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Systematic effects

‣ we don’t want any

‣ we don’t like to discuss them  (it’s no fun)

‣ but it is necessary, especially since Nature  SM≈

‣ discussion usually starts when something happens, e.g. 
 
 WI is violated in nucleon matrix elements 



Rainer Sommer | Cern | July 2024

Systematic effects

‣ we don’t want any

‣ we don’t like to discuss them  (it’s no fun)

‣ but it is necessary, especially since Nature  SM≈

‣ discussion usually starts when something happens, e.g. 
 
 WI is violated in nucleon matrix elements 

‣ or  
(arXiv:2212.12648) or T. Tsang’s talk



Rainer Sommer | Cern | July 2024

Systematic effects

‣ we don’t want any

‣ we don’t like to discuss them  (it’s no fun)

‣ but it is necessary, especially since Nature  SM≈

‣ discussion usually starts when something happens, e.g. 
 
 WI is violated in nucleon matrix elements 

‣ or  
(arXiv:2212.12648) or T. Tsang’s talk

‣ imo this is late and common errors may go unnoticed  
let’s start now
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Systematics in most simple (?) quantity: t0
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, possible interpretationst0

 2+1+1: 
large error of average  
because of bad chisq  
of constant fit 
—> stretching factor
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, possible interpretationst0

 effects of charm quark  
(loop effects) expected to 
be very small (ALPHA) 

data: a few sigma diff. 
between 2+1 and 2+1+1 

why?  
 - expectation really wrong? 
 - cited errors too small? 
   (plateaux, continuum limit, 
     etc: systematics)) 
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, possible interpretationst0

One may also say: 

a few sigma differences 
between  
 - rooted staggered 
and 
 - Wilson-like 
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 t0

‣ how do the differences affect g-2?  
 

‣ let’s switch to B-physics



Systematics for B-observables

‣ we are mostly “just” dealing with extrapolations

• 1) excited state effects:      

• 2) continuum limit:              

• 3 … not discussed here. 

‣ there is a big difference between 1) and 2) 
 
1) exponential convergence  
 
2) polynomial with logs

‣ start with the “easy” one

x0 → ∞

a → 0



Excited state effects in B-meson observables

‣ dominant effects: states with additional pions 
 
—> ChPT (HMChPT)   
—> this is a (good, I think) approximation and definitely gives 
   a good general picture for what is relevant 
 
follow what has been done by O. Bär for the nucleon, 
apart from construction of Lagrangian, renormalisation, …

‣ References for what I discuss here:
• Bπ excited-state contamination in lattice calculations of B-meson 

correlation functions, O. Bär, A. Broll, RS  
 Eur.Phys.J.C 83 (2023) 8, 757 , 2306.02703 [hep-lat] 

•  Lattice 2022 talk by A. Broll 
• Thesis A. Broll  

https://edoc.hu-berlin.de/handle/18452/28796

https://inspirehep.net/literature/2665702
https://inspirehep.net/literature/2665702
https://arxiv.org/abs/2306.02703


Bπ and B*π states1 slide stolen from Oliver B.

100 200 300 400 500 600 700

-0.2
-0.1
0.0

0.1

0.2

100 200 300 400 500 600 700

-0.2
-0.1
0.0

0.1

0.2

100 200 300 400 500 600 700

-0.2
-0.1
0.0

0.1

0.2

Consider static B and B*-mesons:
<latexit sha1_base64="lNamOaKQ3T+CoOjX8P8/16RPjzc=">AAACDnicdVDLSsNAFJ34rPUVdelmsBRclaRorAuh4MaFiwr2AU0ok+mkHTqZhJlJoYR8gRt/xY0LRdy6duffOE0jqOiBC4dz7uXee/yYUaks68NYWl5ZXVsvbZQ3t7Z3ds29/Y6MEoFJG0csEj0fScIoJ21FFSO9WBAU+ox0/cnl3O9OiZA04rdqFhMvRCNOA4qR0tLArLpTgtM4G3B4AaEbCITTOnRjmqXwOoO5y7OBWbFqVg64IHZdk1PLPnccaBdWBRRoDcx3dxjhJCRcYYak7NtWrLwUCUUxI1nZTSSJEZ6gEelrylFIpJfm72SwqpUhDCKhiyuYq98nUhRKOQt93RkiNZa/vbn4l9dPVNDwUsrjRBGOF4uChEEVwXk2cEgFwYrNNEFYUH0rxGOkI1E6wbIO4etT+D/p1Gu2U3NuTirNRhFHCRyCI3AMbHAGmuAKtEAbYHAHHsATeDbujUfjxXhdtC4ZxcwB+AHj7RNKOZuj</latexit>
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L
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<latexit sha1_base64="DeU6U8Qxyza99zt+T0CaZw7n41Y=">AAACD3icdZDLSgMxFIYz9V5vVZdugkWpmzJTtOpOUMGlgrVCZxgy6akNzWRCkhHLMG/gxldx40IRt27d+TamF0FFDwQ+/v8cTs4fSc60cd0PpzAxOTU9MztXnF9YXFouraxe6iRVFBo04Ym6iogGzgQ0DDMcrqQCEkccmlHvaOA3b0BplogL05cQxORasA6jxFgpLG35x8ANwSehwD6RUiW3ljNfsrzi3wDNZB6KbRyWym7VHRYegVezsOt6B/U69sZWGY3rLCy9++2EpjEIQznRuuW50gQZUYZRDnnRTzVIQnvkGloWBYlBB9nwnhxvWqWNO4myTxg8VL9PZCTWuh9HtjMmpqt/ewPxL6+Vms5+kDEhUwOCjhZ1Uo5Nggfh4DZTQA3vWyBUMftXTLtEEWpshEUbwtel+H+4rFW9erV+vlM+3B/HMYvW0QaqIA/toUN0is5QA1F0hx7QE3p27p1H58V5HbUWnPHMGvpRztsnA1qcBQ==</latexit>

�En ⇡ E⇡(~pn)

<latexit sha1_base64="Wxnpk4aZRLqmU+YyK+gGeBghoew=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0lKjfUgFLx4UKhga6EJZbPdtEs3m7C7EUro3/DiQRGv/hlv/hu3bQQVfTDweG+GmXlBwpnStv1hFZaWV1bXiuuljc2t7Z3y7l5HxakktE1iHstugBXlTNC2ZprTbiIpjgJO74Lxxcy/u6dSsVjc6klC/QgPBQsZwdpI3nU/8xI2vULnqN4vV+yqPQdaEKdmyIntnLkucnKrAjla/fK7N4hJGlGhCcdK9Rw70X6GpWaE02nJSxVNMBnjIe0ZKnBElZ/Nb56iI6MMUBhLU0Kjufp9IsORUpMoMJ0R1iP125uJf3m9VIcNP2MiSTUVZLEoTDnSMZoFgAZMUqL5xBBMJDO3IjLCEhNtYiqZEL4+Rf+TTq3quFX3pl5pNvI4inAAh3AMDpxCEy6hBW0gkMADPMGzlVqP1ov1umgtWPnMPvyA9fYJ2p+Q5w==</latexit>

M⇡L = 4

<latexit sha1_base64="hs8Q4pnCdG8/apKpglxNY1mjdL8=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkpSaqwLoeDGTaGCfUATwmQ6aYdOJmFmIpRQ3Pgrblwo4tavcOffOG0jqOiBC4dz7uXee4KEUaks68NYWFxaXlktrBXXNza3ts2d3baMU4FJC8csFt0AScIoJy1FFSPdRBAUBYx0gtHl1O/cEiFpzG/UOCFehAachhQjpSXf3G/4mZvQCbyAdtVyT2Dmigg2SHvimyWrbM0A58SuaHJq2eeOA+3cKoEcTd98d/sxTiPCFWZIyp5tJcrLkFAUMzIpuqkkCcIjNCA9TTmKiPSy2QsTeKSVPgxjoYsrOFO/T2QoknIcBbozQmoof3tT8S+vl6qw5mWUJ6kiHM8XhSmDKobTPGCfCoIVG2uCsKD6VoiHSCCsdGpFHcLXp/B/0q6UbafsXFdL9VoeRwEcgENwDGxwBurgCjRBC2BwBx7AE3g27o1H48V4nbcuGPnMHvgB4+0TsHiVsg==</latexit>

M⇡ = 140MeV

<latexit sha1_base64="/KAG3lXlR9cTBnh4lQD0NCSdGZ4=">AAAB83icdVBNS8NAEJ34WetX1aOXxSJ4KkmxsR6EghcPChXsBzShbLabdulmE3Y3Qgn9G148KOLVP+PNf+O2jaCiDwYe780wMy9IOFPatj+speWV1bX1wkZxc2t7Z7e0t99WcSoJbZGYx7IbYEU5E7Slmea0m0iKo4DTTjC+nPmdeyoVi8WdniTUj/BQsJARrI3koZt+5iVsen2Bav1S2a7Yc6AFcaqG1Gzn3HWRk1tlyNHsl969QUzSiApNOFaq59iJ9jMsNSOcToteqmiCyRgPac9QgSOq/Gx+8xQdG2WAwliaEhrN1e8TGY6UmkSB6YywHqnf3kz8y+ulOqz7GRNJqqkgi0VhypGO0SwANGCSEs0nhmAimbkVkRGWmGgTU9GE8PUp+p+0qxXHrbi3p+VGPY+jAIdwBCfgwBk04Aqa0AICCTzAEzxbqfVovVivi9YlK585gB+w3j4B2f6Q6A==</latexit>

M⇡L = 5

<latexit sha1_base64="48ry1++BCeNGAJdDShESeyVmBMQ=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0mKxnoQCl48KFSwH9CEstlu2qWbTdjdCCX0b3jxoIhX/4w3/43bNoKKPhh4vDfDzLwg4Uxp2/6wCkvLK6trxfXSxubW9k55d6+t4lQS2iIxj2U3wIpyJmhLM81pN5EURwGnnWB8OfM791QqFos7PUmoH+GhYCEjWBvJQzf9zEvY9PoCuf1yxa7ac6AFcWqGnNrOuesiJ7cqkKPZL797g5ikERWacKxUz7ET7WdYakY4nZa8VNEEkzEe0p6hAkdU+dn85ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dLdVj3MyaSVFNBFovClCMdo1kAaMAkJZpPDMFEMnMrIiMsMdEmppIJ4etT9D9p16qOW3VvTyqNeh5HEQ7gEI7BgTNowBU0oQUEEniAJ3i2UuvRerFeF60FK5/Zhx+w3j4B24KQ6Q==</latexit>

M⇡L = 6

<latexit sha1_base64="RF3X25ttEc+fAL9axuhy+eCj86o=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3ZSkaKy7ggguK9gHNCFMptN26GQSZiaFGoK/4saFIm79D3f+jdM2gooeuHA4517uvSeIGZXKsj6MwtLyyupacb20sbm1vWPu7rVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE4wvZ35nQoSkEb9V05h4IRpyOqAYKS355gG88lM3plnFnRCcxpnPT6Bvlq2qNQdcELumyZllXzgOtHOrDHI0ffPd7Uc4CQlXmCEpe7YVKy9FQlHMSFZyE0lihMdoSHqachQS6aXz6zN4rJU+HERCF1dwrn6fSFEo5TQMdGeI1Ej+9mbiX14vUYO6l1IeJ4pwvFg0SBhUEZxFAftUEKzYVBOEBdW3QjxCAmGlAyvpEL4+hf+Tdq1qO1Xn5rTcqOdxFMEhOAIVYINz0ADXoAlaAIM78ACewLNxbzwaL8brorVg5DP74AeMt0+9XJTD</latexit>

E⇡(~pn)

1 I often won’t distinguish between B and B* in the following …



Bπ and B*π states1 slide stolen from Oliver B.

100 200 300 400 500 600 700

-0.2
-0.1
0.0

0.1

0.2

100 200 300 400 500 600 700

-0.2
-0.1
0.0

0.1

0.2

100 200 300 400 500 600 700

-0.2
-0.1
0.0

0.1

0.2

Consider static B and B*-mesons:
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M⇡L = 6

Infinite volume: continuous 2-particle spectrum, threshold = MB + Mπ
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E⇡(~pn)

1 I often won’t distinguish between B and B* in the following …



A little on HMChPT

• Heavy quark spin symmetry  ➞  multiplet  


• Relevant interaction given by 
 
 
 
 
Note: 
 
 
 

slide stolen from Oliver B.;  modified

<latexit sha1_base64="B+jOPzrXFr5zoTTowIFOEKKIR4w="></latexit>

Lint = i
g

f
tr
�
H�5�µ@µ⇡H̄

�
+ . . .

BB*π B*B*π

➞

‣ one pion derivative

‣ two LO LECs    f :  pion decay constant 

                         g:  BB*π coupling 
                              (in the chiral limit)

<latexit sha1_base64="zkugJEwGtfvabFs+h7FT0xcJGh8=">AAAB/HicdVDLSsNAFJ3UV62vaJduBotQKdSk1FgXQsGNywr2AW0Ik+m0HTqThJmJEEL9FTcuFHHrh7jzb5y2EVT0wIXDOfdy7z1+xKhUlvVh5FZW19Y38puFre2d3T1z/6Ajw1hg0sYhC0XPR5IwGpC2ooqRXiQI4j4jXX96Nfe7d0RIGga3KomIy9E4oCOKkdKSZxZbXuWybMPKYIw4R1795LTmmSWrai0Al8SuaXJm2ReOA+3MKoEMLc98HwxDHHMSKMyQlH3bipSbIqEoZmRWGMSSRAhP0Zj0NQ0QJ9JNF8fP4LFWhnAUCl2Bggv1+0SKuJQJ93UnR2oif3tz8S+vH6tRw01pEMWKBHi5aBQzqEI4TwIOqSBYsUQThAXVt0I8QQJhpfMq6BC+PoX/k06tajtV56ZeajayOPLgEByBMrDBOWiCa9ACbYBBAh7AE3g27o1H48V4XbbmjGymCH7AePsEgzWSvw==</latexit>

P+ = (1 + �4)/2
<latexit sha1_base64="MpkAvR2yiR7hCu67ZPvj5BRezVA="></latexit>
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<latexit sha1_base64="I+Prjjl3kNvoLdEdwg1jkmbHPB8=">AAACE3icdVDJSgNBEO1xjXGLevTSGATxEGZCHONBCHjJMYJZIBNDTaczadI9M3T3CGHIP3jxV7x4UMSrF2/+jZ1FXNAHBY/3qqiq58ecKW3b79bC4tLyympmLbu+sbm1ndvZbagokYTWScQj2fJBUc5CWtdMc9qKJQXhc9r0hxcTv3lDpWJReKVHMe0ICELWZwS0kbq5Y88HmVbHGJ9j7AUgBHRLuHqdej0IAirHX2I3l7cL9hR4RpyiISe2c+a62JlbeTRHrZt783oRSQQNNeGgVNuxY91JQWpGOB1nvUTRGMgQAto2NARBVSed/jTGh0bp4X4kTYUaT9XvEykIpUbCN50C9ED99ibiX1470f1yJ2VhnGgaktmifsKxjvAkINxjkhLNR4YAkczciskAJBBtYsyaED4/xf+TRrHguAX3spSvlOdxZNA+OkBHyEGnqIKqqIbqiKBbdI8e0ZN1Zz1Yz9bLrHXBms/soR+wXj8AcSGcpA==</latexit>
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HMChPT:      ,    (from JLQCD form factor) 

 
smeared interpolating field with  :    .   Can it be tuned?

α
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[B⋆
k + iβ1B∂kπ + …] β1 = 0.14(4) GeV−1

rsm ≪ 1/mπ β1 → β̃1(rsm)



Example 1: 2-pt function, (infinite volume, but this is not important)
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Fig. 12 The deviation !MBπ
B (t) as a function of the source-sink sep-

aration t, given in MeV. The solid line is the LO result, the yellow and
gray band show the NLO results with β̃1$χ = 0.16(5) and −0.80(25),
respectively

∆f̂Bπ(t)

0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.00

0.01

0.02

0.03

0.04

0.05

0.06

t/[fm]

Fig. 13 The deviation ! f̂ Bπ (t) as a function of the source-sink sepa-
ration t. The solid line is the LO result, the yellow band shows the NLO
result with both NLO LECs β̃1$χ and β1$χ being varied between 0.11
and 0.21. The gray band shows the NLO result for β1 = 0.16(5)$−1

χ

and β̃1 = −0.8(25)$−1
χ as an illustration for the theoretically possible

impact of smearing

smearing exists that can come close to β̃1 = −0.80 $−1
χ

is an important question that needs to be studied in specific
lattice simulations (see Sect. 7).

8.2 Impact on the effective mass and effective decay
constant

With the preparations of the last subsection we turn to the
Bπ contribution in the two observables based on the 2-pt
function, the effective mass and effective decay constant.

Figure 12 shows the dimensionful deviation !MBπ
B (t) in

(103) given in MeV. As before the solid line shows the LO
result, and the yellow band the NLO result with the LEC β̃1
varied as discussed above. At t = 1.3 fm the NLO result is
about 4 MeV.

Figure 13 displays the deviation ! f̂ Bπ (t) in (105) for the
effective decay constant. Here the deviation is roughly 1.6%
at t = 1.3 fm.

As before, the figures also show the NLO results for
β̃1 = −5β1 (gray bands), the value that leads to a substan-
tial reduction of the Bπ contamination in the 2pt function.
Expectedly, this reduction also leads to a much smaller Bπ

contamination in the effective mass and effective decay con-
stant.

8.3 Impact on the 3-pt function and the B∗Bπ coupling

The left panel of Fig. 14 shows the deviation !gsum,Bπ
π (t) as

a function of t. As before the solid line shows the LO result,
the yellow band is the NLO result with the NLO coefficients
being varied within our chosen bounds. Recall that !gsum,Bπ

π

involves two NLO LECs, β̃1 and γ , the latter being associated
with the light axial vector current. At t = 1.3 fm, !gsum,Bπ

π

varies roughly between 1% to 5%. This spread is dominated
by the lack of knowledge of the unknown LEC γ .

For illustrative purposes only we show the deviation
!gmid,Bπ

π for the mid-point estimate in the right panel of
Fig. 14. For an appropriate comparison of the two figures
we have plotted !gmid,Bπ

π as a function of tmid ≡ t/2. This
way the deviations are roughly of the same size, as expected.
Note, however, that values t/2 ! 1 fm are hard to reach in
practice.

9 Discussion

We have started from the HMChPT expansion at zero veloc-
ity of the heavy quark. Because some elements – the effective
currents and, in particular, the smeared interpolating fields –
had not been constructed systematically at NLO, we filled
this gap. At NLO, there are LECs dk, k = 1 . . . 7 in the
Lagrangian. Two of them find their way, following the stan-
dard construction, into the light-light axial vector current.
One particular combination of these two, denoted byγ , enters
our prediction for the estimators of the B'Bπ coupling. It is
presently unknown and we have used power counting in the
form |γ | ≤ 1/$χ = 1/(4π f ) to illustrate its effect. Due
to the symmetries of HQET, the local effective heavy-light
bilinear at NLO are given by only two LECs, βi , i = 1, 2.
Their values were estimated from B → π form-factors.

The size of the Bπ excited-state contamination is rather
modest in the considered estimators: typically at the few-
percent level at distances t = 1.3 fm. For the two-point func-

123
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�f̂B⇡(t)

small effect but relevant for 

% precision

LO

NLO

later  …
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Example 2:  Bπ contamination in    (dominant FF in )h⊥ B → π

Feynman diagrams for

…

BVk
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Bπ contamination Δh⊥

‣ no factor 1/L3    ⇒   sometimes called “volume enhanced” contribution


‣ no sum over pion momenta (i.e. no tower of states),  one fixed pion momentum 

‣  fm:  underestimate of ~ 20% ! 

‣ is it taken into account by standard excited state fitting ?

tV = 1.2
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Bπ contamination Δh⊥

‣ in principle this can be suppressed by negative  

‣ since it is a LEC there are various handles to determine it (see Bär,Broll, S)   

‣ Lattice 2024 talk: Antoine Gérardin ``   excited-state contamination in B-physics observables’’ 

                             abstract:  … ``The LECs can be determined well and it turns out  
                                               that the investigated smearings do not suppress excited states significantly.’’  … 
      btw: subtraction of tree-level Bpi contamination in the determination of LEC works very well (too well?)         

β̃1

B* − π

0.8 1.0 1.2 1.4 1.6 1.8 2.0
-0.4

-0.3

-0.2

-0.1

0.0
LO

NLO, local 

<latexit sha1_base64="bSowvrn8RZBAkfVV6zahedLluro=">AAACCHicdVDJSgNBEO1xjXGLevRgYxAiSJgJGuMtoILHCGaBJAw9nUrSpGehu0YIQ45e/BUvHhTx6id482/sLIKKPih4/V4VXfW8SAqNtv1hzc0vLC4tp1bSq2vrG5uZre2aDmPFocpDGaqGxzRIEUAVBUpoRAqY70moe4PzsV+/BaVFGNzgMIK2z3qB6ArO0EhuZo+2LkAio303aUWgolEO3doRvRw/xejQzWTtvD0BnRKnYMiJ7ZwVi9SZWVkyQ8XNvLc6IY99CJBLpnXTsSNsJ0yh4BJG6VasIWJ8wHrQNDRgPuh2MjlkRA+M0qHdUJkKkE7U7xMJ87Ue+p7p9Bn29W9vLP7lNWPsltqJCKIYIeDTj7qxpBjScSq0IxRwlENDGFfC7Ep5nynG0WSXNiF8XUr/J7VC3inmi9fH2XJpFkeK7JJ9kiMOOSVlckUqpEo4uSMP5Ik8W/fWo/VivU5b56zZzA75AevtE2FpmO8=</latexit>

�h?(tV , E⇡)

<latexit sha1_base64="w2YchNnMlZv/FbWSWSHEzDQUJpk=">AAACA3icdVDLSsNAFJ34rPUVdaebwSK4KkmpURdCwY0LFxXsA5pQJtNJO3SSDDOTQkkDbvwVNy4UcetPuPNvnLYRVPTAhcM593LvPT5nVCrL+jAWFpeWV1YLa8X1jc2tbXNntynjRGDSwDGLRdtHkjAakYaiipE2FwSFPiMtf3g59VsjIiSNo1s15sQLUT+iAcVIaalr7k/cEcEpzybwArqBQDituJxm6XXWNUtW2ZoBzold0eTEss8dB9q5VQI56l3z3e3FOAlJpDBDUnZsiysvRUJRzEhWdBNJOMJD1CcdTSMUEumlsx8yeKSVHgxioStScKZ+n0hRKOU49HVniNRA/vam4l9eJ1HBmZfSiCeKRHi+KEgYVDGcBgJ7VBCs2FgThAXVt0I8QDoIpWMr6hC+PoX/k2albDtl56ZaqlXzOArgAByCY2CDU1ADV6AOGgCDO/AAnsCzcW88Gi/G67x1wchn9sAPGG+fMiOX3A==</latexit>

|~p| = 2⇡

L

<latexit sha1_base64="tFZ/pii2gIVXmym1CqmldnXA5BA=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0lKjXoQCl48KFSwH9CEstlu2qWbZNndCCX0b3jxoIhX/4w3/43bNoKKPhh4vDfDzLxAcKa0bX9YhaXlldW14nppY3Nre6e8u9dWSSoJbZGEJ7IbYEU5i2lLM81pV0iKo4DTTjC+nPmdeyoVS+I7PRHUj/AwZiEjWBvJu+lnnmBTdI0u6v1yxa7ac6AFcWqGnNjOuesiJ7cqkKPZL797g4SkEY014VipnmML7WdYakY4nZa8VFGByRgPac/QGEdU+dn85ik6MsoAhYk0FWs0V79PZDhSahIFpjPCeqR+ezPxL6+X6vDMz1gsUk1jslgUphzpBM0CQAMmKdF8YggmkplbERlhiYk2MZVMCF+fov9Ju1Z13Kp7W6806nkcRTiAQzgGB06hAVfQhBYQEPAAT/Bspdaj9WK9LloLVj6zDz9gvX0C2SKQ4w==</latexit>

M⇡L = 4

⇒ <latexit sha1_base64="htfs2JQRueWkr6HW+95mw4r9Zb0="></latexit>

E⇡,~p ⇡ 260MeV

<latexit sha1_base64="peAjhIMWpC21fefomIevHCma8JY="></latexit>

�hB⇡
? (tV , E⇡,~p) ⇡ �hB⇡,tree

? (tV , E⇡,~p) = � g + �̃1E⇡,~p

g � �1E⇡,~p
e�E⇡,~p tV

 = energy of final state π

  = − 1 × e−EπtV + NLO



Relation to standard fitting procedure of 3-point + 2-point

‣  

‣ assume final state    has t large enough  
                                   for ground state dominance  
                                   just for simplicity

‣ 2-pt correlator               

 

3-pt correlator   

                                                                

‣ spectrum relative to ground state                                         

B → π

π

C(2)
B (t) = ⟨O(t)Ō(0)⟩ =

∞

∑
n=1

e−En(B)tψnψ*n ,

C(3)(t, tv) = ⟨π+(t) Vμ(tv) Ōj(0)⟩ =
∞

∑
n,m=1

ϕm e−Em(π)(t−tv) ℳμ
mn e−En(B)tv ψ*n

C(3)(t, tv) ≈
∞

∑
n=1

ϕ1 e−E1(π)(t−tv) ℳμ
1n e−En(B)tv ψ*n
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Relation to standard fitting procedure of 3-point + 2-point
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3-pt correlator   

 

                          

‣ spectrum relative to ground state     
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part of spectrum which contributes in 2-pt function
is very suppressed in 3-pt function

effectively: different states in 3-pt fct than in 2-pt fct
message: allow for this in fits              .

furthermore: energy of dominant correction in 3-pt function is known

structure expected to remain beyond HMChPT

This is all rather simple
But: signal/noise problem limits accessible t



Excited states: discussion

‣ let’s do it after the next topic 



Discretization errors, continuum extrapolation

‣ two issues

• 1)   -expansion is not a Taylor expansion 
 
     it is non-analytic, given by Symanzik EFT  
                                (according to standard wisdom) 
 
     non-integer powers of  

• 2)  Symanzik EFT is for energies below   
 
      but       
 
     RHQ actions are a separate discussion.  
      CERN cafeteria (still with leather chairs)  AK, MdM, RS 
      “ should not extrapolate  “ 
 
      NRQCD is yet another discussion —> Lepage and B. Thacker 

‣ 1) is worrying to me (and to Peter Weisz and to ?) 
The combination with 2) makes it scary . 
 
The “interpolation method” (S. Kuberski) avoids 2)

a

αs(1/a)

a−1

mb > a−1

a → 0
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/
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�KS / M2

⌦
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w0 / am

PDF

Median

68.3%

95.4%

Median 172.35 am
Total error 0.51 am 0.30 %
Statistical error 0.22 am 0.13 %
Systematic error 0.46 am 0.27 %
Pseudoscalar fit range 0.01 am < 0.01 %
Omega baryon fit range 0.24 am 0.14 %
Physical value of M⌦ 0.06 am 0.03 %
Lattice spacing cuts 0.09 am 0.05 %
Order of fit polynomials 0.17 am 0.10 %
Continuum parameter (�KS or a2) 0.30 am 0.17 %

Table 3: Gradient flow scale w0. Continuum extrapolations as function of a2 and as function of �KS

are shown in the first row. In the figure in the second row the probability distribution function (PDF)
including both statistical and systematic variations is shown with red color. The median is given by the
blue horizontal line, the 1-sigma/2-sigma error band defined from the 16%/2% and 84%/98% percentiles
is shown with green/yellow color. The table in the third row shows the total, statistical and systematic
errors, and also displays an error budget.
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Briefly  on Symanzik EFT 

‣        
 
                               different local fields  depending on  

                                                                                    symmetry of lattice action  

                  e.g.            H(4) invariant but not O(4) 

     but e.o.m. can be used

‣ enough for energies  
more is needed for  ME’s of local fields, susceptibilities …   
                                                                             (see N. Husung) 
and more for Gradient Flow  
 
       as insertions into correlation functions 
 

                     

ℒa = ℒ0 + a2ℒ2 + …

ℒ2(x) = ∑
i

ci 𝒪i(x)

𝒪2 =
1
g2

0
∑
μ,ν

DμFμν DμFμν

𝒪i(x)

δC𝒪(x − y) = − a2 ∫ d4z ⟨ Φ(x)Φ(y) 𝒪(z) ⟩con
cont



Non-integer powers of  :  the usual EFT story αs(1/a)

 SymEFT = continuum EFT, regularize, renormalize:                 
 
  Match to Lattice PT (expanded in ): gives     
                                                        matching coefficients          
 
  Do RG improvement         —>                                    
 
  Introduce RGI operators to express result in terms of (non-perturbative) constants. 
  Needs anomalous dimension matrix! (N. Husung)      
  
    

     
      eigenvalues of 1-loop AD matrix of    

 
  known for theory with flavor symmetry  
    
  not for staggered fermions (or minimally doubled) or …

αMS(μ)

a
c̄i(αMS(μ), aμ)

μ = a−1 c̄i(αMS(a−1),1)

Δ𝒫(a) = − a2 ∑
i

c(0)
i [α(a−1)] ̂γi ℳRGI

𝒫,i [1 + O(α(a−1)] + O(a3)

̂γi = γ(0)
i /(2b0) {𝒪j(x)}



Examples what is done: 1

“We include a term proportional to a2 to account for the dominant lattice-spacing dependence. 

The domain-wall fermion and Iwasaki gluon actions  are expected to have discretization errors ,

about 3% (5%) on the F (M) ensemble(s) for ΛQCD = 500 MeV, while power-counting estimates of errors in 
the RHQ action and heavy-light current are smaller, below 2%. “

O((aΛQCD)2)

6

TABLE II. Numerical values of the renormalization constants Zll
A and Zbb

V .

C1 C2 M1 M2 M3 F1S
Zll
A 0.7172 0.7178 0.7449 0.7452 0.7452 0.7624

Zbb
V 9.099(24) 9.135(23) 4.7767(87) 4.7602(75) 4.770(10) 3.6236(57)

We show data and the fit on the F1S ensemble in Fig. 3
and collect results for all ensembles in Tab. II.
With the value of Zbb

V at hand, and using Eq. (8),
we can determine the renormalization constants Zbl

Vµ
and

compute:

f‖(pP ) = Zbl
V0
fbare
‖ (pP ),

f⊥(pP ) = Zbl
Vi
fbare
⊥ (pP ).

(26)

Finally we convert to f0(q2) and f+(q2) using Eqs. (4)
and (5). Table III summarizes all fit results.

C. Chiral-continuum extrapolation

We extrapolate the renormalized lattice form factors to
vanishing lattice spacing and to the physical light-quark
mass, and interpolate in the kaon energy, using next-to-
leading order (NLO) SU(2) chiral perturbation theory
for heavy-light mesons (HMχPT) in the “hard-pion” (or
in this case kaon) limit [47–49]. In the SU(2) theory, the
strange quark is integrated out. The chiral logarithms for
Bs → K"ν depend on the pion mass and the kaon energy,
while the SU(2) low-energy constants depend implicitly
on the values of the strange-quark and b-quark masses.
The function we use is

fBs→K
X (Mπ, EK , a2) =

Λ

EK + ∆X

[
cX,0

(
1 +

δf(Ms
π)− δf(Mp

π)

(4πfπ)2

)

+cX,1
∆M2

π

Λ2
+ cX,2

EK

Λ
+ cX,3

E2
K

Λ2
+ cX,4(aΛ)2

]
, (27)

where X = +, 0 for the vector and scalar form factor, re-
spectively, and where Ms

π is the simulated pion mass on
a given ensemble, Mp

π = (2Mπ± +Mπ0)/3 is the isospin-
averaged physical pion mass, ∆M 2

π = (Ms
π)

2 − (Mp
π)

2

and Λ = 1GeV is the renormalization scale appearing
in the one-loop chiral logarithm in δf shown in (28) be-
low, and is also used as a dimensionful scale to render
the fit coefficients dimensionless. ∆X = MB∗ − MBs

and the B∗ is a b̄u flavor state with JP = 1− for f+,
or JP = 0+ for f0. For f+ this is the vector me-
son B∗ with mass MB∗ = 5.32471(21)GeV [50], while
for f0 there is a theoretical estimate for the 0+ state,
MB∗(0+) = 5.63GeV [51]2 (the formalism for effective

2 Results from this and other theoretical calculations [52–71] are
summarized in Table 4 of Ref. [72]. They span a range from 2%

theories for heavy hadrons of arbitrary spin was de-
rived in Ref. [73] and is reviewed in Ref. [74]). We take
∆+ = −42.1MeV for f+ using experimentally-measured
masses [50, 75], and ∆0 = 263MeV for f0 using the
theoretical estimate from Ref. [51]. Since the estimated
B∗(0+) pole location is rather far from the physical q2

region, the fit is insensitive to its precise position (and
varying it is included in our uncertainty for the chiral
extrapolation).
While the 0+ and 1− poles describe the physical form

factors f0 and f+, respectively, past work [10, 11] used
Eq. (27) for f‖ and f⊥ based on the observation in Eq. (4)
that f0 is dominated by f‖ and f0 by f⊥. Below we
discuss whether this assumption is warranted with our
data.
For the case of the f+ form factor, the coefficient c3 is

compatible with zero within statistical errors. Since the
quality of the fit remains good when removing this term
from the ansatz, we perform the fits for f+ without such
a term.
The term δf entering (27) is the same for f+ and f0

and is given by

δf = −3

4

(
M2

π log

(
M2

π

Λ2

)
+

4Mπ

L

∑

|n|&=0

K1(|n|MπL)

|n|

)
.

(28)
The first term is the one-loop chiral logarithm and the
second term is an estimate for effects due to the finite
(spatial) volume, where K1 is a modified Bessel function
of the second kind and |n| is the magnitude of a vector
of integers n = (nx, ny, nz) specifying the spatial lattice
momentum 2πn/L. The second term is estimated us-
ing one-loop finite-volume SU(2) hard-pion χPT [76, 77]
where loop integrals are replaced by sums over lattice
sites, with its expression derived in Ref. [78].
The pion masses entering the fit are obtained from sep-

arate two-point correlation function fits and we take fπ =
130.2MeV [79]. We include a term proportional to a2

to account for the dominant lattice-spacing dependence.
The domain-wall fermion and Iwasaki gluon actions
are expected to have discretization errors O((aΛQCD)2),
about 3% (5%) on the F (M) ensemble(s) for ΛQCD =
500MeV, while power-counting estimates of errors in the
RHQ action and heavy-light current are smaller, below
2%. The a2 term in our fit therefore accounts for the
leading discretization effects.

below to 2% above this value.
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The pion masses entering the fit are obtained from sep-

arate two-point correlation function fits and we take fπ =
130.2MeV [79]. We include a term proportional to a2

to account for the dominant lattice-spacing dependence.
The domain-wall fermion and Iwasaki gluon actions
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below to 2% above this value.

Yes,   but SymEFT says 

      

with some function  not  ,

(here I ignored mixing, AD, …) 
 
and question: how do these power-counting estimates go?  Are they independent of   ?

a2ℒ2 = a2𝒪2 + … = a2 1
g2

0
∑
μ,ν

DμFμν DμFμν + …

δCℒ(x − y) = − ∫ d4z ⟨ Φ(x)Φ(y) ℒ2(z) ⟩con
cont → a2ℳRGI

𝒫,2 = a2ΛQCD × φ(EK /Λ, mb /Λ, mπ /Λ)

φ (aΛQCD)2

EK
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7

TABLE III. Summary of results from the global fit and the separate fit to pion two-point functions. The squared momentum
transfer, q2, is determined from the outgoing kaon momentum, k = (2π/L)n , with the values of |n|2 being given in the table.
The reduced χ2 in the table is defined as χ2

red. = χ2/Ndof .

|n|2 C1 C2 M1 M2 M3 F1S
Ndof/χ2

red./p – 41/1.35/0.06 54/0.95/0.59 41/0.93/0.61 46/1.27/0.10 51/1.24/0.11 57/0.77/0.90
f+(q2) 1 2.001(29) 2.011(27) 2.038(39) 1.995(28) 1.984(33) 2.355(50)
f+(q2) 2 1.545(29) 1.545(29) 1.578(40) 1.566(28) 1.561(33) 1.917(43)
f+(q2) 3 1.250(41) 1.270(38) 1.282(50) 1.288(33) 1.256(42) 1.663(43)
f+(q2) 4 1.029(65) 1.141(61) 1.040(75) 1.081(51) 1.055(61) 1.476(53)
f0(q2) 0 0.8710(93) 0.8872(97) 0.884(13) 0.8692(95) 0.877(12) 0.879(14)
f0(q2) 1 0.7523(93) 0.774(10) 0.769(14) 0.7442(93) 0.767(12) 0.796(12)
f0(q2) 2 0.672(13) 0.703(14) 0.699(18) 0.675(12) 0.690(14) 0.739(12)
f0(q2) 3 0.602(20) 0.662(22) 0.628(26) 0.633(19) 0.629(22) 0.703(16)
f0(q2) 4 0.581(36) 0.625(35) 0.564(42) 0.606(30) 0.558(37) 0.675(21)
aMBs - 3.00572(97) 3.00977(88) 2.25278(88) 2.25186(70) 2.25321(80) 1.92574(87)
aMK - 0.30666(49) 0.32646(30) 0.22489(49) 0.23440(42) 0.24141(47) 0.19144(46)

C1 C2 M1 M2 M3 F1S
Ndof/χ2

red./p 12/1.10/0.36 12/0.60/0.84 14/1.14/0.32 8/1.32/0.23 8/0.58/0.80 20/0.89/0.60
aMπ 0.19026(50) 0.24289(45) 0.12639(49) 0.15222(36) 0.17260(45) 0.09640(34)
Mπ [GeV] 0.3395(13) 0.4335(15) 0.3012(16) 0.3628(16) 0.4114(18) 0.2684(14)

0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045
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FIG. 4. Chiral-continuum extrapolation for the Bs → K#ν form factors f+ (left) and f0 (right). The colored data points show
the underlying data. The colored lines show the result of the fit evaluated at the parameters of the respective ensembles. The
gray bands display the obtained form factors in the chiral-continuum limit and the associated statistical uncertainty.

Results for the parameters of the chiral-continuum fit
are given in Table IV. Figure 4 shows the fit, while the
systematic errors from variations in the fit are discussed
in section IV and shown in Figure 5. Values for the form
factors in the continuum and physical quark mass limit,
along with their statistical and systematic errors and cor-
relations, are given at the end of the discussion of sys-
tematic errors in section IV for a set of reference q2 val-
ues. These are obtained by using the results in Tab. IV
to evaluate the form factor for a given kaon energy, af-

ter setting a = 0, taking the limit L → ∞ in Eqs. (27)
and (28), and setting mπ = (2m±

π + m0
π)/3 ≈ 138MeV

(isospin-averaged pion mass) [50].

IV. SYSTEMATIC ERROR ANALYSIS

Our systematic-error analysis has much in common
with that done in our earlier work on semileptonic B →
π#ν and Bs → K#ν decays [10]. We streamline our dis-

6

TABLE II. Numerical values of the renormalization constants Zll
A and Zbb

V .

C1 C2 M1 M2 M3 F1S
Zll
A 0.7172 0.7178 0.7449 0.7452 0.7452 0.7624

Zbb
V 9.099(24) 9.135(23) 4.7767(87) 4.7602(75) 4.770(10) 3.6236(57)

We show data and the fit on the F1S ensemble in Fig. 3
and collect results for all ensembles in Tab. II.

With the value of Zbb
V at hand, and using Eq. (8),

we can determine the renormalization constants Zbl
Vµ

and
compute:

f‖(pP ) = Zbl
V0
fbare
‖ (pP ),

f⊥(pP ) = Zbl
Vi
fbare
⊥ (pP ).

(26)

Finally we convert to f0(q2) and f+(q2) using Eqs. (4)
and (5). Table III summarizes all fit results.

C. Chiral-continuum extrapolation

We extrapolate the renormalized lattice form factors to
vanishing lattice spacing and to the physical light-quark
mass, and interpolate in the kaon energy, using next-to-
leading order (NLO) SU(2) chiral perturbation theory
for heavy-light mesons (HMχPT) in the “hard-pion” (or
in this case kaon) limit [47–49]. In the SU(2) theory, the
strange quark is integrated out. The chiral logarithms for
Bs → K"ν depend on the pion mass and the kaon energy,
while the SU(2) low-energy constants depend implicitly
on the values of the strange-quark and b-quark masses.
The function we use is

fBs→K
X (Mπ, EK , a2) =

Λ

EK + ∆X

[
cX,0

(
1 +

δf(Ms
π)− δf(Mp

π)

(4πfπ)2

)

+cX,1
∆M2

π

Λ2
+ cX,2

EK

Λ
+ cX,3

E2
K

Λ2
+ cX,4(aΛ)2

]
, (27)

where X = +, 0 for the vector and scalar form factor, re-
spectively, and where Ms

π is the simulated pion mass on
a given ensemble, Mp

π = (2Mπ± +Mπ0)/3 is the isospin-
averaged physical pion mass, ∆M 2

π = (Ms
π)

2 − (Mp
π)

2

and Λ = 1GeV is the renormalization scale appearing
in the one-loop chiral logarithm in δf shown in (28) be-
low, and is also used as a dimensionful scale to render
the fit coefficients dimensionless. ∆X = MB∗ − MBs

and the B∗ is a b̄u flavor state with JP = 1− for f+,
or JP = 0+ for f0. For f+ this is the vector me-
son B∗ with mass MB∗ = 5.32471(21)GeV [50], while
for f0 there is a theoretical estimate for the 0+ state,
MB∗(0+) = 5.63GeV [51]2 (the formalism for effective

2 Results from this and other theoretical calculations [52–71] are
summarized in Table 4 of Ref. [72]. They span a range from 2%

theories for heavy hadrons of arbitrary spin was de-
rived in Ref. [73] and is reviewed in Ref. [74]). We take
∆+ = −42.1MeV for f+ using experimentally-measured
masses [50, 75], and ∆0 = 263MeV for f0 using the
theoretical estimate from Ref. [51]. Since the estimated
B∗(0+) pole location is rather far from the physical q2

region, the fit is insensitive to its precise position (and
varying it is included in our uncertainty for the chiral
extrapolation).
While the 0+ and 1− poles describe the physical form

factors f0 and f+, respectively, past work [10, 11] used
Eq. (27) for f‖ and f⊥ based on the observation in Eq. (4)
that f0 is dominated by f‖ and f0 by f⊥. Below we
discuss whether this assumption is warranted with our
data.
For the case of the f+ form factor, the coefficient c3 is

compatible with zero within statistical errors. Since the
quality of the fit remains good when removing this term
from the ansatz, we perform the fits for f+ without such
a term.
The term δf entering (27) is the same for f+ and f0

and is given by

δf = −3

4

(
M2

π log

(
M2

π

Λ2

)
+

4Mπ

L

∑

|n|&=0

K1(|n|MπL)

|n|

)
.

(28)
The first term is the one-loop chiral logarithm and the
second term is an estimate for effects due to the finite
(spatial) volume, where K1 is a modified Bessel function
of the second kind and |n| is the magnitude of a vector
of integers n = (nx, ny, nz) specifying the spatial lattice
momentum 2πn/L. The second term is estimated us-
ing one-loop finite-volume SU(2) hard-pion χPT [76, 77]
where loop integrals are replaced by sums over lattice
sites, with its expression derived in Ref. [78].
The pion masses entering the fit are obtained from sep-

arate two-point correlation function fits and we take fπ =
130.2MeV [79]. We include a term proportional to a2

to account for the dominant lattice-spacing dependence.
The domain-wall fermion and Iwasaki gluon actions
are expected to have discretization errors O((aΛQCD)2),
about 3% (5%) on the F (M) ensemble(s) for ΛQCD =
500MeV, while power-counting estimates of errors in the
RHQ action and heavy-light current are smaller, below
2%. The a2 term in our fit therefore accounts for the
leading discretization effects.

below to 2% above this value.

effect of continuum 
limit simultanously 
determined by all data
points

error in CL becomes small
even at large E where data
have large errors

footnote: discussion of systematics involves an  term  
but it does not affect the statistical error of the CL (as far as I understand)

(aE)2



Example 2: most precise determination of b-quark mass

FIG. 1. A snapshot of the base fit (to data for all light-quark masses) and the lattice data for
heavy-strange meson masses. Only ensembles with physical light sea mass are shown, thereby
leaving out the finest lattice spacing, a ⇡ 0.03 fm. Left: heavy-strange meson mass vs. heavy-
quark MRS mass. Right: di↵erence of the heavy-strange meson mass and the heavy-quark MRS
mass vs. heavy-quark MRS mass. The dashed vertical lines indicate the cut amh = 0.9 for each
lattice spacing. Data points with open symbols to the right of the dashed vertical lines are omitted
from the fit. Here mh,MRS is the continuum limit of the MRS mass of the heavy quark h. The
error bar for mh,MRS is suppressed for clarity.
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FIG. 2. Similar to Fig. 1, but the horizontal axes are the inverse of the heavy-quark MRS mass,
and the left panel shows ensembles with light sea mass equal to 0.2m

0
s, while the right panel shows

physical-mass ensembles. Data points with open symbols to the left of the dashed vertical lines
are omitted from the fit.

quantity, we divide the full data set into 20 jackknife resamples. The complete calculation,
including the determination of the inputs, is performed on each resample, and the error is
computed as usual from the variations over the resamples. For convenience, we keep the
covariance matrix fixed to that of the full data set, rather than recomputing it for each
resample.
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where F is the fit function and fp4s is in the continuum limit. From the preceding subsections
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ğ⇡ = g⇡

�
1 + g1↵sy + g2y

2 + g3w̄h↵sy + g4w̄h + g5w̄
2

h
+ g5w̄

3

h

�
, (3.27d)

µ̆
2

⇡
= µ

2

⇡

�
1 + p⇡↵sy + r⇡↵sx

2

h

�
, (3.27e)

µ̆
2

G
(mb) = µ

2

G
(mb)

�
1 + pG↵sy + rG↵sx

2

h

�
, (3.27f)

where w̄h = wh � ⇤HQET/mc,MRS; further
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Example 2: most precise determination of b-quark mass

FIG. 1. A snapshot of the base fit (to data for all light-quark masses) and the lattice data for
heavy-strange meson masses. Only ensembles with physical light sea mass are shown, thereby
leaving out the finest lattice spacing, a ⇡ 0.03 fm. Left: heavy-strange meson mass vs. heavy-
quark MRS mass. Right: di↵erence of the heavy-strange meson mass and the heavy-quark MRS
mass vs. heavy-quark MRS mass. The dashed vertical lines indicate the cut amh = 0.9 for each
lattice spacing. Data points with open symbols to the right of the dashed vertical lines are omitted
from the fit. Here mh,MRS is the continuum limit of the MRS mass of the heavy quark h. The
error bar for mh,MRS is suppressed for clarity.
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FIG. 2. Similar to Fig. 1, but the horizontal axes are the inverse of the heavy-quark MRS mass,
and the left panel shows ensembles with light sea mass equal to 0.2m

0
s, while the right panel shows

physical-mass ensembles. Data points with open symbols to the left of the dashed vertical lines
are omitted from the fit.

quantity, we divide the full data set into 20 jackknife resamples. The complete calculation,
including the determination of the inputs, is performed on each resample, and the error is
computed as usual from the variations over the resamples. For convenience, we keep the
covariance matrix fixed to that of the full data set, rather than recomputing it for each
resample.

The physically interesting quantities m
p4s,MS

(2 GeV), ⇤MRS, µ
2

⇡
, and µ

2

G
(mb) are now

16
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(mh)). These parameters are not new but the same as
those in Eq. (3.28).
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‣ various places:      

‣ Symanzik:              

‣ yes, tree-level improvement buys a  but  is unknown (Nikolai?) 
 
 
t

Q × (1 + c1αsa2 + c2a4)

Q × (1 + { c11[αs(1/a)]Γ̂1 + c12[αs(1/a)]Γ̂2 + … }a2 + …)

Γ̂i = ̂γi+1 ̂γi > 0

y ∼ a2



Example 2: most precise determination of b-quark mass

FIG. 1. A snapshot of the base fit (to data for all light-quark masses) and the lattice data for
heavy-strange meson masses. Only ensembles with physical light sea mass are shown, thereby
leaving out the finest lattice spacing, a ⇡ 0.03 fm. Left: heavy-strange meson mass vs. heavy-
quark MRS mass. Right: di↵erence of the heavy-strange meson mass and the heavy-quark MRS
mass vs. heavy-quark MRS mass. The dashed vertical lines indicate the cut amh = 0.9 for each
lattice spacing. Data points with open symbols to the right of the dashed vertical lines are omitted
from the fit. Here mh,MRS is the continuum limit of the MRS mass of the heavy quark h. The
error bar for mh,MRS is suppressed for clarity.
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FIG. 2. Similar to Fig. 1, but the horizontal axes are the inverse of the heavy-quark MRS mass,
and the left panel shows ensembles with light sea mass equal to 0.2m

0
s, while the right panel shows

physical-mass ensembles. Data points with open symbols to the left of the dashed vertical lines
are omitted from the fit.

quantity, we divide the full data set into 20 jackknife resamples. The complete calculation,
including the determination of the inputs, is performed on each resample, and the error is
computed as usual from the variations over the resamples. For convenience, we keep the
covariance matrix fixed to that of the full data set, rather than recomputing it for each
resample.

The physically interesting quantities m
p4s,MS

(2 GeV), ⇤MRS, µ
2

⇡
, and µ

2

G
(mb) are now
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Thus, there are 61 free parameters, 4 parameters [f , g⇡, µ
2

G
(mb), and, in mh,MRS/mh, R0]

with external priors, and 2 hairpin parameters (�0
V

and �
0
A
) from light-meson �PT. �⇤ and

�Sx introduce 2 parameters each that are, however, frozen to reproduce PDG hyperfine
and flavor splittings. The total number of fit parameters is 67 (compared with 60 for the
decay-constant fit [14]).

In Eq. (3.28), mh is given self-consistently by using the formula
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MS

(mh)). These parameters are not new but the same as
those in Eq. (3.28).
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, ğ⇡, �
0
V
, and �

0
A
, as well as �⇤ and taste-independent �Sx. The breved quantities

are

⇤̆MRS = ⇤MRS

�
1 + c̄1↵sy + c̄2y

2
�✓m

0
c

mc

◆2/27✓
1 + k

0
1

�m
0
c

mc

◆
, (3.27a)

�̆1 = �1

�
1 + c1↵sy + c2y

2 + c3w̄h↵sy + c4w̄h + c5w̄
2

h
+ c6w̄

3

h

�
, (3.27b)

�̆
0
1

= �
0
1

�
1 + c

0
1
↵sy + c

0
2
y
2 + c

0
3
w̄h↵sy + c

0
4
w̄h + c

0
5
w̄

2

h
+ c

0
6
w̄

3

h

�
, (3.27c)
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�Sx introduce 2 parameters each that are, however, frozen to reproduce PDG hyperfine
and flavor splittings. The total number of fit parameters is 67 (compared with 60 for the
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‣ complicated extrapolation to physical quark mass and continuum limit

‣ non-trivial theory (MRS scheme, HMrASχPT) 

‣ How do we get convinced that the combined extrapolation is correct? 
Symanzik-like expansion with  !  Why can we truncate?

‣ Does the behavior at  really tell us much about  
t

amb ≈ 1

amb ≪ 1 amb ≈ 1

y ∼ a2



Continuum extrapolations 

‣ General form allows for very general functions

‣ Assumptions needed, e.g. just explore one power at a time

‣ A good strategy seems: 
 
   — computations with different discretisations 
   — compare  
   — perform combined continuum extrapolations 
        better to disentangle continuum extrapolations 
        and other extrapolations 
    — even better: cancel renormalisation  
              (S. Kuberski:   or  ) 
              simple heavy quark mass scaling! 
    — or develop some new ideas  
         (means work! credited?) 
         

h⊥(Eπ) / h⊥(Eref
π ) h⊥(Eπ) / fV



New continuum extrapolation criterion in FLAG6

‣ Issue: there are quantities with a strong dependence on  
 
Given the discussed uncertainties in the functional form of the  
effects, extrapolating too far is dangerous. 
“Far” should be measured in the (total) error cited for the  result, 

 

‣ distance measure: 

                         

‣   considered fine: extrapolation by 

‣  some stretching of the uncertainty before averaging

a

a

σcont
Q

δ(a) =
|Q(a) − Q(0) |

σcont
Q

δ(amin) ≤ 3 3 × σcont
Q

δ(amin) > 3
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FIG. 11. Continuum extrapolations of the dimensionless ratio of GF scales s0/w0 at the physical

point in terms of the lattice spacing in units of the GF scales sphys.0 , wphys.
0 and tphys.0 /wphys.

0 at

the physical point.

which includes a light quark-mass dependence proportional to �2 described by B0 and

lattice artefacts proportional to a2/w2
0 described by A1 and B1. The latter coe�cient

describes the lattice artefacts on the quark-mass dependence. The global fit suggests

that B0, describing the quark-mass dependence in the continuum, is well consistent with

zero, i.e., B0 = 0.001(7). That is, in the continuum the ratio
p
t0/w0 appears to have

no dependence on the pion mass at all and the observed pion-mass dependence at finite

lattice spacings is apparently just a lattice artefact. However, given the fact that we do

not have data for the ratio at the lattice spacing cC211 away from the physical point,

and hence no information on the quark-mass dependence at the finest lattice spacing,

it is not clear how solid this conclusion is. Nevertheless, we may attempt to fit our

data with B0 = 0 fixed, and in figure 12 we show the results for this global fit. The

coloured lines with error bands show the light quark-mass dependence of the ratio and

the extrapolations to the physical point for each lattice spacing, while the black line with



FLAG5 scale setting: update
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that B0, describing the quark-mass dependence in the continuum, is well consistent with
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no dependence on the pion mass at all and the observed pion-mass dependence at finite
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not have data for the ratio at the lattice spacing cC211 away from the physical point,

and hence no information on the quark-mass dependence at the finest lattice spacing,

it is not clear how solid this conclusion is. Nevertheless, we may attempt to fit our

data with B0 = 0 fixed, and in figure 12 we show the results for this global fit. The

coloured lines with error bands show the light quark-mass dependence of the ratio and

the extrapolations to the physical point for each lattice spacing, while the black line with

ETM 21 Fits:   

indeed (Husung) 
  (also for  ?) 

Still: described entirely by the leading  
term?

a2 [αs(1/a)]Γ̂ , Γ̂ = 0

Γ̂lead = 0 ,  for Nf = 0 Nf > 0
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Summary for discussion

‣ imo. B-physics on the lattice is not in good shape

‣ I find it good that some discrepancies/tensions are there because they provide motivation for 
doing better  
— The real worry is wrong results in agreement with others

‣ Some news on excited state effects  
     states dominate at large  and can be estimated  
    by HMChPT 
    — mostly small (loop effects;  in finite volume, but …) 
     — but known, large, tree-level effect (only  in finite vol.) 
           in  of 

‣ Continuum extrapolations remain scary 
— interpolation to B (—> Simon Kuberski) helps 
— perform computations of benchmark computations with  
     different discretisations, compare, constrain continuum limit 
— avoid fits with 

‣ I plead for more work (compare to g-2; that is only one number!) 
It is worth it, after all:    QCD  

B⋆π t

L−3

L−3/2

f⊥ B → π

amb ≈ 1

≡ lim
a→0

(Lattice QCD)


