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Lattice setup

Flow scales and alpha_sHai-Tao Shu 1

• t0 and w0 scale 

<latexit sha1_base64="alX6miuFQKLmFdhcVeuC9k8UAKo=">AAACDXicbVDLSgMxFM34rPU16tJNsAqCUmeKr02h6KZupEX7gLYMmTTThiYzQ5IRytAfcOOvuHGhiFv37vwbM+0stPVA4OSce7n3HjdkVCrL+jbm5hcWl5YzK9nVtfWNTXNruy6DSGBSwwELRNNFkjDqk5qiipFmKAjiLiMNd3Cd+I0HIiQN/Hs1DEmHo55PPYqR0pJj7t86XrFwZB+3YZsj1Rc8Lt/cVUf6zx15wh1WLFiOmbPy1hhwltgpyYEUFcf8ancDHHHiK8yQlC3bClUnRkJRzMgo244kCREeoB5paeojTmQnHl8zggda6UIvEPr5Co7V3x0x4lIOuasrk43ltJeI/3mtSHmXnZj6YaSIjyeDvIhBFcAkGtilgmDFhpogLKjeFeI+EggrHWBWh2BPnzxL6oW8fZ4/q57mSldpHBmwC/bAIbDBBSiBMqiAGsDgETyDV/BmPBkvxrvxMSmdM9KeHfAHxucP+/iZog==</latexit>

Nf = 2 + 1, HISQ, ms/ml = 20

• Lambda_msbar



Relate indirect scales to (known) physical scales

Flow scales and alpha_sHai-Tao Shu 2

Kaon/eta_ss decay constant: Static quark potential:

<latexit sha1_base64="B+hFAE9+S273LBDJcERruDets6U=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCq5KIr2XRjcuK9gFNCJPppB06k8SZG6GE4MZfceNCEbd+hTv/xmmbhbYeuHA4517uvSdIOFNg299GaWFxaXmlvFpZW9/Y3DK3d1oqTiWhTRLzWHYCrChnEW0CA047iaRYBJy2g+HV2G8/UKlYHN3BKKGewP2IhYxg0JJv7oV+5goMAymyxm2eu+peQga+nftm1a7ZE1jzxClIFRVo+OaX24tJKmgEhGOluo6dgJdhCYxwmlfcVNEEkyHu066mERZUednkhdw61ErPCmOpKwJrov6eyLBQaiQC3Tm+Vs16Y/E/r5tCeOFlLEpSoBGZLgpTbkFsjfOwekxSAnykCSaS6VstMsASE9CpVXQIzuzL86R1XHPOaqc3J9X6ZRFHGe2jA3SEHHSO6ugaNVATEfSIntErejOejBfj3fiYtpaMYmYX/YHx+QNYMZgN</latexit>

fPS

p
t0

<latexit sha1_base64="fwY1E/rZyFw0BO4pxcgzb9WMg9o=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU5UgXmMFC2MR9CG1VeS4TmvVTiLbAaoov8LCAEKs/Agbf4PTZoDCkSwdnXOv7vHxY86Udpwvq7S0vLK6Vl6vbGxube/Yu9W2ihJJaItEPJJdHyvKWUhbmmlOu7GkWPicdvzJVe537qlULArv9DSmA4FHIQsYwdpInl0NvLQvsB5LkTZvs+zBczy75tSdGdBf4hakBgWanv3ZH0YkETTUhGOleq4T60GKpWaE06zSTxSNMZngEe0ZGmJB1SCdZc/QoVGGKIikeaFGM/XnRoqFUlPhm8k8plr0cvE/r5fo4GKQsjBONA3J/FCQcKQjlBeBhkxSovnUEEwkM1kRGWOJiTZ1VUwJ7uKX/5L2cd09q5/enNQal0UdZdiHAzgCF86hAdfQhBYQeIQneIFXK7OerTfrfT5asoqdPfgF6+MbYU+UrA==</latexit>

fPSw0

<latexit sha1_base64="xV4fsH7cSQAXZfaaJq8lr9jxcdQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr2PQi8cI5gHJEmYnvcmQ2dllZlYJSz7CiwdFvPo93vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtB1Sax/LejBP0IzqQPOSMGiu1Hnvuiep5vXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NzJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm099JnytkRowtoUxxeythQ6ooMzahkg3BW3z5L2meVr2L6vndWaV2ncdRhAM4hGPw4BJqcAt1aACDETzBC7w6ifPsvDnv89aCk8/swy84H99z3I8B</latexit>

w0/r1
<latexit sha1_base64="W2hvyo4MMyfW9QUmBdrYe0YiGjs=">AAAB9XicbVC7TsNAEFzzDOEVoKSxiJCogo14lRE0lEEiDykx1vlyTk45n83dGhRZ+Q8aChCi5V/o+BsuiQtIGGml0cyudneCRHCNjvNtLSwuLa+sFtaK6xubW9ulnd2GjlNFWZ3GIlatgGgmuGR15ChYK1GMRIFgzWBwPfabj0xpHss7HCbMi0hP8pBTgka67+gHhRn6zuhY+a5fKjsVZwJ7nrg5KUOOml/66nRjmkZMIhVE67brJOhlRCGngo2KnVSzhNAB6bG2oZJETHvZ5OqRfWiUrh3GypREe6L+nshIpPUwCkxnRLCvZ72x+J/XTjG89DIukxSZpNNFYSpsjO1xBHaXK0ZRDA0hVHFzq037RBGKJqiiCcGdfXmeNE4q7nnl7Pa0XL3K4yjAPhzAEbhwAVW4gRrUgYKCZ3iFN+vJerHerY9p64KVz+zBH1ifP0oMkmI=</latexit>p
t0/r1

Build dimensionless objects:

HotQCD,  PRD 90, 094503 (2014)HotQCD,  PRD 90, 094503 (2014)
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<latexit sha1_base64="ajugkmSLcfyO9r4e+qST5bwht+Y=">AAACHHicbVDLSsNAFJ34rPUVdekmWARXJanPTaHUjcsK9gFNDJPJpB06eTAzEcqYD3Hjr7hxoYgbF4J/46TNorYeGDhzzr3ce4+XUMKFaf5oS8srq2vrpY3y5tb2zq6+t9/hccoQbqOYxqznQY4piXBbEEFxL2EYhh7FXW90nfvdB8w4iaM7MU6wE8JBRAKCoFCSq5+y+5odMIikHUIxZKH0s04282GZ3SQD+Zi5ktWZa2V1y9UrZtWcwFgkVkEqoEDL1b9sP0ZpiCOBKOS8b5mJcCRkgiCKs7KdcpxANIID3Fc0giHmjpwclxnHSvGNIGbqRcKYqLMdEoacj0NPVeZL83kvF//z+qkIrhxJoiQVOELTQUFKDREbeVKGTxhGgo4VgYgRtauBhlBFJVSeZRWCNX/yIunUqtZF9fz2rNJoFnGUwCE4AifAApegAW5AC7QBAk/gBbyBd+1Ze9U+tM9p6ZJW9ByAP9C+fwEdsaM/</latexit>

r2
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dr
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= 1
<latexit sha1_base64="e4SVpzB1gvxkQtIHdRkTmgugxd4="></latexit>

f2
mesonM

2
meson = �m(r)

quarkNf⌃
(r)

<latexit sha1_base64="voEbG2cT2NgPHDllX18Xn3I3ioI="></latexit>

⌘ss : not the physical ⌘ (ū�5u+ d̄�5d) but a fictitious unmixed ps meson s̄�5s



Mass-mismatch correction

Measured eta mass deviates from the physical one:

meas. mass

aver. mass

695 MeV

HotQCD,  PRD 90, 094503 (2014)

<latexit sha1_base64="uuSKOZpjMHiBWbrZwum+W8oi474=">AAACFnicbVDLSgNBEJz1GeMr6tHLYBC8uOyKibkIQS9ehAjmAdkYZiedZMjM7jIzK4Rlv8KLv+LFgyJexZt/4+QhaGJBQ1HVTXeXH3GmtON8WQuLS8srq5m17PrG5tZ2bme3psJYUqjSkIey4RMFnAVQ1UxzaEQSiPA51P3B5civ34NULAxu9TCCliC9gHUZJdpI7dyxuEs8QXRfiiTqD5Wdpu3EA03S82KpYJc8/ONeQy1t5/KO7YyB54k7JXk0RaWd+/Q6IY0FBJpyolTTdSLdSojUjHJIs16sICJ0QHrQNDQgAlQrGb+V4kOjdHA3lKYCjcfq74mECKWGwjedoxvVrDcS//Oase6WWgkLolhDQCeLujHHOsSjjHCHSaCaDw0hVDJzK6Z9IgnVJsmsCcGdfXme1E5st2gXbk7z5YtpHBm0jw7QEXLRGSqjK1RBVUTRA3pCL+jVerSerTfrfdK6YE1n9tAfWB/fkq2fnQ==</latexit>

mphys.
⌘ = 685.8 MeV

Correct the mass discrepancy using LO ChPT:

<latexit sha1_base64="zjN6pEgqp1buKks5Mx4a/NZxbro=">AAACKXicbVDLSsNAFJ3UV62vqEs3wSJUCjERXxuh6EZwU8E+oK1hMp3YoTNJmJkIIeR33PgrbhQUdeuPOGkjauuBgcM55zL3HjekREjLetcKM7Nz8wvFxdLS8srqmr6+0RRBxBFuoIAGvO1CgSnxcUMSSXE75Bgyl+KWOzzP/NYd5oIE/rWMQ9xj8NYnHkFQKsnRa55zeZN0GZQDzhKGoTD3wkEszDQ99RyrKirMEVXm0N2fFPHDSH6nHL1smdYIxjSxc1IGOeqO/tztByhi2JeIQiE6thXKXgK5JIjitNSNBA4hGsJb3FHUhwyLXjK6NDV2lNI3vICr50tjpP6eSCATImauSmbLikkvE//zOpH0Tnrjy7CPxh95ETVkYGS1GX3CMZI0VgQiTtSuBhpADpFU5ZZUCfbkydOkuW/aR+bh1UG5dpbXUQRbYBtUgA2OQQ1cgDpoAATuwSN4Aa/ag/akvWkf42hBy2c2wR9on1/zN6e0</latexit>

fmeas./phys.
K = f0 + s(ms +ml)

input/phys.

Physical quark mass from the LCP quark mass:

LCP quark mass takes RG-inspired form:

Physical decay const.:

<latexit sha1_base64="xzLb++dGNxgQ8ubg9H9j25H/UvQ="></latexit>

mLCP
s (�) = minput

s (�) ·
 

mLCP
⌘

minput
⌘

!2

Flow scales and alpha_sHai-Tao Shu 3



Scale condition

Flow scales and alpha_sHai-Tao Shu 4

• Precise determination on the lattice

• Zeuthen flow: improved cutoff effects
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Flow scales via eta decay constant

Flow scales and alpha_sHai-Tao Shu 5

• Discretization errors linear in a2

• Good control for the lattice effects

Physical scales at sub% level: Davies et.al.,  PRD 81, 034506 (2010)
<latexit sha1_base64="F1JN/6Q1KrxM/Bzo6W49AN/jvtA=">AAACCHicbVC7SgNBFJ31GeMramnhYBBiE3ZjommEoI2NEME8ILuE2cndZMjsg5lZISwpbfwVGwtFbP0EO//GSbKFJh64cDjnXu69x404k8o0v42l5ZXVtfXMRnZza3tnN7e335RhLCg0aMhD0XaJBM4CaCimOLQjAcR3ObTc4fXEbz2AkCwM7tUoAscn/YB5jBKlpW7uyOvaoMilVaoWz8qFauXUxrZP1ED4yS00x91c3iyaU+BFYqUkj1LUu7kvuxfS2IdAUU6k7FhmpJyECMUoh3HWjiVEhA5JHzqaBsQH6STTR8b4RCs97IVCV6DwVP09kRBfypHv6s7JjXLem4j/eZ1YeVUnYUEUKwjobJEXc6xCPEkF95gAqvhIE0IF07diOiCCUKWzy+oQrPmXF0mzVLTOi5W7cr52lcaRQYfoGBWQhS5QDd2gOmogih7RM3pFb8aT8WK8Gx+z1iUjnTlAf2B8/gCR45fS</latexit>

f⌘ = 128.34(85) MeV

<latexit sha1_base64="qqf/QGFOaeUvBBXtKzlUI07nPwI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAi6CYnUWheC6Malgn1AE8JkOqmDM0mcuRFK6F+48VfcuFDEre78GydtF2o9MMPhnHu5954wFVyD43xZM7Nz8wuLpaXy8srq2nplY7Olk0xR1qSJSFQnJJoJHrMmcBCskypGZChYO7w9L/z2PVOaJ/E1DFLmS9KPecQpASMFFdvTdwpyCJzhiWO7Nbfh4j0vlbheK/7j2r6HPUngRsk8ksOgUnVsZwQ8TdwJqaIJLoPKp9dLaCZZDFQQrbuuk4KfEwWcCjYse5lmKaG3pM+6hsZEMu3no7uGeNcoPRwlyrwY8Ej92ZETqfVAhqayWFH/9QrxP6+bQdTwcx6nGbCYjgdFmcCQ4CIk3OOKURADQwhV3OyK6Q1RhIKJsmxCcP+ePE1aB7Zbtw+vatXTs0kcJbSNdtAectEROkUX6BI1EUUP6Am9oFfr0Xq23qz3cemMNenZQr9gfXwDCG+dYg==</latexit>p
t0 = 0.14181(±64± 94) fm

<latexit sha1_base64="dPpZs3WRbygl88HvYXxR6J43V4M=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5XQQrsgVbAwFok+pCaqHNdprdpJZDugKuovsPArLAwgxMrGxt/gtBmg5Ui2js65V/fe40WMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jKMBSYtHLJQdD0kCaMBaSmqGOlGgiDuMdLxxtep37knQtIwuFOTiLgcDQPqU4yUlvpm6aFvXVplu2bVKrDkRBzWq+lv25VTBzocqZHgic+nfbNola0Z4DKxM1IEGZp988sZhDjmJFCYISl7thUpN0FCUczItODEkkQIj9GQ9DQNECfSTWYXTeGJVgbQD4V+gYIz9XdHgriUE+7pynRFueil4n9eL1Z+3U1oEMWKBHg+yI8ZVCFM44EDKghWbKIJwoLqXSEeIYGw0iEWdAj24snLpH1Wti/K57fVYuMqiyMPjsAxKAEb1EAD3IAmaAEMHsEzeAVvxpPxYrwbH/PSnJH1HII/MD5/AD7gmjg=</latexit>

w0 = 0.17073(±84± 113) fm

<latexit sha1_base64="xc0MXp/X0YNzo3Y4TLzHOOwW0GY=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyCpzgjbsegF48RzAKZMNR0epImPYvdNUIYghd/xYsHRbz6Fd78GzvLQRMfFDzeq6Kqnp9IodG2v63cwuLS8kp+tbC2vrG5Vdzeqes4VYzXWCxj1fRBcykiXkOBkjcTxSH0JW/4/euR33jgSos4usNBwtshdCMRCAZoJK+4B4HncgSXdWKkrr5XmKFnD4/BK5bssj0GnSfOlJTIFFWv+OV2YpaGPEImQeuWYyfYzkChYJIPC26qeQKsD13eMjSCkOt2Nn5hSA+N0qFBrExFSMfq74kMQq0HoW86Q8CenvVG4n9eK8Xgsp2JKEmRR2yyKEglxZiO8qAdoThDOTAEmBLmVsp6oIChSa1gQnBmX54n9ZOyc14+uz0tVa6mceTJPjkgR8QhF6RCbkiV1Agjj+SZvJI368l6sd6tj0lrzprO7JI/sD5/ABxfl0I=</latexit>

af⌘ ·
p
t0/a
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Flow scales via kaon decay constant
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fK = 110.10(64) MeV HotQCD,  PRD 90, 094503 (2014)Physical scales at sub% level:

• Consistent with results obtained via eta decay constant

<latexit sha1_base64="rkaKTUjKyV5VF0ZOgaL+vBuv0VM=">AAACF3icbVBNTwIxEO36ifiFevTSSEz0stlFEC4mRC8eMRE0YQnpli40tLtrO2tCNvwLL/4VLx40xqve/Dd2gYOiL2nz8t5MZub5seAaHOfLWlhcWl5Zza3l1zc2t7YLO7stHSWKsiaNRKRufaKZ4CFrAgfBbmPFiPQFu/GHF5l/c8+U5lF4DaOYdSTphzzglICRugXb03cKUug64zPHdstupYqPvFjik2r210rHHvYkgYGSaSDH3ULRsZ0J8F/izkgRzdDoFj69XkQTyUKggmjddp0YOilRwKlg47yXaBYTOiR91jY0JJLpTjq5a4wPjdLDQaTMCwFP1J8dKZFaj6RvKrMV9byXif957QSCWiflYZwAC+l0UJAIDBHOQsI9rhgFMTKEUMXNrpgOiCIUTJR5E4I7f/Jf0irZ7qlduSoX6+ezOHJoHx2gI+SiKqqjS9RATUTRA3pCL+jVerSerTfrfVq6YM169tAvWB/fCJKdYg==</latexit>p
t0 = 0.14157(±37± 82) fm

<latexit sha1_base64="H4uN7TaUSpBZ7Z4S4XBmoxKgEH0=">AAACEHicbVC7TsMwFHV4lvIKMLJYVIiyVEkFLR2QKlgYi0QfUhNFjuu0Vu0ksh1QFfUTWPgVFgYQYmVk429w2g7QciRbR+fcq3vv8WNGpbKsb2NpeWV1bT23kd/c2t7ZNff2WzJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2h9eZ374nQtIovFOjmLgc9UMaUIyUljzz5MGzLq2SXbXKNiw6MYeVcvbXaqcOdDhSA8HTgI89s2CVrAngIrFnpABmaHjml9OLcMJJqDBDUnZtK1ZuioSimJFx3kkkiREeoj7pahoiTqSbTg4aw2Ot9GAQCf1CBSfq744UcSlH3NeV2Ypy3svE/7xuooILN6VhnCgS4umgIGFQRTBLB/aoIFixkSYIC6p3hXiABMJKZ5jXIdjzJy+SVrlkV0rnt2eF+tUsjhw4BEegCGxQBXVwAxqgCTB4BM/gFbwZT8aL8W58TEuXjFnPAfgD4/MHymKaAA==</latexit>

w0 = 0.17021(±62± 99) fm

<latexit sha1_base64="qqf/QGFOaeUvBBXtKzlUI07nPwI=">AAACF3icbVDLSsNAFJ34rPVVdelmsAi6CYnUWheC6Malgn1AE8JkOqmDM0mcuRFK6F+48VfcuFDEre78GydtF2o9MMPhnHu5954wFVyD43xZM7Nz8wuLpaXy8srq2nplY7Olk0xR1qSJSFQnJJoJHrMmcBCskypGZChYO7w9L/z2PVOaJ/E1DFLmS9KPecQpASMFFdvTdwpyCJzhiWO7Nbfh4j0vlbheK/7j2r6HPUngRsk8ksOgUnVsZwQ8TdwJqaIJLoPKp9dLaCZZDFQQrbuuk4KfEwWcCjYse5lmKaG3pM+6hsZEMu3no7uGeNcoPRwlyrwY8Ej92ZETqfVAhqayWFH/9QrxP6+bQdTwcx6nGbCYjgdFmcCQ4CIk3OOKURADQwhV3OyK6Q1RhIKJsmxCcP+ePE1aB7Zbtw+vatXTs0kcJbSNdtAectEROkUX6BI1EUUP6Am9oFfr0Xq23qz3cemMNenZQr9gfXwDCG+dYg==</latexit>p
t0 = 0.14181(±64± 94) fm

<latexit sha1_base64="dPpZs3WRbygl88HvYXxR6J43V4M=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqS5XQQrsgVbAwFok+pCaqHNdprdpJZDugKuovsPArLAwgxMrGxt/gtBmg5Ui2js65V/fe40WMSmVZ30ZuZXVtfSO/Wdja3tndM/cP2jKMBSYtHLJQdD0kCaMBaSmqGOlGgiDuMdLxxtep37knQtIwuFOTiLgcDQPqU4yUlvpm6aFvXVplu2bVKrDkRBzWq+lv25VTBzocqZHgic+nfbNola0Z4DKxM1IEGZp988sZhDjmJFCYISl7thUpN0FCUczItODEkkQIj9GQ9DQNECfSTWYXTeGJVgbQD4V+gYIz9XdHgriUE+7pynRFueil4n9eL1Z+3U1oEMWKBHg+yI8ZVCFM44EDKghWbKIJwoLqXSEeIYGw0iEWdAj24snLpH1Wti/K57fVYuMqiyMPjsAxKAEb1EAD3IAmaAEMHsEzeAVvxpPxYrwbH/PSnJH1HII/MD5/AD7gmjg=</latexit>

w0 = 0.17073(±84± 113) fmvia f_eta:

via f_K:
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• Both flow scales are on the lower side of FLAG2021

<latexit sha1_base64="UfR/XXsN3Vw+hVB+nSgvxyF7bMA=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQNyVTqu1GKLpxWcE+oC0lk2ba0GRmSDJKGbpz46+4caGIW3/BnX9jpp2Fth64cDjnXu69xw05Uxqhbyuzsrq2vpHdzG1t7+zu2fsHTRVEktAGCXgg2y5WlDOfNjTTnLZDSbFwOW254+vEb91TqVjg3+lJSHsCD33mMYK1kfr28UMfXaKiU0HlEiw4lepZF3YF1iMpYk9M+3YeFdEMcJk4KcmDFPW+/dUdBCQS1NeEY6U6Dgp1L8ZSM8LpNNeNFA0xGeMh7RjqY0FVL579MYWnRhlAL5CmfA1n6u+JGAulJsI1ncmJatFLxP+8TqS9ai9mfhhp6pP5Ii/iUAcwCQUOmKRE84khmEhmboVkhCUm2kSXMyE4iy8vk2ap6FwUz2/L+dpVGkcWHIETUAAOqIAauAF10AAEPIJn8ArerCfrxXq3PuatGSudOQR/YH3+ALpElr0=</latexit>

w0 = 0.17042(178) fm
<latexit sha1_base64="il3tYIi4CQ9Rlv8CRQzTJ42774Y=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxpjDZC0MYygvmAXAh7m71kye7duTsnhCO/wMa/YmOhiK21nf/GTXKFJj4YeLw3w8w8LxJcg21/W0vLK6tr65mN7ObW9s5ubm+/ocNYUVanoQhVyyOaCR6wOnAQrBUpRqQnWNMbXk/85gNTmofBHYwi1pGkH3CfUwJG6uYKrr5XkEDXHl/aJafsVCq46JyWj13sSgIDJRNfjru5vF2yp8CLxElJHqWodXNfbi+ksWQBUEG0bjt2BJ2EKOBUsHHWjTWLCB2SPmsbGhDJdCeZvjPGBaP0sB8qUwHgqfp7IiFS65H0TOfkRD3vTcT/vHYM/kUn4UEUAwvobJEfCwwhnmSDe1wxCmJkCKGKm1sxHRBFKJgEsyYEZ/7lRdI4KTmV0tltOV+9SuPIoEN0hIrIQeeoim5QDdURRY/oGb2iN+vJerHerY9Z65KVzhygP7A+fwDTv5oa</latexit>p
t0 = 0.14166(134) fm
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<latexit sha1_base64="RAZsOBKCzhUh0kE3TE0cc86sBzs=">AAACA3icbVDLSgNBEJyNrxhfq970MhiEeIm7EpNchKAXjxHMA5JlmZ1MkiGzD2d6hbAEvPgrXjwo4tWf8ObfOEn2oNGChqKqm+4uLxJcgWV9GZml5ZXVtex6bmNza3vH3N1rqjCWlDVoKELZ9ohiggesARwEa0eSEd8TrOWNrqZ+655JxcPgFsYRc3wyCHifUwJacs2DrrqTkIBrTU6la19YxVK5auOCXTlxzbxVtGbAf4mdkjxKUXfNz24vpLHPAqCCKNWxrQichEjgVLBJrhsrFhE6IgPW0TQgPlNOMvthgo+10sP9UOoKAM/UnxMJ8ZUa+57u9AkM1aI3Ff/zOjH0q07CgygGFtD5on4sMIR4GgjucckoiLEmhEqub8V0SCShoGPL6RDsxZf/kuZZ0S4Xz29K+dplGkcWHaIjVEA2qqAaukZ11EAUPaAn9IJejUfj2Xgz3uetGSOd2Ue/YHx8A0BdlVI=</latexit>p
t0/r1 = 0.4681(17)

<latexit sha1_base64="On3sJQLdy/TPRS2MxjDGLvspxuY=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNzEpRu1CKLpxWcE+oA1hMp20QycPZiZKCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/FiRoU0zW+tsLK6tr5R3Cxtbe/s7un7B20RJRyTFo5YxLseEoTRkLQklYx0Y05Q4DHS8cY3U7/zQLigUXgv05g4ARqG1KcYSSW5evnRNU+5a12Zhm3X67Bas09cvWIa5gxwmVg5qYAcTVf/6g8inAQklJghIXqWGUsnQ1xSzMik1E8EiREeoyHpKRqigAgnmx0/gcdKGUA/4qpCCWfq74kMBUKkgac6AyRHYtGbiv95vUT6l05GwziRJMTzRX7CoIzgNAk4oJxgyVJFEOZU3QrxCHGEpcqrpEKwFl9eJu2aYZ0b9t1ZpXGdx1EEh+AIVIEFLkAD3IImaAEMUvAMXsGb9qS9aO/ax7y1oOUzZfAH2ucPT7eR+Q==</latexit>

w0/r1 = 0.5599(25)

• Discretization errors linear in a2

• Consistent r1 from different flow scales

• Zeuthen flow and Wilson flow give consistent w0/r1

<latexit sha1_base64="ggpzXbQ6IodMXDtZxCkXxYJQ/8I=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkWom5gptupCKLpxWcE+oA1hMp20QyeTMDNRS+ivuHGhiFt/xJ1/47TNQlsPXDiccy/33uPHjErlON9GbmV1bX0jv1nY2t7Z3TP3iy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+6Obqd9+IELSiN+rcUzcEA04DShGSkueWXz0nFPhwSvHrtbgZbkCTzyz5NjODNYygRkpgQwNz/zq9SOchIQrzJCUXejEyk2RUBQzMin0EklihEdoQLqachQS6aaz2yfWsVb6VhAJXVxZM/X3RIpCKcehrztDpIZy0ZuK/3ndRAUXbkp5nCjC8XxRkDBLRdY0CKtPBcGKjTVBWFB9q4WHSCCsdFwFHQJcfHmZtCo2rNnVu7NS/TqLIw8OwREoAwjOQR3cggZoAgyewDN4BW/GxHgx3o2PeWvOyGYOwB8Ynz/lA5HE</latexit>

w0/r1 = 0.5619(21)

<latexit sha1_base64="sHH768xwLXVRGWQW0smBnIhWobo=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqJiStVjdC0Y3LCvYBTQiT6aQdOpOEmYlQQhdu/BU3LhRx60e482+ctllo64ELh3Pu5d57goRRqWz721hZXVvf2CxsFbd3dvf2zYPDtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0c3U7zwQIWkc3atxQjyOBhENKUZKS75ZEr5zZVs1u1qv1JxTF7ocqaHgWcgnvlm2LXsGuEycnJRBjqZvfrn9GKecRAozJGXPsRPlZUgoihmZFN1UkgThERqQnqYR4kR62eyJCTzRSh+GsdAVKThTf09kiEs55oHunJ4oF72p+J/XS1V46WU0SlJFIjxfFKYMqhhOE4F9KghWbKwJwoLqWyEeIoGw0rkVdQjO4svLpF21nLp1fndWblzncRRACRyDCnDABWiAW9AELYDBI3gGr+DNeDJejHfjY966YuQzR+APjM8fWiqWDA==</latexit>

r1 = 0.3026(31) fm
<latexit sha1_base64="g2idYKKk1Ijujw/3MK0CXferp0s=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyGx8bERim5cVrAPaEuYTCft0JkkzEyEErpw46+4caGIWz/CnX/jpM1CWw9cOJxzL/fe48eMSmXb30ZhZXVtfaO4Wdra3tndM/cPWjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2xzeZ334gQtIovFeTmPQ5GoY0oBgpLXlmWXjOlW3VbNet1tyTHuxxpEaCpwGfembFtuwZ4DJxclIBORqe+dUbRDjhJFSYISm7jh2rfoqEopiRaamXSBIjPEZD0tU0RJzIfjp7YgqPtTKAQSR0hQrO1N8TKeJSTrivO7MT5aKXif953UQFl/2UhnGiSIjni4KEQRXBLBE4oIJgxSaaICyovhXiERIIK51bSYfgLL68TFqnlnNund25lfp1HkcRlMERqAIHXIA6uAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AF7ilg8=</latexit>

r1 = 0.3044(34) fm
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Data from HotQCD,  PRD 90, 094503 (2014)

<latexit sha1_base64="hhwzeiRroCaZL4glBjn+/LXwYWE=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyxC3QyTotYuhKIblxXsA9phyKSZNjSTGZKMUGoX/oobF4q49Tfc+Tem7Sy09cCFwzn3cu89QcKZ0q77bS0tr6yurec28ptb2zu79t5+Q8WpJLROYh7LVoAV5UzQumaa01YiKY4CTpvB4GbiNx+oVCwW93qYUC/CPcFCRrA2km8fSh/B0O9Qja9cB1UqqFQsl099u+A67hRwkaCMFECGmm9/dboxSSMqNOFYqTZyE+2NsNSMcDrOd1JFE0wGuEfbhgocUeWNpveP4YlRujCMpSmh4VT9PTHCkVLDKDCdEdZ9Ne9NxP+8dqrDS2/ERJJqKshsUZhyqGM4CQN2maRE86EhmEhmboWkjyUm2kSWNyGg+ZcXSaPkoAvn/O6sUL3O4siBI3AMigCBMqiCW1ADdUDAI3gGr+DNerJerHfrY9a6ZGUzB+APrM8f3kSTbg==</latexit>

r1f⌘ = 0.19912(77)
<latexit sha1_base64="u7twtOfyamElIY++aKhK/fV8XXk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqJmR8tLoQim4ENxXsA9oQJtNJO3TyYGYihFB/xY0LRdz6Ie78G6dtFtp64MLhnHu59x4v5kwq2/42lpZXVtfWCxvFza3tnV1zb78lo0QQ2iQRj0THw5JyFtKmYorTTiwoDjxO297oZuK3H6mQLAofVBpTJ8CDkPmMYKUl1ywJF0HfvbuyLVRD9mmlennsmmXbsqeAiwTlpAxyNFzzq9ePSBLQUBGOpewiO1ZOhoVihNNxsZdIGmMywgPa1TTEAZVONj1+DI+00od+JHSFCk7V3xMZDqRMA093BlgN5bw3Ef/zuonyL5yMhXGiaEhmi/yEQxXBSRKwzwQliqeaYCKYvhWSIRaYKJ1XUYeA5l9eJK0TC1Wt8/uzcv06j6MADsAhqAAEaqAObkEDNAEBKXgGr+DNeDJejHfjY9a6ZOQzJfAHxucPU5GR/A==</latexit>

r1fK = 0.17103(69)

• Consistent r1 from eta decay const. and kaon decay const.

• Consistent r1 from decay consts. and flow scales

<latexit sha1_base64="uBWFlkPFtqmpK78LOe7VlPZ3jBQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqJiStVjdC0Y3LCvYBTQiT6aQdOpOEmYlQQhdu/BU3LhRx60e482+ctF1o64ELh3Pu5d57goRRqWz721hZXVvf2CxsFbd3dvf2zYPDtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0U3udx6IkDSO7tU4IR5Hg4iGFCOlJd8sCd+5sq2aXa9WqrVTF7ocqaHgWcgnvlm2LXsKuEycOSmDOZq++eX2Y5xyEinMkJQ9x06UlyGhKGZkUnRTSRKER2hAeppGiBPpZdMnJvBEK30YxkJXpOBU/T2RIS7lmAe6Mz9RLnq5+J/XS1V46WU0SlJFIjxbFKYMqhjmicA+FQQrNtYEYUH1rRAPkUBY6dyKOgRn8eVl0q5aTt06vzsrN67ncRRACRyDCnDABWiAW9AELYDBI3gGr+DNeDJejHfjY9a6YsxnjsAfGJ8/W7+WDQ==</latexit>

r1 = 0.3062(23) fm
<latexit sha1_base64="rrceH9tTtO7okaJ0bzS9/qtbczo=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqJiTVVjdC0Y3LCvYBTQiT6aQdOpOEmYlQQhdu/BU3LhRx60e482+ctF1o64ELh3Pu5d57goRRqWz721hZXVvf2CxsFbd3dvf2zYPDtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0U3udx6IkDSO7tU4IR5Hg4iGFCOlJd8sCd+5sq0zu16rVKunLnQ5UkPBs5BPfLNsW/YUcJk4c1IGczR988vtxzjlJFKYISl7jp0oL0NCUczIpOimkiQIj9CA9DSNECfSy6ZPTOCJVvowjIWuSMGp+nsiQ1zKMQ90Z36iXPRy8T+vl6rw0stolKSKRHi2KEwZVDHME4F9KghWbKwJwoLqWyEeIoGw0rkVdQjO4svLpF21nLpVuzsvN67ncRRACRyDCnDABWiAW9AELYDBI3gGr+DNeDJejHfjY9a6YsxnjsAfGJ8/XuyWDw==</latexit>

r1 = 0.3065(22) fm
<latexit sha1_base64="sHH768xwLXVRGWQW0smBnIhWobo=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqJiStVjdC0Y3LCvYBTQiT6aQdOpOEmYlQQhdu/BU3LhRx60e482+ctllo64ELh3Pu5d57goRRqWz721hZXVvf2CxsFbd3dvf2zYPDtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0c3U7zwQIWkc3atxQjyOBhENKUZKS75ZEr5zZVs1u1qv1JxTF7ocqaHgWcgnvlm2LXsGuEycnJRBjqZvfrn9GKecRAozJGXPsRPlZUgoihmZFN1UkgThERqQnqYR4kR62eyJCTzRSh+GsdAVKThTf09kiEs55oHunJ4oF72p+J/XS1V46WU0SlJFIjxfFKYMqhhOE4F9KghWbKwJwoLqWyEeIoGw0rkVdQjO4svLpF21nLp1fndWblzncRRACRyDCnDABWiAW9AELYDBI3gGr+DNeDJejHfjY966YuQzR+APjM8fWiqWDA==</latexit>

r1 = 0.3026(31) fm
<latexit sha1_base64="g2idYKKk1Ijujw/3MK0CXferp0s=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyGx8bERim5cVrAPaEuYTCft0JkkzEyEErpw46+4caGIWz/CnX/jpM1CWw9cOJxzL/fe48eMSmXb30ZhZXVtfaO4Wdra3tndM/cPWjJKBCZNHLFIdHwkCaMhaSqqGOnEgiDuM9L2xzeZ334gQtIovFeTmPQ5GoY0oBgpLXlmWXjOlW3VbNet1tyTHuxxpEaCpwGfembFtuwZ4DJxclIBORqe+dUbRDjhJFSYISm7jh2rfoqEopiRaamXSBIjPEZD0tU0RJzIfjp7YgqPtTKAQSR0hQrO1N8TKeJSTrivO7MT5aKXif953UQFl/2UhnGiSIjni4KEQRXBLBE4oIJgxSaaICyovhXiERIIK51bSYfgLL68TFqnlnNund25lfp1HkcRlMERqAIHXIA6uAUN0AQYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AF7ilg8=</latexit>

r1 = 0.3044(34) fm

via f_eta: via f_K:

via t0: via w0:
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<latexit sha1_base64="rhBiH1KNOiRtjNg8NGIkQv61Aps=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqJiStVTdC0Y3LCvYBTQiT6aQdOpOEmYlQQhdu/BU3LhRx60e482+ctllo64ELh3Pu5d57goRRqWz721hZXVvf2CxsFbd3dvf2zYPDtoxTgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC0c3U7zwQIWkc3atxQjyOBhENKUZKS75ZEr5zZVs1u16t1OqnLnQ5UkPBs5BPfLNsW/YMcJk4OSmDHE3f/HL7MU45iRRmSMqeYyfKy5BQFDMyKbqpJAnCIzQgPU0jxIn0stkTE3iilT4MY6ErUnCm/p7IEJdyzAPdOT1RLnpT8T+vl6rw0stolKSKRHi+KEwZVDGcJgL7VBCs2FgThAXVt0I8RAJhpXMr6hCcxZeXSbtqOedW/e6s3LjO4yiAEjgGFeCAC9AAt6AJWgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGJ8/XuCWDw==</latexit>

r1 = 0.3052(35) fmThis work: TUMQCD,  PRD 107, 074503
<latexit sha1_base64="kZEcM0w5V8fneHzrrzc7AdtcEms=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBCEQNgNvi5C0IsniWAekixhdjKbDJmZXWZmhbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u4KYM21c99tZWl5ZXVvPbeQ3t7Z3dgt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HNxG8+UaVZJB/MKKa+wH3JQkawsdLjXTe8qpS8ktctFN2yOwVaJF5GipCh1i18dXoRSQSVhnCsddtzY+OnWBlGOB3nO4mmMSZD3KdtSyUWVPvp9OAxOrZKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3ntxISXfspknBgqyWxRmHBkIjT5HvWYosTwkSWYKGZvRWSAFSbGZpS3IXjzLy+SRqXsnZfP7k+L1essjhwcwhGcgAcXUIVbqEEdCAh4hld4c5Tz4rw7H7PWJSebOYA/cD5/AMWJjxg=</latexit>

Nf = 2 + 1 + 1

• Slightly smaller than FLAG lower limit but consistent with TUMQCD ’23 estimate
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Allton-type form:

Allton,  NPBP. Suppl. 53, 867 (1997)

• Good description of lattice data up to fine lattice

<latexit sha1_base64="QsvvIgCQJq4cmBz5MN07ygdetzA="></latexit>

c0 = 88.14(93), c2 = 8057092(1828213)

d2 = 81230(18771), ! 2/ dof = 1.9

<latexit sha1_base64="rJPemKfSE9CIyuVpCvOQvcGHLTs="></latexit>

c0 = 74.72(73), c2 = 1902823(435837),

d2 = 19557(4967), ! 2/ dof = 1.7



Coupling constant from gradient flow
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Harlander and Neumann, JHEP 06, 161 (2016)

NNLO matching from flow scheme to MSbar scheme

Where to do the conversion?
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<latexit sha1_base64="tYFqx4tcAzS+3tWKmGlULrL+Z1s="></latexit>

! ßow (µF ) !
4"
3

#2
F "E#! F

• Lattice artifacts should be under control

• Perturbative effects should be under control

!  chisq/dof of cont. extrap. should be ~1 

!  Running scale should be large
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1.31 GeV

1.57 GeV

• Difference as systematic uncertainty

Chisq/dof=1

Chisq/dof=0.4
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Compare to FLAG
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?¸
?¹

fixed order running

(FLAG2021)

• Pick a reference point at 1.57 GeV

• Run the converted g2 to different scales

• Both converges at 4th order

• Compare to pure perturbative results

• Fix mismatch by tuning Lambda_MSbar

<latexit sha1_base64="g+zD2zLrzp/U9RNSbqMnijJLtwc="></latexit>

! s(µ, ! MS = 339 MeV)
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Solve for Lambda_MSbar/alpha_s

Flow scales and alpha_sHai-Tao Shu 14

• Statistical uncertainty from (Gaussian) 
bootstrap


• Lattice cutoff effects by excluding the 
coarsest lattice at beta=8.000


• Perturbative uncertainty by adding a 
N3LO term with coefficient k3=+-2k2


• Matching range uncertainty by two 
scales 1.31 GeV and 1.57 GeV

Error budget:

Uncertainty of matching dominates

• Consistent with FLAG lattice results:

FLAG This work
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! MS = 315.6+46 .2
! 29.5 MeV
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µ0 = 1 .57 GeV

<latexit sha1_base64="WVF/I6YOeEngiHi3sT4FyP2Weso="></latexit>

! (5)
MS

(M Z ) = 0 .1166+31
! 21



Summary

Flow scales and alpha_sHai-Tao Shu 15

• t0 and w0 scale are determined on 2+1-flavor HISQ lattices

" On the lower side of FLAG2021


• r1 is determined in various ways

" Self-consistent and consistent with TUMQCD ’23 estimate 

" slightly smaller than FLAG lower bound 


• Lambda_MSbar is determined using gradient flow via matching

" Perturbative matching dominates the uncertainty 

" Consistent with FLAG2021 within errors



Backup: Wilson flow v.s. Zeuthen flow

Wilson flow diffusion equation: Wilson action

Flowed gauge links
Ramos, Saint, EPJC 76 (2016) 1, 15

Zeuthen flow diffusion equation:
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Luescher-Weisz action
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LW action eliminates O(a2) cutoff effects present in the Wilson action


