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o Alternative approach: Minimal Term or superasymptotic
approximation (truncation when the series begins to diverge),
advantages and improvements:

» Renormalon dominance shows up at relatively low orders.
» Allows us to have a control on the power corrections.
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@ The inverse Borel transform from the approximate Borel sum is ill
defined. Here the associated error is not quantified.

o Alternative approach: Minimal Term or superasymptotic
approximation (truncation when the series begins to diverge),
advantages and improvements:

» Renormalon dominance shows up at relatively low orders.

» Allows us to have a control on the power corrections.

» Add a NP power correction in a systematic way. Combined expansion
of perturbation series and NP terms (Hyperasymptotic expansion
[Proc.Roy.Soc.London A,430(1990)]).
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@ Renormalon problem associated to the static energy and the force.

@ The inverse Borel transform from the approximate Borel sum is ill
defined. Here the associated error is not quantified.

o Alternative approach: Minimal Term or superasymptotic
approximation (truncation when the series begins to diverge),
advantages and improvements:

» Renormalon dominance shows up at relatively low orders.

» Allows us to have a control on the power corrections.

» Add a NP power correction in a systematic way. Combined expansion
of perturbation series and NP terms (Hyperasymptotic expansion
[Proc.Roy.Soc.London A,430(1990)]).

» The mixing between perturbative and NP effects may hinder estimating
the real size of NP effects
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Superasymptotics

o What is the optimal truncation order?

N
§ : rnan-l—l
n=0

o For factorially divergent series, convergence, plateau, divergence
o Truncate in the plateau: Minimize |r,a"*!|
@ Superasymptotics®
TR
optima. -
: : . —#
o No fixed order. Exponentially suppressed ambiguity ~ a!/2e

M. V. Berry et al. Proc. R. Soc. A 430, 653 (1990)
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Borel summation

o From a divergent series we can construct a Borel transform

oo (0.0}
R~ Z ™t = R(t) = Z %t"
n=0 ’

n=0

o The Borel transform R has a finite radius of convergence

@ Analytic continuation and a Laplace transform of it

RBsE/ dt e t/*R(t)
0
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Renormalons

@ There are singularities in the integration path
o Contour deformation needed to avoid them

@ Principal value (PV) prescription

t = xe™"

F\’pVEE lim {/ dtet/o‘f%(t)—F/ dtet/ali’(t)}
2 n—0+ Cy _
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The Borel plane

Singularities— divergence
Instantons, renormalons?
te =24, d =+£1,42,43,...

1 > :
AR(t) = ZW; wi(l —t/tq)

(as), 1Tn+1+0) S & (1+1—k)
o (u)—Z<Q> thZWJHm

Jj=0 k=1

2G. 't Hooft. Subnucl Ser. 15, 943 (1979)
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PV Borel sums vs. truncation

@ Assuming some properties PV Borel sum is renormalization scale and
scheme independent

@ One huge disadvantage, in principle we need to know all the
coefficients r,

@ It is possible to relate truncated sums of perturbative series with their
principal value Borel sums

César Ayala (UTA, Chile) Hyperasymptotic & Static Energy Febraury 05, 2024 7/36



Terminants

o Based on Dingle’s theory of terminants?

o
R = E rpa 1
n=0

o We split the series

N

o
R = Z raa™tl 4 Z rpal Tl

n=0 n=N+1

3R. B. Dingle. Asymptotic Expansions: Their Derivation and Interpretation.
Academic Press, London (1973)
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Terminants

o We will organize the contents in the remainder tail

R= Zra"+1+ Z rpa™

n=N+1
o Displaying the divergent contributions to the coefficient

(anz)

r(small n) + rrSanl) Ty

'n = rn

(an,') — nye. 50 " .
rm = (£1)"K; <27T|d,'|> Fn+1+1)

oo

R— Zran+1+ Z (anl) ot Z (asdl))an+1

n=N+1 n=N+1
)
Z r,(,anl)Oz’H—l — le
n=N+1
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Terminants

(asq;) n n _
oo = (£1) KA (n+ 1+ 1) A= 2f|31,-|
N+t Lo vt [ oL
di <0 Ty = (-1 — KA dte t/o______
< — g, ( ) ol i /0 e 1+ At
1 (o'e} tN+1+/,'
di>0 = T4 = 7K;AN+1PV/ dte t/o——
! (0% ! 0 1-— A,’t
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Terminants

R— Zran+1+ Z (anl) a4 Z anl))an+1

n=N+1 n=N+1

2 : ( ) 4L
asy 1
rn L Oén — Jdl
n=N+1

N

Rpy =~ E r,,a”+1 = le
n=0

@ We can carry on

(small n) (asd; ) (asd,)

n = In + rn + 4 ooa
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Terminants

o Splitting again the series

& ((55) & (as)
as, as,
R = g rpa™ 4+ E i L E rn )Ozn+1
n= Nd1—|—1 n= Nd1+1
asd (asq; ) (asq,)
+ § : > n+1+ § : (rn ry A )anJrl
andZ-‘rl andZ—f—l

(asdz) o+l
° > 2 Ny, +1 7 ~ Tq,

Ny Ny, )
asy
Rpy ~ E raa™tt Ta, + g (rn—1rm * )a"+1 + Tyq,
n=0 n:Nd1+1
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Hyperasymptotics

o In general (Ng, =0)

Nayy i
:d;
O LD DR LN
i=0 * n=Ng+1 Jj=1
@ Truncating in the plateau N ~ % where tg, = 22_?
27|d;|
Np(d;) = 1-
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EXAMPLE

The singlet static potential in the large (3
approximation

César Ayala (UTA, Chile) Hyperasymptotic & Static Energy Febraury 05, 2024 14 /36



The singlet static potential in the large (5, approximation

u= /3 t and*

() e

IR renormalons at u = 5,2,2, 5, 2

oo
Vpy = PV / dt e/ Vyrges, ()
0

*U. Aglietti et al. Phys.Lett.B 364 (1995) 75
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The singlet static potential in the large (5, approximation

MS and lattice scheme

°

> Cm = —5/3

> Clatt ~ —8.38807
e nr=0
o AYSp = 0.602ry " ~ 0.238GeV®
o u=1/r
@ Two values of ¢

2w
Np(l) = —— (1 — cae(1/r
P( ) ﬁoa(l/r)( ( / ))

®S. Capitani et al. Nucl.Phys.B 544 (1999) 669-698
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2| 2 (b).
0 =X 0
0.0
» / |, 00
v, (© /
-4 " 7 -4 _0.1 © 0.1
(b) (d

-6 -6

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 _0‘8.0 0.1 0.2 0.3 0.4 0.30'2

rin r0 units rin r0 units

o Vpy

(@) Vv — Wp

(b)

(©) Vov — Vo — T = T M0) 1 (Vo — VI ))antt
(

(]

n=Np(1)+1

o (d) Vov — Vo — Ti =00 (v, — v )artl — Ty

= Np -‘r—l(
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Lattice nr =0

0 02 04 06 08 10 12 14 .0 0.1 0.2 0.3 0.4 0.
g SR 52
(b)
2 \ Np \
0.1 ) 0.1
0 0 ®
= A\
2 © (d) s 0.0 0.0
Vey /
= -4 -0.1 -0.1
(c)
-6 -6
00 02 04 06 08 10 12 14 -0'8-0 0.1 0.2 0.3 0.4 0'50‘2
rin r0 units rin r0 units
o Vpy
[*] ( ) \/l’\' — VP
o (b)
Ne (3) (a1)) 1
(] ( ) \/p\ — Vp — Tl — Zn Np(1)+1 (Vn — Vn )Cl
d) Voy — Vo — Ty = 0 (v, — v Nartl — T
o (d) Vpv — Vp — Y onenpy41(Va = Va 7)o"t — T3

César Ayala (UTA, Chile) Hyperasymptotic & Static Energy Febraury 05, 2024 18 /36



10 10
10 107!
1079 107
107 1078
107 107
107 1070

0 10 20 30 40

last order in a

o [Vpv — o Va1
°

° |Vpy — ZNF(I) Voo™t — Ty — anPﬁ,?(l)H(V — \/( ))an+1 .

Zn:Nl,(3)+1(Vn - Vrsdbl) B Vn(as3))(l’n+1‘
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Exponential scaling in a. MS with nf = 3

1 .. ]
o001 . * 0.001
10° 107
1079 - 107

1 5 10 50 100
1/r in GeV
O (VPV — e Vna"“) vs  olf2eFes
C Vs
or (Vp\ — Z,/:’;gl) Voa"t! — T, — Z{:’r'g\;ﬁ(lprl(vn - Vn(aﬂ))(anrl) B
a2 Hos
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The static energy of a quark-antiquark pair

° Elatt(r) _ Elatt(rref) — Eth(r) _ Eth(rref)
In pNRQCD the singlet static energy admits the expression

Eth(r) — V(r7 Vys = Vs) + 5VRG(r7 Vs, Vus) + 5Eus(ra Z/us)

E*™™ has a u = 1/2 renormalon

This renormalon is r independent
@ We use the derivative of the static energy (%V =F)

_d
]::drE (r)

d d
—F(ra Vys = Vs) + E(SVRG(n Vs, Vus) + E(SEus(ra Vus)

o We fit .
Elatt(r) . Elatt(rref) _ / dr’ f(r')

Iref
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Terminants

@ The leading singularity d = 3 and the terminant takes the form

T = Ja@)K®)rde mom (50_()) b<1+R{P)a(u)+0 (az(u)))

Wherenc=—3b+%—1; b:%}z and

ZF21_3b7T33b+1/2 _ 1

(P) _%3 12| _ s

K [(1+ 3b) Po [ "C+3]

) _ Bo/Bm)[ 1 N 15 1 1
o= o e+t 3bib 3t 3 ) = 13" T 24" T 1080
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Normalization of the u = 3/2 renormalon

o The PV Borel sum of the force requires knowledge of Z{ (recall Zf =2ZY)

2pes v (B0 T(n+143b) 3b 1
rht =4 (67r> ra+3p) T ara2tOle

o We estimate it dividing by the exact value (x = 1.52)

Zf|, _y = 0.3723%(Ax) + 0.02(NLO) — 0.05(0(1/n)) + 0.005(us) = 0.37(17)
1.0 — . T
N as)
@) \\‘ n=3 folf29ZE
0.8 ‘.\‘ _____ fi /fgﬂS)Zg 4
R e RIEIZE
0.6 ‘\\ RIAZE ]
“r\? 0.4L . ]
0.2
0.0
0.2 . . .
1.0 1.5 2.0 2.5 3.0
ur
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d

F=—V
dr
o
V= Z Va(r, vs, vus)a™ 2 (vs)
n=0
Cr 1
Valr, v vis) = == g ssanr Ve, vis)
ap = 1
ai(r,vs) = a1 + 2f log (vse™Er)

2
ar(r,vs) = a» + %ﬁg + (4a160 + 2p1) log (vs€ Er) + 4033 log? (vseEr)

52
a3(r, vs, vus) = a3 + a1837% + o BoB1 + 16G3 53
253 16 5 »
+ | 277585 + 6a260 + 4a1 51 + 262 | log (vse™Er) + 3 Car log (vuser)

4F <12316§ + 106051> log? (vseTEr) + 833 log® (vseEr)

24 /36
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Details on the fits |

Data from Phys. Rev. D100, 114511

3 = 8.4 lattice spacing a = 0.025 fm = 0.125 GeV !
o We consider the ranges
» Set |: 0.353 GeV ! < r < 0.499 GeV~!; 8 points
» Set II: 0.353 GeV~—! < r < 0.612 GeV~!; 17 points
» Set Ill: 0.353 GeV~! < r < 0.8002 GeV~!; 31 points
» Set IV: 0.353 GeV~! < r <1 GeV~!; 50 points
fref = 0.353GeV 1
@ The central values for the soft and ultrasoft scales are
» v =1/r
) VuS = CA(;£VS)
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Details on the fits Il

We will explore the following orders
o LL/LO

Fro(r) = F(r,vus = vs)
LOin a(vs)
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Details on the fits Il

We will explore the following orders

o LL/LO
Fro(r) = F(r,vus = vs)
LOin a(vs)
o NLL/NLO
fNLO(’) = F(I’,Vus = Vs)
NLO in a(vs)
o N2LL

d
Frepn(r) = F(ryvus = vs) 4 75VRG(I’, Vs, Vas)
2

N2LO in a(vs) d N2LL
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Details on the fits Il

We will explore the following orders

o LL/LO
Fro(r) = F(r,vus = vs)
LOin a(vs)
o NLL/NLO
fNLO(’) = F(I’,Vus = Vs)
NLO in a(vs)
o N2LL J
Freen(r) = F(r,ves = 1) 4 FévRG(rv Vs, Vus)
N2LO in a(ws) r N2LL
o N°LL

a4 %5Eus(f7 Vus)

L
N3LL d

Frspn(r) = F(r; vus = vs) 7
N3LO in a(vs) r

6VR.G(r7 Vs, Vus)

LOin a(vus)
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Details on the fits Il

We will explore the following orders

o LL/LO
Fro(r) = F(r,vus = vs)
LOin a(vs)
o NLL/NLO
fNLO(’) = F(I’,Vus = Vs)
NLO in a(vs)
o N2LL J
Freen(r) = F(r,ves = 1) 4 FévRG(rv Vs, Vas)
N2LO in a(ws) r N2LL
o N°LL
d d
FNsLL(r) = F(I‘, Vus = Vs) 4 *6\/}{(;((, Vs, Vus) A *6Eus(r7 Vus)
N*LOina(ws) 9F NeLL  dr LO in o(vus)

o N3LLyy,

+T(d =3, No = 3,18) + 6 Vaa(r, e i)

Fnspi(r) =F(r, vus = v5) =

N3LO in a(vs) N3LL

- T(d = 3, Np = 07Vu5)
LOin a(vus)

aF %6515("-, Vus)
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r € [0.353,0.499] x GeV~!

r € [0.353,0.612] x GeV~!

r € [0.353,0.8002] x GeV~!

r €0.353,1] x GeV~!
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600 -
500 x =1
[ S =2
400 - X = 1/21/2
300
200’ 1 1 1 1 1

LL NLL NNLL NNNLL NNNLLpyp
Continuous x,s = 1; Dashed vy, = 1 GeV
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Caa(vs)

Variations on 15 = x,/r and vy = X525,

420

400

380
xs =1
Xs = 2
X = 1/21/2

360

340

320

300

L e e e e B e e e e B

Il Il Il Il
LL NLL NNLL NNNLL NNNLLp,
Continuous x,s = 1; Dashed x,s = xs; Dotted v, = 1 GeV
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Final numbers

Set T A3 = 338(2)10t(10)1.0.(8)r,., MeV = 338(12) MeV

Set 1T A=) = 341(1)at(11)h0.(6)r,., MeV = 341(14) MeV

Set I AL = 343(1) 404 (130, (7)1, MeV = 343(14) MeV

Set IV AL = 3430404 (13)10.(9)r,. MeV = 343(16) MeV
Therefore our central value result for the strong coupling

o ol =3)(M,) = 0.3151(65)
o (=5 (M,) = 0.1181(8)a_(4)m, >, = 0.1181(9)
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Conclusions

We have constructed an hyperasymptotic expansion for the static energy

and for the force regulated with PV prescription. Here we included the
second d = 3 IR renormalon.
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from the force.
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Conclusions

We have constructed an hyperasymptotic expansion for the static energy

and for the force regulated with PV prescription. Here we included the
second d = 3 IR renormalon.

@ The large By was used as a toy-model observable. It works as
expected (as in the heavy quark mass case).

@ We have obtained the normalization of the d = 3 renormalon of V
from the force.

Z5 |, s = 037(17)

@ Making use of the hyperasymptotic expansion of principal value Borel

sums and N3LL resummation we have obtained an estimate of the
QCD strong coupling

o =5)(M,) = 0.1181(9)
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THANKS!
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General Expression

And

0o (as)

Q = /Oodt —t/as(p) Z fn__4n
oo 0 € n!

n=Np+1

atalf ) (1) s ELy e

Q

41
K( 7uv R(P’L’/I\?/) 2 O 3
a(p) + Ky, " a?(p) + O (a’(u))
= AQnr (db) + 1 AQ ik (db) + wr AQ ik (db) +...
uv uv uv

where
t‘d| (Np+1)
_ox (P 1 Bo (Np+2)
AQJ\?/(db)_ZOd <Q> F(1+b’) <27TC/> Qy (/L)XI/R
(2)
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General Expression

Np+1+b' e
IIR = / dx x T Boox(a) (3)
+7 2r|d|

In case 2), it is possible to show that:

4m
Spv(Q) = Sa+ / " dtet/ox(M B[Sy — S4(1). (4)
0
where
Na(|dminl)
S pram™i(u). (5)
n=0

César Ayala (UTA, Chile) Hyperasymptotic & Static Energy Febraury 05, 2024 34 /36



General Expression

mpy = ma + KA x + O(ahx), (6)
where
Na
ma = m+u_|>long2 Zrn " () (7)
and
O-Z (@) L o ®

It is also possible to show that

47

ma = i+ /0 " dtet/x (M Bmpy — (1) - (9)
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Larg comparing method (1) and (2)

0.00| 0.00

N e - -1-0.05

(alatt)

(alatt) ~040[\_ e -0.10

-0.2| aMS; -0.2 5 (blatt) bMS’ &

>>>>>>>>>> @M oMS)  (piat) ya—— G

-0.3] -0.15| --.1-0.15
N nf = 0 N 0.2 i— 3 0.20

0.02 0.04 0.06 0.08 0.10 D 0.1 0.2 0.3 0.4 05~

1/m r0 units 1/m GeV~'

Figure: We plot (a) mpy — ma — K)(<A)/\X for ne = 0 (left panel) and ns = 3
(right panel) in the lattice and MS scheme. For each case, we generate bands by
computing ma with ¢/ =1 and ¢’ = ¢ ;,,. We also compare with (b)

mpy — mp — mS), obtained with method 1).
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