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@tBµ(x, t) = D⌫G⌫µ(x, t)
<latexit sha1_base64="PiaoN2rLrJoMEARyvYMI0eTR+gU="></latexit>

Bµ(x, t)|t=0 = Aµ(x)
<latexit sha1_base64="kBo8/5MwmSM9vcIV28H/8t73Jqc="></latexit>

Gµ⌫(x, t) = @µB⌫(x, t)� @⌫Bµ(x, t) + [Bµ, B⌫ ]
<latexit sha1_base64="GhG/EYilQ2dwXCD4YlNOleyGv2k="></latexit>

D⌫ = @⌫ + [B⌫(x, t), ·]
<latexit sha1_base64="PxdIUL1cMQqnoqooXQeck7iWNKE="></latexit>

Aµ(x) = Aa
µ(x)T

a ! gluon fields
<latexit sha1_base64="XxndaCTFoNGzNINqq1IajVppJvI="></latexit>

Gaussian damping at large momenta

Smoothing at short distance over a range

Lüscher, Weisz: 2011 

@tBµ = @⌫@⌫Bµ
<latexit sha1_base64="KAIQ/wDxji9AWAjPW1iRvIV/THM=">AAACHXicdVDLSgMxFM3UV62vUZdugkVwNUxfti6EUjcuK9gHdIYhk6ZtaCYzJBmhDP0RN/6KGxeKuHAj/o3ptIoVPRA4Oefem9zjR4xKZdsfRmZldW19I7uZ29re2d0z9w/aMowFJi0cslB0fSQJo5y0FFWMdCNBUOAz0vHHlzO/c0uEpCG/UZOIuAEacjqgGCkteWbZiZBQFDEvUVPY8JwghhfwW3R4vHxJKzwzb1vnVbtSK8KUVM/Kc1IpVWHBslPkwQJNz3xz+iGOA8IVZkjKXsGOlJvM5mJGpjknliRCeIyGpKcpRwGRbpJuN4UnWunDQSj04Qqm6s+OBAVSTgJfVwZIjeRvbyb+5fViNai5CeVRrAjH84cGMYMqhLOoYJ8KghWbaIKwoPqvEI+QQFjpQHM6hK9N4f+kXbQKJat4Xc7XG4s4suAIHINTUABVUAdXoAlaAIM78ACewLNxbzwaL8brvDRjLHoOwRKM908afaKT</latexit>

Bµ(x, t) =

Z
d4y K(x� y; t)Aµ(y)

<latexit sha1_base64="qoDyUKM+jax34ybMnzn+uKSIFbk="></latexit>

K(x; t) =

Z
d4p

(2⇡)4
eipxe�tp2

=
e�x2/4t

(4⇡t)2
<latexit sha1_base64="QpLASCi38u3LMUazc6RzUjY8Szw="></latexit>
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Continuum limit is finite 
finiteBµ(x, t) t > 0
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xµ = (x, x4) t ! flow-time [t] = �2
<latexit sha1_base64="N5Fh+ooBVvZLRfW4Dj6Nm6zj488="></latexit>



� = Dµ,tDµ,t Dµ,t = �µ +Bt,µ

Gradient flow Lüscher: 2013

�(x, t = 0) =  (x)
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�̄(x, t = 0) =  ̄(x)
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@t�(x, t) = ��(x, t)

@t�̄(x, t) = �̄(x, t)
 �
�

<latexit sha1_base64="8f0oHJOUMkfPFQ4Hax1ygObiLHI="></latexit>

xµ = (x, x4) t ! flow-time [t] = �2
<latexit sha1_base64="N5Fh+ooBVvZLRfW4Dj6Nm6zj488="></latexit>

Smoothing over a range 


Gaussian damping at large momenta

p
8t

�t = h�(x, t)�(x, t)i �t,R = Z��t

No additive divergences

Continuum limit finite after normalizing fermion fields

�R(x, t) = Z1/2
� �(x, t)
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O(x, t) = �(x, t)�(x, t)�(x, t)
<latexit sha1_base64="78TlL4NY4SsUlcAXS4rARznfldo="></latexit>

OR = Z�O
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�(x, t) =

Z
d4yK(x� y, t) (y) K(x, t) =

1

4⇡t2
e�

x2

4t

<latexit sha1_base64="Xv1RTFYAunRajbT0+bYQH6x/hYs="></latexit>
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Calculation of matrix elements with flowed fields 

Multiplicative renormalization (no power divergences and no mixing) 


Calculation of Wilson coefficients 

Insert OPE in off-shell amputated 1PI Green’s functions


Power divergences subtracted non-perturbatively (LQCD)


Determination of the physical renormalized matrix 
element at zero flow-time

Strategy - Short flow-time expansion

[Oi(t)]R =
X

i

cij(t, µ) [Oi(t = 0, µ)]R +O(t)
<latexit sha1_base64="GBXS2XWtg3ELBhKmHgk2NuI7FdQ="></latexit>

4

LQCD PT - LQCD cij(t, µ) = �ij +
↵s(µ)

4⇡
c
(1)
ij (t, µ) +O(↵2

s)
<latexit sha1_base64="/5/+VDLsroQmsZ08pIu9DWI5KiA="></latexit>

A.S., Luu, de Vries: 2014-2015

Dragos, Luu, A.S. de Vries: 2018-2019


Rizik, Monahan, A.S.: 2018-2020

A.S.: 2020


Kim, Luu, Rizik, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer: 2021

Monahan, Rizik, A.S., Stoffer: 2023


A.S.: 2023

Lüscher: 2013



PDF
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Motivations
LHC Higgs Cross section Working Group : 2016


Snowmass 2021 White paper

PDFs contribute to precise extraction of the SM parameters from the LHC data -> 
strong coupling constant
W boson mass
for which different PDF sets yield results that are significantly different 
as compared to the size of statistical and systematic uncertainties

PDF uncertainties become sizeable at large-x due to the lack of precise experimental constraints in that region
Large uncertainty in the predictions for the high-energy tails of the measured distributions, 
where programs of indirect new physics searches focus

Ball, Candido, Forte, Hekhorn, Nocera, Rojo, Schwan: 2022


PDF uncertainty is still one of the largest sources of theoretical 
uncertainty affecting the predictions for Higgs boson production 

Higgs boson production

SM parameters

New physics searches



PDF and Lattice QCD
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Connection between PDFs and hadronic matrix elements, which are calculable in lattice QCD, is 
established through the moments of the PDFs <xn> 


Lattice QCD calculations of the moments of the PDFs, provide, in principle, a means for the 
complete reconstruction of the PDFs. 

Kronfeld, Photiadis: 1985

Martinelli, Sachrajda: 1987 - 1988

Curci, Furmanski, Petronzio: 1980

Collins, Soper: 1982

This possibility has remained impractical due to the 
theoretical and numerical challenges associated 
with computing high moments


Continuum limit too difficult for <xn> for n>3


For n=2,3 the need of non-vanishing external spatial 
momenta degrades the signal-to-noise ratio

Alexandrou et al. (ETMC): 2021 

Alexandrou et al. (ETMC): 2021 

Cichy, Constantinou: 2019



PDF and Lattice QCD
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pseudo-PDF


Fictitious heavy quark 


Auxiliary scalar quark


Compton amplitude + OPE


Good Lattice Cross Sections


hadron tensor method

Aglietti et al.: 1998

Ji: 2013 

Radyushkin: 2017  

Chambers et al.: 2017

Braun, Müller: 2008 

Lian et al.: 2019

Approaches have been developed to determine the x-dependence of the PDFs 

Auxiliary scalar field

quasi-PDF (LaMET)

Ma, Qiu: 2018

Alexandrou et al. (ETMC): 2021 

Detmold, Lin: 2005

Method that addresses both the theoretical and numerical challenges faced in the past, 
which hindered the direct calculation of moments of any order from lattice QCD 



Moments of the PDF: standard method

Martinelli, Sachrajda: 1987

9

O
rs
n (x) = O

rs
µ1···µn

(x) =  
r
(x)�{µ1

$
Dµ2 · · ·

$
D µn} 

s(x)
<latexit sha1_base64="O89lPWHnl0skD5VdjfaYRqwceH0="></latexit>

1/a2�µiµj cos(apµj )
<latexit sha1_base64="XqoHQyMFByV7q08wl5eGKeOrr2I="></latexit>

µ1 = µ2 = µ3
<latexit sha1_base64="J6pL3kZGhawUcSw9O5cMnXMAyp4="></latexit>

µ1 6= µ2 = µ3
<latexit sha1_base64="tcOsC71DWXXfTuemawVIY0t8hqs="></latexit>

O411 �O433
<latexit sha1_base64="FuXIKR56VQggKCNsQ0HmMVSw9+U="></latexit>

µ1 6= µ2 6= µ3
<latexit sha1_base64="SLIhQIK3fSGuEpHLec6TupyoCUM="></latexit>

Beccarini et al.: 1995

Gockeler et al.: 1996

O3
<latexit sha1_base64="B7ysiF+H7kZONAG5tnL6VycJJBQ="></latexit>

Calculate matrix elements using lattice QCD

Rotational group symmetry is broken into the hypercubic group H(4) 


Irreducible representations of O(4) generally become reducible representations of H(4) inducing unwanted mixings under 
renormalization


Irreps of H(4) allow mixing with lower dimensional operators and complicate mixings with operators of the same dimension


Operators with different index combinations belong to different irreps of H(4)

Kronfeld, Photiadis: 1985

bOrs
n (x) = Z

MS
n

bOrs
n,B(x)

<latexit sha1_base64="Ez5Ts3LLnXhkmW7NSedidKnVWto="></latexit>

D
h(p)| bOn|h(p)

E
= pµ1 · · · pµnA

h
n(µ)

<latexit sha1_base64="jC6JwTV64UNCPZWlbT9LGIOaOAM="></latexit>



Strategy
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Calculate matrix elements of flowed twist-2 fields -> renormalize multiplicatively


Renormalize flowed fermion fields or build appropriate ratios


Construct fields based on irreps of O(4). Perform continuum limit 


Compute matching factors in perturbation theory. Matching is multiplicatively in the continuum



Flowed twist-2 operators
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Makino, Suzuki: 2014

O
rs
n (x, t) = �

r(x, t)�{µ1

$
Dµ2 · · ·

$
D µn}�

s(x, t)
<latexit sha1_base64="UXGp/wTNaOhTQpQNjY/+aQXDvbw="></latexit>

O
rs
n (t) = ZnO

rs
n,B(t) , Zn = Z�

<latexit sha1_base64="kmVt2LVsIMTuLIvuFs6s/g1ozMg="></latexit>

⌧
�̊r(x, t)

$
/D�̊r(x, t)

�
= � Nc

(4⇡)2t2
<latexit sha1_base64="J4sk9v7TD5aS81m5hmz8q00Wd2E="></latexit>

D = 4� 2✏
<latexit sha1_base64="v+8qw32bATm/nZYVVenCcczEK5s="></latexit>

⇣� = 1� g2

(4⇡)2
CF

�
3 log(8⇡µ2t)� log(432)

�

<latexit sha1_base64="9grvP8bgFm/p+JSqUFeVKoL+hno="></latexit>

CF =
N2

c � 1

2Nc
<latexit sha1_base64="Eq71KZ5gRf052qHYSdX/fb2hmO0="></latexit>

Harlander, Kluth, Lange: 2018
Artz et al.: 2019

logµ2 = logµ2 + �E � log 4⇡
<latexit sha1_base64="4yelQutB8bj3L+jGOjVvjhTgjkY="></latexit>

NNLO

�r,MS(x, t) = (8⇡t)✏/2 ⇣1/2� �̊r(x, t)
<latexit sha1_base64="zwmTv0C7gpHd/WJNpE9XjRUCONY="></latexit>

�r,MS(x, t) = (8⇡t)✏/2 ⇣1/2� �̊r(x, t)
<latexit sha1_base64="DAHikIg/CxzdpMD1R1bVFbTCURU="></latexit>



O(4) irreducible representations
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T{µ1···µn} =
1

n!

X

�2all
permutations

Tµ�(1)···µ�(n)

<latexit sha1_base64="QdSu2IxvRatNybyPQ7zEq0cST0I="></latexit>

T (12)
µ1···µn = T↵↵µ3···µn = �µ1µ2Tµ1···µn

<latexit sha1_base64="kkU7V6AD6xj+NUcVsGDIkvkucb0="></latexit>

Tµ1···µn = bTµ1···µn + �µ1µ2T
(12)
µ1···µn + · · ·

<latexit sha1_base64="pZMNLeRi4mnUq7qW+MXV7YjGUgQ="></latexit>

bTµ1µ2 = Tµ1µ2 �
1

4
�µ1µ2T↵↵

<latexit sha1_base64="R5PZUPpx4bzyjaj1XeMWgyaePvs="></latexit>

GL(4) irrep

In O(4) an additional operation is allowed that commutes with orthogonal trafo: contraction of 2 indices

rank n-2 tensor

Subspace of traceless tensors is invariant under O(4), i.e. the traceless rank n tensors are transformed among themselves under O(4)

Always possible to decompose 
n(n-1)/2 terms

Invariant under O(4)

bTµ1µ2µ3 = Tµ1µ2µ3 �
1

6
[�µ1µ2T↵↵µ3 + �µ1µ3T↵µ2↵ + �µ2µ3Tµ1↵↵]

<latexit sha1_base64="sq6p3A0tB5wAcr7bWmIN9uXcI8g="></latexit>

E.g.

Traceless tensors invariant under vector index permutations —> starting point to construct all the irreducible representations of O(4) (Young symmetrizers)

Traceless and symmetrized rank-$n$ tensors are an irreducible representation of O(4)



Matching coefficients
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b̊
O

rs

n (x, t) = �̊
r
(x, t)�{µ1

$
Dµ2 · · ·

$
D µn}�̊

s(x, t)� terms with �µiµj
<latexit sha1_base64="dAffvxgbIz4TbLA6ZM1g6wMFZFE="></latexit>

b̊
O

rs

n (t) = cn(t, µ) bOrs,MS
n (µ) +O(t)

<latexit sha1_base64="YaSWWMhtq5ZdgUg/YkaB296FVjo="></latexit>

D
h(p)| b̊On(t)|h(p)

E
= pµ1 · · · pµn

⌦
x
n�1

↵
h
(t)

<latexit sha1_base64="+9HxwBG+Ev2qHdDWTSdRC0xngTE="></latexit>

Continuum limit is finite for any n 

Calculate matching coefficients in PT

O
rs
n (x, t) = �

r(x, t)�{µ1

$
Dµ2 · · ·

$
D µn}�

s(x, t)
<latexit sha1_base64="UXGp/wTNaOhTQpQNjY/+aQXDvbw="></latexit>

O
rs
n (t) = ZnO

rs
n,B(t) , Zn = Z�

<latexit sha1_base64="kmVt2LVsIMTuLIvuFs6s/g1ozMg="></latexit>

Consider flowed twist-2 operators

Renormalize flowed twist-2 operators —> renormalization is ALWAYS multiplicative
⌧
�̊r(x, t)

$
/D�̊r(x, t)

�
= � Nc

(4⇡)2t2
<latexit sha1_base64="J4sk9v7TD5aS81m5hmz8q00Wd2E="></latexit>

Perform a short flow time expansion —> consider O(4) irreps —> traceless operators

Matching is multiplicative for traceless operators



Matching coefficients
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⌧
 
r b̊
O

rs

n (t) 
s
�

= cn(t, µ)
D
 
r bOrs,MS

n (t = 0, µ) 
s
E

<latexit sha1_base64="iHUoNInqMxMLNFBiyd12aTMXhms="></latexit>

cn(t, µ) = 1 +
g
2(µ)

(4⇡)2
c
(1)
n (t, µ) +O(g4)

<latexit sha1_base64="Sz7sVkKYQi26/iTHkZDbvhazT9s="></latexit>

c(1)n (t, µ) = CF

⇥
�n log

�
8⇡µ2t

�
+Bn

⇤
<latexit sha1_base64="moJ7FA8O0NeNpcd4zBYg5CArpus="></latexit>

�n = 1 + 4
nX

j=2

1

j
� 2

n(n+ 1)
<latexit sha1_base64="jx9SD1k63n6hCxOkuL0biULKsjo="></latexit>

Bn =
4

n(n+ 1)
+ 4

n� 1

n
log 2 +

2� 4n2

n(n+ 1)
�E � 2

n(n+ 1)
 (n+ 2)+

<latexit sha1_base64="5WB1I15Bh9tBiC2YyA29pRqs7Eo="></latexit>

+
4

n
 (n+ 1)� 4 (2)� 4

nX

j=2

1

j(j � 1)

1

2j
�(1/2, 1, j)� log (432)

<latexit sha1_base64="/XEkxkppii0Cccjk9tz5v2or/a4="></latexit>

�(z, s, a) =
1X

k=0

zk

(k + a)s
<latexit sha1_base64="crtPg39GCVvUKOrTDBPLjhmP1+U="></latexit>

Gross, Wilczek: 1974
Makino, Suzuki: 2014n = 2

<latexit sha1_base64="lYjnJXk7rQ2x3loQnytGKzVR1Bs="></latexit>

Matching equations

Expand integrands of loop integrals in all scales excluding t

Analytic structure altered —> distortion of IR structure

in matching equation the IR modification drops out in the difference

Expanding loop integrals in the RHS vanish in DR —> UV and IR are identical

The LHS is UV-finite, beside the renormalization of the bare parameters and 

flowed fermion fields

The IR singularities on the LHS exactly match the UV MS counterterms

A.S.: 2023



O(a) improvement
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b̊
O

rs

n (x, t) = �̊
r
(x, t)�{µ1

$
Dµ2 · · ·

$
D µn}�̊

s(x, t)� terms with �µiµj
<latexit sha1_base64="dAffvxgbIz4TbLA6ZM1g6wMFZFE="></latexit>

D
h(p)| b̊On(t)|h(p)

E
= pµ1 · · · pµn

⌦
x
n�1

↵
h
(t)

<latexit sha1_base64="+9HxwBG+Ev2qHdDWTSdRC0xngTE="></latexit>

Beside the O(a) from the lattice theory twist-2 fields are affected by specific O(a) that depend on n


Improvement coefficients are known only for n=2 and only in PT


Only GW fermions or Wtm at maximal twist removes these O(a)

Hadronic matrix elements of flowed operators beside the O(a) from the lattice theory are only affected by O(am)


The O(am) are independent on n (depend only on the fermion content)


With ratios discretization effects are O(a2) —> clover fermions are back in the game

O
rs
n (x) = O

rs
µ1···µn

(x) =  
r
(x)�{µ1

$
Dµ2 · · ·

$
D µn} 

s(x)
<latexit sha1_base64="O89lPWHnl0skD5VdjfaYRqwceH0="></latexit>

D
h(p)| bOn|h(p)

E
= pµ1 · · · pµn

⌦
x
n�1

↵
h

<latexit sha1_base64="zrN/8hssxKL/OY5lAVPQVhzNul8="></latexit>

⌦
xn�1

↵
h
(t)

hxm�1ih (t)
n 6= m n � 3, m � 2

<latexit sha1_base64="6DCviFd2HzI2aQiR6ULpnLKEIR4="></latexit>

Finite continuum limit and O(a) improved



Strategy
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D
h(p)| b̊On(t)|h(p)

E
= pµ1 · · · pµn

⌦
x
n�1

↵
h
(t)

<latexit sha1_base64="+9HxwBG+Ev2qHdDWTSdRC0xngTE="></latexit>

⌦
x
n�1

↵MS

h
(µ) = cn(t, µ)

�1
⌦
x
n�1

↵
h
(t) +O(t)

<latexit sha1_base64="gjGrDL3F0kx8hS1nGiVQl4+mUE4="></latexit>

bO4444 = O4444 �
3

4
O{↵↵44} +

1

16
O{↵↵��}

<latexit sha1_base64="2Jyd8EBvpmnGgY3ZEVAqUbyRBBA="></latexit>

Continuum limit is finite for any n 

Matching is multiplicative for any n

Vanishing spatial momenta for any nn=4 

⌦
xn�1

↵MS

h
(µ) =

⌦
xm�1

↵MS

h
(µ)

cm(t, µ)

cn(t, µ)

⌦
xn�1

↵
h
(t)

hxm�1ih (t)
, m 6= n n � 3 m � 2

<latexit sha1_base64="CYrQ48pqwK+4xvl2OvmBawEXtK4="></latexit>



Future with Open Science
OpenLat: open science initiative. Gauges with SWF open to the 
whole community 

PRACE 
EuroHPC

Neutron EDM with Stabilized 
Wilson Fermions: 

the theta term

https://openlat1.gitlab.io
17

Hadron structure with 
stabilized Wilson fermions

http://openlat1.gitlab.io


Flowed moments n=3

18

m⇡ ' 260 MeV
<latexit sha1_base64="7yyPkIoxGEgHnutDiw/NSokUv08=">AAACBHicdVDJSgNBEO2Je9yiHr00BsFTmMQ1t6AXL0IEs0AmhJ5ORZt0z4zdNWIYInjxV7x4UMSrH+HNv7GzCK4PCh7vVVFVz4+kMOi6705qYnJqemZ2Lj2/sLi0nFlZrZow1hwqPJShrvvMgBQBVFCghHqkgSlfQs3vHg382hVoI8LgDHsRNBU7D0RHcIZWamXWVcuLBPWMUHBJC3vujYdwjckJVPutTNbNFQ/c4v4u/U3yOXeILBmj3Mq8ee2QxwoC5JIZ08i7ETYTplFwCf20FxuIGO+yc2hYGjAFppkMn+jTTau0aSfUtgKkQ/XrRMKUMT3l207F8ML89AbiX14jxs5BMxFBFCMEfLSoE0uKIR0kQttCA0fZs4RxLeytlF8wzTja3NI2hM9P6f+kWsjlt3OF051s6XAcxyxZJxtki+TJPimRY1ImFcLJLbknj+TJuXMenGfnZdSacsYza+QbnNcPpXaYIg==</latexit>

L ' 3 fm
<latexit sha1_base64="Rz9q37AY6STn2wH9cdY5fOeWbv4=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAbBU5gkSvQW9OLBQwSjQhJCT6dGG7tnxu4aMQ7RX/HiQRGv/oc3/8bOIrg+KHi8V0VVPT+WwqDnvTuZsfGJyansdG5mdm5+wV1cOjZRojnUeSQjfeozA1KEUEeBEk5jDUz5Ek78i72+f3IF2ogoPMJuDC3FzkIRCM7QSm135YA2jVBwScu3TYRrTAPVa7t5r7Cz7e1UtuhvUix4A+TJCLW2+9bsRDxRECKXzJhG0YuxlTKNgkvo5ZqJgZjxC3YGDUtDpsC00sH1PbpulQ4NIm0rRDpQv06kTBnTVb7tVAzPzU+vL/7lNRIMtlupCOMEIeTDRUEiKUa0HwXtCA0cZdcSxrWwt1J+zjTjaAPL2RA+P6X/k+NSoVgulA4389XdURxZskrWyAYpkgqpkn1SI3XCyQ25J4/kyblzHpxn52XYmnFGM8vkG5zXD+V+lY0=</latexit>

a ' 0.093 fm
<latexit sha1_base64="/SK4ljgpZu/Skud/fUFO77GRQbE=">AAACAXicdVDLSgNBEJz1bXytehG8DAbB07JJlCS3oBePCkaFJITZSa8OmdldZ3rFsCQXf8WLB0W8+hfe/BsnMYLPgoaiqpvuriCRwqDvvzkTk1PTM7Nz87mFxaXlFXd17dTEqeZQ57GM9XnADEgRQR0FSjhPNDAVSDgLugdD/+watBFxdIK9BFqKXUQiFJyhldruBqNNIxRcUd/zq6VBE+EGs1D1227e96oVv1reo79JwfNHyJMxjtrua7MT81RBhFwyYxoFP8FWxjQKLqGfa6YGEsa77AIalkZMgWllow/6dNsqHRrG2laEdKR+nciYMqanAtupGF6an95Q/MtrpBhWWpmIkhQh4h+LwlRSjOkwDtoRGjjKniWMa2FvpfySacbRhpazIXx+Sv8np0WvUPKKx7v52v44jjmySbbIDimQMqmRQ3JE6oSTAbkjD+TRuXXunSfn+aN1whnPrJNvcF7eAd9klpE=</latexit>

a ' 0.12 fm
<latexit sha1_base64="hsO1lmsuk8T/KiEO2KMUo2wDuwA=">AAACAHicdVA9SwNBEN3zM8avqIWFzWIQrI67qCTpgjaWCkYDSQh7m7m4uHt37s6J4YiFf8XGQhFbf4ad/8ZNjODng4HHezPMzAsSKQx63pszMTk1PTObm8vPLywuLRdWVk9NnGoOdR7LWDcCZkCKCOooUEIj0cBUIOEsuDgY+mdXoI2IoxPsJ9BWrBeJUHCGVuoU1hltGaHgknquX7ppIVxjFqpBp1D03GrFq5b36G/iu94IRTLGUafw2urGPFUQIZfMmKbvJdjOmEbBJQzyrdRAwvgF60HT0ogpMO1s9MCAblmlS8NY24qQjtSvExlTxvRVYDsVw3Pz0xuKf3nNFMNKOxNRkiJE/GNRmEqKMR2mQbtCA0fZt4RxLeytlJ8zzTjazPI2hM9P6f/ktOT6O27peLdY2x/HkSMbZJNsE5+USY0ckiNSJ5wMyB15II/OrXPvPDnPH60TznhmjXyD8/IOXbWWTg==</latexit>

mPS ' 410 MeV
<latexit sha1_base64="Dwkf+vIZhw7xW9rnrXK+8bknaWA=">AAACEXicdVDLSgNBEJz1bXxFPXoZDIKnsOsD9SZ68SJENFHIhjA76ejgzOw60yuGZf0EL/6KFw+KePXmzb9xEiP4LGgoqrrp7ooSKSz6/ps3MDg0PDI6Nl6YmJyaninOztVsnBoOVR7L2JxEzIIUGqooUMJJYoCpSMJxdL7b9Y8vwVgR6yPsJNBQ7FSLtuAMndQsLqtmFiJcYYhCd7LKYZ7T0AoFF3Qt8K97VrYPtbxZLPnlrU1/a2Od/iZB2e+hRPqoNIuvYSvmqQKNXDJr64GfYCNjBgWXkBfC1ELC+Dk7hbqjmimwjaz3UU6XnNKi7di40kh76teJjClrOypynYrhmf3pdcW/vHqK7c1GJnSSImj+saidSoox7cZDW8IAR9lxhHEj3K2UnzHDOLoQCy6Ez0/p/6S2Ug5WyysHa6XtnX4cY2SBLJJlEpANsk32SIVUCSc35I48kEfv1rv3nrznj9YBrz8zT77Be3kHwuaeQA==</latexit>

L ' 2.9 fm
<latexit sha1_base64="61ApcBilUb6ngPGvyY4g+ujUDUA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET8smKppb0IsHDxFMIiQhzE56dXBmd53pFcMawV/x4kERr/6GN//GyUPwWdBQVHXT3eXHUhj0vHdnbHxicmo6M5OdnZtfWMwtLddMlGgOVR7JSJ/6zIAUIVRRoITTWANTvoS6f3HQ9+tXoI2IwhPsxtBS7CwUgeAMrdTOrR7RphEKLmnRLd02Ea4xDVSvnct7bmnPK+3u0N+k4HoD5MkIlXburdmJeKIgRC6ZMY2CF2MrZRoFl9DLNhMDMeMX7AwaloZMgWmlg/t7dMMqHRpE2laIdKB+nUiZMqarfNupGJ6bn15f/MtrJBjstVIRxglCyIeLgkRSjGg/DNoRGjjKriWMa2FvpfycacbRRpa1IXx+Sv8ntaJb2HKLx9v58v4ojgxZI+tkkxTILimTQ1IhVcLJDbknj+TJuXMenGfnZdg65oxmVsg3OK8f1RWWBw==</latexit>

1⇥ 200 = 200
<latexit sha1_base64="taoz/BTkh/IS6ntzpEXNbo92z9s=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvgapipStuFUHTjsoK1hXYomTTThmYyQ3JHLKW/4saFIm79EXf+jZm2gs8DCYdz7uXee4JEcA2u+27llpZXVtfy64WNza3tHXu3eKPjVFHWpLGIVTsgmgkuWRM4CNZOFCNRIFgrGF1kfuuWKc1jeQ3jhPkRGUgeckrASD276OEu8IhpXHZdfJb9PbvkOrWqW6uc4t/Ec9wZSmiBRs9+6/ZjmkZMAhVE647nJuBPiAJOBZsWuqlmCaEjMmAdQyUx4/zJbPcpPjRKH4exMk8CnqlfOyYk0nocBaYyIjDUP71M/MvrpBBW/QmXSQpM0vmgMBUYYpwFgftcMQpibAihiptdMR0SRSiYuAomhM9L8f/kpux4x0756qRUP1/EkUf76AAdIQ9VUB1dogZqIoru0D16RE/W1Hqwnq2XeWnOWvTsoW+wXj8A2cCSZQ==</latexit>

32⇥ 122 = 3904
<latexit sha1_base64="WuOTyFJUOe0fERfgvcqE7WOyQXU=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAbB0zAziSQ5CEEvHiOYBZIh9HQ6SZOehe4aIQ7BX/HiQRGv/oc3/8bOIrg+KHi8V0VVPT8WXIFtvxuZpeWV1bXsem5jc2t7x9zda6gokZTVaSQi2fKJYoKHrA4cBGvFkpHAF6zpjy6mfvOGScWj8BrGMfMCMgh5n1MCWuqaBwUXd4AHTGHHdfEZLlTsYtfM21albFdKp/g3cSx7hjxaoNY13zq9iCYBC4EKolTbsWPwUiKBU8EmuU6iWEzoiAxYW9OQ6H1eOrt+go+10sP9SOoKAc/UrxMpCZQaB77uDAgM1U9vKv7ltRPol72Uh3ECLKTzRf1EYIjwNArc45JREGNNCJVc34rpkEhCQQeW0yF8for/Jw3XcgqWe1XMV88XcWTRITpCJ8hBJVRFl6iG6oiiW3SPHtGTcWc8GM/Gy7w1Yyxm9tE3GK8f3gSS7g==</latexit>

⌦
x2

↵
MS

(µ)

hxiMS (µ)
<latexit sha1_base64="vCRrtl1FBvYUWFnex8bHCKiikHw="></latexit>

Lattice parameters (OpenLat)

Statistics (sources x gauges)

Lattice parameters (ETMC)

Statistics (sources x gauges)
⇠ 27%

<latexit sha1_base64="6RuTs9FrKpR8UB5fWm2Nm10Jfn0=">AAAB8nicdVDJSgNBEO1xjXGLevTSGAKehpmoJLkFvXiMYBaYGUJPpydp0svQ3SOEIZ/hxYMiXv0ab/6NnUVwfVDweK+Kqnpxyqg2nvfurKyurW9sFraK2zu7e/ulg8OOlpnCpI0lk6oXI00YFaRtqGGklyqCeMxINx5fzfzuHVGaSnFrJimJOBoKmlCMjJWCUFMOqzUYVmC/VPbcRt1r1C7gb+K73hxlsESrX3oLBxJnnAiDGdI68L3URDlShmJGpsUw0yRFeIyGJLBUIE50lM9PnsKKVQYwkcqWMHCufp3IEdd6wmPbyZEZ6Z/eTPzLCzKT1KOcijQzRODFoiRj0Eg4+x8OqCLYsIklCCtqb4V4hBTCxqZUtCF8fgr/J52q65+51ZvzcvNyGUcBHIMTcAp8UANNcA1aoA0wkOAePIInxzgPzrPzsmhdcZYzR+AbnNcPzEqQTQ==</latexit>

⇠ 4%
<latexit sha1_base64="uTFCtTz6TXY02JTh8QplGnOawiY=">AAAB8XicdVDLSsNAFL3xWeur6tLNYCm4CkmttN0V3bisYB/YhDKZTtqhk0mYmQgl9C/cuFDErX/jzr9x+hB8HrhwOOde7r0nSDhT2nHerZXVtfWNzdxWfntnd2+/cHDYVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wvpz5nTsqFYvFjZ4k1I/wULCQEayNdOspFqEK8kqoXyg6dr3m1Kvn6DdxbWeOIizR7BfevEFM0ogKTThWquc6ifYzLDUjnE7zXqpogskYD2nPUIEjqvxsfvEUlYwyQGEsTQmN5urXiQxHSk2iwHRGWI/UT28m/uX1Uh3W/IyJJNVUkMWiMOVIx2j2PhowSYnmE0MwkczcisgIS0y0CSlvQvj8FP1P2mXbPbPL15Vi42IZRw6O4QROwYUqNOAKmtACAgLu4RGeLGU9WM/Wy6J1xVrOHME3WK8fVDWQDg==</latexit>

Preliminary

Dimitra

Pefkou (LBL)

Jangho

Kim (FZJ)
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⌦
x3

↵
MS

(µ)

hxiMS (µ)
<latexit sha1_base64="TvJyvsS8UGymyogic68IDqqr8Uw="></latexit>

Flowed moments n=4

m⇡ ' 260 MeV
<latexit sha1_base64="7yyPkIoxGEgHnutDiw/NSokUv08=">AAACBHicdVDJSgNBEO2Je9yiHr00BsFTmMQ1t6AXL0IEs0AmhJ5ORZt0z4zdNWIYInjxV7x4UMSrH+HNv7GzCK4PCh7vVVFVz4+kMOi6705qYnJqemZ2Lj2/sLi0nFlZrZow1hwqPJShrvvMgBQBVFCghHqkgSlfQs3vHg382hVoI8LgDHsRNBU7D0RHcIZWamXWVcuLBPWMUHBJC3vujYdwjckJVPutTNbNFQ/c4v4u/U3yOXeILBmj3Mq8ee2QxwoC5JIZ08i7ETYTplFwCf20FxuIGO+yc2hYGjAFppkMn+jTTau0aSfUtgKkQ/XrRMKUMT3l207F8ML89AbiX14jxs5BMxFBFCMEfLSoE0uKIR0kQttCA0fZs4RxLeytlF8wzTja3NI2hM9P6f+kWsjlt3OF051s6XAcxyxZJxtki+TJPimRY1ImFcLJLbknj+TJuXMenGfnZdSacsYza+QbnNcPpXaYIg==</latexit>

L ' 3 fm
<latexit sha1_base64="Rz9q37AY6STn2wH9cdY5fOeWbv4=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAbBU5gkSvQW9OLBQwSjQhJCT6dGG7tnxu4aMQ7RX/HiQRGv/oc3/8bOIrg+KHi8V0VVPT+WwqDnvTuZsfGJyansdG5mdm5+wV1cOjZRojnUeSQjfeozA1KEUEeBEk5jDUz5Ek78i72+f3IF2ogoPMJuDC3FzkIRCM7QSm135YA2jVBwScu3TYRrTAPVa7t5r7Cz7e1UtuhvUix4A+TJCLW2+9bsRDxRECKXzJhG0YuxlTKNgkvo5ZqJgZjxC3YGDUtDpsC00sH1PbpulQ4NIm0rRDpQv06kTBnTVb7tVAzPzU+vL/7lNRIMtlupCOMEIeTDRUEiKUa0HwXtCA0cZdcSxrWwt1J+zjTjaAPL2RA+P6X/k+NSoVgulA4389XdURxZskrWyAYpkgqpkn1SI3XCyQ25J4/kyblzHpxn52XYmnFGM8vkG5zXD+V+lY0=</latexit>

a ' 0.093 fm
<latexit sha1_base64="/SK4ljgpZu/Skud/fUFO77GRQbE=">AAACAXicdVDLSgNBEJz1bXytehG8DAbB07JJlCS3oBePCkaFJITZSa8OmdldZ3rFsCQXf8WLB0W8+hfe/BsnMYLPgoaiqpvuriCRwqDvvzkTk1PTM7Nz87mFxaXlFXd17dTEqeZQ57GM9XnADEgRQR0FSjhPNDAVSDgLugdD/+watBFxdIK9BFqKXUQiFJyhldruBqNNIxRcUd/zq6VBE+EGs1D1227e96oVv1reo79JwfNHyJMxjtrua7MT81RBhFwyYxoFP8FWxjQKLqGfa6YGEsa77AIalkZMgWllow/6dNsqHRrG2laEdKR+nciYMqanAtupGF6an95Q/MtrpBhWWpmIkhQh4h+LwlRSjOkwDtoRGjjKniWMa2FvpfySacbRhpazIXx+Sv8np0WvUPKKx7v52v44jjmySbbIDimQMqmRQ3JE6oSTAbkjD+TRuXXunSfn+aN1whnPrJNvcF7eAd9klpE=</latexit>

a ' 0.12 fm
<latexit sha1_base64="hsO1lmsuk8T/KiEO2KMUo2wDuwA=">AAACAHicdVA9SwNBEN3zM8avqIWFzWIQrI67qCTpgjaWCkYDSQh7m7m4uHt37s6J4YiFf8XGQhFbf4ad/8ZNjODng4HHezPMzAsSKQx63pszMTk1PTObm8vPLywuLRdWVk9NnGoOdR7LWDcCZkCKCOooUEIj0cBUIOEsuDgY+mdXoI2IoxPsJ9BWrBeJUHCGVuoU1hltGaHgknquX7ppIVxjFqpBp1D03GrFq5b36G/iu94IRTLGUafw2urGPFUQIZfMmKbvJdjOmEbBJQzyrdRAwvgF60HT0ogpMO1s9MCAblmlS8NY24qQjtSvExlTxvRVYDsVw3Pz0xuKf3nNFMNKOxNRkiJE/GNRmEqKMR2mQbtCA0fZt4RxLeytlJ8zzTjazPI2hM9P6f/ktOT6O27peLdY2x/HkSMbZJNsE5+USY0ckiNSJ5wMyB15II/OrXPvPDnPH60TznhmjXyD8/IOXbWWTg==</latexit>

mPS ' 410 MeV
<latexit sha1_base64="Dwkf+vIZhw7xW9rnrXK+8bknaWA=">AAACEXicdVDLSgNBEJz1bXxFPXoZDIKnsOsD9SZ68SJENFHIhjA76ejgzOw60yuGZf0EL/6KFw+KePXmzb9xEiP4LGgoqrrp7ooSKSz6/ps3MDg0PDI6Nl6YmJyaninOztVsnBoOVR7L2JxEzIIUGqooUMJJYoCpSMJxdL7b9Y8vwVgR6yPsJNBQ7FSLtuAMndQsLqtmFiJcYYhCd7LKYZ7T0AoFF3Qt8K97VrYPtbxZLPnlrU1/a2Od/iZB2e+hRPqoNIuvYSvmqQKNXDJr64GfYCNjBgWXkBfC1ELC+Dk7hbqjmimwjaz3UU6XnNKi7di40kh76teJjClrOypynYrhmf3pdcW/vHqK7c1GJnSSImj+saidSoox7cZDW8IAR9lxhHEj3K2UnzHDOLoQCy6Ez0/p/6S2Ug5WyysHa6XtnX4cY2SBLJJlEpANsk32SIVUCSc35I48kEfv1rv3nrznj9YBrz8zT77Be3kHwuaeQA==</latexit>

L ' 2.9 fm
<latexit sha1_base64="61ApcBilUb6ngPGvyY4g+ujUDUA=">AAAB/3icdVDLSgNBEJz1GeMrKnjxMhgET8smKppb0IsHDxFMIiQhzE56dXBmd53pFcMawV/x4kERr/6GN//GyUPwWdBQVHXT3eXHUhj0vHdnbHxicmo6M5OdnZtfWMwtLddMlGgOVR7JSJ/6zIAUIVRRoITTWANTvoS6f3HQ9+tXoI2IwhPsxtBS7CwUgeAMrdTOrR7RphEKLmnRLd02Ea4xDVSvnct7bmnPK+3u0N+k4HoD5MkIlXburdmJeKIgRC6ZMY2CF2MrZRoFl9DLNhMDMeMX7AwaloZMgWmlg/t7dMMqHRpE2laIdKB+nUiZMqarfNupGJ6bn15f/MtrJBjstVIRxglCyIeLgkRSjGg/DNoRGjjKriWMa2FvpfycacbRRpa1IXx+Sv8ntaJb2HKLx9v58v4ojgxZI+tkkxTILimTQ1IhVcLJDbknj+TJuXMenGfnZdg65oxmVsg3OK8f1RWWBw==</latexit>

1⇥ 200 = 200
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Finite volume effects at finite a the extension of the local operators is (n-1)a n ⇠ 10� 12
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Summary

New method to calculate moments of any order from lattice QCD


Method is general and can be used with any lattice action


We make use of an intermediate regulator (GF) that simplifies the continuum limit


After recovering O(4) symmetry the matching is done using continuum PT


Matrix elements can be all calculated with vanishing external momenta


Ratios of matrix elements improve further continuum limit and S/N 



Heavy-quark physics
Black, Harlander, Lange, Rago, A.S., Witzel: 


2310.18059 [hep-lat]

in progress

Matthew Black 
(Siegen Uni)

https://arxiv.org/abs/2310.18059
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Four-quark ∆B = 0 and ∆B = 2 matrix elements can be determined from lattice QCD simulations 


∆B = 2 well-studied by several groups -> precision increasing 


preliminary ∆K = 2 for Kaon mixing study with gradient flow


∆B = 0 -> exploratory studies from ∼20 years ago + new developments for lifetime ratios


contributions from disconnected diagrams


mixing with lower dimensional operators 

1. Establish gradient flow renormalisation procedure with ∆B = 2 matrix element
2. Pioneer ∆B = 0 matrix elements calculations
3. Tackle disconnected contributions

Taniguchi: 2019 Suzuki et al. :2020

Lin, Detmold, Meinel: 2022

HPQCD: 1907.01025 

FNAL/MILC: 1602.03560


RBC: 1406.6192

ETM,C:1308.1851 

DiPierro, Sachrajda: 9805028 
DiPierro, Sachrajda, Michael: 9906031 
Becirevic: 0110124



Lattice details
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Gauge configurations RBC/UKQCD's 2+1 flavour Shamir DWF + Iwasaki gauge action ensembles 


To remove additional extrapolations in valence sector, we simulate at physical charm and strange


"neutral Ds” meson mixing 

Allton et al.: 2008

Aoki et al.: 2010

Blum et al.: 2014

Boyle et al.: 2017

Shamir: 1993 Iwasaki, Yoshie: 1984

Iwasaki: 1985

Fully relativistic DWF for valence quarks


Strange tuned to physical value (Shamir DWF)


Heavy c quarks tuned for physical Ds mass (Möbius DWF)  
 -> amc < 0.7 with stout smearing of gauge fields


Z2 wall sources for all quark propagators 


Sources for strange propagators are also Gaussian smeared 

Morningstar, Peardon: 2003

Boyle et al. :2018

Allton et al.: 1993
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Continuum limit & matching
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Harlander, Lange: 2022

Continuum limit

Preliminary

ΔB = 0 four-quark matrix elements are the final target


Standard renormalization introduces mixing with lower 

dimensional operators -> Use the gradient flow


Testing method with ΔC=2
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Summary

The gradient flow provides a powerful to resolve complicated renormalization patterns


Application on matrix elements: PDF, EDM, scalar content, bag parameters,… 


Intermediate regulator that allows to recover continuum symmetries


Reduce noise, but be careful on the exposed autocorrelation time


Logarithmic matching coefficients are calculable in perturbation theory


Power divergences can be eliminated non-perturbatively (case by case)


Aspects to be understood: limit t -> 0 - window 



EDM



Neutron EDM

|dn| < 1.8⇥ 10�26 e cm (90% C.L.)
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Abel et al.: 2020 (PSI)

Alarcon et al.: 2022

Snowmass Summer Study Report
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CP-violating sources
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Full list of dimension 5 and 6 operators is known
Buchmuller, Wyler: 1986

de Rujula et al.: 1991


Grzadkowski et al: 2010
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The role of lattice QCD
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Shintani et al.: 2005

Berruto, Blum, Orginos, Soni 2006


A.S., Luu, de Vries: 2014-2015

Guo, Meißner, et al. : 2010-


Liang, Draper, Liu, Yang

Alexandrou et al. (ETMC): 2015-2020


Abramczyk et al. : 2017-

Dragos, Kim, Luu, Monahan, Rizik, 

A.S., de Vries, Yousif: 2015-2021

Yoon, Bhattacharya, Cirigliano, 

Gupta, Mereghetti: 2015-2021
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theta

qEDM

qCEDM

Weinberg

?

de Vries et al.: 2021

Alarcon et al.: 2022 

Snowmass Summer Study Report

dn = � (1.5± 0.7) · 10�3✓e fm

� (0.2± 0.01)du + (0.78± 0.03)dd + (0.0027± 0.016)ds

� (0.55± 0.28)ed̃u � (1.1± 0.55)ed̃d + (50± 40)MeVed̃G
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Renormalization Bhattacharya, Cirigliano, 

Gupta, Mereghetti, Yoon: 2015
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d=4 —> 2 operators + 3 O(m)  

d=5 —> 3 operators + (7 + 5) O(m,m2) + 4 “nuisance”  log a
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Power divergences need to be subtracted non-perturbatively
Maiani, Martinelli, Sachrajda: 1992
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[OCE]R = ZqcEDM


OCE �

C

a2
P

�
+ · · ·

<latexit sha1_base64="RelQ527sZnvGFnJXz2hyVMNVjiI="></latexit>
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�(ḡ2) = t
hOR(t)P (0)i

hPR(t)P (0)i
<latexit sha1_base64="Iy0jIkUIOgIzOOfDaq2QVWSvypg="></latexit>

�P (t, µ) =
hPR(t)P (0)i

hPR(0, µ)P (0)i
<latexit sha1_base64="MdZv7qWnp05xRt/W9cmDGVy6m7c="></latexit>

OCE,R(t) =
cOP(t, µ)

t
PR(0, µ) +

X

i

cCE,i(t, µ)Oi,R(0, µ)
<latexit sha1_base64="S1Khbo5iEW+B3PXLSw0XsLvud/Q="></latexit>

t
hOCE,R(t)P (0)i

hPR(0, µ)P (0)i
= t

hOCE,R(t)P (0)i

hPR(t)P (0)i

hPR(t)P (0)i

hPR(0, µ)P (0)i
= �(ḡ2)�P (t, µ)

<latexit sha1_base64="fR28okO6OcBGj5tw+g699p36T2w="></latexit>

t
hOCE,R(t)P (0)i

hPR(0, µ)P (0)i
= cOP(t, µ) +O(t)

<latexit sha1_base64="v7LRnw2JcowMMG1YKzstHnRYpPM="></latexit>

cOP(t, µ) = �(ḡ2)�P(t, µ) +O(t)
<latexit sha1_base64="6TbmAtzy0hrObT546hZlvbJBaW0="></latexit>

hOCE,R(t)�i =
1

t
�(ḡ2)�P (t, µ) hPR(0, µ)�i+ F [cCE,i(t, µ), hPR(0, µ)�i , hOi,R(0, µ)�i]

<latexit sha1_base64="CeSYCzSrw/IQhD1sOyi5Hx+4vC8="></latexit>
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hOCE,R(t)�i
<latexit sha1_base64="OcV7zjzJFCliU/diuvHkvWyW9yc="></latexit>

Z�
<latexit sha1_base64="Rg7y+55JkdpFcEXySkKBdL17Ui8=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadlNIsZb0IvHCOaByRJmJ7PJmNmZZWZWCCH/4MWDIl79H2/+jZMXqGhBQ1HVTXdXmHCmjed9OpmV1bX1jexmbmt7Z3cvv3/Q0DJVhNaJ5FK1QqwpZ4LWDTOcthJFcRxy2gyHV1O/+UCVZlLcmlFCgxj3BYsYwcZKjbtuhwxYN1/w3IuKXyxX0Jz4S1I6Q77rzVCABWrd/EenJ0kaU2EIx1q3fS8xwRgrwwink1wn1TTBZIj7tG2pwDHVwXh27QSdWKWHIqlsCYNm6veJMY61HsWh7YyxGejf3lT8y2unJqoEYyaS1FBB5ouilCMj0fR11GOKEsNHlmCimL0VkQFWmBgbUM6GsPwU/U8aRdcvucWbcqF6uYgjC0dwDKfgwzlU4RpqUAcC9/AIz/DiSOfJeXXe5q0ZZzFzCD/gvH8B56ePXA==</latexit>

LQCD matrix element

�(ḡ2) = t
hOR(t)P (0)i

hPR(t)P (0)i
<latexit sha1_base64="Iy0jIkUIOgIzOOfDaq2QVWSvypg="></latexit>

LQCD finite

�P (t, µ) =
hPR(t)P (0)i

hPR(0, µ)P (0)i
<latexit sha1_base64="MdZv7qWnp05xRt/W9cmDGVy6m7c="></latexit>

Z�
<latexit sha1_base64="Rg7y+55JkdpFcEXySkKBdL17Ui8=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadlNIsZb0IvHCOaByRJmJ7PJmNmZZWZWCCH/4MWDIl79H2/+jZMXqGhBQ1HVTXdXmHCmjed9OpmV1bX1jexmbmt7Z3cvv3/Q0DJVhNaJ5FK1QqwpZ4LWDTOcthJFcRxy2gyHV1O/+UCVZlLcmlFCgxj3BYsYwcZKjbtuhwxYN1/w3IuKXyxX0Jz4S1I6Q77rzVCABWrd/EenJ0kaU2EIx1q3fS8xwRgrwwink1wn1TTBZIj7tG2pwDHVwXh27QSdWKWHIqlsCYNm6veJMY61HsWh7YyxGejf3lT8y2unJqoEYyaS1FBB5ouilCMj0fR11GOKEsNHlmCimL0VkQFWmBgbUM6GsPwU/U8aRdcvucWbcqF6uYgjC0dwDKfgwzlU4RpqUAcC9/AIz/DiSOfJeXXe5q0ZZzFzCD/gvH8B56ePXA==</latexit>

ZP
<latexit sha1_base64="dEAoGZPLTjLNfCxJFvDFdQHhpgo=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZK2Yt0V3bisYB/YhDKZTtuhk0mYuRFLyG+4caGIW3/GnX/j9AUqeuDC4Zx7ufeeIBZcg+N8WrmV1bX1jfxmYWt7Z3evuH/Q0lGiKGvSSESqExDNBJesCRwE68SKkTAQrB2Mr6Z++54pzSN5C5OY+SEZSj7glICRvLte6gF7gLSRZb1iybEvam65WsNz4i5J5Qy7tjNDCS3Q6BU/vH5Ek5BJoIJo3XWdGPyUKOBUsKzgJZrFhI7JkHUNlSRk2k9nN2f4xCh9PIiUKQl4pn6fSEmo9SQMTGdIYKR/e1PxL6+bwKDmp1zGCTBJ54sGicAQ4WkAuM8VoyAmhhCquLkV0xFRhIKJqWBCWH6K/yetsu1W7PJNtVS/XMSRR0foGJ0iF52jOrpGDdREFMXoET2jFyuxnqxX623emrMWM4foB6z3Lx/+kmk=</latexit>

LQCD

cCE,i(t, µ)
<latexit sha1_base64="h39OZU66Sk8tc9JTivQftscNCF8=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQIoQwk0SMt2AQPEYwC2RC6Ol0kiY9C901Yhjm4q948aCIVz/Dm39jZwMVfVDweK+KqnpuKLgCy/o0lpZXVtfWUxvpza3tnV1zb7+hgkhSVqeBCGTLJYoJ7rM6cBCsFUpGPFewpjuqTvzmHZOKB/4tjEPW8cjA531OCWipax7SbuwAu4e4epXkeJKFnONFp7hrZqz8RdkulMp4RuwFKZ5hO29NkUFz1Lrmh9MLaOQxH6ggSrVtK4ROTCRwKliSdiLFQkJHZMDamvrEY6oTTx9I8IlWergfSF0+4Kn6fSImnlJjz9WdHoGh+u1NxL+8dgT9cifmfhgB8+lsUT8SGAI8SQP3uGQUxFgTQiXXt2I6JJJQ0JmldQiLT/H/pFHI28V84aaUqVzO40ihI3SMsshG56iCrlEN1RFFCXpEz+jFeDCejFfjbda6ZMxnDtAPGO9fO7aWLQ==</latexit>

Perturbation theory

hPR(0, µ)�i
<latexit sha1_base64="alnkvt0/UKdM7laYOkzttiSoUyk="></latexit>

LQCD

hOCE,R(0, µ)�i
<latexit sha1_base64="U6GWnwveCCnud8lcBvaQCfmxfF0="></latexit>

output

hOCE,R(t)�i =
1

t
�(ḡ2)�P (t, µ) hPR(0, µ)�i+ F [cCE,i(t, µ), hPR(0, µ)�i , hOi,R(0, µ)�i] +O(t)

<latexit sha1_base64="AvtUlilxtM7/74pj72Qa2hS7ahM="></latexit>

✅

✅

🚧

1-loop 2-loop 🚧

🚧



�CP (x4; t) = a3
X

x

D
O

ij
CE(x4,x; t)P

ji(0,0; 0)
E

<latexit sha1_base64="9M/wnqaXy207A5NyXXvBOGELltw="></latexit>

�PP (x4; t) = a3
X

x

⌦
P ij(x4,x; t)P

ji(0,0)
↵

<latexit sha1_base64="0G9Q+mVFUOb8Z3WSdBG9Ib4LW0A="></latexit>
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RP(x4; t) = t
�CP(x4; t)

�PP(x4, t)
<latexit sha1_base64="4jrg4tL3SgdaIZxHfNFjh8Y7hZo="></latexit>



Quark-Chromo EDM

OE(x) =  ̄(x)�̃µ⌫Fµ⌫(x) (x)
<latexit sha1_base64="9SIhwR9WrEzQn3SBL2C94FN9L80="></latexit>

Om✓(x) = mtr[Gµ⌫
eGµ⌫ ]

<latexit sha1_base64="dXlUFFrUHHxgsyuKVL/YtXDPI6I="></latexit>

OP (x) =  ̄(x)�5 (x)
<latexit sha1_base64="OrlBVQflyYKae9X1H+UfN0BBpEM="></latexit>

Om2P (x) = m2 ̄(x)�5 (x)
<latexit sha1_base64="XOx0mXKsbMJkB+7F9jB2niwuuY0="></latexit>

Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer : 2021

OCE(x, t) = �̄(x, t)�̃µ⌫Gµ⌫(x, t)�(x, t)
<latexit sha1_base64="EZVNph7Vucs/kdtLmLQCUuC6yVU="></latexit>

�̃HV

µ⌫ = �1

2
✏µ⌫↵��↵� �̃NDR

µ⌫ = �µ⌫�5
<latexit sha1_base64="jIRSYF7oTpn/fjtnFrXDR/vYoq4="></latexit>

O
R
CE(x; t) = cP (t, µ)O

MS
P (x;µ) + cm✓(t, µ)O

MS
m✓ (x;µ) + cE(t, µ)O

MS
E (x;µ)

+ cCE(t, µ)O
MS
CE(x;µ) + cmP 2(t, µ)OMS

m2P (x;µ) + · · ·
<latexit sha1_base64="zk2gATrfLzClJdSRM4GkiCyWL+4="></latexit>
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[Oi(t)]R =
X

i

cij(t, µ) [Oi(t = 0, µ)]R +O(t)
<latexit sha1_base64="GBXS2XWtg3ELBhKmHgk2NuI7FdQ="></latexit>

Z�n/2
�

⌦
( )n 

�
 ̄
�n ̄ (Aµ)

nA
Oi(t)

↵amp
=

<latexit sha1_base64="IGwxCjqLHuziEK53ZXIyag/jOsQ="></latexit>

cij(t)
�
ZMS
jk

��1 ⌦
( )n 

�
 ̄
�n ̄ (Aµ)

nA
Ok

↵amp

<latexit sha1_base64="0dhdSrg4BegM/GQ8Lcr71qRS5wA="></latexit>

cij(t, µ) = �ij +
↵s(µ)

4⇡
c
(1)
ij (t, µ) +O(↵2

s)
<latexit sha1_base64="/5/+VDLsroQmsZ08pIu9DWI5KiA="></latexit>



D
˚̄�(x; t)

 !
/D �̊(x; t)

E
= � 2NcNf

(4⇡)2t2
<latexit sha1_base64="I2nsRR/BGMeA/dNM3Zl8IRqrGnE="></latexit>

Makino, Suzuki: 2014

⇣� = 1� ↵sCF

4⇡

�
3 log

�
8⇡µ2

t
�
� log(432)

�
+O(↵2

s)
<latexit sha1_base64="N4QOD4EkYVPbCGNlnXP2J+X+1iw="></latexit>

Harlander, Kluth, Lange :2018


Artz, Harlander, Lange, 
Neumann, Prausa: 2019


Quark-Chromo EDM Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., Stoffer : 2021
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�R(x; t) = (8⇡t)"/2⇣1/2� �̊(x; t)
<latexit sha1_base64="6HdXWdMGIxRizERUNfyjMV57+lg="></latexit>

�̄R(x; t) = (8⇡t)"/2⇣1/2�
˚̄�(x; t)

<latexit sha1_base64="meuB3SrkAKiSmZPKXUh0o2U+puI="></latexit>

2-loops

Z�n/2
�

⌦
( )n 

�
 ̄
�n ̄ (Aµ)

nA
Oi(t)

↵amp
=

<latexit sha1_base64="IGwxCjqLHuziEK53ZXIyag/jOsQ="></latexit>

cij(t)
�
ZMS
jk

��1 ⌦
( )n 

�
 ̄
�n ̄ (Aµ)

nA
Ok

↵amp

<latexit sha1_base64="0dhdSrg4BegM/GQ8Lcr71qRS5wA="></latexit>

O
R
CE(x; t) = ˚̄�(x; t)�̃µ⌫Gµ⌫(x; t)�̊(x; t)

<latexit sha1_base64="LCbqXzzzS9d7lPa2mtQv2q6OhKg="></latexit>



Rizik, Monahan, A.S.: 2020

Mereghetti, Monahan, Rizik, A.S., 

Stoffer : 2021cCE(t, µ)
<latexit sha1_base64="CO/HRMvETV5iN5wfTde0eD9+SYs=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0WoICFpa1t3xSK4rGAf0IYwmU7aoZMHMxOhhn6JGxeKuPVT3Pk3TtoIKnrgwuGce7n3HjdiVEjT/NBWVtfWNzZzW/ntnd29gr5/0BVhzDHp4JCFvO8iQRgNSEdSyUg/4gT5LiM9d9pK/d4d4YKGwa2cRcT20TigHsVIKsnRC9hJWlfzkjwb+vEpzDt60TQuKrVGowqX5LyWkXoZWoa5QBFkaDv6+3AU4tgngcQMCTGwzEjaCeKSYkbm+WEsSITwFI3JQNEA+UTYyeLwOTxRygh6IVcVSLhQv08kyBdi5ruq00dyIn57qfiXN4il17ATGkSxJAFeLvJiBmUI0xTgiHKCJZspgjCn6laIJ4gjLFVWaQhfn8L/SbdsWBWjfFMtNi+zOHLgCByDErBAHTTBNWiDDsAgBg/gCTxr99qj9qK9LltXtGzmEPyA9vYJbiqSTg==</latexit>

Quark-Chromo EDM

Expand integrands of loop integrals in all scales excluding t

Analytic structure altered —> distortion of IR structure

in matching equation the IR modification drops out in the difference

Expanding loop integrals in the RHS vanish in DR —> UV and IR are identical

The LHS is UV-finite, beside the renormalization of the bare parameters and 

flowed fermion fields

The IR singularities on the LHS exactly match the UV MS counterterms
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cCE(t, µ) = ⇣�1

� +
↵s

4⇡


2(CF � CA) log(8⇡µ

2t)� 1

2

⇣
(4 + 5�HV)CA + (3� 4�HV)CF

⌘�

= 1 +
↵s

4⇡


(5CF � 2CA) log(8⇡µ

2t)

� 1

2

⇣
(4 + 5�HV)CA + (3� 4�HV)CF

⌘
� log(432)CF

�

<latexit sha1_base64="bs2MKJII/Sziu1Fhq1CrQVHOzvI="></latexit>



Status

Theta-term nucleon EDM —> first results 


Renormalization, S/N 


Quark-chromo EDM —> renormalization


Power divergences —> PT  
                           Non-perturbative 


Logs/mixing —> 


3 gluon operator —> PT power divergences  
                           Preliminary studies for renormalization (power divergences) 
                       —> Logs/mixing  
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1810.10301

2005.04199

2005.04199
2106.07633

2111.1149

2111.1149

2212.09824

2308.16221

https://arxiv.org/abs/2308.16221


Quark EDM —>  
simplest calculation with Lattice QCD. Precision 
3%-5%. No Disc.


Theta-term nucleon EDM —> few calculations: 2 σ 
effect


—> new result have stronger signal


3 gluon operator —> No Lattice QCD calculation, 
1-loop matching


4-fermion operators —> No Lattice QCD 
calculation, 1-loop matching

Neutron EDM from Lattice QCD
Quark-chromo EDM —>  
First result with LO renormalization 
New promising approach based on gradient flow —>  
1-loop matching, NP power divergence,  
2-loop in progress

Renormalizati
on

Continuum 
limit

Chiral 
extrapolation Finite Volume Excited 

States

θ - term

quark 
EDM

quark-
chromo

3-gluon

4-
fermion



Scalar content of the 
nucleon



Composite operators
S(x) =  (x) (x)

SR(x) = ZS(a)


c0(a)

1

a3
+ c1(a)

m

a2
+ c2(a)

m2

a
+ c3(a)m

3 + S(x)
�

 (x) (y)
x!y⇠ Cm(x� y)

m

|x� y|2
+ Cm3(x� y) m3 + CS(x� y)S(x) + · · ·

Srs(t, x) = �r(t, x)�s(t, x)

S
rs(t, x) = c0(t)M

rs + c1(t)M
rsTr

⇥
M

2
⇤
+ c2(t)

�
M

3
�rs

+ c3(t)S
rs(0, x) +O(t)

P
rs(t, x) = c3(t)P

rs(0, x) +O(t)

Z
d3x

⌦
Pud(0, x)P du(t, x)

↵
= �G�G�,t

M�
e�M⇡x0 c3(t) =

G�,t

G�
+O(t)
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Lüscher: 2013



Strategy
Csub

(t, x) = c3(t)Csub
(0, x) + O(t)Csub(t, x) =

⌦
NSrs(t)N †↵� hSrs(t)i

⌦
NN †↵

Csub(0, x) =
G⇡

G⇡,t
·
⇥⌦
NS

rs(t)N †↵� hSrs(t)i
⌦
NN †↵⇤+O(t)

A.S., de Vries, Luu: 2014

Rf (y4;x4, t)|disc =
a6

P
xy

⌦
N(y4)

⇥
 f (x4, t) f (x4, t)

⇤
N(0)

↵

a3
P

y

⌦
N(y4)N(0)

↵
<latexit sha1_base64="6gMpQlUNelMf1j8tXVierGKXGi0="></latexit>

gSf (t)|disc =
⌦
N | f (t) f (t)|N

↵
<latexit sha1_base64="TkY9j9PFdUdE4+wv5o8RZ4yZ/do="></latexit>
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Kim, Pederiva, A.S.



Sigma terms

�f = ZAmf
G⇡

G⇡,t
g
S
f (t) +O(t)

<latexit sha1_base64="rNbAiKeoZyJwHpFJvp+OewSFkHI="></latexit>
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PACS-CS: 2009

Kim, Pederiva, A.S.


