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Outline of the talk
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1.  Why are isospin-breaking and QED corrections relevant?

2.  How are these effects included in lattice calculations?

3.  What observables have been / can be computed?

4.  Where do we stand and where do we go?
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1. Why
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<latexit sha1_base64="4k8genq1K6MeAkRXUQ5clDmxsxM="></latexit>

⇡+

<latexit sha1_base64="+c3yw4bd1tgBWBXzJVqPG61yoKw="></latexit>u

<latexit sha1_base64="g/SA0sNSf/V8cUhkxDbgJlImn8g="></latexit>

d

<latexit sha1_base64="1ZGO/wztOFgfoHbmhNbzGVBqd0g="></latexit>

Vud

K0 ⇡�

`+

⌫`

<latexit sha1_base64="Lbnx2UYTBFQ31kB2/o3E4IFEyu4="></latexit>s

<latexit sha1_base64="FENv5oBJr7ux3TnNxecXkU9blIo="></latexit>

Vus

<latexit sha1_base64="+c3yw4bd1tgBWBXzJVqPG61yoKw="></latexit>u

<latexit sha1_base64="g/SA0sNSf/V8cUhkxDbgJlImn8g="></latexit>

d
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`+
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q1

q2

<latexit sha1_base64="+c3yw4bd1tgBWBXzJVqPG61yoKw="></latexit>u
<latexit sha1_base64="iEv+2JXNh+O7T/ttigsXk5RgLoQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIeyqqMegF8FLRPOAZA2zk95kyOzsMjMrhCWf4MWDIl79Im/+jZPHQRMLGoqqbrq7gkRwbVz321lYXFpeWc2t5dc3Nre2Czu7NR2nimGVxSJWjYBqFFxi1XAjsJEopFEgsB70r0d+/QmV5rF8MIME/Yh2JQ85o8ZK97ePx+1C0S25Y5B54k1JEaaotAtfrU7M0gilYYJq3fTcxPgZVYYzgcN8K9WYUNanXWxaKmmE2s/Gpw7JoVU6JIyVLWnIWP09kdFI60EU2M6Imp6e9Ubif14zNeGln3GZpAYlmywKU0FMTEZ/kw5XyIwYWEKZ4vZWwnpUUWZsOnkbgjf78jypnZS889Lp3VmxfDWNIwf7cABH4MEFlOEGKlAFBl14hld4c4Tz4rw7H5PWBWc6swd/4Hz+AL8SjXQ=</latexit>

K+

<latexit sha1_base64="Ur3bwuRHFK2CUZPXmyn78fHISgA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4UGM/w==</latexit>s

<latexit sha1_base64="FENv5oBJr7ux3TnNxecXkU9blIo="></latexit>

Vus

Testing the Standard Model with flavour physics

4

Unitarity of the CKM matrix     test the validity of the Standard Model⟺

<latexit sha1_base64="qB/gsMb4k0A2h8eVzyeY22Tqfbs="></latexit>

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A
in the Standard Model:

<latexit sha1_base64="1/jGzrSrsAB60USj7GFaLHV2NJY="></latexit>

|Vud|2 + |Vus|2 + |Vub|2 = 1

<latexit sha1_base64="92OxKAIl93u5ki+MIB8rS7jzMsM=">AAACGHicbZBNS8NAEIY39avWr6hHL8EiVJA2sUXtQSh6EbxUsB/QxLLZbtqlu0nY3Qgl5Gd48a948aCI1978N27aHLQ6sOzDOzPMzOuGlAhpml9abml5ZXUtv17Y2Nza3tF399oiiDjCLRTQgHddKDAlPm5JIinuhhxD5lLcccfXab7ziLkggX8vJyF2GBz6xCMISiX19YrtBnQgJkx9sdePbx/skCUVRXZIZnxpla16tWaflKz6cdLXi2bZnIXxF6wMiiCLZl+f2oMARQz7ElEoRM8yQ+nEkEuCKE4KdiRwCNEYDnFPoQ8ZFk48OywxjpQyMLyAq+dLY6b+7IghE+nuqpJBORKLuVT8L9eLpHfhxMQPI4l9NB/kRdSQgZG6ZAwIx0jSiQKIOFG7GmgEOURSeVlQJliLJ/+F9mnZOitX72rFxlVmRx4cgENQAhY4Bw1wA5qgBRB4Ai/gDbxrz9qr9qF9zktzWtazD36FNv0GHFGfGw==</latexit>

fK±/f⇡± = 1.1934 (19)
<latexit sha1_base64="MMsYFWVXA/pqzcF8j67YsGaEs9k=">AAACEnicbVDLSgMxFM3UV62vqks3wSK0KMOMSh8LoehGcFPBPqAzDplMpg3NPEgyQhn6DW78FTcuFHHryp1/Y/pYaOuBkMM593LvPW7MqJCG8a1llpZXVtey67mNza3tnfzuXktECcekiSMW8Y6LBGE0JE1JJSOdmBMUuIy03cHV2G8/EC5oFN7JYUzsAPVC6lOMpJKcfMlyI+aJYaC+1HeO79MbK6ajolGCF9DQa+Va1TopmpXSyMkXDN2YAC4Sc0YKYIaGk/+yvAgnAQklZkiIrmnE0k4RlxQzMspZiSAxwgPUI11FQxQQYaeTk0bwSCke9COuXijhRP3dkaJAjLdWlQGSfTHvjcX/vG4i/aqd0jBOJAnxdJCfMCgjOM4HepQTLNlQEYQ5VbtC3EccYalSzKkQzPmTF0nrVDfL+tnteaF+OYsjCw7AISgCE1RAHVyDBmgCDB7BM3gFb9qT9qK9ax/T0ow269kHf6B9/gAGWJsb</latexit>

fK⇡
+ (0) = 0.9698 (17)FLAG Review 2021. 

EPJC 82, 869 (2022)



First-row CKM unitarity tests
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<latexit sha1_base64="FSeodkMbUiO40ALDGvhyDRP+Adc=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTRbsRim5cVrAP6NSSSdM2NJkZkjtCmfYn3Pgrblwo4lZw59+YaYto64HAyTn3cu89Xii4Btv+slILi0vLK+nVzNr6xuZWdnunqoNIUVahgQhU3SOaCe6zCnAQrB4qRqQnWM3rXyV+7Z4pzQP/FgYha0rS9XmHUwJGamWPhtWWKwn0lIyj0fCu8PMTBGB07OALXMgXXc27krSyOTtvj4HniTMlOTRFuZX9dNsBjSTzgQqidcOxQ2jGRAGngo0ybqRZSGifdFnDUJ9Ippvx+KoRPjBKG3cCZZ4PeKz+7oiJ1HogPVOZrKxnvUT8z2tE0Ck2Y+6HETCfTgZ1IoEhwElEuM0VoyAGhhCquNkV0x5RhIIJMmNCcGZPnifVQt45y5/cnOZKl9M40mgP7aND5KBzVELXqIwqiKIH9IRe0Kv1aD1bb9b7pDRlTXt20R9YH98wPZ7L</latexit>

|Vu|2latt � 1 = 2.8�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="6dPUrf1iQNIyvIIoC8voa5ORe6c="></latexit>

|Vu|2f+,�PDG20 � 1 = 5.6�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="FJWYrp1BFBa169PCTKzM2BcPvmw="></latexit>

|Vu|2f+,Hardy20
� 1 = 3.1�

<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="rt2VYolT9C+HSZGKMRx8yITl2io=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuFfUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+TdVtxpoNhC4W654rjcDWiZ+TiqQo94tfwW9mKSCSkM41rrje4kJM6wMI5xOSkGqaYLJCA9ox1KJBdVhNrt5gk6s0kP9WNmSBs3U3xMZFlqPRWQ7BTZDvehNxf+8Tmr612HGZJIaKsl8UT/lyMRoGgDqMUWJ4WNLMFHM3orIECtMjI2pZEPwF19eJs1z1790qw8XldptHkcRjuAYTsGHK6jBPdShAQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwBSIJCW</latexit>�1 = 3.3�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="lnKLpim0D6N5g835hDsE0L4JdSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuivUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+Te+Ww00GwjcLVc815sBLRM/JxXIUe+Wv4JeTFJBpSEca93xvcSEGVaGEU4npSDVNMFkhAe0Y6nEguowm908QSdW6aF+rGxJg2bq74kMC63HIrKdApuhXvSm4n9eJzX96zBjMkkNlWS+qJ9yZGI0DQD1mKLE8LElmChmb0VkiBUmxsZUsiH4iy8vk+a561+5Fw+XldptHkcRjuAYTsGHKtTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP1UwkJg=</latexit>�1 = 1.7�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue

FLAG Review 2021. EPJC 82, 869 (2022)

Different tensions in the            plane:
<latexit sha1_base64="o9NDsf2+FmkXs/vAJc3dI6tkGXg="></latexit>

Vus-Vud

FLAG Review 2021. EPJC 82, 869 (2022)
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<latexit sha1_base64="FSeodkMbUiO40ALDGvhyDRP+Adc=">AAACFXicbVDLSgMxFM3UV62vqks3wSK40DJTRbsRim5cVrAP6NSSSdM2NJkZkjtCmfYn3Pgrblwo4lZw59+YaYto64HAyTn3cu89Xii4Btv+slILi0vLK+nVzNr6xuZWdnunqoNIUVahgQhU3SOaCe6zCnAQrB4qRqQnWM3rXyV+7Z4pzQP/FgYha0rS9XmHUwJGamWPhtWWKwn0lIyj0fCu8PMTBGB07OALXMgXXc27krSyOTtvj4HniTMlOTRFuZX9dNsBjSTzgQqidcOxQ2jGRAGngo0ybqRZSGifdFnDUJ9Ippvx+KoRPjBKG3cCZZ4PeKz+7oiJ1HogPVOZrKxnvUT8z2tE0Ck2Y+6HETCfTgZ1IoEhwElEuM0VoyAGhhCquNkV0x5RhIIJMmNCcGZPnifVQt45y5/cnOZKl9M40mgP7aND5KBzVELXqIwqiKIH9IRe0Kv1aD1bb9b7pDRlTXt20R9YH98wPZ7L</latexit>

|Vu|2latt � 1 = 2.8�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="6dPUrf1iQNIyvIIoC8voa5ORe6c="></latexit>

|Vu|2f+,�PDG20 � 1 = 5.6�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="FJWYrp1BFBa169PCTKzM2BcPvmw="></latexit>

|Vu|2f+,Hardy20
� 1 = 3.1�

<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="rt2VYolT9C+HSZGKMRx8yITl2io=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuFfUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+TdVtxpoNhC4W654rjcDWiZ+TiqQo94tfwW9mKSCSkM41rrje4kJM6wMI5xOSkGqaYLJCA9ox1KJBdVhNrt5gk6s0kP9WNmSBs3U3xMZFlqPRWQ7BTZDvehNxf+8Tmr612HGZJIaKsl8UT/lyMRoGgDqMUWJ4WNLMFHM3orIECtMjI2pZEPwF19eJs1z1790qw8XldptHkcRjuAYTsGHK6jBPdShAQQSeIZXeHNS58V5dz7mrQUnnzmEP3A+fwBSIJCW</latexit>�1 = 3.3�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

<latexit sha1_base64="lnKLpim0D6N5g835hDsE0L4JdSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi8uuivUiFL14rGA/oLuUbJq2oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvCjhTBvP+3YKK6tr6xvFzdLW9s7uXnn/oKnjVBHaIDGPVTvCmnImacMww2k7URSLiNNWNLqb+q0nqjSL5aMZJzQUeCBZnxFsrBSc+Te+Ww00GwjcLVc815sBLRM/JxXIUe+Wv4JeTFJBpSEca93xvcSEGVaGEU4npSDVNMFkhAe0Y6nEguowm908QSdW6aF+rGxJg2bq74kMC63HIrKdApuhXvSm4n9eJzX96zBjMkkNlWS+qJ9yZGI0DQD1mKLE8LElmChmb0VkiBUmxsZUsiH4iy8vk+a561+5Fw+XldptHkcRjuAYTsGHKtTgHurQAAIJPMMrvDmp8+K8Ox/z1oKTzxzCHzifP1UwkJg=</latexit>�1 = 1.7�
<latexit sha1_base64="xEGoTglp+aB7ll/VrsMztsI4IXo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpoi6LbtxZwT6gjWEynbRDZyZhZiKUNOCvuHGhiFu/w51/47TNQlsPXDiccy/33hPEjCrtON9WYWl5ZXWtuF7a2Nza3rF395oqSiQmDRyxSLYDpAijgjQ01Yy0Y0kQDxhpBcPrid96JFLRSNzrUUw8jvqChhQjbSTfPhg3/WT8UPXTbjxAQkc8vc0y3y47FWcKuEjcnJRBjrpvf3V7EU44ERozpFTHdWLtpUhqihnJSt1EkRjhIeqTjqECcaK8dHp+Bo+N0oNhJE0JDafq74kUcaVGPDCdHOmBmvcm4n9eJ9HhpZdSESeaCDxbFCYM6ghOsoA9KgnWbGQIwpKaWyEeIImwNomVTAju/MuLpFmtuOeV07uzcu0qj6MIDsEROAEuuAA1cAPqoAEwSMEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/APrvlig=</latexit>

|Vu|2

Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue

FLAG Review 2021. EPJC 82, 869 (2022)

Different tensions in the            plane:
<latexit sha1_base64="o9NDsf2+FmkXs/vAJc3dI6tkGXg="></latexit>

Vus-Vud

with QED corrections 
from lattice calculation

without QED corrections 
from lattice calculations

FLAG Review 2021. EPJC 82, 869 (2022)FLAG Review 2021. EPJC 82, 869 (2022)



Other motivations…

6

ETMC, PRL 132 (2024)

Inclusive hadronic decay of  leptonτHVP contribution to muon g-2

S.Kuberski @Lattice2023



and more…

7

Study of CP violation in the SM

R.Abbott et al., PRD 102 (2020)A.Nicholson, Lattice@CERN2024

Nucleon axial charge



2. How

8

Computing QED corrections on a finite-sized lattice is challenging:

‣ long-range interactions don't like finite volumes with periodic 
boundary conditions

‣ finite-volume effects can be sizeable and power-like

‣ logarithmic infrared divergences arise in virtual/real decay rates

M.Hayakawa & S.Uno, PTP 120 (2008) / Z.Davoudi & M.Savage, PRD 90 (2014) / S.Borsanyi et al., Science 347 (2015)

V.Lubicz et al., PRD 95 (2017)

There are also recent proposals to compute radiative corrections as 
convolutions of hadronic correlators with infinite-volume QED kernels
N.Asmussen et al., [1609.08454] / T.Blum et al., PRD 96 (2017) / X.Feng & L.Jin, PRD 100 (2019) / N.Christ et al., [2304.08026] 
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Charged states in a finite box
Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0

<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.
<latexit sha1_base64="v/OTwnqfR8hvtJWKrb9Jne4DK/k=">AAAB+HicbVDLSgMxFL3js9ZHR10qEiyCq2FGQV0W3bhswT6gHUomTdvQTGZIMkIduvQr3LhQxK2rfoc7v8GfMNN2oa0HAodz7uWenCDmTGnX/bKWlldW19ZzG/nNre2dgr27V1NRIgmtkohHshFgRTkTtKqZ5rQRS4rDgNN6MLjJ/Po9lYpF4k4PY+qHuCdYlxGsjdS2C60Q674M09gJHOKM2nbRddwJ0CLxZqRYOhxXvh+PxuW2/dnqRCQJqdCEY6WanhtrP8VSM8LpKN9KFI0xGeAebRoqcEiVn06Cj9CJUTqoG0nzhEYT9fdGikOlhmFgJrOYat7LxP+8ZqK7V37KRJxoKsj0UDfhSEcoawF1mKRE86EhmEhmsiLSxxITbbrKmxK8+S8vktqZ41045xWvWLqGKXJwAMdwCh5cQgluoQxVIJDAE7zAq/VgPVtv1vt0dMma7ezDH1gfP0e4lo0=</latexit>

p.b.c.

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDL

M.Hayakawa & S.Uno, PTP 120 (2008)

remove spatial zero-mode 
of the photon field

Possible solutions:

<latexit sha1_base64="R+h8oyLCQRXXhXr23gKmQb7CAwU="></latexit>

⌦0
3 = (2Z3 + n̄)⇡/L

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDC*

employ C* boundary  
conditions

A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) 
B.Lucini et al., JHEP 02 (2016)

use massive photon <latexit sha1_base64="2hqfUdXLxtnt9jE4cPM4hB+6PAk=">AAAB/nicdVBPS8MwHE3nvzn/VcWTl+AQPJV2m9Xdhl48TnCbsJaSptkWlrQlSYVRBn4VLx4U8ern8Oa3Md0mqOiDkMd7vx95eWHKqFS2/WGUlpZXVtfK65WNza3tHXN3ryuTTGDSwQlLxG2IJGE0Jh1FFSO3qSCIh4z0wvFl4ffuiJA0iW/UJCU+R8OYDihGSkuBeeCFCYvkhOsr54E3RJyjaWBWbavu2HXHgbblus1Tp6ZJzW42Gi50LHuGKligHZjvXpTgjJNYYYak7Dt2qvwcCUUxI9OKl0mSIjxGQ9LXNEacSD+fxZ/CY61EcJAIfWIFZ+r3jRxxWSTUkxypkfztFeJfXj9Tg3M/p3GaKRLj+UODjEGVwKILGFFBsGITTRAWVGeFeIQEwko3VtElfP0U/k+6Nctxrfp1o9q6WNRRBofgCJwAB5yBFrgCbdABGOTgATyBZ+PeeDRejNf5aMlY7OyDHzDePgF03JZ6</latexit>m�

M.G.Endres et al., [1507.08916]

<latexit sha1_base64="aY/bE0ckDhZn8mvw0iJJotQPBLQ="></latexit>

⌦4 = 2⇡{Z3/L,Z/T}

QEDm QED∞

infinite-volume 
reconstruction

X.Feng & L.Jin, PRD 100 (2019) 

N.Christ et al., [2304.08026]

<latexit sha1_base64="IQz3cTT3o2/L/BAxXL6XfSbJ0/I=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDUkddrahVB0484q9gFtLZk0bUMzD5KMUIZu/BU3LhRx62e482/MtBVU9MCFwzn3cu89bii40gh9WKmFxaXllfRqZm19Y3Mru71TV0EkKavRQASy6RLFBPdZTXMtWDOUjHiuYA13dJ74jTsmFQ/8Gz0OWccjA5/3OSXaSN3sXvvSYwPSdeApbHtED103vp7cOt1sDtklVC5gBJGNy9hB2JA8dkqFIsQ2miIH5qh2s+/tXkAjj/maCqJUC6NQd2IiNaeCTTLtSLGQ0BEZsJahPvGY6sTTBybw0Cg92A+kKV/Dqfp9IiaeUmPPNZ3Jjeq3l4h/ea1I9086MffDSDOfzhb1IwF1AJM0YI9LRrUYG0Ko5OZWSIdEEqpNZhkTwten8H9Sz9u4aB9fObnK2TyONNgHB+AIYFACFXABqqAGKJiAB/AEnq1769F6sV5nrSlrPrMLfsB6+wSjdJXT</latexit>

⌦4 = R4



10

Charged states in a finite box

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDL

<latexit sha1_base64="R+h8oyLCQRXXhXr23gKmQb7CAwU="></latexit>

⌦0
3 = (2Z3 + n̄)⇡/L

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDC*

<latexit sha1_base64="aY/bE0ckDhZn8mvw0iJJotQPBLQ="></latexit>

⌦4 = 2⇡{Z3/L,Z/T}

QEDm QED∞

<latexit sha1_base64="IQz3cTT3o2/L/BAxXL6XfSbJ0/I=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDUkddrahVB0484q9gFtLZk0bUMzD5KMUIZu/BU3LhRx62e482/MtBVU9MCFwzn3cu89bii40gh9WKmFxaXllfRqZm19Y3Mru71TV0EkKavRQASy6RLFBPdZTXMtWDOUjHiuYA13dJ74jTsmFQ/8Gz0OWccjA5/3OSXaSN3sXvvSYwPSdeApbHtED103vp7cOt1sDtklVC5gBJGNy9hB2JA8dkqFIsQ2miIH5qh2s+/tXkAjj/maCqJUC6NQd2IiNaeCTTLtSLGQ0BEZsJahPvGY6sTTBybw0Cg92A+kKV/Dqfp9IiaeUmPPNZ3Jjeq3l4h/ea1I9086MffDSDOfzhb1IwF1AJM0YI9LRrUYG0Ko5OZWSIdEEqpNZhkTwten8H9Sz9u4aB9fObnK2TyONNgHB+AIYFACFXABqqAGKJiAB/AEnq1769F6sV5nrSlrPrMLfsB6+wSjdJXT</latexit>

⌦4 = R4

finite-volume photon
-volume photon∞

localnon-local

power-like finite-volume effects exponential finite-volume effects

dedicated ensemblesUV / IR mixing two IR regulators observable-dependent



QEDr regularization
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<latexit sha1_base64="eQdPw4Mc5YL/IMTVmXKtmd53KFU=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQq6kYounFZwT6gCWUymbRDJzNhZiKUENz4K25cKOLWr3Dn3zhps9DWC8MczrmXe+4JEkaVdpxva2FxaXlltbJWXd/Y3Nq2d3bbSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoptA7D0QqKvi9HifEj9GA04hipA3Vt/e9GOlhEGWj/MoLBAvVODZf5uR9u+bUnUnBeeCWoAbKavbtLy8UOI0J15ghpXquk2g/Q1JTzEhe9VJFEoRHaEB6BnIUE+VnkxNyeGSYEEZCmsc1nLC/JzIUq8Ka6SwMq1mtIP/TeqmOLv2M8iTVhOPpoihlUAtY5AFDKgnWbGwAwpIarxAPkURYm9SqJgR39uR50D6pu+f107uzWuO6jKMCDsAhOAYuuAANcAuaoAUweATP4BW8WU/Wi/VufUxbF6xyZg/8KevzBwRdl9Y=</latexit>

k = 0

<latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>) <latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>)

The spatial zero mode is not removed but redistributed over the neighbouring modes on a 

shell of radius 

Special case of "IR-improvement"

Z.Davoudi et al., PRD 99 (2019) 

MDC, PoS LATTICE2023 (2024) [2401.07666]

<latexit sha1_base64="JWknS/rz/PuGLjJfhiW0KCTDwR0="></latexit>

|p| = 2⇡
L |r| (r 2 Z3)

<latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>)
<latexit sha1_base64="RpFdIRrFp3TAwt4JKLcuvRcrPVI="></latexit>

Dµ⌫
p (k0,k) = �µ⌫

1� �k,0
k20 + k2

+
�k2,p2

n(p2)

�µ⌫

k20 + p2

<latexit sha1_base64="uI8A74771jLdS5RrirZY/HIbRIk="></latexit>

Dµ⌫
L (k0,k) = �µ⌫

1� �k,0
k20 + k2QEDL : QEDr :
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3.  What

Lattice QCD+QED calculations can provide IB corrections for several hadronic observables: 

‣ hadron masses & quark masses 

‣ HVP contribution to muon g-2 

‣ leptonic & semileptonic weak decay rates 

‣ CP violation parameters 

‣ … 

As hadronic uncertainties decrease, such corrections become more and more relevant! 

This is a growing research field: improvements expected in the near future
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P+

�

`+

⌫`

q1

q2

real photon emission 
leptonic decays

P+

`0+
`0�

`+

⌫`

q1

q2

virtual photon emission 
leptonic decays

P+

`+

⌫`

q1

q2

leptonic decays

N. Carrasco et al., PRD 91 (2015) 
V. Lubicz et al., PRD 95 (2017) 
N.Tantalo et al., [1612.00199v2] 
D. Giusti et al., PRL 120 (2018) 
MDC et al., PRD 100 (2019) 
MDC et al., PRD 105 (2022) 
P.Boyle, MDC et al., JHEP 02 (2023) 
N.Christ et al., [2304.08026]

G.M. de Divitiis et al., [1908.10160] 
C. Kane et al., [1907.00279 & 2110.13196] 
R. Frezzotti et al., PRD 103 (2021) 
A.Desiderio et al., PRD 102 (2021) 
D. Giusti et al., [2302.01298] 
R.Frezzotti et al., [2306.05904]

G.Gagliardi et al., Phys. Rev. D 105 (2022) 
R.Frezzotti et al., [2306.07228]

HVP contribution 
to muon g-2

White Paper: Phys. Rept. 887 (2020)

K0 ⇡�

`+

⌫`

semileptonic decays

C.Sachrajda et al., [1910.07342] 
N.Christ et al., [2304.08026]

K ⇡

⇡

hadronic decays

R.Abbott et al., PRD 102 (2020) 
Z.Bai et al., PRL 115 (2015) 
N.Christ et al., PRD 106 (2022) 
N.Christ & X.Feng, EPJ Web Conf. 175 (2018) 
Y.Cai & Z.Davoudi, [1812.11015]

3.  What
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P+

`+

⌫`

q1

q2

leptonic decays of light pseudoscalar mesons

1904.08731 2211.12865  



Leptonic decays of pseudoscalar mesons
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<latexit sha1_base64="3bePRvPmT0VbFKcGf/z8jAN65I8="></latexit>

1/a ⌧ mW

Can be studied in an effective Fermi theory with the W-boson 
integrated out and the local interaction described by

<latexit sha1_base64="ioDoJi6GQsEyIAENPc9NjbS2t9s="></latexit>

He↵ =
GF
p
2
V ⇤
q1q2

⇥
q̄2 �µ(1� �5) q1

⇤⇥
⌫̄` �

µ(1� �5) `
⇤

<latexit sha1_base64="6zf+MyA9Wmq2JvR+8UuHQxjMQWs="></latexit>

�tree
P =

G2
F

8⇡
m2

`

✓
1� m2

`

m2
P

◆2

mP

⇥
fP,0

⇤2
= K |L|2

|L0|2

✓
mP

mP,0

◆2

|M0|2

In the PDG convention, the tree-level decay rate takes the form

with the non-perturbative dynamic encoded in the decay constant
<latexit sha1_base64="+TWcaaLB2Fkzyid2t1G/VFeD7Mw="></latexit>

Z0h0|q̄2 �0�5 q1|P,0i(0) = imP,0 fP,0
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IR divergences appear in intermediate steps of the calculation 
 
 
 

UV divergences: need to include QED corrections to the renormalization of the weak Hamiltonian

F. Bloch & A. Nordsieck, PR 52 (1937) 54 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite

A.Sirlin, NPB 196 (1982) 

E.Braaten & C.S.Li, PRD 42 (1990)

• perturbative @ 2 loops in QCD+QED

• non-perturbative in lattice QCD+QED

MDC et al., PRD 100 (2019)

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)



<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

� <latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite

<latexit sha1_base64="07plWzllOwhXobnoBle67Q17eK8="></latexit>�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite IR finite

IR finite

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="07plWzllOwhXobnoBle67Q17eK8="></latexit>�

17

F. Bloch & A. Nordsieck, PR 52 (1937) 

IR finite

N. Carrasco et al., PRD 91 (2015) 
     V. Lubicz et al., PRD 95 (2017) 
     D. Giusti et al., PRL 120 (2018) 

     MDC et al., PRD 100 (2019) 
P.Boyle, MDC et al., JHEP 02 (2023)

The RM123+Soton recipe

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)



<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

� <latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite

<latexit sha1_base64="07plWzllOwhXobnoBle67Q17eK8="></latexit>�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite IR finite

IR finite

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="07plWzllOwhXobnoBle67Q17eK8="></latexit>�

17

F. Bloch & A. Nordsieck, PR 52 (1937) 

IR finite

N. Carrasco et al., PRD 91 (2015) 
     V. Lubicz et al., PRD 95 (2017) 
     D. Giusti et al., PRL 120 (2018) 

     MDC et al., PRD 100 (2019) 
P.Boyle, MDC et al., JHEP 02 (2023)

<latexit sha1_base64="MUj7d4iXyFTe6D597uIzgmhpCos="></latexit>

lim
L!1

<latexit sha1_base64="uf/nmcFY1XgH39pndZjTv2PKSxs="></latexit>

lim
m�!0

<latexit sha1_base64="MUj7d4iXyFTe6D597uIzgmhpCos="></latexit>

lim
L!1

in perturbation theory

on the lattice

on the lattice

enough for Kµ2 and 𝛑µ2 relevant for Ke2 and 𝛑e2  
& decays of heavier mesons

finite-volume scaling well studied

V.Lubicz et al., PRD 95 (2017)   N.Tantalo et al., [1612.00199v2] 
                      MDC et al., PRD 105 (2022)

G.M. de Divitiis et al., [1908.10160]    C. Kane et al., [1907.00279 & 2110.13196] 
              R. Frezzotti et al., PRD 103 (2021)           D. Giusti et al., [2302.01298] 
             A. Desiderio et al., PRD 102 (2021)         R.Frezzotti et al., [2306.05904]

The RM123+Soton recipe

see C.Sachrajda's talk at 11.30
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Both RM123S and RBC-UKQCD calculations are performed in the electro-quenched approximation: 
sea quarks electrically neutral

RM123 perturbative method: expand lattice path-integral around isosymmetric point

G.M.de Divitiis et al. [RM123], PRD 87 (2013)
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• Strong evidence that          can be computed from 
first principles non-perturbatively on the lattice! 

• Results highlight crucial role of finite-volume effects: 
ongoing effort to tame such systematic uncertainty 

• Errors on  from theoretical inputs can 
become comparable with those from experiments
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QED finite-volume effects
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In finite-volume (massless) QED the photon zero modes require a regularisation 
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using the notation of 
B.Lucini et al., JHEP 1602 (2016)

Hadron masses
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Mass corrections can be obtained from Compton amplitude using Cottingham formula
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QED finite-volume effects
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Hadron masses
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• Collinear divergent terms as               and   

• Dependence on the direction     due to rotational symmetry breaking
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• Collinear divergent terms as               and   

• Dependence on the direction     due to rotational symmetry breaking

<latexit sha1_base64="pxR78sEpkKkckviwjVzIT3Xet5w=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlU1GXRjcsK9gFNKZPppB06mYSZSaWk/RQ3LhRx65e482+ctFlo64GBwzn3MuceP+ZMacf5tgpr6xubW8Xt0s7u3v6BXT5sqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsf3WV+a0ylYpF41JOYdkM8ECxgBGsj9ezy1AuxHvpBOp5NPR0ht2dXnKozB1olbk4qkKPes7+8fkSSkApNOFaq4zqx7qZYakY4nZW8RNEYkxEe0I6hAodUddN59Bk6NUofBZE0T2g0V39vpDhUahL6ZjLLqZa9TPzP6yQ6uOmmTMSJpoIsPgoSjsyJWQ+ozyQlmk8MwUQykxWRIZaYaNNWyZTgLp+8SprnVfeqevFwWand5nUU4RhO4AxcuIYa3EMdGkDgCZ7hFd6sqfVivVsfi9GCle8cwR9Ynz91epQh</latexit>

|v| ! 1
<latexit sha1_base64="SB7UwkZDumsQ2RbOWTWNdiHJBGM=">AAACBnicbVBNS8NAEJ3Ur1q/oh5FCBbBU0lU1GPRi8cK9gOaUDbbTbt0swm7m0IJOXnxr3jxoIhXf4M3/42bNoK2Phh4vDfDzDw/ZlQq2/4ySkvLK6tr5fXKxubW9o65u9eSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+6yf32mAhJI36vJjHxQjTgNKAYKS31zEM3RGroB+k4c2MkEGOE/UijrGdW7Zo9hbVInIJUoUCjZ366/QgnIeEKMyRl17Fj5aVIKIoZySpuIkmM8AgNSFdTjkIivXT6RmYda6VvBZHQxZU1VX9PpCiUchL6ujO/UM57ufif101UcOWllMeJIhzPFgUJs1Rk5ZlYfSoIVmyiCcKC6lstPNRhYKWTq+gQnPmXF0nrtOZc1M7uzqv16yKOMhzAEZyAA5dQh1toQBMwPMATvMCr8Wg8G2/G+6y1ZBQz+/AHxsc3ssuZ6w==</latexit>

v k k
<latexit sha1_base64="RKS/52jGXx+K/UDpyVC2n/Bu908=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6rLoxmUF+4AmlMl00g6dTMLMpFBC/sSNC0Xc+ifu/BsnbRbaemDgcM693DMnSDhT2nG+rcra+sbmVnW7trO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7gu/O6VSsVg86VlC/QiPBAsZwdpIA9v2xlhnXoT1OAizaZ4P7LrTcOZAq8QtSR1KtAb2lzeMSRpRoQnHSvVdJ9F+hqVmhNO85qWKJphM8Ij2DRU4osrP5slzdGaUIQpjaZ7QaK7+3shwpNQsCsxkEVEte4X4n9dPdXjrZ0wkqaaCLA6FKUc6RkUNaMgkJZrPDMFEMpMVkTGWmGhTVs2U4C5/eZV0LhrudePy8arevCvrqMIJnMI5uHADTXiAFrSBwBSe4RXerMx6sd6tj8VoxSp3juEPrM8fVZWUIA==</latexit>

v̂

can QEDr help removing this unknown term?

QED finite-volume effects



<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.999|v| = 0.95

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.40

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

Velocity-dependent coefficients in QEDr

24



<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.999|v| = 0.95

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.40

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

Velocity-dependent coefficients in QEDr

<latexit sha1_base64="V5gbYrQakX/fDGNA7K/X8wJVzVI=">AAACHnicbVDLSsNAFJ34rPVVdekmWIS6KYlatQuh6MZlBfuAJoTJZNIOnWTSmUmxpPkSN/6KGxeKCK70b5w+QG09cOFwzr3ce48bUSKkYXxpC4tLyyurmbXs+sbm1nZuZ7cuWMwRriFGGW+6UGBKQlyTRFLcjDiGgUtxw+1ej/xGH3NBWHgnBxG2A9gOiU8QlEpyciXLZffYSywX8gSljlGwAig7rp/00yOr14uhN/xRhpdGsVwupU4ubxSNMfR5Yk5JHkxRdXIflsdQHOBQIgqFaJlGJO0EckkQxWnWigWOIOrCNm4pGsIACzsZv5fqh0rxdJ9xVaHUx+rviQQGQgwCV3WOLhWz3kj8z2vF0r+wExJGscQhmizyY6pLpo+y0j3CMZJ0oAhEnKhbddSBHCKpEs2qEMzZl+dJ/bhonhVPbk/zlatpHBmwDw5AAZjgHFTADaiCGkDgATyBF/CqPWrP2pv2Pmld0KYze+APtM9vNuGjIQ==</latexit>

c̄0(v) |v| = 0.995for

24

c̄0(v) = 0
same volumes
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Out[!]=

Number of random directions

<latexit sha1_base64="C8Z0VeEWv7iKAx9wF2830JBy3/c=">AAACF3icZVDJSgNBEO2JW4xb1KOXwSBECGFGXHIMePEYwSyQCUNNpyZp0rPQ3RMIw3yH+DHiLXoTj/6NnQXRpKDox6suXr3nxZxJZVnfRm5jc2t7J79b2Ns/ODwqHp+0ZJQIik0a8Uh0PJDIWYhNxRTHTiwQAo9j2xvdz+btMQrJovBJTWLsBTAImc8oKE25RdvxBIxQpY4HIqWZa5WdANTQ89Nxdpm5qTMEPfylsswtlqyqNS9zHdhLUCLLarjFT6cf0STAUFEOUnZtK1a9FIRilGNWcBKJMdARDLCrYQgByl46t5aZF5rpm34kdIfKnLN/N1II5Oy4in7lJPAqCzsVqZWG2K/MZkL6ckVG+bVeysI4URjShYqfcFNF5iwks88EUsUnGgAVTB9q0iEIoEpHWdAJ2Kt+10HrqmrfVm8er0v12jKLPDkj56RMbHJH6uSBNEiTUPJMXsmUvBsvxpsxNT4WX3PGcueU/Cvj6wfGcKG2</latexit>

hc̄0(v)iv̂

"magic angles" Stochastic direction average

<latexit sha1_base64="QjZsxRzWxCTFeHeaufxG599EICw="></latexit>

1

4⇡

Z
d⌦v Pl(v̂ · n̂) = �l,0 ) 1

4⇡

Z
d⌦v c̄0(v) = 0

<latexit sha1_base64="7EVF/p/QlT8DZ9Ww2ZzNqS8dexE=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyVRUTdC0Y3LCvYBbSiTyaQdOpmEmYlQQ77EjQtF3Pop7vwbp2kW2nrgwuGce+fOPV7MmdK2/W2VVlbX1jfKm5Wt7Z3dam1vv6OiRBLaJhGPZM/DinImaFszzWkvlhSHHqddb3I787uPVCoWiQc9jakb4pFgASNYG2lYq16ng/yVVFI/s7NhrW437BxomTgFqUOB1rD2NfAjkoRUaMKxUn3HjrWbYqkZ4TSrDBJFY0wmeET7hgocUuWm+coMHRvFR0EkTQmNcvX3RIpDpaahZzpDrMdq0ZuJ/3n9RAdXbspEnGgqyHxRkHCkIzRLAflMUqL51BBMJDN/RWSMJSbaZFUxITiLJy+TzmnDuWic3Z/XmzdFHGU4hCM4AQcuoQl30II2EEjgGV7hzXqyXqx362PeWrKKmQP4A+vzBw88k1w=</latexit>

= 0

work in progress 
in both directions

A.Portelli, Lattice 2023

Velocity-dependent coefficients in QEDr
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Take home messages on finite-volume effects?

‣ Finite-volume expansions studied for masses and leptonic decays 

‣ Unknown structure-dependent contributions start at O(1/L3) 

‣ QEDr regularisation could help pushing unknown effects to O(1/L4) [but requires more study!]  

‣ Velocity-dependent effects potentially problematic for heavy meson decays (also in QEDC) 

‣ Very important to compare with approaches with only exponentially suppressed effects



27

4.  Where do we stand …

• Current tensions in CKM unitarity require a combined effort of theory and experiments 

• Two lattice calculations of IB and QED corrections to light-meson leptonic decay rates 

• Finite volume QED effects have to be carefully investigated

 … and where to go?

K0 ⇡�

`+

⌫`

study different weak 
processes

develop and apply 
new techniques

P+

`+

⌫`

q1

q2

move to unquenched 
calculations

QED∞

?

Hansen,Lupo,Tantalo, PRD 99 (2019)
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Backup slides



‣ the uncertainty on                

dominates in the error budget 

‣ if improved, precision from lattice 
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experimental one

A speculative exercise on the error budget
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• From RM123+Soton calculation
<latexit sha1_base64="4XRsdwnon/hdSGXCzk8f679HHrs="></latexit>

�RK⇡ = �0.0126 (14)
<latexit sha1_base64="ir+q7FRwQgXsJKIyniOAYqXjOrA="></latexit>

[fK,0/f⇡,0] |Vus/Vud|
FLAG19 2+1+1 average 1.1966 (18) 0.23131 (28)exp (17)�R (35)fP

• Let us use                                
<latexit sha1_base64="P7UhoVih/CrcoY86XmbEKvR3cC4="></latexit>

�RK⇡ = �0.0086 (13)(39)vol.
<latexit sha1_base64="5EzIAuAnxOEv5LHZXd7t/iVnkxw="></latexit>

[fK,0/f⇡,0] |Vus/Vud|
FLAG21 2+1 average 1.1930 (33) 0.23154 (28)exp (15)�R (45)�R,vol. (65)fP



Infinite volume reconstruction

31

QED  ∞
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Separate correlator into short and long distance part:

Exponentially suppressed 
 

>  finite-volume effects 
>  contributions of states  
   with higher energy

single-hadron state dominance
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QED  ∞
N.Christ et al., [2304.08026]

Method applied to leptonic decay rates: 

• Logarithmic IR divergences appear 

• BUT they cancel analytically between diagrams 

• numerical calculation is ongoing… 
 

 

The method is appealing given the large finite-

volume effects in QEDL at  

 

                                          … systematics under control?
from Luchang Jin's talk @Edinburgh May 30, 2023
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N.Christ et al., [2304.08026] / N.Christ @Lattice2023

Semileptonic kaon decays

K0 ⇡�

`+

⌫`Goal:

Status:

precision determination of        & test of first-row unitarity 
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|Vus|

‣ no complete lattice QCD+QED calculations 

‣ difficulties of finite-volume QED calculations identified 

‣ recent proposal using QED  method ∞

Relevance: sub-percent precision on   requires inclusion of IB effectsf +(0)

C.Sachrajda et al., [1910.07342]
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K0 ⇡�

`+

⌫`
Although the RM123+Soton method could in principle be applied, 

additional difficulties arise compared to leptonic decays: 

• integration over three-body phase-space 

• problems of analytical continuation when intermediate on shell 
states are lighter than external ones 

• evaluating finite-volume corrections potentially more complicated 

Solutions to these issues are under study by different groups. 

Hopefully we'll see progress in the next few years…
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An appropriate observable to study is the differential decay rate:                        ,

• Without QED corrections:

K0 ⇡�
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⌫`
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• Including QED, we can treat IR divergences using the RM123S method:
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R.Abbott et al., PRD 102 (2020) 
Z.Bai et al., PRL 115 (2015)

Hadronic kaon decays

Goal:

Status:

precision determination of             & study of CP violation
<latexit sha1_base64="J6+aczvjVc7ePu/Em1uIxxdKHqc=">AAACCHicbZDLSsNAFIYn9VbrLerShcEi1k1NVNRl0Y3LKvYCTSiT6Wk7dDIJMxOhhC7d+CpuXCji1kdw59s4aSNo6w8DH/85hznn9yNGpbLtLyM3N7+wuJRfLqysrq1vmJtbdRnGgkCNhCwUTR9LYJRDTVHFoBkJwIHPoOEPrtJ64x6EpCG/U8MIvAD3OO1SgpW22uauG2DVF0FyC6OSC5GkLOQHRz902DaLdtkey5oFJ4MiylRtm59uJyRxAFwRhqVsOXakvAQLRQmDUcGNJUSYDHAPWho5DkB6yfiQkbWvnY7VDYV+XFlj9/dEggMph4GvO9O15XQtNf+rtWLVvfASyqNYASeTj7oxs1RopalYHSqAKDbUgImgeleL9LHAROnsCjoEZ/rkWagfl52z8snNabFymcWRRztoD5WQg85RBV2jKqohgh7QE3pBr8aj8Wy8Ge+T1pyRzWyjPzI+vgHFI5nQ</latexit>

Re(✏0/✏)

‣ no complete lattice QCD+QED calculation 

‣ lattice QCD calculations by RBC-UKQCD collaboration 

‣ strategy for calculation of IB effects proposed 

‣ first step: Coulomb corrections to  scatteringπ+π+

Relevance: IB effects will be dominant source of systematic error, 
once continuum limit will be performed (work in progress)

K ⇡

⇡

N.Christ et al., PRD 106 (2022) 
N.Christ & X.Feng, EPJ Web Conf. 175 (2018) 

Y.Cai & Z.Davoudi, [1812.11015]
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Current status of ϵ′ /ϵ

(      isospin)

If isospin-symmetry is conserved, then the CP violation parameters can be expressed as
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AI = h(⇡⇡)I |H�S=1
W |Ki

 scattering phase shiftsππ
<latexit sha1_base64="YbhhciLAk5/C6LzhNFASVe8bLq0=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqBch6EVvEcwDkyXMznaSIbOzy0yvEJb8hRcPinj1b7z5N04eB00saCiquunuChIpDLrut5NbWl5ZXcuvFzY2t7Z3irt7dROnmkONxzLWzYAZkEJBDQVKaCYaWBRIaASDm7HfeAJtRKwecJiAH7GeEl3BGVrpsR2CRNa5o1edYsktuxPQReLNSInMUO0Uv9phzNMIFHLJjGl5boJ+xjQKLmFUaKcGEsYHrActSxWLwPjZ5OIRPbJKSLuxtqWQTtTfExmLjBlGge2MGPbNvDcW//NaKXYv/UyoJEVQfLqom0qKMR2/T0OhgaMcWsK4FvZWyvtMM442pIINwZt/eZHUT8reefn0/qxUuZ7FkScH5JAcE49ckAq5JVVSI5wo8kxeyZtjnBfn3fmYtuac2cw++QPn8we/BZBR</latexit>

�I =
<latexit sha1_base64="Ecjuj7UQZzVgWZqxiq4rMSVVqng=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZI0RLsQim50V8E+oA1lMp20Q2cmYWYilNBfcONCEbf+kDv/xiStoKIHLhzOuZd77wliRpW2rA+jtLK6tr5R3qxsbe/s7lX3DzoqSiQmbRyxSPYCpAijgrQ11Yz0YkkQDxjpBtOr3O/eE6loJO70LCY+R2NBQ4qRzqUbeAGH1ZplOg3PbriwIK7rFcRx6h60TatADSzRGlbfB6MIJ5wIjRlSqm9bsfZTJDXFjMwrg0SRGOEpGpN+RgXiRPlpcescnmTKCIaRzEpoWKjfJ1LElZrxIOvkSE/Uby8X//L6iQ7P/ZSKONFE4MWiMGFQRzB/HI6oJFizWUYQljS7FeIJkgjrLJ5KFsLXp/B/0nFM2zPrt26tebmMowyOwDE4BTY4A01wDVqgDTCYgAfwBJ4NbjwaL8brorVkLGcOwQ8Yb59L5o3G</latexit>

I =

1. RBC-UKQCD performed first calculation of  in 2015 

2. Improved result in 2020:  3.5x more statistics + improved systematics

ϵ′ Z.Bai et al., PRL 115 (2015)

R.Abbott et al., PRD 102 (2020)

<latexit sha1_base64="CSJNzptr7yn3DPoWMPwpvA4vBXQ="></latexit>
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<latexit sha1_base64="4/sauyVDuowNHMxOgoWZtGFM7rU="></latexit>

Re(✏0/✏) = 21.7 (2.6)stat.(8.0)sys.lattice:

experiments:
<latexit sha1_base64="EVRbr1KMN+oVIPESb5xdzuvUH9k=">AAACGHicbVBNSwMxFMzWr1q/Vj16CRaxBWl3rVQvQtGLRxVbhe5SsulrG8xmlyQrlKU/w4t/xYsHRbx689+YrRXUOhAYZt7jZSaIOVPacT6s3Mzs3PxCfrGwtLyyumavb7RUlEgKTRrxSN4ERAFnApqaaQ43sQQSBhyug9vTzL++A6lYJK70MAY/JH3BeowSbaSOXfVCogcyTC9hVPIgVoxHYrf6zcr4GLv1Sh17e7i0X6mVO3bRqThj4GniTkgRTXDesd+9bkSTEISmnCjVdp1Y+ymRmlEOo4KXKIgJvSV9aBsqSAjKT8fBRnjHKF3ci6R5QuOx+nMjJaFSwzAwk1kM9dfLxP+8dqJ7R37KRJxoEPTrUC/hWEc4awl3mQSq+dAQQiUzf8V0QCSh2nRZMCW4fyNPk9Z+xVRXuzgoNk4mdeTRFtpGJeSiQ9RAZ+gcNRFF9+gRPaMX68F6sl6tt6/RnDXZ2US/YL1/AmjSnWQ=</latexit>

Re(✏0/✏) = 16.6 (2.3)
<latexit sha1_base64="USRtPDAN1NyO7AjxvEUAWcVGr9s=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxItlVoh6JXjxiIo8EFjI7zMKE2UdmejVkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7vLi6XQaNvfVm5ldW19I79Z2Nre2d0r7h80dJQoxusskpFqeVRzKUJeR4GSt2LFaeBJ3vRGt1O/+ciVFlH4gOOYuwEdhMIXjKKRuh0UAdfEsbvpWWXSK5bssj0DWSZORkqQodYrfnX6EUsCHiKTVOu2Y8foplShYJJPCp1E85iyER3wtqEhNcvcdHb1hJwYpU/8SJkKkczU3xMpDbQeB57pDCgO9aI3Ff/z2gn6124qwjhBHrL5Ij+RBCMyjYD0heIM5dgQypQwtxI2pIoyNEEVTAjO4svLpHFedi7LF/eVUvUmiyMPR3AMp+DAFVThDmpQBwYKnuEV3qwn68V6tz7mrTkrmzmEP7A+fwBX95HE</latexit>

⇥10�4

<latexit sha1_base64="USRtPDAN1NyO7AjxvEUAWcVGr9s=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxItlVoh6JXjxiIo8EFjI7zMKE2UdmejVkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7vLi6XQaNvfVm5ldW19I79Z2Nre2d0r7h80dJQoxusskpFqeVRzKUJeR4GSt2LFaeBJ3vRGt1O/+ciVFlH4gOOYuwEdhMIXjKKRuh0UAdfEsbvpWWXSK5bssj0DWSZORkqQodYrfnX6EUsCHiKTVOu2Y8foplShYJJPCp1E85iyER3wtqEhNcvcdHb1hJwYpU/8SJkKkczU3xMpDbQeB57pDCgO9aI3Ff/z2gn6124qwjhBHrL5Ij+RBCMyjYD0heIM5dgQypQwtxI2pIoyNEEVTAjO4svLpHFedi7LF/eVUvUmiyMPR3AMp+DAFVThDmpQBwYKnuEV3qwn68V6tz7mrTkrmzmEP7A+fwBX95HE</latexit>

⇥10�4
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Systematic error budget

Intense work by RBC-UKQCD to reduce ~12% error due to use of single lattice spacing

(from C.Kelly @Lattice2023)

—>   IB correction will soon become relevant!

V.Cirigliano et al.,  JHEP 02 (2020)
estimated using PT resultsχ
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Isospin-breaking corrections

IB corrections are usually O(1%), but the "  rule" can give a ~20x enhancement in  

A calculation of these effects is very challenging! 

‣ Lüscher & Lellouch-Lüscher formalisms that relate finite-volume quantities (energy levels & 
correlation functions) to infinite-volume observables (scattering phase shifts & decay 
amplitudes) need to be corrected for long range QED interactions 

‣  final states with  and  are not independent anymore and can mix:  
it's a coupled two-channel problem

ΔI = 1/2 ϵ′ /ϵ

ππ I = 0 I = 2

Y.Cai & Z.Davoudi, [1812.11015]  /  N.Christ & X.Feng, EPJ Web Conf. 175 (2018)  /  N.Christ et al., PRD 106 (2022)

First step done:  include QED corrections from Coulomb interaction to  scattering phase shiftπ+π+


