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“Updates on our calculation of
inclusive T decay into hadrons”
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Don’t worry, | have a solution
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“Updates on our calculation of
inclusive T decay into hadrons”
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Extracting Hadronic Amplitude

in Minkoskian spacetime:

H(E)=1i | dte™ C(t)
0

(inverse Fourier transform)






Extracting Hadronic Amplitude

00 - * in discrete Euclidean spacetime of length T:
B T
HY(E)= | dre®™ C.(7)

0

A bit too naive...






Since there are no non-analyticies in a finite lattice, contour integral vanishes

—Imt¢ 4
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Since there are no non-analyticies in a finite lattice, contour integral vanishes

—Imt¢ 4
T.
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Do the two sides agree...?
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Since there are no non-analyticies in a finite lattice, contour integral vanishes

—Im ¢

Do the two sides agree...?
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B < Ey E > Ey
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B < Ey E > Ey

o — Cn . > ¢, T<F  m-p)T
_>
( )T—>oo n:OEn — E 1 (E) Tjoo —OE — F —|—Z C E — E
GOOD! BAD!!!

« How to subtract the divergent part?

« Needs all C),to recover the imaginary part!
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“Electromagnetic pion form F’.
/| [Maiani L., Testa M., 1990]
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o - Problem W-';ei[ ',_:WQ:WH since long time:

“Elctrmagnetic pion form F.(q*) factor in the time region ¢* > (2m)
[Maiani L., Testa M., 1990]

2“

[ "__e‘ralized as the No-Go-Theorem for scattering amplitudes above thresholds.

Various solutions proposed:
“Particle scattering in Euclidean lattice field theories” [Barata and Fredenhagen, 1991]

“Scattering amplitudes from finite-volume spectral functions” [Bulava and Hansen, 2019]

“Variations on the Maiani-Testa approach and the inverse problem” [Bruno and Hansen, 2021]
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Problem well known since long time:

“Electromagnetic pion form Fﬁ(q2) factor in the time region ¢* > (2m)**

[Maiani L., Testa M., 1990]

- Colloguially generalized as the No-Go-Theorem for scattering amplitudes above thresholds.

Various solutions proposed:
“Particle scattering in Euclidean lattice field theories” [Barata and Fredenhagen, 1991]
“Scattering amplitudes from finite-volume spectral functions” [Bulava and Hansen, 2019]

“Variations on the Maiani-Testa approach and the inverse problem’ [Bruno and Hansen, 2021]

Several applications, e.g. Py, decays P — [’[’[y, where P ise.g.a D4 meson

(see second part of the talk)
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Provides similar representations of the correlator in Minkowskian & Euclidean spacetime

> dE'’ T >0 < dE’ Y
Ot téo E/ 1Bt C £) ‘= E/ E't
02 [T e o2 [ e



0 - function restricts the correlator to the states of energy 5y

Provides similar representations of the correlator in Minkowskian & Euclidean spacetime

dE/ (E/> —iE't CE (t) t;O dE,

C(t) =
( ) 0 27T 0 27T

(E')e”

In particular, in the Euclidean we represent the correlator Cg(t)
as the Laplace Transform of the spectral density p(E£)

E't






The term e_et is introduced to guarantee the time integral convergence:

TdET p(E)
H(E) = Ii
()= tm | T



The term e_et is introduced to guarantee the time integral convergence:

TdET p(E)
H(E) = li
()= tm | T

Energy integral is always well-defined given that p(F) =0 if £ < Ej






: . . 1 > ' .
When studying energies F < F, one can rewrite: ke / dt e~ F'—E)t  obtaining:
T 0

Re [H(E)] = / TaE

Eo 27T

P(E')/O dte_(E,_E)t:/ dt e Cp(t)

0

Im [H(E)]=0 by definition, since p(£) =0 if E < kg



: . . 1 > ' .
When studying energies F < F, one can rewrite: ke / dt e~ F'—E)t  obtaining:
T 0

Re [H(E)] = / TAE /0 T dte—(E =B _ / T dteBt Op(t)

Eq 27 0

Im [H(E)]=0 by definition, since p(£) =0 if E < kg

But these is not possible for £ > £, : the ¢ — 01 can be taken only after integrating in E
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one can recognize the convolution of the spectral density with a kernel:

> dE’ 1
H(E €)= —p(E"YK(E' - F K(E' — E,¢) =
B = [ GpEVK(E B0, KB = mp



— = lim H(F,¢)
o S R i

one can recognize the convolution of the spectral density with a kernel:

> dE’ 1
H(E €)= —p(E"YK(E' - F K(E' — E,¢) =
B = [ GpEVK(E B0, KB = mp

...which allows us to cast the problem in the “usual” inverse Laplace problem solved by HLT!



one can recognize the convolution of the spectral density with a kernel:

> dE’ 1
H(E €)= —p(E"YK(E' - F K(E' — E,¢) =
B = [ GpEVK(E B0, KB = mp

...which allows us to cast the problem in the “usual” inverse Laplace problem solved by HLT!

H(E,¢) can be interpreted as a smeared amplitude, let us see why...
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One can immediately see that:

o0 1 1
H(E,€) = dw — H(w)
— 00 T (E—W)Z _|_ ]_

€

Corresponding to a Lorentzian smearing of H(E) over a region of width 2e.






The smearing corresponds to a simple shift: ' — I' 4 2ie

A
H(E,e) ~
9 —_— .
M—E—i(T/2+¢)
Re Hc(E,€) Im Hc(E,€)
— €=05 — €=05
— €=03 — €=0.3
— €=0.2 — €=0.2
—E=0.1 — €=01
— €=0.05 — €=0.05
— €=0.02 — €=0.02
— €=0 == &=

-1.0 -0.5 0.0 0.5 1.0






W . B ; -. — = | i e Toned
M — E —i (g + ¢€)

r/2

with A(E) = \/(E—M)2 +(I'/2)° and tang(E) = E—M

Clearly H(F,e) = H(E) 4+ O(€) provided that ¢ = \/(E — M2+ (T/2)

- Far from the resonance peak, M — E > I'/2 such that one needs just € < |M — £

« Near the peak, M ~ E such that one needs ¢ < T'/2



L (5 +e)

r/2
E— M

with A(E) = \/(E - M)2 + (1/2)° and tang(E) =

Clearly H(F,e) = H(E) 4+ O(€) provided that ¢ = \/(E — M2+ (T/2)

- Far from the resonance peak, M — E > I'/2 such that one needs just € < |M — £

« Near the peak, M ~ E such that one needs ¢ < T'/2

This is in a toy model, but what in real life?



For each I the value of A(F) is a (linear estimate) of the region where 1 () varies by 100%

Not always that simple...



RE e Sl
it in a generic case
ed to give a general defihiﬁon of the “width”. For sufficiently smooth amplitudes:

1 1 OH(E)
e L) 0B

For each I/ the value of A(E) is a (linear estimate) of the region where i/ (E) varies by 100%

Not always that simple...

In less trivial cases, many features might be present

In this cases more care must be taken to take the extrapolation

Some degree of modelling might be required

Observing the asymptotic ¢" regime might require very small €
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E
50 Needs smearing, putting finite €
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We must be sure not to undersmear!



Im[H(E,¢, L))

We must be sure not to undersmear!

/M ~0.9,eL ~ 18—
e/M ~ 0.65, eL ~ 13—
e/M ~0.39, eL ~ 75—
e/M ~ 012, eL ~ 25—

/M ~ 0.9, eL ~ 32—
e/M ~ 0.65, eL ~ 23—
e/M ~0.39, eL ~ 13—
/M ~ 012, eL ~ 45—

[H(E,e, L' > L)]

Im




Im[H(E,¢, L))

We must be sure not to undersmear!

e/M ~ 0.9, eL ~ 18— | e/M~09, 6L ~32—
e/M ~ 0.65, eL ~ 13— S| e/M ~0.65, el ~ 23—
e/M ~0.39, L ~ 75— DNl e/M ~0.39, L ~ 13—
/M ~ 012, L ~ 25— 1 e/M ~ 012, 6L ~ 45—
)
E
E E

Small FVE guaranteed if e > 1 [Bulava et al. 2021]






From the knowledge of the coefficients, one reconstructs the real and imaginary parts:

Zg B)Cilna) = [ G (Yol e ) o) = Re[H (. )

Zg B)Cilna) = [ G (Yot e ) o) = Ll (£, o)
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Can be analytically minimized, leading to a “simple” closed form
N 00

gh(E) =Y (Hy") f! fl= | dE K|(E' —E,ee ™

m
m=1 0



Can be analytically minimized, leading to a “simple” closed form
N

RE) =Y (HY),, fhe  fi= [ B K(E - Egem”
0

m=1

Unfortunately the Hilbert matrix is a textbook example of poorly conditioned matrix

1
H —
(N ) n+m-—1"

det Hy ~ N~ Y/4(27)N 4N



Can be analytically minimized, leading to a “simple” closed form

N 00
RE) =Y (HY),, fhe  fi= [ AP K(E - Ege
m=1 0
Unfortunately the Hilbert matrix is a textbook example of poorly conditioned matrix
1 2
H = det Hy ~ N~ V4@2m)N4=N
(HN )y = N (2r)

E.g. det Hig ~ O(107°%) | det Hyy ~ O(10~226)
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100 T — Exact, e =0

E/E,



E=14FE;

| |g}L(E)\ grow exponentially as e — 0

gt € = 0.0100—
gt € = 0.0050—
gi € = 0.0025

G50, € = 0.0100 —

G50, € = 0.0050 — -

G50, € = 0.0025

9.10L \
I,
11019 I,
=~ »‘H ﬂ\
82 " Avﬂvﬂ Mﬁy "
= i
LI
—1-10% | “\‘/
\ | !
—92.101B1 \(
strong sign ﬂuctl‘lations
~3-10 5 =

This giant coefficients will make the error on the amplitude EXPLODE once used on real data

100
n

H(E,e€) Z

150

E)6Cp(na)l” +i Z (gim(E) 6C'p(na))?

200






Systematic error
due to reconstruction

N
Blg] o Z Gny gn, Cov (Cg(any), Cg(ans)) Statistical error

ni,no=1 due to correlator fluctuations



Systematic error
due to reconstruction

o0 dE/
Agl= [ -
Elnin n

N
Blg] o Z Gny gn, Cov (Cg(any), Cg(ans)) Statistical error
due to correlator fluctuations

1 ,??,2:1

)\ balances between the two error contributions
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NP beyond the SM

ual photon emiséion, two diagrams at LO in cem :
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‘ _,Virtual photon emission, two diagrams at LO in aey, :

Bremsstrahlung contribution,

ji=

Trivial,
x fp +
l+

P+



Bremsstrahlung contribution,

Trivial,
x fp +

P+

Non-trivial!
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Inserting a complete set of states, one gets

oy — NSO (O (e (0.8)12)
HYY (k) =) E B P ,

T
) states have same flavor and are not lighter than |P), no issue with analytic continuation
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Sy (0)|P)

Inserting a complete set of states, one gets

oy — NSO (O (e (0.8)12)
HYY (k) =) E B P ,

T
) states have same flavor and are not lighter than |P), no issue with analytic continuation

mpe, (k) = 3 760, girvi>g!ﬁ<o>rp<o>>7 b — +k

n

In) states are unflavored and vectorial: |¢) , issue with analytic continuation above |k*| = M,






Single Ni=2+1+1 Wilson-clover twisted-mass ETMC gauge ensemble at the physical point

Ensemble a[fm] L/a T/a Neconts Nsources
cB211.072.64 | 0.079 64 128 302 4




~...and extracted the hadronic matrix elements.

Single Ni=2+1+1 Wilson-clover twisted-mass ETMC gauge ensemble at the physical point

Ensemble a[fm] L/a T/a Nconts Nsources
cB211.072.64 | 0.079 64 128 302 4

Let’s study the problematic time ordering, for V channel, and to k = k2, for Cp(t) = Ci2(t, k)

(B"YK(E' — E,e) from Cg(t) :/ die_E/t p(E")

o dE/
Extracting H (L, ¢€) = / o 27
0

o 27
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~...and extracted the hadronic matrix elements.

y, s M

Single Ni=2+1+1 Wilson-clover twisted-mass ETMC gauge ensemble at the physical point

Ensemble a[fm] L/a T/a Nconts Nsources
cB211.072.64 | 0.079 64 128 302 4

Let’s study the problematic time ordering, for V channel, and to k = k2, for Cp(t) = Ci2(t, k)

(B"YK(E' — E,e) from Cg(t) :/ die_E/t p(E")

o dE/
Extracting H(E,¢) :/ 27
0

o 27
Let’s go...



0.004
f 0.003 - ; :

S 0.002 1 } } { { }é}} ; : ;
= 0.001] HlH { { 4 Hﬂ .
~ 0 : :
—0.001 | ! :

1 % 105 00001 ' 0.001
Altig)/AR[0]

Extract at small A|g|/A[0] (used as a proxy for \) where stability is seen, before error explodes
Systematic error of the choice estimated by varying the chosen point of A[g|/A[0]



Band: comparison with Vector Meson Dominance model tuned on the correlator



¢/Mp, ~ 030~ ¢/Mp_ ~0.15-+
¢/Mp, ~ 025~ €/Mp_ =~ 0.10-~ :

*

— 001 ¢/Mp, = 0.20 -
=

s 0

A~

0.9

Fork > E, = \/Mg + |k|? the error increases when decreasing e



0.1 0.2 0.3 0.4 0.5 I 0.6 0.7 0.8 I 0.9 1
E/Mp,

Below threshold one can use standard methods (no analytic continuation issue)

Divergence at £ = M, damped only by finite width of the ® meson, but I'y ~ 4 MeV!



—0.014 - § i t } —

‘ \ ‘ \ ‘ \ ‘ L, \ ‘ \ ‘ \ ‘ \ ‘ \
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

E/Mp,

The imaginary part of the amplitude is the (smeared) spectral density itself



E/Mp,

Decreasing the smearing size, one should see the very narrow resonance



\ | \ / i I / | \ [ / i \ | /
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

E/Mp,

...not really... indeed, the width of the ¢ meson has just 'y ~ 4 MeV |
This is a though case, but illustrates well the various regimes



—0.003 Quadratic
Cubic
5 —0.004 e = 0, standard approach e *
= 0.005 >
<5}
ot
—0.006 E/Mp, ~0.14
Or Quadratic —
Cubic
< —0.004 Quartic .
) € = 0, standard approach 4 .
E‘ —0.008
<5}
ot
—0.012 E/Mp, ~0.32
0.05 0.1 0.15 0.2 0.25 03
¢/Mp,

Standard approach: H(E) = / dt e Cg(t),
0

is validating the reconstruction

: »h.;;:,j 5
e N Linear —
Quadratic
Cubic
FE / M Dy ™ 0.14
Linear —
Quadratic
Cubic
- *
E / M Dy ™ 0.32
0 0.05 0.1 0.15 0.2 0.25 0.3

¢/Mp,

At the same time: lim Im|H (F,¢)] =0,

e—0t+

as expected below threshold



0 B/Mp, ~ 0.72——

0 005 01 015 02 025 03
e/Mp,
Basically independent on the smearing parameter, different ansatze used to test systematics



—0.05

Re [H(E;¢)]

—0.03 -

—0.01 ¢

—0.02

¢ * ¥ ¢ ¢ * :
005 01 015 02 02 0.3
¢/Mp,

Needs to use a Breit Wegner model to extrapolate...




Re[H (E)]

—0.1¢

0.15°1

0.1+
0.05 ¢
0

Geeeeeeeeeeeeee
e

—0.05 |
—0.1+

—0.15 ¢

0.1 012 0.‘3 014

0.5 0.6 0.7 0.8 0.9 1
E/Mp,



FCNC process useful for NP searches, like Bs — p 1™, suppressed by e, but helicity enhanced
A really hard job, combining many contributions, extrapolating from m. — m; on 4 lattice spacings



FCNC process useful for NP searches, like Bs — p 1™, suppressed by e, but helicity enhanced
A really hard job, combining many contributions, extrapolating from m. — m; on 4 lattice spacings

Wow!, cool, but why discussing it here?
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FCNC process useful for NP searches, like Bs — p 1™, suppressed by e, but helicity enhanced
A really hard job, combining many contributions, extrapolating from m. — m; on 4 lattice spacings

Wow!, cool, but why discussing it here?

Becau_se it Sl_Jffer from the same
analytic continuation issue!



) o g . : , 2
Flasning on the B, — ptu~ vyat largeq

[Phys.Rev.D 109 (2024) 11, 114506]
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FCNC process useful for NP searches, like Bs — u" 117, suppressed by «.., but helicity enhanced

A really hard job, combining many contributions, extrapolating from m. — m; on 4 lattice spacings

Wow!, cool, but why discussing it here?

Becaqse it Sl_Jffer from the same
analytic continuation issue!

More specifically, on this diagram:
(which is far subdominant)
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Flasning on the B, — ptu~ vyat largeq

[Phys.Rev.D 109 (2024) 11, 114506]

Og .10

S O9 10 b

FCNC process useful for NP searches, like Bs — u" 117, suppressed by «.., but helicity enhanced

A really hard job, combining many contributions, extrapolating from m. — m; on 4 lattice spacings

Wow!, cool, but why discussing it here?
...S0 we decided to
apply the method to
compute the
diagram, let me give
you just a flash on it

Becaqse it Sl_Jffer from the same
analytic continuation issue!

More specifically, on this diagram:
(which is far subdominant)




-0.04 +
0.05 my. ~ 1.27mp,_ e
—0:06 P mpmg, ~ 1.78mDsre—«
n N7
0.06 -
0.05 ¢
“0.04]% Preae,,
< % o ¢
CIURE ° s g
lEaL‘B.O.O?)f Q{)@‘§Q¢
Ig‘ 002 mHS ~ mDs'-S* °
001k mpyg, ™~ 1.27mDs-e-
mg, ~ 1.78 mp, e
0

0 02 04 06 08
e/mpy,

1.2

1.4

M, ™~ Mp, e

mpyg, = 1.27mD5»—e-

e/mp,

mpy, ~ 1.78mp, e
B RE
I 8 IR e
N o
[ORN} -
mpg, = Mp, e
mpg, =~ 1.27mDs»e>4
mpyg, ~ 1.78mDs'-6-‘
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Much more controlled behaviour: no resonances present. A low degree polynomial
or a simple model works well, allowing to take easily the vanishing smearing limit
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ed to the case of two EW-currents, an hadronic state and the vacuum

FaZ

eralized to other classes of process

NUMERICAL WORK

-
« Proof-of-concept study on the Ds = Ul

[PRD 108 (2023) 7]
. Used to estimate a subdominant contribution to Bs = 1 1™ , [PRD 109 (2024) 11]

« Different regimes in different problems and at different energies



CONECNISIONS orthis set or slides ...

THEORETICAL IDEA
« New method to extract complex electroweak amplitudes

« Here applied to the case of two EW-currents, an hadronic state and the vacuum
. Canbe generalized to other classes of process

NUMERICAL WORK

-
« Proof-of-concept study on the Dy — Uy,

[PRD 108 (2023) 7]
. Used to estimate a subdominant contribution to Bs = 117y , [PRD 109 (2024) 11]
« Different regimes in different problems and at different energies

UPCOMING

« Continuum limit extrapolation for K — {’I’lv, where no narrow resonance is present
« To be presented at Lattice 2024 by Roberto Di Palma
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