
Gravitational Waves from 
Cosmological Phase Transitions

Arthur Kosowsky

University of Pittsburgh



Phase transitions occur at a characteristic temperature and 
release energy into primordial plasma (latent heat)

Electroweak phase transition: T=100 GeV, t= 1/H = 1.e-12 seconds

QCD phase transition: T=100 MeV, t= 1/H= 1.e-6 seconds



At any time in the early universe,  1/H  is the only length / time scale 

This scale sets the gravitational wave frequency today, typically 0.01/H 

This frequency for EW phase transition is around 1.e-3 Hz (LISA!) 

This frequency for QCD phase transition is around 1.e-6 Hz 



First-Order: proceeds via nucleation of lower-energy phase 
bubbles which expand and merge. Latent heat into kinetic 
plus thermal energy 

Continuous: latent heat into thermal energy, little kinetic 
energy



What is the temperature of the phase transition? 
How much energy density goes into the plasma? 

       What fraction of that energy goes into kinetic energy? 
On what length scale is the kinetic energy injected?  

How long does the plasma motion last? 

(Details of the plasma motion) 
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FIG. 5: Visualizations of h+ (top) and hX (bottom) on the periphery of the computational domain (from left to
right) with kf/kH = 300, 60, 2 respectively. Note the smaller scale structures on the left and predominantly larger
scale ones on the right. The large-scale contributions show a systematic displacement between h+ and hX that is
characteristic of polarized GWs. (To be published).

pencil-code repository. The code has been used successfully for a variety of applications in astrophysics
[164], meteorology [165], and industrial combustion [166]. It has recently been applied to early universe
simulations of mesh size up to 23043 [55], which was necessary for modeling turbulence at the QCD and
electroweak phase transitions [53] and following the inflationary stage [66, 67]. We have now added a new
module that evolves the GWs in the simulation domain from the dynamically evolving stresses [167, 168].
The six independent components of the symmetric stress tensor are Fourier transformed to compute the
transverse traceless part of the stress tensor. We then project out the linearly and cross polarized parts of
this tensor and Fourier-transform back to physical space to compute the two independent components of the
wave field in the linear polarization basis.

In Fig. 4 we show GW energy spectra, h2ΩGW(f), versus frequency f , normalized with respect to the
critical energy density today ρcr = 3H2

0/(8πG) (with H0 = 100hkm/Mpc/sec is today Hubble parameter)
such that

∫
ΩGW(f) d ln f = 〈|ḣ+|2 + |ḣ×|2〉/(32πGρcr) [19] along with the polarized contribution, for

decaying turbulence simulation using 11523 mesh points. We compare with analogously normalized EM (f)
and 1

2kHM (f), i.e., Ωmag(f) versus f = 2πck. We see that the magnetic field is nearly maximally helical
with the polarized or helical parts (red for positive and blue for negative) being close to the respective
energy limits. Note the perfect correspondence between magnetic helicity and GW polarization. In Fig. 5
we present visualizations of h+ (top) and h× (bottom) on the periphery of the computational domain with
different energy containing scales of the turbulent source, kf/kH = 300, 60, 2.

Our resulting GW spectra will provide significantly more realistic predictions for the detection prospects
of phase transitions and the resulting turbulent plasma motions [169], extending previous studies (including
works by proposers Refs. [18, 69, 70, 76, 85–89, 140, 143, 150, 152, 170–174]), see Ref. [175] for a review
and references therein. The simulations can potentially also be used to estimate the GW signal produced
by any other astrophysical source, such as intergalactic and intracluster turbulence, neutron star rotation,
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FIG. 1: The solid lines show magnetic and GW energy spec-
tra for Run ini2 at t = 1.1, normalized to Erad/kH , where
kH = H∗/c is the inverse horizon scale. The dotted lines
show 1

2
k|HM| and HGW, respectively. Both HM and HGW

are positive, but HM changes sign at high k.

produced [28], which agrees with the results of Ref. [11];
see [27]. This shallow small-k behavior in EGW appears
generic for all turbulent sources. It arises whenever the
source has a white-noise k2 spectrum [29]. Even the very
blue (causal) Batchelor k4 spectrum [23] never produces
a spectrum that is steeper than white noise. This cannot
be changed by the transverse-traceless projection.

In Figure 2, we convert to GW energy density per loga-
rithmic frequency interval as a fraction of critical density
today, h2

0ΩGW(f) = kEGW(k)/Ecrit, and the correspond-
ing characteristic strain amplitude hc(f) [26]. The two
other GW spectra are from separate simulations which
reduce the turbulent energy EM by a factor of 15 (ini2),
and additionally reduce the wave number k∗ by a factor
of 10 (ini3). The scaling with these changes is clearly ev-
ident. Note in particular the −1/2 slope of hc(f) at low
frequencies; this must eventually turn over to a slope of
+1/2 at frequencies below the causal horizon scale, but
the −1/2 slope can extend over the range between the
stirring scale and the horizon scale, typically a factor of
100 in frequency.

In Runs ini1–3, GWs are produced by the sudden emer-
gence of a magnetic field. In reality, this will be a grad-
ual process, as modeled by the Set II initial conditions.
The electromotive force is applied until tmax = 1.01 or
1.1, but the GW energy produced is fairly insensitive to
tmax. The evolution of Ei (for i =K or M) and EGW is
shown in Fig. 3 for ini1–3, hel1+2, and ac1; in all cases,
EGW reaches a constant comoving value shortly after any
source driving ceases.

All of our runs have similar GW spectra at low fre-
quencies, with hc(f) behaving approximately as f−1/2.
Runs hel1+2 and ac1 have in common that the GW spec-
tra are steeper at high frequencies than in runs ini1–ini3.

FIG. 2: Spectra of h2
0ΩGW(f) and hc(f) along with the LISA

sensitivity curves in (i) the 6-link configurations with 5×109 m
arm length and (ii) the 4-link configurations with 2 × 109 m
arm length after 5 years duration [30, 31]. The dash-dotted
lines indicate the slopes 1 and −8/3 in the upper panel and
−1/2 and −7/3 in the lower.

FIG. 3: Evolution of EM (top) and EGW (bottom) for runs
with initial energy (ini1–3) and runs where energy is driven
through monochromatic forcing (hel1+2 and ac1).



Gravitational wave amplitude depends on form of initial conditions: 
turbulence versus acoustic waves 

Need realistic numerical initial conditions


