
Discussion session

Mattia Bruno

CERN Theory Institute



H. Meyer/N. Tantalo

Essentially vector-vector correlator

thermal theory and zero temperature
different “basis” functions but practically similar inverse problem

don’t smeare if you can: e−ωt and imaginary-time correlators
localization in energy preferable depending on the context
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 � spec.funct. poorly constrained
at small k ' 0.4 GeV

Representative
spectral functions
describing the lattice
2(T � L) correlator

 � spec.funct. better constrained
at k ⇡ 2⇡T ' 1.6 GeV

Harvey Meyer Photon emissivity of QCD matter
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(I) Backus-Gilbert spectral function
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Choice made here: f(!) = !2

tanh(�!/2)
in order to make ⇢(!0)

f(!0) a ‘slowly varying

function’, since the BG method is exact if ⇢(!0)
f(!0) is constant.

Harvey Meyer Photon emissivity of QCD matter
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FIG. 7. Top-panel : Example of the stability analysis proce-
dure in the case of the light-light connected contribution to
R�(E). The n = 2� data (blue points), that are remarkably
stable in all cases analyzed in this work, have been used to
estimate the central values of R�(E) and the systematic er-
rors �rec

� (E). Other panels: the plots on the left show P�(E)
while those on the right show �rec

� (E) on the di�erent ensem-
bles at aL � 5 fm for �1 (second panel), �2 (third panel) and
�3 (bottom panel). Most of the points are in the statistically
dominated regime (|P�(E)| < 1) and none in the systematics
dominated regime (|P�(E)| > 2).
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FIG. 8. Reconstructed kernels at d(g?) on the C80 ensemble
at �3 and E = 0.74 GeV. In both plots the results are shown
for � > E0 and the vertical lines mark the location of the
peak of the target Gaussian.
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FIG. 9. Top-panel : Example of the comparison of R��,C
� (E)

on the B64 and B96 ensembles corresponding to volumes aL �
5 fm and 3aL/2 � 7.5 fm. Other panels: on the left we show
P L
� (E) for �1 (second panel), �2 (third panel) and �3 (bottom

panel). On the right we show �L,��,C
� (E), our estimate of the

finite-volume systematic errors.

values and errors for R�(E) from the n = 2� datasets.
In our experience there is no particular advantage in us-
ing the weighting function corresponding to Chebyshev
polynomials.

Volume dependence. In the top-panel of FIG. 9 we
show an example of the comparison of R��,C

� (E) on the
two ensembles B64 and B96 di�ering only for the spatial
volume and time extension of the lattice. The data corre-
spond to �1, E = 0.79 GeV and to the OS regularization.
The blue and orange bands are the results of the stability
analysis performed independently on the two ensembles.
The other three panels of FIG. 9 show a quantitative
summary of the comparison of R��,C

� (E) on the two vol-
umes for all values of � and all energies. In these panels
the plots on the left show, for both regularizations, the
quantity

PL
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the given flavour quantum numbers, their correlation functions have the least signal/noise
problem in the Monte Carlo evaluation of the path integral [871, 1038].

Still restricting ourselves to isospin-symmetric QCD (isoQCD), we thus take it for
granted that the choice Mi, i � 2 is easy, and we do not need to discuss it in detail: the
pseudoscalar meson masses are very good choices, and some variations for heavy quarks
may provide further improvements.

The choice of M1 is more di�cult. From the point of view of physics, a natural choice
is the nucleon mass, M1 = Mnucl. Unfortunately it has a rather bad signal/noise problem
when quark masses are close to their physical values. The ratio of signal to noise of the
correlation function at time x0 from N measurements behaves as [871]

Rnucl
S/N

x0 large�
�

N exp(�(mnucl �
3

2
m�) x0) �

�
N exp(�x0/0.27 fm) , (468)

where the numerical value of 0.27 fm uses the experimental masses. The behaviour in
practice, but at still favourably large quark masses, is illustrated in Fig. 51. Because
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Figure 51: E�ective masses for Mproton [1039], M� [1040], V (� r0), V (� r1) [712] and f⇡ [316]
on Nf = 2 CLS ensemble N6 with a = 0.045 fm, M⇡ = 340 MeV on a 483 96 lattice [316].
All e�ective “masses” have been scaled such that the errors in the graph reflect directly the
errors of the determined scales. They are shifted vertically by arbitrary amounts. Figure from
Ref. [719]. Note that this example is at still favourably large quark masses. The situation
for Mproton becomes worse closer to the physical point, but may be changed by algorithmic
improvements.

this property leads to large statistical errors and it is further di�cult to control excited-
state contaminations when statistical errors are large, it is useful to search for alternative
physics scales. The community has gone this way, and we discuss some of them below.
For illustration, here we just give one example: the decay constants of leptonic � or K
decays have mass dimension one and can directly replace M1 above. Figure 51 demon-
strates their long and precise plateaux as a function of the Euclidean time. Advantages
and disadvantages of this choice and others are discussed more systematically in Sec. 11.4.
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Figure51:E�ectivemassesforMproton[1039],M�[1040],V(�r0),V(�r1)[712]andf⇡[316]
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[MB, Giusti, Saccardi ’24]
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The problem

Correlator C(t) ↔ spectral densities ρ(ω) ↔ experiment

C(t) =
∫
ω

ρ(ω) e−ωt , with
∫
ω

≡
∫ ∞

0
dω .

Goal: calculation of ρ(ω)

HVP contribution to (g − 2)µ: aHVP
µ =

∫
dtK(t,mµ)C(t)

kernel K(t,mµ) defined in the continuum infinite-volume theory
→ finite-volume effects (Lüscher analysis) [Hansen-Patella]
→ (enhanced) cutoff effects (Symanzik’s EFT) [Mainz][Sommer]
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Inverse problem

Note: t → Mt and ω → ω/M

1. Fredholm integral equation∫
t

e−ω
′t C(t) =

∫
ω

H(ω′, ω) ρ(ω) H(ω, ω′) = 1
ω + ω′

2. diagonalize H w/ “Mellin” basis
H(ω, ω′) =

∫
s
u∗s(ω) |λs|2 us(ω′) us(t) = eis log(t)

√
2πt

3. H ill-conditioned
|λs|2 = π

cosh(πs)
s→±∞→ 0

4. Tikhonov’s regulator (other choices possible)

H−1
α (ω, ω′) =

∫
s

u∗s(ω) 1
|λs|2 + α

us(ω′)
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Solution
∫
t

e−ω
′t C(t) =

∫
ω

H(ω′, ω) ρ(ω)

ρα(ω) ≡H−1
α

∫
t

e−ω
′tC(t)

=
∫
s

u∗s(ω) λs
|λs|2 + α

∫
t

u∗s(t)C(t)

=
∫
t

[∫
s

u∗s(ω) λs
|λs|2 + α

u∗s(t)
]
C(t) =

∫
t

gα(t|ω)C(t)

=
∫
ω′,ω′′

H−1
α (ω, ω′)H(ω′, ω′′) ρ(ω) =

∫
ω′′

δα(ω, ω′′) ρ(ω′′)

Inverse Laplace Transform (ILT)
ρ(ω) = limα→0 ρα(ω) and δ(ω − ω′′) = limα→0 δα(ω, ω′′)
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Minimization

Since δα(ω, ω′) =
∫
t
gα(t|ω)e−ω′t

coefficients gα(t|ω) minimize the functional∫
ω

[
δ(ω − ω′)− δα(ω, ω′)

]2 + α

∫
t

gα(t|ω)2

Equivalently ρα(ω) =
∫
t
rα(t)e−ωt

coefficients rα(t) minimize the functional∫
ω

[
ρ(ω)− ρα(ω)

]2 + α

∫
t

rα(t)2
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Smearing

ρκ ≡
∫
ω

ρ(ω)κ(ω)

ρκ,α =
∫
ω

ρα(ω)κ(ω) =
∫
t

gα(t|κ)C(t)
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Example
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y-axis = gα(t|ω = 0.5), x-axis = t
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Lattice

0.
∫
t
→ a

∑
t=a and Ca(t) = C(t) +O(a2)

1. Fredholm integral equation becomes

a
∑
t=a

e−ω
′tCa(t) =

∫
ω

Ha(ω′, ω)ρa(ω) Ha = ae−(ω+ω′)a

1− e−a(ω+ω′)

2. diagonalization Ha possible!! (hypergeometric functions)∫
ω′ Ha(ω, ω′)vs(ω′, a) = |λs|2vs(ω, a) s > 0

3. same spectrum as continuum and
lim
a→0

vs(ω, a) ∝ Reus(aω) +O(a2)

4. L2(0,∞, dω) 6= `2(Z+) leads to vs(ω, a) 6= vs(t, a)

5. new coefficients gα(t|ω) =
∫
s>0

vs(ω, a) |λs|
|λs|2 + α

vs(t, a)
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Discrete ILT

Inverse Laplace Transfrom on infinite regular lattice (explicitly) solved
no discretization errors from ILT (α ∼ 0), only from Ca(t)
limα→0 and lima→0 commute

Gedanken experiment
C(t) w/o cutoff effects sampled at t = an, n ∈ Z+

α→ 0 recover exact ρ(ω)

Why is that so?
coefficients minimize distance

∫
ω

[
ρa(ω)− ρa,α(ω)

]2 + · · ·

ansatz a
∑
t=a gα(t|ω)C(t) does not minimize norm

presence of ordered limα→0 lima→0
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Backus-Gilbert/HLT

HLT method but covariance ↔ identity (Tikhonov)
coincide with gα(t|ω) limit of infinite time slices
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Denkpause

Continuum formulation of ILT
finite-size effects of ρ from C(t)

same for cutoff effects
truncation to finite temporal extent
scaling of stat errors and truncation to finite α

Discrete formulation of ILT
no additional cutoff effects beyond Ca(t) = C(t) +O(a2)

18 / 19



QFT

Hyphothesis: ρ(ω) ∈ L2(0,∞, dω)
mass gap → support over [ω0 > 0,∞)
short-distance divergences → ρ ' ωk → cannot use gα(t|ω)

Extension to QFT: change coefficients
gα(t|ω, p) =

∫
s

u∗s(ω) λs
λsλs,p + α

u∗s(t) tp

p such that tp−1/2C(t) finite as t→ 0
define ρα from gα(t|ω, p), take α→ 0

Example: vector correlator
C(t) =

∫
ω
e−ωtω2ρ̄(ω), C(t) t'0∝ 1/t3 and ρ̄ ω�0' const

p = 5
2 → ρ̄/

√
ω

p = 3 → ρ̄/ω
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