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Outline of the talk

1. Whl:] are isospin-breaking and QED corrections relevant?

2. HOW are these effects included in lattice calculations?

3. What observables have been / can be computed?

4. Where do we stand and where do we go?



A L x B e I v b 1 .
{ (o e e — m 3 : 7 M 4 5 ",
3 b J. g ﬁnf\ll/l.! = AT i O i 5 o / 0 5%
: R e : \ R W) e : K & ? : : ) ﬂ
| I ) A = = = - - g 1 r 3 - ’ . D 8
d ( w =7x - U= =g E ~ I 3 R ) .c 3 0
o ‘Y B A ey k] 8 nad y 3 Qi - o >
- . ) Q Y & b - -
- 8 ‘A e d Q "

- ) = . G
\ - - » - > .
)\ T A ) ‘) .v. . a A
% ) < R z 3
we( Ly \ ) s — e B y — \" s -' X ). < B J
\ = =25 e Y 3 &0 TR 4 g : g NN f v
A .
) & \..'--l '. - - .
y \ an = %) 3 : - =
e a L “ . - e . l- »
. — ‘ Wl <= )/4 - _ / A E LY o 5
- / ; 3 A
" J - a 3 . . e
) s t N X > ¥ -
S L %7 S G 7 . Db ] :
- — 5 v X LY
e h D
: £ ﬁw ' .,\.A. - ~ .n O
-4 8 g 3 3 e ) y . , g ?
A oYl o N g e AN : :
\ (B \ . S y) e P\ = e y 0 - 0 a. O_c.n) - Bl ’ > . 3 et
IS s S N 2 [~ ° > g - j ., -
oo ) o oy 5 Fy s * Ao» ” = <
AN A ¥, : ) 3 Al . \ X Y : J
N7 . ) B udl RS (& o ()=}
; 3 N\ W | b . s J
- A R M-
¥ ; ~ > % > 1. \
f H o
& 4 - = % J b 0 h )
' 4 %3 o N 3 3
. - £ - — . v . A & M..
- o L) ~ I . U
- A é .
0 Q ' S S S "o A ) 4
o A - Wr Mr 3 ) —\,“ h G o re -
f . i ey et = U s . .
: . oz O S 3 3 7 - :
- 7. 6o 4 g % PSR : !

.
-~

- rlu. § {i R Z g bl . ;

LI LRy Z
& o L0 .a... o,
A A "
=\ O L s s . ot
Av/q - -
e (e 2 o e Yo, A . |
ﬁ S
9o
o X “ .
3 > 2 v
- .
. - L
(- -
= » s v py
Q - ®, X
3 )
\ e
a5 8 2 3
'g ;
. “ . .
o
P : /
B i
- % o - 0 O
-.v \J ]




T
—
P2 b RS

W

e




Testing the Standard Model with flavour physics

Unitarity of the CKM matrix <= test the validity of the Standard Model

Via Vus Vb in the Standard Model:
VCKM — Vcd vcs Vcb
Vie Vie Vi ‘Vud|2 =+ ‘Vus‘z - |Vub‘2 =1

FLAG Review 2021. . K _
EPJC 82, 869 (2022) fr+/frt = 1.1934(19) fL7(0) = 0.9698 (17)



Vs

First-row CKM unitarity tests

FLAG 2021

FLAG Review 2021. EPJC 82, 869 (2022)

0.228 -

0.226 -

0.224 -

0.222

0.220 -

0.218 -

_______

lattice results for f,.(0), N, =2+1+1
lattice results for fx«/fr=, N, =2 +1+1

lattice results for f, (0), N,=2+ 1

1]
1
0 lattice results for fx=/fr;=, N, =2 + 1

[ 1 lattice results for N, =2+ 1+ 1 combined
[ 1 lattice results for Ne,.=2 + 1 combined
]

nuclear B decay, PDG 20

nuclear B decay, Hardy 20

0.955 0.960

0.965 0.970

Vud

0.975

0.980

Different tensions in the V,,s-V,q plane:

\Vu\ZO —1=280c
2 _ 2 _q_
Vulg —1=5.60 Va2 —1=330
|Vu‘2 —1=23.lo ‘Vu|2.—1 =1.70

Experimental and theoretical control of these quantities
is of crucial importance to solve the issue
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Other motivations...

S.Kuberski @Lattice2023 ETMC, PRL 132 (2024)
&1 staggered M@ twisted mass
Wp,LO from: : : , . . . . . . . . .
Dy om - ""' Wllsf)n' m dloma*lfl Vf’al‘l [ T — Xys v; [This work]
Aubin et al. 221 : & - - =] 7 — OPE — 1, Refs. [6-7]
Lehner, Meyer 20 | ) : | [——] 7 — OPE — 2, Refs. [8-9]
=] T—latt-disp, Ref. [10]
M B —— -
BMW 20 == T — K v;, Ref. [5]
Mainz/CLS 19 | ¢ i i —=] Hyperons, Ref. [4]
FHM 19F  ——h— 1 - Kg, Ref. [3]
PACS 19- | 6 g L B K/me, Ref. [3]
| From unitarity -] 0t — 0T B-decays, Ref. [14]
ETMC 19 | ——] n — pev, Ref. [4]
RBC/UKQCD 18| i : - —_————————— 8 7 = Xuv,, Ref. 2]
R-ratio| e - | - P——————1 7y Ref [4 |
Bxperimentf | v - 0.21 0.22 0.23 0.24 0.25 0.26
—50 -2 0 20 | Vus|
(aiM — afj‘p) 1010

HVP contribution to muon g-2 Inclusive hadronic decay of 7 lepton



and more...

A.Nicholson, Lattice@CERN2024
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2. How

Computing QED corrections on a finite-sized lattice is challenging:

> long-range interactions don't like finite volumes with periodic
boundary conditions

> finite-volume effects can be sizeable and power-like
M.Hayakawa & S.Uno, PTP 120 (2008) / Z.Davoudi & M.Savage, PRD go (2014) / S.Borsanyi et al., Science 347 (2015)

> logarithmic infrared divergences arise in virtual/real decay rates
V.Lubicz et al., PRD g5 (2017)

There are also recent proposals to compute radiative corrections as
convolutions of hadronic correlators with infinite-volume QED kernels

N.Asmussen et al., [1609.08454] / T.Blum et al., PRD g6 (2017) / X.Feng & L.Jin, PRD 100 (2019) / N.Christ et al., [2304.08026]




Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

Q:/dSXjQ(t,X):/ d°x V- E(t,x) =0

p.b.c. p.b.c.
Possible solutions:

QEDL QEDC*
eeeee O
0 X 060 oo oo
oo o0 Q‘ ----- Q‘ ......
e reer

Qs = (2Z° +n)r/L

Q4 =2m{Z*/L,Z/T}

infinite-volume
reconstruction

remove spatial zero-mode employ C* boundary

of the photon field conditions use massive photon 772y

A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) M.G.Endres et al., [1507.08916] X.Feng & L.Jin, PRD 100 (2019)

M.Hayakawa & S.Uno, PTP 120 (2008) -
B.Lucini et al., JHEP 02 (2016) N.Christ et al., [2304.08026]



Charged states in a finite box

QEDL QEDc*
00 00
0000 :
0 X 00 i
0000 a
0000

Oy = (2Z° +n)7w/L

finite-volume photon

non-local

power-like finite-volume effects

UV / IR mixing dedicated ensembles

local

oo-volume photon

exponential finite-volume effects

two IR requlators

observable-dependent

10



QEDI‘ rEQUla rizatiOﬂ Z.Davoudi et al., PRD g9 (2019)

. ' MDC, PoS LATTICE2023 (2024) [2401.07666]
Special case of "IR-improvement’ 3 (2024) [2401.07

TEEX. o0 o000 o000 00
TYEEREX. eo0o0 o0 X BoR X
e0000 —- oo0dDoe — 00 O
AR E XK o0 000 o0 Qoo
TEEX. TEEE o000 060
Ok=0

The spatial zero mode is not removed but redistributed over the neighbouring modes on 3

shell of radius |p| = 2&|r| (r € Z°)

1 —dx.0
kg + k2

Ok2,.p2 O

n(p?) kg + p?

QEDL:  Di¥(kok) = 6" 122 =  QEDy: DE’(ko,k) ="

11



can provide IB corrections for several hadronic observables:

hadron masses & quark masses
HVP contribution to muon g-2
leptonic & semileptonic weak decay rates

CP violation parameters

As hadronic uncertainties decrease, such corrections become more and more relevant!

This is a growing research field: improvements expected in the near future

12



leptonic decays real photon emission virtual photon emission

leptonic decays leptonic decays

q1 |

q2
N. Carrasco et al., PRD g1 (2015) G.M. de Divitiis et al., [1908.10160] G.Gagliardi et al., Phys. Rev. D 105 (2022)
V. Lubicz et al., PRD g5 (2017) C. Kane et al., [1907.00279 & 2110.13196] R.Frezzotti et al., [2306.07228]
N.Tantalo et al., [1612.0019gv2] R. Frezzotti et al., PRD 103 (2021)
D. Giusti et al., PRL 120 (2018) A.Desiderio et al., PRD 102 (2021)
MDC et al., PRD 100 (2019) D. Giusti et al., [2302.01298]
MDC et al., PRD 105 (2022) R.Frezzotti et al., [2306.05904] R.Abbott et al., PRD 102 (2020)
P.Boyle, MDC et al., JHEP 02 (2023) Z.Bai et al., PRL 115 (2015)
N.Christ et al., [2304.08026] N.Christ et al., PRD 106 (2022)

C.Sachrajda et al., [1910.07342] N.Christ & X.Feng, EPJ Web Conf. 175 (2018)

White Paper: Phys. Rept. 887 (2020) N.Christ et al., [2304.08026] Y.Cai & Z.Davoudi, [1812.11015]

HVP contribution semileptonic decays hadronic decays
to muon g-2 Ve

g+




leptoni '
ptonic decays of light pseudoscalar mesons

q1

q2

D 100, 0345 14 (2019)

Light-meson leptonic decay rates in lattice QCD+ QED
M. Di Carlo and G. Martinelli
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Leptonic decays of pseudoscalar mesons

Can be studied in an effective Fermi theory with the W-boson

integrated out and the local interaction described by

G
Her = —=V o (@71 = 5) @] [Ze " (1 = 75) £]

\/§ d142

In the PDG convention, the tree-level decay rate takes the form

G4 m2\ 2
Fgee — —Fm% (1 ; ) mp fPO}
ST m% [

with the non-perturbative dynamic encoded in the decay constant

Z0(0]G2 vov5 q1| P, 0)(©) = 1mpo JP,o

15



Leptonic decay rate at O(a)

o IR divergences appear in intermediate steps of the calculation F. Bloch & A. Nordsieck, PR 52 (1937) 54
I'(P, lim @Z{%
( 62 AIR—>0{ @&
IR finite IR divergent IR divergent

o UV divergences: need to include QED corrections to the renormalization of the weak Hamiltonian

W-
( reg(MW) A.Sirlin, NPB 196 (1982)

G o |
Heft = TF Vara ( :rm i (J]\\/I/Ij/)) | @2 ’7u(1 —vs5)q1 | [Ze v (1 —5) 4] FBrasten & 5L PRD 42 (1990
........................ twrbative @ 2 loops in OCD+QED
reg B ZW s ( My S Pl
O, (Mw) = (—,u , s (1), aem) Of (1) non-perturbative in lattice QCD+QED

MDC et al., PRD 100 (2019)

16



Leptonic decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937)

The RM123+Soton recipe

F(ng): lim <

& -

AIR—>O

IR finite

+ lim

AIR—>O

N. Carrasco et al., PRD g1 (2015)

V. Lubicz et al., PRD g5 (2017)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

@+ i { @5+ @ |
(@3 - @< )

IR finite

17



Leptonic decag rate at O (a) F. Bloch & A. Nordsieck, PR 52 (1937)

N. Carrasco et al., PRD g1 (2015)

" V. Lubicz et al., PRD g5 (2017)

The RMi23+Soton recipe . Giust et o, PRL 120 (co)
MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

('.E o T T T T o o T )

’ Y |

F(Pm):rnm<@£§z—@.ﬂz}+hm @-Q+@-J<>H
| L—oo | M —0 )

\_ - B jgo? thi lattici - - - in Ee—ritilrbziion tfiorgjj J

I —————————————————————— . e e .

+ lim {@{% — @-r"-:< }
L— o0
on the lattice

relevant for Ke2 and te>
& decays of heavier mesons

enough for Ky and mtp2

finite-volume scaling well studied

G.M. de Divitiis et al., [1908.10160]  C. Kane et al., [1907.00279 & 2110.13196]
R. Frezzotti et al., PRD 103 (2021) D. Giusti et al., [2302.01298]

A. Desiderio et al., PRD 102 (2021) R.Frezzotti et al., [2306.05904]

V.Lubicz et al., PRD g5 (2017) N.Tantalo et al., [1612.0019gv2]
MDC et al., PRD 105 (2022)

see C.Sachrajda’s talk at 11.30
17



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

RM123 perturbative method: expand lattice path-integral around isosymmetric point « = my — mgq =0
q1 o+ q1 o+ q1 o+ q1 o+ q1 o+
q2 Ve q2 Ve q2 Ve q2 Ve q2 Ve
q1 o+ q1 o+
Pt Pt
q2 Ve q2 Ve
q1 Q o+ q1 Q o+ q1 O O o+ q Q A 7 Q 0t 7 Q A
P+OD/ p+<<>:lﬂ/ P*OD/ P+OD/ p+OD/ p+<>n/
q2 e q2 v q2 v 92 . 92 . 92 .

Both RM123S and RBC-UKQCD calculations are performed in the electro-quenched approximation:
sea quarks electrically neutral

18



Results for 0 Rz

m 0Rg, = —0.0112(21)
& 6Ry. = —0.0126(14)
® SRy = —0.0086(13)(39)vol

\PT (2011) | ——
RM123S (2019) | ——i
RBC-UKQCD (2023) | — ¢

(w/o FVE) + '—.—'

—0.016 —-0.012 —-0.008 —0.004
OR

V. Cirigliano et al., PLB 700 (201)
MDC et al., PRD 100 (2019)
P.Boyle, MDC et al., JHEP 02 (2023)

X

P(K — fyg) Vs 2 (fK

(7w — lvy) V.,al2

fw> (14 0Rkx)

* Strong evidence that d Rx . can be computed from
first principles non-perturbatively on the lattice!

* Results highlight crucial role of finite-volume effects:
ongoing effort to tame such systematic uncertainty

* Errorson |V |/|V ,

become comparable wi

from theoretical inputs can
th those from experiments

19



QED finite-volume effects

In finite-volume (massless) QED the photon zero modes require a reqularisation

a3k \ [ dko G(ko,k)
’ DM (ko, k) = 6"
(L3Z / )/27rk3+k2 (Ko, k)

M. Hayakawa & S. Uno, PTP 120 (2008) l QEDL

43k dko G(ko, k)
— ’ D%Y (ko, k) = 61"
(32 | & )/M§+k2 1 (ko )

k-0

1

ki + k|2

20



QED finite-volume effects

Hadron masses

Mass corrections can be obtained from Compton amplitude using Cottingham formula

e’ MM (—ik|, k)

Amp(L) =mp(L) —mp(0c0) = Ay B Z1p(0)

using the notation of

B.Lucini et al., JHEP 1602 (2016)

M (—ilk|. k) =
. ~ (~ilkl k) = =

- M([k])

21



QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 . / OO g /41 C_1_ ,
AmP(L) = T 62(9) 24;_)2(10;) - Cq (8) ./2\:_;02) | C()(H) MLgO) | ;: (21;4)+g (Z —|_£2()9')j\/l(£+ )(O)
=0

21



QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 1 / OO g /41 C_1_ ,
AmP(L) = T 62(9) Z47f2(2) - Cq (0) ./2\:_;02) | C()(H) MLgO) | Z (21;4)_% (Z —|_£2()9')j\/l(£+ )(O)

universal terms fixed by Ward identities

21



QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

Mass corrections can be obtained from Compton amplitude using Cottingham formula

Amp(L) = mp (L) — mp(oc) = 7o LI apn(cig i) = 22 4 M)
62 1 / OO g /41 C_1_ ;

universal terms fixed by Ward identities structure + multi-particle dependence

21



QED finite-volume effects e the nottion of

B.Lucini et al., JHEP 1602 (2016)
Hadron masses

e? [ Z1p(0) M(0) M(0) = (2m) e 4(0)
A L — 0 | | I (E—I_Q)
mp(l) = oo |20 T Fal®) 5 +al0) =5 ;% A gy )
LOh . aeeen =TT et T
0.5_—

1 = QEDg [65]

§ I
= I
~ I I QEDL
----- QED,
—0.5-
—-1.0+




QED finite-volume effects ¢ Lobice et ol PRD 95 (2o

N. Tantalo et al., [1612.0019gv2]

Leptonic decay amplitude MDC et al., PRO 105 (2022

MDC et al., [2310.13358]

I ] )
L L — 2 - B
) — 2A1(vy) |log i - log WZJL; IR o (63(‘722 1(ve))

3
AYp(L) = 1 + 4 log (TZZ/) | 21og<

Tr .
> universal

1 [(1+ r§)2 Co — 47“?02(Vg)_
mpl I 1 — ’l“zl | /

L [ EA) el s sl Bl e (v)
(mplL)? fp 1—17r) (1—17)

1 _327'('26() (2 + Tg)
(mpL)3 | (1+71%)3

- o C’él) + co(Vvy) C’é2)

* Collinear divergent terms as |v| -1 and v || k

Vg — ( /d3 ) R
; nf*(1—-ve-n) o Dependence on the direction v due to rotational symmetry breaking




QED finite-volume effects ¢ Lobice et ol PRD 95 (2o

N. Tantalo et al., [1612.0019gv2]

Leptonic decay amplitude MDC et al., PRO 105 (2022

MDC et al., [2310.13358]

)

3 L i L L — 2 — B
AYp(L) = — +4log ) 4 2log TWE) - 2A1(ve) |log L log ot 1|+ = (es(ve) 1(ve))
’ n 47T ] o i ] o > universal
1 [(14+71))%co—4rics(vy)
mp L I 1 — 7“21 | /

L [ EaO el e st el e 2 v
(mplL)? fp 1—17r) (1—17)

1 _327'('260 (2 + Tg)
(mpL)3 | (1 +7°§)3

- o C’él) + co(Vvy) C’éz)
N— an QED: help removing this unknown term?

* Collinear divergent terms as [v| — 1 and v || k

2 1
cs(vy) = Z — [ d°n - - )
n£0 nf*(1—-ve-n) o Dependence on the direction v due to rotational symmetry breaking




Velocity-dependent coefficients in QED

vl = 0.40 vl = 0.95

54 \'e ‘/

max ¢o(v) = 0.0171 max Co(v) = 15.2832
min ¢o(v) = -0.0114 min ¢y(v) = -2.8258

VR

v) = 9002.2317
v) = -807.4018

24



Velocity-dependent coefficients in QED

Co(Vv) for |[v| = 0.995
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Velocity-dependent coefficients in QED:

0.2

0.0C

"magic angles’

0.6+

0.4

o G(v=0.995)
\ |
..
.0 11 .2 1.3 14 15

600

400

200

work in progress I
in both directions

Stochastic direction average

0

—5 -
_10 -

1 _
_15- — [ dQ2y co(V) = 0
4
~20{ | | A:.Portelli, Il_attice 202.3
0 2000 4000 6000 8000 10000

Number of random directions -



Take home messages on finite-volume effects?

>

>

Finite-volume expansions studied for masses and leptonic decays

Unknown structure-dependent contributions start at O(1/L3)

QED: reqularisation could help pushing unknown effects to O(1/L#) [but requires more study!]

Velocity-dependent effects potentially problematic for heavy meson decays (also in QEDc)

Very important to compare with approaches with only exponentially suppressed effects

26



4. Where do we stand ...

® Current tensions in CKM unitarity require a combined effort of theory and experiments
* Two lattice calculations of IB and QED corrections to light-meson leptonic decay rates

* Finite volume QED effects have to be carefully investigated

... and where to go?

move to unquenched study different weak develop and apply
calculations processes new techniques
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Prospects for |Vus/Vud|

A speculative exercise on the error budget

~

ud

: F(Kgg) M?(Jr (M[2{—I- o M,LZDL)Q

[(me2) M2, (M2, — Mi+)2

d exp

(1 —+ 5RK7T)

e |[et us use l IR =

—0.0086 (13)(39),1. )

[fK,O/fW,O]

’Vus/vud‘

FLAG21 241 average

1.1930 (33)

0.23154 (28)exp (15)sR (45)sR.vol. (65) £,

e From RMi123+Soton calculation | 0 Rk = —0.0126 (14)

fx.0/ fr 0]

‘Vus/vud|

FLAG19 2+1+41 average

1.1966 (18)

0.23131 (28)exp (17)s1 (35),

. » the uncertainty on [fx,0/fx0.

dominates in the error budget

starts being competitive with the

experimental one

| > if improved, precision from lattice
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Infinite volume reconstruction  Feng & L.in. PRD 100 (2010
QEDoo

0 ts o0

AO = / dt / d°x H(t,x) forp(t,X)

single-hadron state dominance

Separate correlator into short and long distance part:

AO = AOY) + AOW _ ?5

0,v

AO) = / dt / d°x H(t,x)fqep(t, %) / dt / d*x H"(t,x) forp (t, X) Exponentially suppressed
_ _ L3
i & > finite-volume effects

AOW :/ dt/d3x H(t,x)fqep(t,x) %/ d3x HE(t, x) Foep(ts, x) > contributions of states
Ls L3 with higher energy
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Infinite volume reconstruction

QEDwo
14 v v
T w T mt T // ™t T //
K-V y
+ + A
p u %u*
A B C
v 1%
wt x / wt / 7
:—%ﬂ»\\ . > Y )
MNZ 7
D E
= Diagram A:

W.p,0

HZ ot 2. %) = [ 0 (OIT(IY ()M (s, 7+ R)JEM (12, ) (D))
» Diagram B and D:
Hup(x) = Hid(xe. X) = (0IT{4(0)J5" (x)}|m(0))
» Diagram C and E (f; = 130 MeV):

HO = HY6,, = (0]JY(0)m(0)) = —imnfrly.

from Luchang Jin's talk @Edinburgh May 30, 2023

N.Christ et al., [2304.08026]

Method applied to leptonic decay rates:
* Logarithmic IR divergences appear
* BUT they cancel analytically between diagrams

* numerical calculation is ongoing...

The method is appealing given the large finite-
volume effects in QED, at O(1/L")

... systematics under control?
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Comparing with RM123+Soton result

crucial role of finite volume effects?

Subtracting:

0.020 F ion ---- RM123+Soton

0015 $ 1L subtracted | 1. universal FVEs up to 1/L

o.or0f 7T
0.005 |
S 0.000F
o

—0.005

—0.010 |
8 =1.90

00151 4y 0 320 MeV
mx ~ 580 MeV

—0.020 | | | | | | ]
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
1/(mxL)’

from MDC et al., PRD 100 (2019) [RM123+Soton]



Comparing with RM123+Soton result

crucial role of finite volume effects?

Subtracting:

0020 pion ---- RM123+Soton

| b YL sublracted | 1. universal FVEs up to 1/L
0.015 ¥ 1/L? subtracted

0.010 |

2. pointlike 1/L?
0.005 ]
% 0.000
—0.005 +

—0.010

8 =1.90 +
0015y~ 320 MeV
mu ~ 580 MeV

—0.020 | | | | | | ]
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
1/(mxL)’

from MDC et al., PRD 100 (2019) [RM123+Soton]



Comparing with RM123+Soton result

crucial role of finite volume effects?

. . . . . , , Subtracting:
0020 pion ---- RM123+Soton
| $ 1/L sublracted | 1. universal FVEs up to 1/L
0.015 ¥ 1/L? subtracted
B S intlike 1/L72
0.010 O e . 2. pOIﬂt IKE
0.005 « T 2
‘) 3. structure-dependent 1/L
S 0
0.000 | - include the pointlike limit Y\ (L) setting F% = 0, and
notice that the structure-dependent contribution at O(1/L?)
~0.005 g - isnegligible with respect to the pointlike one; In total, there
MDC et al., PRD 105 (2022)
—0.010 |
8 =1.90 +
00151 4y 0 320 MeV
my ~ 580 MeV
—0.020 | | | . | . | T
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

1/(mxL)’

from MDC et al., PRD 100 (2019) [RM123+Soton]
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Comparing with RM123+Soton result

crucial role of finite volume effects?

. . . . . , Subtracting:
0020 pion ---- RM123+Soton
_ $ /L sublracted _ 1. universal FVEs up to 1/L
0.015 ¥ 1/L? subtracted
_______________ . 1/L? pointlike subtracted . . o)
ool0p T e . 2. pointlike 1/L
. T LA y)
0.005
3. structure-dependent 1/L
N
> 0.000} - include the pointlike limit Y\ (L) setting F% = 0, and
notice that the structure-dependent contribution at O(1/L?)
~0.005 g - isinegligible with respect to the pointlike one; In total, there
MDC et al., PRD 105 (2022)
—0.010 | i
5 =190 - 4. pointlike 1/L°
—0.015 i
my ~ 320 MeV
mg ~ 580 MeV 200\ 327m2cg(2 + 17
_oo0b | | | | . . - A(S’pt)(5RP) =\ 7= g( 22)3
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 4 ) (mpL)3(1 + 7))
1/(m.L)?

MDC et al., PRD 105 (2022)

from MDC et al., PRD 100 (2019) [RM123+Soton] N. Tantalo et al., [1612.00199v2]
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Comparing with RM123+Soton result

crucial role of finite volume effects?

. . . . . , Subtracting:
0020 pion ---- RM123+Soton
vous | Do e _ 1. universal FVEs up to 1/L
_______________ . 1/L? pointlike subtracted o 5
000) __—— = - 2. pointlike 1/L

0.009 |

3. structure-dependent 1/L?

0.000 | include the pointlike limit Y\ (L) setting F% = 0, and

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

—0.005

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

MDC et al., PRD 105 (2022)
—0.010

8 =1.90
0015y~ 320 MeV
mu ~ 580 MeV

4. pointlike 1/L°

_0020 i 1 I 1 I I ! 1 |
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
1/(mxL)’

2 2
A(S,pt) (5RP) _ (205> 327 60(2 T Tﬁ)

4 ) (mpL)3(1 +12)3

MDC et al., PRD 105 (2022)

from MDC et al., PRD 100 (2019) [RM123+Soton] N. Tantalo et al., [1612.00199v2]
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Comparing with RM123+Soton result

crucial role of finite volume effects?

0 Rk

. . . . . , Subtracting:
0.020T kaon ---- RM123+Soton
| $ 1/L sublractec _ 1. universal FVEs up to 1/L
0.015 ¥ 1/L? subtracted
1/L? pointlike subtracted . . 0
0010} : 2. pointlike 1/L
0.005 f 9
T 3. structure-dependent 1/L
0.000 F—= K - include the pointlike limit Y\ (L) setting F% = 0, and
notice that the structure-dependent contribution at O(1/L?)
~0.005 1 isinegligible with respect to the pointlike one; In total, there
MDC et al., PRD 105 (2022)
—0.010 |
f =190 4. pointlike 1/L°
—0.015
m, ~ 320 MeV
mp ~ 580 MeV 200 32m2%co (2 + 12
—0.020 f | | | . . | ™ A (3,pt) (5RP) _ [ == 3( 62)3
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 4 ) (mpL)3(1 + 7))

1/(mxL)’
MDC et al., PRD 105 (2022)

from MDC et al., PRD 100 (2019) [RM123+Soton] N. Tantalo et al., [1612.00199v2]
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Comparing with RM123+Soton result

crucial role of finite volume effects?

5RK7T

. . , . . I Subtracting:
0.020 1 kaon/pion --=-- RM123+Soton
| $ 1/ subtracted _ 1. universal FVEs up to 1/L
0.015 # 1/L2 subtracted
1/L? pointlike subtracted . . 0
0010} : 2. pointlike 1/L
0.005
3. structure-dependent 1/L?
0.000 | : include the pointlike limit Y\ (L) setting F% = 0, and
notice that the structure-dependent contribution at O(1/L?)
—0.005 - isinegligible with respect to the pointlike one; In total, there
— _ MDC et al., PRD 105 (2022)
—0.010F " 77T e -
o D i
4. pointlike 1/L°
—0.015 F i
2 3272¢cn (2 + 12
ool | | | | | | g A(S,pt) (5RP) _ _Of T C()( Té)
0.00 0.02 0.04 0.06 0.03 0.10 0.12 0.14 A ) (mpL)3(1 +1r;)?
1/(m.L)?

MDC et al., PRD 105 (2022)

from MDC et al., PRD 100 (2019) [RM123+Soton] N. Tantalo et al., [1612.00199v2]
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Semileptonic kaon decays

Goal:  precision determination of |V,s| & test of first-row unitarity

Relevance:  sub-percent precision on f7(0) requires inclusion of IB effects

Status:  » no complete lattice QCD+QED calculations

» difficulties of finite-volume QED calculations identified

C.Sachrajda et al., [1910.07342]

> recent proposal using QEDco method N.Christ et al., [2304.08026] / N.Christ @Lattice2023
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QED corrections to semileptonic decays

0.141
0.12}

0.10}

0.02}

0.00F

o 0.08f
~ 006}

0.04}

Although the RM123+Soton method could in principle be applied,

additional difficulties arise compared to leptonic decays:

* integration over three-body phase-space

* problems of analytical continuation when intermediate on shell
states are lighter than external ones

* evaluating finite-volume corrections potentially more complicated

Solutions to these issues are under study by different groups.

Hopefully we'll see progress in the next few years...
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Extension of RM123S approach

e Without QED corrections:

i 2 2 ] 2
K°<i>ﬁ (7 (p=) |7 ul K (p)) = F4(a7) | (Pr + prc)" qu2 ST gt | + folq )qu — g

An appropriate observable to study is the differential decay rate:  s=c = (pr +p¢)°, ¢© = (px — Pr)”

421 ‘ '
e = OVl @162 500) £ (@) + a2(e?. 520) £1.(6%) o @) + 030, 520) | Fo(a)]
e Including QED, we can treat IR divergences using the RM123S method: C.Sachrajda et al., [1910.07342]
d2r . [ d%r d2rpt - [ acrye d2I,
p— llm —I— llm I
dquSWg A1r—0 _dq2d87rg dqzdswg_ Air—0 _dqzdswg qudSWg_

36



Hadronic kaon decays

Goal: precision determination of Re(¢'/¢) & study of CP violation

>
Relevance: 1B effects will be dominant source of systematic error,
once continuum limit will be performed (work in progress)

Status: > no complete lattice QCD+QED calculation

> lattice QCD calculations by RBC-UKQCD collaboration R.Abbott et al., PRD 102 (2020)
Z.Bai et al., PRL 115 (2015)

> strateqgy for calculation of 1B effects proposed N.Christ et al., PRD 106 (2022)

: : : N.Christ & X.Feng, EPJ Web Conf. 175 (2018
> first step: Coulomb corrections to 77z scattering Y i & 7 Daveudi [%512&1015)]



Current status of €’/¢

If isospin-symmetry is conserved, then the CP violation parameters can be expressed as

1.

2.

Y
€ je?(927%) Re(Ay) [Im(A4s)  Im(Ap) |
e 2¢ Re(Ap) |Re(4s) Re(Ag)

N _ - _

RBC-UKQCD performed first calculation of € in 2015

Improved result in 2020: 3.5x more statistics + improved systematics

Ar = ((mm) 1| Hy” =" K)

07 = rr scattering phase shifts

(I =isospin)

Z.Bai et al., PRL 115 (2015)

R.Abbott et al., PRD 102 (2020)

—_— _

e —

S

lattice:  Re(e’'/€) = 21.7(2.6)stat. (8.0)sys. x 10
experiments:  Re(€' /e) = 16.6 (2.3) x10~*

s e e e e S —— — e —— e e e S S —S e e e e e —

~

—
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SUStematiC error bUdQEt (from C.Kelly @Lattice2023)

* (~12%) Perturbation theory in Wilson coeffs to match 3f — 4f weak EFT at m_
* Improve with 4f calculation (active charm) : computationally infeasible?
* Non-perturbative calculation of matching matrix : investigation underway

[M. Tomii, PoS LATTICE2018 (2019) 216]

» (~23%) Lack of EM+isospin-breaking contributions in lattice calculation
» Lattice measurement of these effects extremely challenging but approach is

being formulated. b5 Rev.D 106 (2022) 1, 014508] , ,
[Christ, PoS LATTICE2021 (2022) 312] estimated using yPT results

V.Cirigliano et al., JHEP 02 (2020)

* (~12%) Use of single lattice spacing to compute |=0 amplitude
* Repeat calculation with multiple, finer lattice spacings: my current focus

Intense work by RBC-UKQCD to reduce ~12% error due to use of single lattice spacing

—> IB correction will soon become relevant!
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Isospin-breaking corrections

IB corrections are usually O(1%), but the "AIl = 1/2 rule” can give a ~20x enhancement in €'/¢

A calculation of these effects is very challenging!

> Lischer & Lellouch-Liischer formalisms that relate finite-volume quantities (energy levels &
correlation functions) to infinite-volume observables (scattering phase shifts & decay

amplitudes) need to be corrected for long range QED interactions

> 7t final states with I = 0 and I = 2 are not independent anymore and can mix:
it's a coupled two-channel problem

First step done: include QED corrections from Coulomb interaction to z7z™" scattering phase shift

Y.Cai & Z.Davoudi, [1812.11015] / N.Christ & X.Feng, EPJ Web Conf. 175 (2018) / N.Christ et al., PRD 106 (2022)
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