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Phase transitions are important events in the evolution of the Universe

‣ the SM predicts two of them  (the two phases are smoothly connected (cross over))
new physics may change their nature
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Additional phase transitions could be present due to new-physics

well motivated example:
‣ Peccei-Quinn symmetry breaking connected to QCD axion

↵s

8⇡

✓
✓ � a

fa

◆
GG̃

<latexit sha1_base64="YGd5VeGcvfqdSZ3BtZ282ySZMg4="></latexit>

Peccei-Quinn

LDR, Panico, Redi, Tesi, 2020



In the SM the QCD and EW PhTs are extremely weak

         the two phases are smoothly connected (cross over)
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   The SM phase transition is a smooth crossover     

   The EW symmetry is restored at T > Tc 

   Different scenario if mh ≲ 70 GeV

The Standard Model at finite temperature
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• no barrier is present in the effective 
potential

• the field gently “rolls down” towards 
the global minimum when T < Tc

‣ no strong breaking of thermal equilibrium

‣ no distinctive experimental signatures

Phase transitions in the SM



New Physics at finite temperature
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The EW symmetry is restored at T > T0, below T0 a new (local) minimum appears 

At a critical Tc  the two minima are degenerate and separated by a barrier            
(two phases coexist) 

The transition starts at the nucleation temperature Tn < Tc
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New physics may provide first order phase transitions

• a barrier in the potential may be 
generated from tree-level 
deformations, thermal or quantum 
effects

• the field tunnels from false to true 
minimum at 

• the transition proceeds through 
bubble nucleation

T = Tn < Tc

‣ significant breaking of thermal equilibrium  (relevant for baryogenesis)

‣ interesting experimental signatures  (eg. gravitational waves)

A first-order EWPhT



GW from
bubble collision

hhi = 0

hhi 6= 0

B ⇠ e�hhi/TB 6= 0
CP

baryogenesys

Bubble dynamics can produce gravitational waves and baryogenesys

GW from sound waves  
and turbulence in the plasma

Bubble nucleation



I. “Single field” transitions

II. “Multiple field” transitions

‣ barrier coming from:

• quantum corrections due to additional fields

• thermal effects

‣ barrier can be present already at tree-level and T=0

‣ minima in different directions in field space

New Physics at finite temperature
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At a critical Tc  the two minima are degenerate and separated by a barrier            
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The transition starts at the nucleation temperature Tn < Tc
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How to get a first-order PhT



New Physics in the Higgs sector



Deviations in Higgs 
couplings + new states

First order  
phase transitions

Gravitational waves

EW Baryogenesis

New Physics 
in the Higgs sector

DM candidate

testable at  
future colliders

testable at  
future interferometers

Collider - cosmology synergy

PBH



• the nucleation temperature  

• the strength  

• the (inverse) time duration of the transition  

• the speed of the bubble wall  

• the thickness of the bubble wall  

Tn

α

β/H

vw

Lw

Gravitational waves and the efficiency of the EW-baryogenesis crucially depend on them

EWBG is typically efficient for slowly-moving walls. Recent results show efficiency also 
for fast-moving walls [Dorsch, Huber, Konstandin, 2021]

GWs are maximised for fast-moving walls

Key features of a first-order PhT

equilibrium 
quantities

non-equilibrium 
quantities



using the PTtools python module [34]. In this work we evaluated the power spectra at 100

logarithmic spaced z values between 1 and 1000. The number of points used in the fluid shell
profiles was 70000, with 7000 wavevectors used in in the velocity convolution integrations.
The bubble lifetime distribution, taken to be exponential, was integrated with 200 linearly
spaced values between 0 and 20�

�1. The high wavenumber resolution was used to ensure the
integration over the velocity power spectrum converges. As mentioned in the introduction,
we explore the prospects for estimation in the parameter space 0.4 < vw < 0.9, ↵ < 0.5,
r⇤ = 0.01, 0.1 and Tn = 100 GeV.

We show, using this framework to calculate the GW power spectra, how varying the
thermodynamic parameters effects the shape, frequency scales and amplitudes of the power
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(a) Fixed: ↵ = 0.2, r⇤ = 0.1, Tn = 100 GeV. (b) Fixed: vw = 0.6, r⇤ = 0.1, Tn = 100 GeV.

(c) Fixed: vw = 0.6, ↵ = 0.2, Tn = 100 GeV. (d) Fixed: vw = 0.6, ↵ = 0.2, r⇤ = 0.1.

Figure 1: Gravitational wave power spectra for a first order phase transition calculated
using the sound shell model, Eq.(2.10). In each panel we vary one of the thermodynamic
parameters vw (wall speed), ↵ (phase transition strength), r⇤ (Hubble-scaled bubble spacing)
and Tn (nucleation temperature). Shown also in solid black is the LISA instrument noise given
by the science requirements (SR) document sensitivity curve (Eq. (3.8), [55]). The dashed
line shows the predicted foreground from extragalactic binaries, Eq. (3.9), along with a grey
uncertainty band. The dash-dotted line shows the estimated foreground from unresolved
galactic binaries, Eq. (3.11). Signal-to-noise ratios for Tn = 100 GeV and r⇤ = 0.1, 0.01 are
given in Fig. 4.
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First-order PhTs produce stochastic background of gravitational waves

for the EWPhT the peak frequency is 
within the range of future experiments

GW from a first-order PhT
De Curtis, LDR, Panico, 2019

Gowling, Hindmarsh, 2019

• wall speed has a strong effect on the 
shape of the power spectrum

• wall speed will be the best 
determined parameter



System setup:
scalar field + plasma

Dynamics of the bubble wall

in the following we assume a planar wall and a steady state regime

z

ϕ

ϕ = 0

ϕ = v
broken phase

symmetric phase

the wall moves towards the symmetric phase

particles impinging 
on the wall

• The bubble wall drives plasma out of equilibrium

• Interactions between plasma and wall front produce a friction

• If the friction and pressure inside the bubble balance, we can realise 
a steady state regime (terminal velocity reached)



Dynamics of the bubble wall

Coupled system of equations. For each type of particle,

f (p, z) = fv (p, z) + �f (p, z)

Scalar field equation:

�0⇤�� V 0
T =

X
Ni

dm2

dz

Z
d3p

(2⇡)32Ep
�f (p) ⌘ Friction

Boltzmann Equation:
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(fv + �f ) = �C[fv + �f ]

We will focus on the Boltzmann Equation.
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‣ External force from space dependent mass drives the 
plasma out of equilibrium

‣ Collisions between particles in the plasma tend 
to restore equilibrium

The Boltzmann Equation

We can rewrite it like

✓
pz
E
@z �

(m(z)2)0

2E
@pz

◆
�f � �v

(m(z)2)0

2E
f 0v + C[fv + �f ] = 0

External force from space dependent mass drives the plasma out of
equilibrium:

m(z) =
m0

2

✓
1 + tanh


z

Lw

�◆

Collisions between particles in the plasma tend to restore equilibrium.

8 / 35
• Energy-momentum conservation for background fluids

• Scalar field equation

• Boltzmann equation for out-of-equilibrium fluids

!" =
1

%& ' ((')(+,"-.(')/0) + 1
the effects of the background 
are encapsulated in the temp. 

and velocity profiles



Liouville operator is a derivative along flow paths

ℒ[𝑓] =
𝑝𝑧

𝐸
𝜕𝑧 − (𝑚2(𝑧))′�

2𝐸
𝜕𝑝𝑧

𝑓
𝑝𝑧

𝐸
𝑑𝑓
𝑑𝑧

  and   are conserved along the flow paths𝐸,  𝑝⊥ 𝑐 = 𝑝2
𝑧 + 𝑚2(𝑧)

LHS - the Liouville operator



RHS - the collision term
The collision term is the challenging part of the Boltzmann equation

Why is the Boltzmann equation di�cult to solve?

Collision term is the di�cult part of the Boltzmann equation.

Our setup: only 2 ! 2 processes.

C[fv+�f ] =
1

4NiEi

X

j

Z
d3kd3p0d3k 0

(2⇡)52Ek2Ep02Ek 0
|Mj |2P[fv+�f ]�4(p+k�p0�k 0)

To make it easier, population factors are linearized.

P̄[f ] = fv (p)fv (k)(1± fv (p
0))(1± fv (k

0))
X (⌥�f )

(�f 0v )

Boltzmann equation is a partial-di↵erential-integral equation.

9 / 35

for �  processes2 ↔ 2

Boltzmann equation is an integro-differential equation

Typical setup:
• friction contributions only from the top quark

• processes included:    

• background is not perturbed

• infrared divergences regularised by thermal masses

• only leading-log terms are considered

tt̄ ↔ gg, tg ↔ tg, tq ↔ tq



Structure of the collision integral

The linearised collision integral

! "#$ = 1
2($)$
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the population factor

In eq. (5), Np represents the degrees of freedom of the incoming particle with momentum p,
k is the momentum of the second incoming particle, while p0 and k0 are the momenta of the
particles in the final state. The + sign is for bosons, while the � sign is for fermions. After the
linearization in �f the collision operator is given by

C̄[f ] ⌘ �
Q

E

fv
f 0
v
�f(p)� h�fi =

X

i

1

4NpE

Z
d3kd3p0d3k0

(2⇡)52Ek2Ep02Ek0
|Mi|

2�4(p+ k� p0 � k0)P̄[f ] , (7)

with

P̄[f ] = fv(p)fv(k)(1± fv(p
0))(1± fv(k

0))
X

⌥
�f

f 0
v
, (8)

where the ⌥ in the sum is for incoming and outgoing particles, respectively. As done in ref. [13],
we can distinguish two contributions coming from the linearized collision operator: the first
one, which depends only on �f(p) so that the perturbation factorizes out of the integral, is
described by the term Q/E �f in eq. (4); the second one, denoted by the bracket h�fi, includes
the contributions where �f appears under the integral sign.

3 Spectral decomposition of the collision operator

The most computationally cumbersome term in the Boltzmann equation is the bracket h�fi,
which corresponds to a nine dimensional integral involving the unknown �f . One possible
strategy to deal with this term is to perform, first, all the integrations that do not involve the
unknown perturbation �f , as explained in ref. [26]. The main advantage of this method is that
such integrals depend only on the processes under consideration and have to be computed only
once.

Applying such procedure and assuming the particles to be massless inside the collision inte-
gral, the bracket term takes the following form [13]

h�fi = �
fv(p)

Ep

✓Z
d3k̄

2|k̄|


f0(�(z)|k̄|)Ka(�(z)|p̄|,�(z)|k̄|, ✓p̄k̄)

� (1� f0(�(z)|k̄|))Ks(�(z)|p̄|,�(z)|k̄|, ✓p̄k̄)

�
�f(k?, kz, z)

f 0
0(�(z)|k̄|)

◆
,

(9)

where barred momenta are computed in the local plasma reference frame, f0 denotes the standard
(Fermi-Dirac or Bose-Einstein) distribution functions, and ✓p̄k̄ is the relative angle in the local
plasma reference frame between the particles with momentum p and k. The momenta k? and kz,
defined in the wall reference frame, can be expressed as functions of the local plasma momenta
through a boost along the z-axis, namely kz = �(z)(Ek̄ + vp(z)k̄z), k? = k̄?. The functions Ka

and Ks are the annihilation and scattering kernels

Ka =
1

8Np(2⇡)5

Z
d3k0d3p0

2Ep02Ek0
|Ma|

2(1± fv(p
0))(1± fv(k

0))�4(p+ k � p0 � k0)

Ks =
1

8Np(2⇡)5

Z
d3kd3k0

2Ek2Ek0
|Ms|

2fv(k)(1± fv(k
0))�4(p+ k � p0 � k0)

(10)

where the matrix elements Ma and Ms can be found in ref. [13].
For a planar wall, the perturbation �f depends only on the components of the momentum,

kz and k?, parallel and perpendicular to the propagating direction of the DW. As a consequence,
eq. (9) can be further simplified exploiting the fact that the perturbation �f is invariant under

5

the collision integral yields two classes of terms:

- the perturbation does not appear inside the integral: easy to handle

- perturbation is integrated (bracket): very challenging

! "#$ = & "#
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To deal with the collision term, previous approaches made assumptions
on the shape of the perturbation in momentum space

• Fluid approximation [1]
• Extended fluid approximation [2]
• New formalism [3]

[1] and [2] dubbed “old formalism” (OF) in the following

[1] Moore, Prokopec, 1995
[2] Dorsch, Huber, Konstandin, 2022
[3] Laurent, Cline, 2020

1!!!   the   term neglected

2!!!   Boltzmann equation integrated with a set of (not unique) weights

𝜕𝑝𝑧
𝛿𝑓

Previous approaches to the Boltzmann equation    

Alternative methods
• Expansion of   in a polynomial basis [4]
• Holographic approach [5]

δf [4] Laurent, Cline, 2022
[5] Bigazzi, Caddeo, Canneti, Cotrone



Key features
• No term in the Boltzmann equation is neglected

• New approach (spectral decomposition) to deal with collision integrals

• Iterative routine where convergence is achieved in few steps

Full solution to the Boltzmann equation    

De Curtis, LDR, Guiggiani, Gil Muyor, Panico, 2022

❖ We propose a new method to solve the Boltzmann equation 
without imposing any ansatz for  𝛿𝑓

❖ We developed an algorithm to solve the coupled system of 
bubble wall and Boltzmann equations, thus getting  ,  , etc.vw Lw

De Curtis, LDR, Guiggiani, Gil Muyor, Panico, 2023



𝑐𝑠

Integrated friction

De Curtis, LDR, Guiggiani, Gil Muyor, Panico, 2022

• fully quantitative solution without any ansatz
• quantitative and qualitative differences with 

previous approaches
• smooth behaviour across the sound barrier



Higgs + singlet scalar potential (Z2 symmetric)
in the high-temperature limit

with thermal masses

✦ EW symmetry is restored at very high T

h

s

1st step

2nd step
(EWPT)

h

s

1-step

h

s

✦ Two interesting patterns of symmetry 
breaking (as the Universe cools down)

i. 1-step PhT (0, 0) ! (v, 0)

(0, 0) ! (0, w) ! (v, 0)ii. 2-step PhT
‣ 2-step naturally realised since singlet is destabilised 

before the Higgs ( )cs < ch

important to create 
a barrier in the potential

SM + singlet scalar

⟨h, s⟩ = (0, 0)

ch =
1
48

(9g2 + 3g′�2 + 12y2
t + 24λh + λhs) cs =

1
12

(2λhs + λh)

V(h, s, T ) =
μ2

h

2
h2 +

λh

4
h4 +

μ2
s

2
s2 +

λs

4
s4 +

λhs

4
h2s2 + (ch

h2

2
+ cs

s2

2 ) T2



Results

ms (GeV) �hs �s Tn (GeV) Tc (GeV) T+ (GeV) T� (GeV)

BP1 103.8 0.72 1 129.9 132.5 130.3 129.9

BP2 80.0 0.76 1 95.5 102.8 97.5 95.5

vw �s LhTn LsTn

BP1 0.388 (0.566) 0.789 (0.751) 9.69 (8.05) 7.66 (6.66)

BP2 0.473 (0.610) 0.808 (0.810) 5.15 (4.68) 4.26 (4.07)

Table 1: Critical, nucleation and temperatures in front and behind the DW and terminal values of the
parameters vw, �s, Lh, Ls for two benchmark models. The numbers in parentheses correspond to the
results obtained neglecting the out-of-equilibrium perturbations.

results for two benchmark points. In the table we show the values of the four parameters with
and without the contributions of the out-of-equilibrium perturbations. The bubble speed is the
parameter mostly a↵ected by the out-of-equilibrium contributions, followed by the width of the
Higgs wall. For the first benchmark model with ms = 103.8 GeV, a di↵erence of ⇠ 30% and of
⇠ 20% is present for the speed vw and the wall width Lh, respectively, with respect to the same
values computed in local equilibrium. The width Ls and the displacement �s show, instead, a
di↵erence of ⇠ 15% and a milder one of few %. The four parameters in the second benchmark
model with ms = 80 GeV still present important di↵erences with respect to the only-equilibrium
case, but the impact of the out-of-equilibrium contributions is less severe. As for the previous
benchmark model, the perturbations mostly impact on the speed on which they induce a change
of ⇠ 20%. The o↵set �s, instead, is mostly una↵ected by the inclusion of the out-of-equilibrium
corrections.

To understand why the out-of-equilibrium perturbations have a di↵erent impact on the two
benchmark models, it is useful to study the total pressure acting on the system. This will also
clarify why the terminal speed vw is the parameter mostly a↵ected by the out-of-equilibrium
corrections. Using eq. (32) the total pressure acting on the system can be expressed as

Ph + Ps = �V +

Z
dz

T 0

T
w(T ) +

Z
dz F (z) = 0 (33)

where �V is the potential energy di↵erence between the true and false vacuum. The size of
this di↵erence increases with the amount of supercooling in the PhT. For small supercooling,
the friction is comparable to the potential di↵erence and the out-of-equilibrium corrections
have an important impact on the DW dynamics. As we notice from table 1, the model where
the out-of-equilibrium corrections have a bigger impact indeed correspond to the one with less
supercooling.

We plot in figure 4 the total pressure acting as a function of the wall speed, with (black line)
and without (red line) the inclusion of the out-of-equilibrium distributions. In both curves we
can observe the presence of a peak corresponding to the Jouguet velocity. The peak originates
from hydrodynamic e↵ects that heat up the plasma, thus generating a pressure barrier that
slows down the DW motion in models with small supercooling [30]. This additional “friction”
is described in eq. (33) by the term proportional to the enthalpy and has the largest impact for
hybrid walls, where the di↵erence T+ � T� is maximum.

At small velocities, instead, the pressure at equilibrium becomes constant. In this case the
temperature di↵erence across the wall becomes negligible and the value of the total pressure
settles to the potential energy di↵erence between the false and true vacua at the nucleation
temperature.
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Figure 4: Total pressure as a function of the bubble speed for the two benchmark models reported
in table 1. Left panel BP1, right panel BP2. The red solid line is obtained by neglecting the out-of-
equilibrium perturbations, while the black solid line corresponds to the complete computation. The peak
is located at the Jouguet velocity. The widths and the displacement are fixed at their terminal values

The out-of-equilibrium perturbations provide a correction that grows linearly with the ve-
locity. This behaviour is consistent with the one found in ref. [13], where a linear dependence of
the total friction was observed. From the above discussion we conclude that the perturbations
have an important impact on the wall terminal speed and, therefore, an accurate modeling of the
out-of-equilibrium perturbations is necessary to get a proper description of the PhT dynamics.

We finally remark that our results are in contrast to the conclusions in [16] where out-
of-equilibrium perturbations provide a small correction to the DW terminal velocity. This
discrepancy could be explained by di↵erences in the implementation of the potential or in the
method used to solve the Boltzmann equation itself. Nevertheless, in [28] the authors computed
the DW terminal speed for a similar potential, including also the contributions of the EW gauge
bosons, by solving the Boltzmann equation using the fluid approximation. This approach, as we
showed in [13] overestimates the actual value of the friction for subsonic walls of a ⇠ 10%�20%
factor. Our results, reported in tab 1, show a di↵erence with the values given in [28] that can be
easily justified by the di↵erent approximations adopted. Moreover, we implemented the spectral
decomposition described in [16] and we found that the perturbations computed in such a way
agree with the ones computed by solving the full Boltzmann equation within a ⇠ 20% di↵erence.
Such a discrepancy could be caused by a grid on which the perturbation is decomposed using
the Chebyschev polynomials whose size is too small. This final paragraph should be changed.

6 Conclusions

Acknowledgments
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A Boundary conditions for the hydrodynamic equations

In this appendix we briefly review the computation of the boundary values of the plasma velocity
vp± and temperature T± (see refs. [16, 18] for more details).
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Conclusions:
‣ Fully quantitative solution without any ansatz on  

‣ Necessary for a reliable computation of  

‣ Quantitative and qualitative differences with previous approaches

𝛿𝑓

vw

Work in progress:
▪ inclusion of the massive W/Z bosons

▪ evaluation of the impact of the leading-log approximation

▪ code release

Conclusions and outlook



Supercool PhTs

Primordial Black Holes from Supercooled Phase Transitions

Yann Gouttenoire1, * and Tomer Volansky1, †

1School of Physics and Astronomy, Tel-Aviv University, Tel-Aviv 69978, Israel

Cosmological first-order phase transitions (1stOPTs) are said to be strongly supercooled when the nucleation
temperature is much smaller than the critical temperature. These are often encountered in theories that admit
a nearly scale-invariant potential, for which the bounce action decreases only logarithmically with tempera-
ture. During supercooled 1stOPTs the equation of state of the universe undergoes a rapid and drastic change,
transitioning from vacuum-domination to radiation-domination. The statistical variations in bubble nucleation
histories imply that distinct causal patches percolate at slightly different times. Patches which percolate the lat-
est undergo the longest vacuum-domination stage and as a consequence develop large over-densities triggering
their collapse into primordial black holes (PBHs). We derive an analytical approximation for the probability
of a patch to collapse into a PBH as a function of the 1stOPT duration, ��1, and deduce the expected PBH
abundance. We find that 1stOPTs which take more than 12% of a Hubble time to complete (�/H . 8) produce
observable PBHs. Their abundance is independent of the duration of the supercooling phase, in agreement with
the de Sitter no hair conjecture.

I. INTRODUCTION

Primordial black holes (PBHs) have been the object of in-
tense research activities since the detection of gravitational
waves from mergers of solar-mass black holes in 2015 [1].
The detection of black holes with sub-solar masses would
be considered evidence for the gravitational collapse of large
overdensities which pre-existed in the primordial plasma [2].
A variety of mechanisms have been proposed for generat-
ing such inhomogeneities, e.g. inflaton ultra slow-roll [3, 4],
collapse of cosmic strings [5–8], of domain walls [9–12],
of scalar condensates [13–16] or in a dissipative dark sec-
tor [17–20]. Overdensities and the formation of PBHs can
also be associated with cosmological first-order phase transi-
tions (1stOPTs) where by and large, four mechanisms have
been identified: bubble collisions [21–23], matter squeezing
by bubble walls [24–28], transitions to a metastable vacuum
during inflation [29–32] and the collapse of delayed false vac-
uum patches [33–44].

In this letter, we revisit the last of these mechanisms and
show that PBHs can be abundantly produced in the supercool-
ing regime, e.g. when the energy density of the universe is
dominated by the latent heat of a phase transition. The latent
heat acts as a cosmological constant which causes the uni-
verse to inflate until the transition completes and the energy is
converted into radiation once bubbles nucleate and percolate.
As illustrated in Fig. 1, since bubble nucleation is a stochas-
tic event, and since regions outside bubbles expand faster than
those inside, a delayed nucleation within a causal patch would
develop high curvature and collapse into a PBH. We find that
any 1stOPT whose “duration” ��1 is longer than one tenth of
Hubble time,

� ⌘ 1

�V

d�V

dt
. 8H , (1)

produces PBHs with observational consequences. Here �V ⌘
�/V is the bubble nucleation rate per unit of volume (and
hence a dimension-4 parameter). The mass of these PBHs is
given by the mass inside the sound horizon, cf. Eq. (17).

H�1

PBH

Old vacuum-dominated region (outside bubbles)

New radiation-dominated region (inside bubbles)

a) b)

c) d)

late-bloomer

Figure 1. The supercooled late-blooming mechanism:
a) The nucleation of bubbles through quantum or thermal tunneling
is a random process. Within certain causal patches – such as the
one delimited with a black dotted circle and labeled “late-bloomer”
– bubble nucleation can start later than the background. b) and c)
In the supercooled limit, false vacuum regions in gray are vacuum-
dominated while true vacuum regions in brown are energetically
dominated by components which redshift like radiation (see App. B).
As a result, the background is rapidly redshifting while late-bloomers
admit a nearly constant energy density. d) This inhomogeneity in the
equation of state generates a Hubble-size over-density in the radia-
tion fluid which, above a certain threshold, collapses into a PBH.
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MPBH ≃ 3.7 × 10−8M⊙ ( 106.75
g*(Teq) )

1/2

( 500 GeV
Teq )

2

fPBH ≃ 0.32 × 1012 exp [−a ( β
H )

b

(1 + δc)c β
H ] (

Teq

1 GeV )



Supercool ALP

Conaci, LDR, Dev, Ghoshal, to appear soon

Another example of synergy between cosmology and lab. searches
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Backup slides



Assumptions on the plasma:

• High temperature, weakly coupled plasma

• Higgs varying scale   inverse of momentum transfer in the plasma

• Only   processes in the plasma are considered (assumption valid for the 
computation of the collision integral)

• Plasma made of two different kind of species
▪ Top quark and W/Z bosons (main contributions)
▪ All the other SM particles (background, assumed to be in local equilibrium)

𝐿𝑤 ≫ 𝑞−1

2 → 2

The Boltzmann equation

Dynamics of the bubble wall

Coupled system of equations. For each type of particle,

f (p, z) = fv (p, z) + �f (p, z)

Scalar field equation:

�0⇤�� V 0
T =

X
Ni

dm2

dz

Z
d3p

(2⇡)32Ep
�f (p) ⌘ Friction

Boltzmann Equation:

✓
pz
E
@z �

(m2)0

2E
@pz

◆
(fv + �f ) = �C[fv + �f ]

We will focus on the Boltzmann Equation.
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