1
, (4.21)

at 90% confidence level. Precise measurements of the electron EDM are rapidly being updated.

The future sensitivity at ACME III is [171, 172]:

|de/e| . 0.3⇥ 10�30 cm = 1.5⇥ 10�14 TeV�1
. (4.22)

The EDM of the electron de is defined in the operator:

Oedm = �
i

2
de(µ) e�

µ⌫
�5eFµ⌫ , (4.23)
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 electron (g − 2)e

EDM  dμ muon ,(g − 2)μ

EDM  de

value of Eq.(A.2), the real part of the Wilson coe�cient of the muon C
0
e�
µµ

has been obtained as

seen in Eq.(A.4) [19]. Now, we can estimate the magnitude of the electron (g � 2)e anomaly by

using the relation in Eq.(4.1) as:

�ae =
4me

e

v
p
2

1

⇤2
Re [C 0

e�
ee

] ' 5.8⇥ 10�14
, (4.2)

where ⇤ denotes a certain mass scale of NP. It is easily seen that �ae and �aµ are proportional

to the lepton masses squared. This result is agreement with the naive scaling �a` / m
2
`
[161].

In the electron anomalous magnetic moment, the experiments [162] give
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we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is
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The one-loop relation can be found in [175].
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�
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=
v
p
2
EL�
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ERFµ⌫ , C

0
e�
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=

0

BBB@
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1

CCCA
,

Oe�
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=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].
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Isidori, Pages and Wilsch[2111.13724]  

Note on EDM, U(2)

1 Constraints from data
From (g � 2)µ

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2 . (1.1)
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1

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
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=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies
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. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is
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where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to
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The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is
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6
The one-loop relation can be found in [175].
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The parameters εL(R)
23 can be constrained by the bounds on radiative LFV decays of the

τ lepton. In particular, B(τ± → µ±γ) < 4.4 × 10−8 (90% CL) as measured by the BaBar

experiment [43] implies

|C′
eγ

23(32)

| < 2.7× 10−6 TeV−2 (2.9)

that, in turn, leads to

|εL23| , |εR23| < 1.6 × 10−2 ×
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In absence of a direct experimental constraint on the anomalous magnetic moment of the

τ lepton, the normalisation of the bounds in Eq. (2.10) has been chosen following the natural

expectation

|C′
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33

|/yτ ∼ |C′
eγ
22

|/yµ . (2.11)

3 RG evolution of the leptonic dipoles in the SMEFT

In this section we analyse how the low-energy constraints derived before translate into high-

scale constraints. To this purpose, we consider all possible d = 6 operators with the same

leptonic flavour structure, i.e. operators of the type

$rΓ(A,H,ψ)es , $r ≡





νLr

eLr



 , es ≡ eRs . (3.1)

Those operators undergo a non-trivial mixing together with the dipole operators and/or the

Yukawa couplings. On the other hand, we can safely ignore operators with a different flavour

structure since either they do not mix with dipole (or Yukawa) operators or they provide only

a trivial multiplicative renormalisation.

Adopting the SMEFT Warsaw basis [44] for the d = 6 effective operators, the list of

relevant terms can be decomposed as

∆Lunbroken = ∆LH +∆L4f + h.c. , (3.2)
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].
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 muon ,  EDM  (g − 2)μ dμ

Lepton flavor violation
,  ,  μ → eγ μ → 3e μN → eN

, τ → μγ τ → 3μ

τ → eγ
 electron ,  EDM  (g − 2)e de

新物理のフレーバー構造 from , LFV and EDM(g − 2)ℓ

 muon &  → 特徴的なフレーバー構造 (対角成分  非対角成分)(g − 2)μ μ → eγ ≫

このようなフレーバー構造はどのようにして出すことができるか？
　　　　　　　　　　　　　　　　　　　　　　　　 → フレーバー対称性

Dipole operator によって様々な現象が引き起こされる
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フレーバー対称性

その背後にはフレーバー対称性があるかもしれない

           Mu,d,e ∼ ( )             VCKM ∼ ( )

SM flavor problem NP flavor problem

階層的構造　なぜ？

現在、フレーバー物理量において有意なずれ
は見つかっていない

→ 新物理に対して厳しい制限
　新物理は特殊なフレーバー構造を持っている？

NP
realize muon  anomaly   

satisfy constraint from LFV

(g − 2)μ

imposing
flavor symmetry

EDM ,  de dμ

U(2) flavor symmetry 
A4 modular flavor symmetry

(  electron (g − 2)e
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 flavor symmetryU(2)5

The SM flavor puzzle

exact symmetry for   &  mu, md, mc, ms = 0 VCKM = 1

⇒  small breaking terms を導入するのみでOK

 = ( 1, 2, 3)

フレーバー対称性は、3世代目湯川結合がなぜ大きいのか自然な説明を与えるU(2)5

Striking hierarchy

Mass :  3rd > 2nd > 1st Almost diagonal CKM matrix 

                Mu,d ∼ ( )                 VCKM ∼ ( )

 SU(2) doublet

1st & 2nd 世代のみに作用する
 3rd 世代目は対称性によって許される

singlet

SM Yukawa が良い近似で保っている対称性

Barbieri, Isidori, Jones-Perez, 
Lodone, Straub [1105.2296]
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Unbroken symmetry
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After U(2) breaking

Yu = yt
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@
0 0 0
0 0 0
0 0 1
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A

U(2) breaking (Spurion)

Under  symmetryU(2)3 = U(2)q × U(2)u × U(2)d

The quarks fields are not triplet anymore (all flavours together) but transform

under GF as

Q(2)
= (Q1, Q2

)≥ (2, 1, 1) Q3
≥ (1, 1, 1) (2)

u(2)
= (u1, u2

) ≥ (1, 2, 1) t ≥ (1, 1, 1) (3)

d(2)
= (d1, d2

) ≥ (1, 1, 2) b ≥ (1, 1, 1) (4)

The only term allowed in the limit of unbroken symmetry is

ytQ
3tHc

(5)

While this term clearly break a U(1) symmetry, it is not clear to me whether

U(1)Q3+t still belongs to GF or both U(1)t and U(1)Q3 are given up on.

Mass spurions We can introduce three breaking spurions

V ≥ (2, 1, 1) (6)

�Yu ≥ (2, 2̄, 1) (7)

�Yd ≥ (2, 1, 2̄) (8)

that enters the Yukawa as

Yu = yt

A
�Yu xtV

0 1

B

Yd = yb

A
�Yd xbV

0 1

B

(9)

We can now parametrise our spurions. The leading spurion V can be written

as

V = ‘UV ŝ2 ŝ2 =

A
0

1

B

(10)

where UV is a 2 ◊ 2 special unitary matrix and ‘ is a real parameter of order

O(|Vcb| ¥ 4 ◊ 10
≠2

). The other spurions can be written as

�Yu = U †
Qu

�yuUu (11)

�Yd = U †
Qd

�ydUd (12)

where �yu =diag(⁄u1 , ⁄u2) and �yd =diag(⁄d1 , ⁄d2) and the U ’s are 2 ◊ 2

unitary matrices. By construction ⁄d2 ¥ ms/mb = O(‘) and similarly ⁄d1 ¥

md/mb, ⁄u1 ¥ mu/mt, ⁄u2 ¥ mc/mt . To understand the number of degrees

of freedom, we observe that the most general �Y has 2 ◊ 4 = 8 parameters,

2

Δu
,  

,  

Vq ∼ (2,1,1)

Δu ∼ (2,2̄,1)
Δd ∼ (2,1,2̄)

Vq

 = ( 1, 2, 3)

singlet SU(2) doublet

Barbieri, Isidori, Jones-Perez, 
Lodone, Straub [1105.2296]
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NP LR flavor structure in U(2)

Xn
αβ(ℓ̄αΓeβ)ηn

16

LR flavor structure at order ((V2
ℓΔe)

Δe VℓV†
ℓΔe

新物理のレプトンフレーバー構造もU(2)フレーバー対称性でコントロールされていると考
える   →新物理の高次元オペレーターのフレーバー構造をU(2) breaking spurionで記述する
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(n = Y, eγ)

(2,2̄)
(1,2)

(2,1)
(1,1)

 breaking (Spurion)U(2)LL
⊗ U(2)ER

,      Vℓ ∼ (2,1) Δe ∼ (2,2̄)
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δℓ
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parameters :  and  are not constrained, but presume from quark sector ϵℓ se

The eigenvalues of Yukawa matrix Y in Eq.(24) (ye ⌧ yµ ⌧ y⌧ ) are obtained by solving the
eigenvalue equation. For the determinant and trace of Y Y †, one finds in the leading order:

Det [Y Y †
] = y2e y

2
µ y

2
⌧ ' |Cy

�|
4
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|
2 c4e �

2
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0
`
2 ,

Tr [Y Y †
] = y2e + y2µ + y2⌧ ' |Cy

|
2 , (26)

where �e and �0e are much smaller than 1 to reproduce the charged lepton mass hierarchy. An
expression for y2µy

2
⌧ is given by the determinant of the 2-3 submatrix:

y2µ y
2
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Then, one gets
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which lead to
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2
. (29)

These ratio indicates �` � �0` to reproduce the Yukawa hierarchy of the charged leptons. Especially,
y2e/y

2
µ is independent of other coefficients of order one. The parameters ✏` and se are not constrained

by the charged lepton mass spectrum.
The neutrino mass matrix was discussed in U(2) and U(3) flavor model [38]. Indeed, the large

lepton mixing angles come from the neutrino mass matrix. However, we do not address details
of neutrino mass matrix because its contribution to our result is negligibly small due to small
neutrino masses.

We can presume the magnitudes of se and ✏` from the CKM mixing angles of the quark sector.
In our numerical analysis, we scan se and ✏` as variant parameters without fixing in advance as:

se = 0.01� 0.1 , ✏` = 0.01� 0.1 . (30)

These ranges are set to be consistent with the viewpoint of quark sector in Refs. [38,40].

3.2 Mass-eigenstate basis of the charged leptons

The Yukawa matrix Y in Eq. (24) is diagonalized by the unitary transformation U †
LY UR, where

the unitary matrices are given in terms of 2⇥ 2 orthogonal matrices and phase matrices:

UL = PL23UL23PL13UL13PL12UL12 , UR = PR23UR23PR13UR13PR12UR12 , (31)

where the rotation matrices are

U12 =

0

@
c12 s12 0

�s12 c12 0

0 0 1

1

A , U13 =

0

@
c13 0 s13
0 1 0

�s13 0 c13

1

A , U23 =

0

@
1 0 0

0 c23 s23
0 �s23 c23

1

A , (32)

7
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える   →新物理の高次元オペレーターのフレーバー構造をU(2) breaking spurionで記述する

,      Vℓ ∼ (2,1) Δe ∼ (2,2̄)
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].
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 &  in U(2)(g − 2)μ μ → eγ

 muon  and (g − 2)μ μ → eγ

 
Isidori, Pages and Wilsch
[2111.13724]  

 ϵℓ ∼ 10−1se = (( me /mμ) ∼ 10−1

from muon (g − 2)μ

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
rs

=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
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. (A.2)

The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is
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v
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] , (A.3)

where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to
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. (A.4)

The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is
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The one-loop relation can be found in [175].
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Using this expression, the experimental bound B(µ+
! e

+
�) < 4.2 ⇥ 10�13 (90% C.L.) obtained

by the MEG experiment [165] can be translated into the upper bound

1
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| < 2.1⇥ 10�10 TeV�2
. (A.6)

Taking into account Eqs. (A.4) and (A.6), we have the ratio:
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B A4 modular symmetry

B.1 Modular flavor symmetry

We briefly review the models with A4 modular symmetry. The modular group �̄ is the group of

linear fractional transformations � acting on the modulus ⌧ , belonging to the upper-half complex

plane as:

⌧ �! �⌧ =
a⌧ + b

c⌧ + d
, where a, b, c, d 2 Z and ad� bc = 1, Im[⌧ ] > 0 , (B.1)

which is isomorphic to PSL(2,Z) = SL(2,Z)/{I,�I} transformation. This modular transforma-

tion is generated by S and T ,

S : ⌧ �! �
1

⌧
, T : ⌧ �! ⌧ + 1 , (B.2)

which satisfy the following algebraic relations,

S
2 = I , (ST )3 = I . (B.3)

We introduce the series of groups �(N), called principal congruence subgroups, where N is the

level 1, 2, 3, . . . . These groups are defined by
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For N = 2, we define �̄(2) ⌘ �(2)/{I,�I}. Since the element �I does not belong to �(N) for

N > 2, we have �̄(N) = �(N). The quotient groups defined as �N ⌘ �̄/�̄(N) are finite modular

groups. In these finite groups �N , TN = I is imposed. The groups �N with N = 2, 3, 4, 5 are

isomorphic to S3, A4, S4 and A5, respectively [31].

Modular forms fi(⌧) of weight k are the holomorphic functions of ⌧ and transform as

fi(⌧) �! (c⌧ + d)k⇢(�)ijfj(⌧) , � 2 �̄ , (B.5)
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is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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3 Constraints for coefficients
NP parameters :

a, b : real (can be rephased) (3.1)
ae�, be� : complex (relative phase) (3.2)

(3.3)

U(2) parameters:
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 &  in U(2)(g − 2)μ μ → eγ

 muon  and (g − 2)μ μ → eγ

 ϵℓ ∼ 10−1se = (( me /mμ) ∼ 10−1

from muon (g − 2)μ

we have obtained de/e ' 2 ⇥ 10�16⇤2 sin�, where ⇤ denotes a certain mass scale, and � is an

unknown phase of O(1) in the Wilson coe�cient. Then, de/e is expected to be 2 ⇥ 10�14 (5 ⇥

10�13) TeV�1 for ⇤ = 10 (50)TeV. These are consistent with the present upper bound de/e <

5.6⇥ 10�13 TeV�1.

Thus, our Ansatz in the SMEFT with the modular symmetry of flavors is powerful to study

the leptonic phenomena of flavors comprehensively.
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Appendix

A Experimental constraints on the dipole operators

We summarize briefly the experimental constraints on the dipole operators given by Ref. [19].

Below the scale of electroweak symmetry breaking, the leptonic dipole operators are given as:

Oe�
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=
v
p
2
eLr�

µ⌫
eRsFµ⌫ , (A.1)

where {r, s} are flavor indices e, µ, ⌧ and Fµ⌫ is the electromagnetic field strength tensor. The

corresponding Wilson coe�cient is denoted by C
0
e�
rs

in the mass basis of leptons.

The combined result from the E989 experiment at FNAL [1] and the E821 experiment at

BNL [2] on the aµ = (g � 2)µ/2, together with the SM prediction in [3], implies

�aµ = a
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The tree-level expression for �aµ in terms of the Wilson coe�cient of the dipole operator is
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where v ⇡ 246 GeV and ⇤ is a certain mass scale of NP. Here the Wilson coe�cient is understood

to be evaluated at the weak scale (we neglect the small e↵ect of running below the weak scale), and

the prime of the Wilson coe�cient indicates the flavor basis corresponding to the mass-eigenstate

basis of charged leptons 6. Inputting the experimental results leads to
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The tree-level expression of a radiative LFV rate in terms of the Wilson coe�cients is
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Using this expression, the experimental bound B(µ+
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+
�) < 4.2 ⇥ 10�13 (90% C.L.) obtained

by the MEG experiment [165] can be translated into the upper bound
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Taking into account Eqs. (A.4) and (A.6), we have the ratio:
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B A4 modular symmetry

B.1 Modular flavor symmetry

We briefly review the models with A4 modular symmetry. The modular group �̄ is the group of

linear fractional transformations � acting on the modulus ⌧ , belonging to the upper-half complex

plane as:

⌧ �! �⌧ =
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, where a, b, c, d 2 Z and ad� bc = 1, Im[⌧ ] > 0 , (B.1)

which is isomorphic to PSL(2,Z) = SL(2,Z)/{I,�I} transformation. This modular transforma-

tion is generated by S and T ,
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, T : ⌧ �! ⌧ + 1 , (B.2)

which satisfy the following algebraic relations,
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For N = 2, we define �̄(2) ⌘ �(2)/{I,�I}. Since the element �I does not belong to �(N) for

N > 2, we have �̄(N) = �(N). The quotient groups defined as �N ⌘ �̄/�̄(N) are finite modular

groups. In these finite groups �N , TN = I is imposed. The groups �N with N = 2, 3, 4, 5 are

isomorphic to S3, A4, S4 and A5, respectively [31].

Modular forms fi(⌧) of weight k are the holomorphic functions of ⌧ and transform as

fi(⌧) �! (c⌧ + d)k⇢(�)ijfj(⌧) , � 2 �̄ , (B.5)
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where C3rd is given in terms of third-family parameters as:
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This factor is of order 1 and does not vanish unless Ce�
V = Cy
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= Cy. It

is remarked that the off-diagonal component of C 0
e�
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are not suppresses due to C3rd even if the

alignment Ce�
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� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0
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The Wilson coefficients with respect to the third-family are given as:
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In mass-eigenstate basis, the matrix Xe� in Eq. (25) is transformed by the unitary matrix in
Eq. (31) as U †
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e�UR, whose elements correspond to the Wilson coefficients of Eq. (9). Those are
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� is imposed [35]. The third family contribution on the µ ! e�

decay is comparable to the one of the first- and second-family. It is also remarked that the non-
vanishing electron EDM is realized from the third family even if there is no CP phase in first- and
second-family as seen in the imaginary part of C 0
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In order to see the correlation between |C
0
e�
eµ

| and |C
0
e�
µ⌧

|, we plot their predictions in Fig. 7. It

is found that the allowed region is restricted. In the next subsection, we discuss the expectation
value of µ ! e� and ⌧ ! µ�.

We also show the predicted region of |C
0
e�
e⌧

| versus |C
0
e�
µ⌧

| in Fig. 8. The magnitude of C
0
e�
e⌧

is

almost proportional to |C
0
e�
eµ

|. The prediction of C 0
e�
e⌧

is still low in one order compared with the

experimental upper-bound. It is noted that C 0
e�
⌧e

is suppressed in �0e as seen in Eq. (42). We omit a
figure for this process.

4.3 Predictions of EDM

In the allowed region of ✏` and se in Fig. 6, we discuss the EDM of the charged leptons. The
electron EDM comes from the imaginary part of C 0

e�
ee

. The magnitude is estimated approximately

from Eq. (40). This ratio is bounded by the observed constraints in Eqs. (11) and(18) as:
������

Im C
0
e�
ee

Re C 0
e�
µµ

������
' s2e

�0

�
✏2` Im

✓
Ce�

V V�

Ce�
�

�
Cy

V V�

Cy
�

+
C3rd

|Ce�
� |

◆
< 1.8⇥ 10

�8 . (54)

By putting ✏` = 0.03 and se = 0.03 with �0e/�e ' me/mµ in Eq. (53), the factor in front of middle
side equation, s2e✏2`�0/� is 4 ⇥ 10

�9. Thus, the ratio is possibly predicted to be O(10
�8
), which

corresponds to |de| ⇠ 10
�30

e cm. We expect it to be detectable in the near future.
We show the plot of Im C

0
e�
ee

versus C
0
e�
eµ

in Fig. 9. Since we have a ratio approximately:

Im C
0
e�
ee

|C 0
e�
eµ

|
'

se
ce

�0

�

Im

⇣
Ce�

V V �
Ce�

�
�

Cy
V V �
Cy

�
+

C3rd
|Ce�

� |

⌘

���C
e�
V V �
Ce�

�
�

Cy
V V �
Cy

�
+

C3rd
|Ce�

� |

���
, (55)

we estimate it to be O(10
�4
), which is confirmed in Fig. 9. The predicted electron EDM is below

the experimental upper-bound after taking account of the upper-bound of B(µ ! e�). In the next
subsection, we discuss the expectation value of the electron EDM.

We also present the predicted region of EDMs of muon and tauon in Fig. 10. Those are
still far from the present experimental upper-bounds, |dµ| < 1.8 ⇥ 10

�19
e cm [21] and |d⌧ | <

1.85⇥ 10
�17

e cm [24] as seen in Eqs. (4) and (6).
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 muon  and EDM  (g − 2)μ de

 & EDM  in U(2)(g − 2)μ de

 ∼ 4 × 10−9

Im

Re

constraint from            

constraint from EDM   in U(2) 　　　

μ → eγ

de
< more tight

2

Figure 11. The frequency distribution of the
predicted B(µ ! e�) with imposing the upper-
bounds of ⌧ ! µ� decay and the electron EDM.
The grey region is excluded by the experimental
data of B(µ ! e�).

Figure 12. The frequency distribution of the pre-
dicted B(⌧ ! µ�) with imposing the upper-bound
of the µ ! e� decay and the electron EDM. The
grey region is excluded by the experimental data
of B(⌧ ! µ�).

Figure 13. The orange (blue) frequency distribu-
tion of the predicted B(⌧ ! e�) with (without)
imposing the upper-bounds of the µ ! e� de-
cay, ⌧ ! µ� decay and the electron EDM. The
grey region is excluded by the experimental data
of B(⌧ ! e�).
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Figure 14. The orange (blue) frequency distri-
bution of the predicted electron EDM [e cm] with
(without) imposing the µ ! e� decay and ⌧ ! µ�

decay. The grey region is excluded by the experi-
mental data of the electron EDM.

5 Summary and discussions
We have studied the interplay of NP among the lepton magnetic moments, LFV and the electron
EDM in the light of recent data of the muon (g � 2)µ. The NP is discussed in the leptonic dipole
operator with the U(2)LL ⌦ U(2)ER flavor symmetry of the charged leptons, where possible CP

17

is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-

formation of matter zero-modes on toroidal backgrounds is also given by the finite subgroup of

the modular symmetry (see, e.g., for heterotic string theory [144–146] and for magnetized brane

models [147–152])3, the flavor symmetry of matter zero-modes is determined by the modular sym-

metry in the low-energy e↵ective action. Furthermore, the modular symmetry restricts the form of

n-point couplings in a modular symmetric way. Much larger symplectic modular symmetries are

possible in Calabi-Yau compactifications [157, 158] whose phenomenological aspects were studied

in Refs. [159, 160]. As a result, the flavor structure of Yukawa couplings and higher-dimensional

operators are controlled by the modular flavor symmetry in the various class of string compactifi-

cations. Note that the supersymmetry breaking sector also respects the flavor symmetry as seen

in the soft supersymmetry breaking terms induced by the moduli fields [141].

Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as

(3, 3̄, 1, 1, 1), (3, 1, 3̄, 1, 1), and (1, 1, 1,3, 3̄) in the U(3)5 = U(3)Q⌦U(3)U⌦U(3)D⌦U(3)L⌦U(3)E
flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:

Oe�
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=
v
p
2
EL�

µ⌫
ERFµ⌫ , C

0
e�

LR

=

0

BBB@

C
0
e�
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0
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C
0
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e⌧

C
0
e�
µe

C
0
e�
µµ

C
0
e�
µ⌧

C
0
e�
⌧e

C
0
e�
⌧µ

C
0
e�
⌧⌧

1

CCCA
,

Oe�

RL

=
v
p
2
ER�

µ⌫
ELFµ⌫ , C

0
e�

RL

= C
0 †
e�

LR

, (3.1)

2
The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].

3
See also [153–156].
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 muon  and electron  (g − 2)μ (g − 2)e

 &  in U(2)(g − 2)μ (g − 2)e

U(2) relation

)
����
be�
ae�

� b

a

���� . 10�2 (3.10)

µe/µµ: more loose constraint

C 0
e�
µe

C 0
e�
µµ

⇡
����
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c✓

�0

�
✏2
`

✓
be�
ae�

� b

a

◆���� < 2⇥ 10�5 (3.11)

)
����
be�
ae�

� b

a

���� . O(1) (3.12)

EDM de

ee/µµ

Re C 0
e�
ee

Re C 0
e�
µµ

⇡ �0

�
=

me

mµ

' 5⇥ 10�3 (3.13)

From (g � 2)µ

1

⇤2
Re [C 0

e�
µµ

] ⇡ 1.0⇥ 10�5 TeV�2 . (3.14)

! 1

⇤2
Re [C 0

e�
ee

] ⇡ (1.0⇥ 10�5)⇥ (5⇥ 10�3) ' 5⇥ 10�8 TeV�2 (3.15)

Im(ee)/Re(ee)
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ee

Re C 0
e�
ee

⇡ s2
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c2
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✏2
`
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ae�

<
< 1.6⇥ 10�12[de]

' 5⇥ 10�8[(g � 2)µ]
' 3.3⇥ 10�5 (3.16)

Imbe�
ae�

. 3.3⇥ 10�1 (3.17)
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Re

�ae = �aµ
me
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e�
ee

Re C 0
e�
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✓
me

mµ
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⇠ 5.7⇥ 10�14 (3.27)

⌧ ! µ�

������

C 0
e�

µ⌧(⌧µ)

C 0
e�
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������
< 1.6⇥ 10�2 ⇥

������

y⌧ C 0
e�
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yµ C 0
e�
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������
(3.28)

natural expectation

|C 0
e�
⌧⌧

|/y⌧ ⇠ |C 0
e�
µµ

|/yµ (3.29)

|✏L23| , |✏R23| < 1.6⇥ 10�2 ⇥

������

y⌧ C 0
e�
22

yµ C 0
e�
33

������
(3.30)
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value of Eq.(A.2), the real part of the Wilson coe�cient of the muon C
0
e�
µµ

has been obtained as

seen in Eq.(A.4) [19]. Now, we can estimate the magnitude of the electron (g � 2)e anomaly by

using the relation in Eq.(4.1) as:

�ae =
4me

e

v
p
2

1

⇤2
Re [C 0

e�
ee

] ' 5.8⇥ 10�14
, (4.2)

where ⇤ denotes a certain mass scale of NP. It is easily seen that �ae and �aµ are proportional

to the lepton masses squared. This result is agreement with the naive scaling �a` / m
2
`
[161].

In the electron anomalous magnetic moment, the experiments [162] give

a
Exp
e

= 1159 652 180.73(28)⇥ 10�12
, (4.3)

while the SM prediction crucially depends on the input value for the fine-structure constant ↵.

Two latest determination [163,164] based on Cesium and Rubidium atomic recoils di↵er by more

than 5�. Those observations lead to the di↵erence from the SM prediction

�a
Cs

e
= a

Exp
e

� a
SM,CS
e

= (�8.8± 3.6)⇥ 10�13
,

�a
Rb

e
= a

Exp
e

� a
SM,Rb
e

= (4.8± 3.0)⇥ 10�13
. (4.4)

Our predicted value is small of one order compared with the present observed one at present. We

wait for the precise observation of the fine structure constant to test our framework.

4.2 (g � 2)µ and µ ! e�

The NP in the LFV process is severely constrained by the experimental bound B(µ+
! e

+
�) <

4.2 ⇥ 10�13 in the MEG experiment [165]. We can discuss the correlation between the anomaly

of the muon (g � 2)µ and the LFV process µ ! e� by using the Wilson coe�cients in Eqs.(3.18)

and (3.19). The ratio is given as:

������

C
0
e�
eµ

C 0
e�
µµ

������
=

�̃e

↵̃e

�����1�
↵̃e

↵̃e(m)

�̃e(m)

�̃e

����� . (4.5)

Let us introduce small parameters �↵, �� and �� as follows:

�̃e

�̃e(m)

=
�̃e(m) + c�

�̃e(m)

= 1 +
c�

�̃e(m)

⌘ 1 + �� ,

↵̃e

↵̃e(m)
=

↵̃e(m) + c↵

↵̃e(m)
= 1 +

c↵

↵̃e(m)
⌘ 1 + �↵ ,

�̃e

�̃e(m)
=

�̃e(m) + c�

�̃e(m)
= 1 +

c�

�̃e(m)
⌘ 1 + �� , (4.6)
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flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us

focus on the dipole operators of leptons and their Wilson coe�cients at the weak scale as:
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The modular symmetries on higher-dimensional toroidal orbifolds were also discussed in Ref. [143].
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Figure 11. The frequency distribution of the
predicted B(µ ! e�) with imposing the upper-
bounds of ⌧ ! µ� decay and the electron EDM.
The grey region is excluded by the experimental
data of B(µ ! e�).
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dicted B(⌧ ! µ�) with imposing the upper-bound
of the µ ! e� decay and the electron EDM. The
grey region is excluded by the experimental data
of B(⌧ ! µ�).

Figure 13. The orange (blue) frequency distribu-
tion of the predicted B(⌧ ! e�) with (without)
imposing the upper-bounds of the µ ! e� de-
cay, ⌧ ! µ� decay and the electron EDM. The
grey region is excluded by the experimental data
of B(⌧ ! e�).

Figure 14. The orange (blue) frequency distri-
bution of the predicted electron EDM [e cm] with
(without) imposing the µ ! e� decay and ⌧ ! µ�

decay. The grey region is excluded by the experi-
mental data of the electron EDM.
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BR(μ → eγ) ≲ 10−16 |dμ/e | ≲ 10−25cm

|de /e | ≲ 10−30cm |dμ/e | ≲ 10−26cm

 Muon &  → 新物理のフレーバー構造(g − 2)μ μ → eγ

is the geometric symmetry of the torus T 2 as well as the orbifold T
2
/Z2

2. Recalling that the trans-
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Let us ignore the dynamics of moduli fields, meaning that moduli-dependent couplings are

considered spurions under the modular symmetry. Then, the modular symmetry plays an impor-

tant role in the concept of the MFV. In the original MFV scenario, Yukawa couplings behave as
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flavor symmetry. On the other hand, in the string EFT at the leading order, U(2)5 flavor symmetry

is realized due to the rank 1 Yukawa couplings of matter fields [142]. It is interesting to analyze

the phenomenological aspects of string-derived low-energy e↵ective action with some modular

symmetries which would be realized in toroidal as well as Calabi-Yau compactifications. Indeed,

the modular symmetry and the Ansatz Eq.(2.1) are powerful to predict the leptonic phenomena

of flavors, as will be discussed in the next section. In this paper, for concreteness, we study the

SMEFT with the level 3 finite modular group �3 for the flavor symmetry by imposing the stringy

Ansatz Eq.(2.1) on the higher-dimensional operators. Remarkably, the lepton masses and mixing

angles are well fitted with the observed data when the modulus field ⌧ is close to the fixed point

⌧ = i in the SL(2,Z) moduli space. In subsequent sections, we discuss the higher-dimensional

operators relevant to the lepton sector in more detail.

3 Wilson Coe�cients of dipole operator in mass basis

We take the assumption that NP is heavy and can be given by the SMEFT Lagrangian. Let us
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 そのフレーバー構造の背後にはフレーバー対称性があるかも

input  anomaly(g − 2)μ

U(2) flavor symmetry 

 もしmuon が新物理のシグナルであるならば、フレーバー対称性に
依って、物理量間の相関が異なる形で出てくる

(g − 2)μ

Tight bound on flavor alignment 


