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Einstein equa’cion needs symmetry assumption to be solved
o next simples‘c geometrg after spherical sgmmetrg
O precursor of axial symmetr
(essential ggr the omnipresent rotation in astrophgsics)

Useful in discussing extended sources
O cosmic s’crings

B. Linet, The Static Metrics with Cylindrical Symmetry
Describing a Model of Cosmic Strings, Gen. Rel. Grav.
17, 1109-1115 (1985).

S. A. Hayward, Gravitational waves, black holes

and cosmic strings in cylindrical symmetry, Class.
Quantum Grav. 17, 1749, https://doi.org/10.1088 /0264-
9381/17/8/302 (2000).

https://www.sciencephoto.com/media/572783/view/cosmic-string-and-galaxies-artwork



P. Wang, N. I. Libeskind, E. Tempel, X. Kang and

O Cosmic ‘Filameﬂts O‘F{Jgalaxies and Clar‘( mat‘ter Q. Guo, Possible observational eviden‘ce for 90511110
filament spin, Nature Astronomy 5, 839-845 (2021)

extencling across hundreds of millions of light years [arXiv:2106.05089 [astro-ph.GA]].

S. E. Hong, D. Jeong, H. S. Hwang, and J. Kim, Re-
vealing the Local Cosmic Web from Galaxies by Deep

o jet toPologies (magnetic field and Learning, Astrophys. J. 913, 76 (202).
clﬂarged Particle distributions) Y

J..Pon‘st‘em,. InStabllle a rota“m:xg Syhndrlcal et ap: K.-I. Nishikawa, et al., Evolution of global relativ-
plied Scientific Research A 8, 425-456 (1959). i . i . :

istic jets: collimations and expansion with kKHI and
A. Meli, et al., 3D PIC Simulations for relativ- the Weibel instability, Astrophys. J. 820, 94 (2016),
istic jets with a toroidal magnetic field, Monthly [arXiv:1511.03581 [astro-ph.HE]].
Not. Royal Astron. Soc. 519, 5410-5426 (2023), ht-
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The culindrically symmetric vacuum in GR

The existence of spherically symmetric GWs in vacuum is forbidden by the
P 9°Y Y

Jebsen—Birkhoff unicity theorem, leacling to either the static Schwarzschild
or the homogeneous Kantowski-Sachs sPacetime

In contrast, the cglinclrica”g symmetric vacuum is not unique, inclucling

» The static Levi-Civita sPacetime
= Einstein—Rosen waves:

= stancling and aPProximate Progressi\/e waves

- solitonic waves
~ iml:)ulsive waves

The Einstein-Rosen waves:

ds? = 2(K-U) (—dt2 + d7°2) -} e_QUTQdcpZ Le?Yd? .
U = Jo(r)cost ,

742
2

D. Kramer, Exact gravitational wave solution without

diffraction, Class. Quantum Grav. 16, L75 (1999), DOI
10.1088/0264-9381/16,/11/101.

A. Einstein and N. Rosen, On gravitational waves, J.
Franklin Inst. 223, 43 (1937).

R. F. Penna, Einstein-Rosen Waves and the Ge-
roch Group, J. Math. Phys. 62, 082503 (2021),
[arXiv:2106.13252 [gr-qc]].

[J§ () + J7 ()] = rdo (1) J1 (r) cos®t .
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Figure 5. Einstein—-Rosen waves. Deformation of a ring of particles initially at p = 4
induced by the travelling wave at different coordinate times t = [0, T, 7, 3F, 2] and the
same parameter choice as in figure 4.

D. Bini, A. Geralico and W. Plastino, Cylindrical gravit-
ational waves: C-energy, super-energy and associated dy-
namical effects, Class. Quantum Grav. 36, 095012 (2019),

[arXiv:1812.07938 [gr-qc]].



Quantization of cylindrically symmetric eravitational waves

Canonical quantization of cglindrica”g sgmmetric gravitational waves

carliest example of the miclisupersl:)ace approach (1971)

K. Kuchar, Canonical Quantization of Cylindrical Gravitational Waves, Phys. Rev. D 4, 955

much richer structure than Previous minisuPersPace c]uantizations:
- of Friedmann universe bﬂ DeWitt

- of mixmaster universe by Misner

|ater made more accurate%zg Torre and Varadarajan

Another aPProach clevelopecl 139 Ashtekar and Pierri

Detailed review in J. F. Barbero G. and E. J. S. Villasenor, Quantization
of Midisuperspace Models, Living Rev. Relativ. 13, 6
(2010). https://doi.org/10.12942 /1rr-2010-6

Compromising between:
the simplicitg induced 139 clegrees of freedom frozen bgl sgmmetry assumptions
the full complexitg of the gravitational clegrees of freedom

— > ideal testbed for comparing quantization aPProaches



Gravitational waves on curved backeround

Need to g0 begoncl the “Perturbations on Hat sPacetime” View

What can be called a GW on stronglg curved backeround? 8ab = 8ab+€hap
GW wavelength ) < L characteristic curvature ragius

This alwags%\olcls n Minkowski, but is the high~¥requenc,9 /geometrical oPtics
aPProximation otherwise

oy« R. AL Isaacson, Gravitational Radiation in the Limit of
High Frequency. I. The Linear Approximation and Geo-

metrical Optics, Phys. Rev. 166, 1263 (1968).

R. A. Isaacson, Gravitational Radiation in the Limit of

High Frequency. II. Nonlinear Terms and the Effective

Stress Tensor, Phys. Rev. 166, 1272 (1968).

b
%ﬂ(= Yv}k + h,‘k

ldenthcging the exl:)ansion Parameter in the metric with the Parameter Richard A. Isaacson
characterizing the geometrical optics approximation leads e
to the order shift of certain contributions to the Riemann-tensor: L
o Leacling order: Einstein equation for the backgrouncl geometrg +

backreaction in the form of an effective (Isaacson) energ9~momentum

tensor, cluaclratic in the GW
o Next order: (Liclﬂnerowitz) wave equation for the GW

Isaacson showed that in the WKB aPProximation of Perturbations, for
suPerPosecJ GWs with spherical sEmmetrg (in an averagecl sense) the Passing
through GW transforms Minkowski into Vaiclga !



Gravitational waves on curved backeround

Main ingreclients:
o Geometrical oPtics aPProximation

o WKDB aPProximation: slowlg changing amPlitche, fast changing Phase

¢]£9 —— A “ye‘ikaa’:a |

e

o(1) O(e™)

—> Lichnerowitz-wave equation becomes wave eq. on curved backgrouncl

Gregor Wentzel Hendrik Antony Kramers Léon Brillouin

o Brill-Hartle averagjn scheme:

Whenever the regions o%interest are Iarge enough to contain many wavelengths,
emPlog sPace’time avcra§ed quanti’ties

(similar to avera ing lea ing to the Maxwell ecluations in media)

—> sl:)ectacu%ar simplhcication in the second order terms, resl:)onsible for the
backreaction, which appear as new source terms for the backgrouncl

Jim Hartle. Dieter Brill




Backreaction of weak, cylindrically symmetric Gws

work in progress with Attila Foris Coords. (u,p,p,2)

Polarizations: 00 0 0 0 0 0 0
00 0 0
b4 _ P, | 00 0O o ey N2
a6 = 2|0 0 01 ab = G0 0 (apr) 0
O O 1 0 O 0 0 —pQ (alcpﬁ)_Q
Example +l:>olarlzatlon the WKB- ~type perturbatlon IS A (u)

d ht, = ——2et, cos ¢ (u)
lLea mgto @ osgb() 0 0 ab = ,01/2 e,, COSQ(u
VAN VR — A2 (u) osd)(u) [ﬁ++%}p—gcos2¢(u) 0 0

ab + p 0 0 i G

0 0 00

where @ [A cos ¢ (u) — sin ¢ (u )¢} —¢sing (u - last exPressxon due to WKB

Therefore @gb?sm%(u) 00 0
Voht Vohet = ; 00 O &G & (u) koka
0 000 p
0 000
. _ . P 82 2A2 U
After Brill-Hartle averaging, obtain the Py = <V h v hab> T gl )kckd
Isaacson energy-momentum tensor: 327 64mp

—>  The generatecl source is null dust, leacling to the racliating Rao solution :
J. Krishna Rao, Radiating Levi-Civita metric. J. Phys. A Gen. Phys. 4, 17 (1971). https://doi.org/10.1088/0305-4470/4/1/004.



Static limit of the Einstein-Rosen GWs

Cglinclrica”g symmetric metric, with Vorticit9~1cree Ki”ing vectors and orthogona”g
transitive group action: the Einstein-Rosen (canonical) metric form

ds? = 2KV (—dl‘2 . 5 drz) + .e_wrzdgo2 R
K and U functions of the coordinates (¢, r)

Strangelg, it has two types of Minkowskilimits;: K =0=UorK =U =Inr

- st e
Static Levi-Civita sPacetime for. U=olnr, K =o0"Inr,

dS2 = r20’(0’—1)(_dt2 _I_dr2) _l_r2(l—a)dg02 _l_r2adz2’

Axia”g symmetric, static We9| form: 2\

g =
ds? = — 74 dr2 _|_?4A(2A—1)(d7,\2 4 dg:z) F720-2 452 2% =l

The constant A can be interpreted as the mass clensitg of a cglincler on the axis




Interpretation of the Levi-Civita spacetime

The cglindrica”ﬂ symmetric, static field generated bg a string with
constant mass density A and negligib e pressure

.. but on|9 it A issmall!

flat flat flat
Indeed, check the Minkowski limit : A0 1/2 6%
cl0 +0 1

—> 4 different flat limits 7 Whg?

| et’s understand this !

B. Racsko, L. A. Gergely, Geometrical and physical
interpretation of the Levi-Civita spacetime in terms

of the Komar mass density,
Eur. Phys. J. Plus 138, 439 (2023)




Komar mass densit

, 1% .. .
Komar superpotentxal: Ug = xdE = §<stj _ Vjsl)\/ﬁ(dz)C)ij

N S =dUg =V, (Vigj - Vjéi)\/ﬁ(d3x)i
If the I-form & is Killing + vacuum + Einstein egs.
—>  conserved Komar charge Q:(S) = / Us
' S
AT 1 1
IF é-' txmellke, mg = ——0(S) = ——f Ug Komar mass
8T 8T S

o On a technical level 5 should be closed Z~surFace, so the axis cannot be
contained

i@ =1) A

o Still Possible to define a Komar mass clensitg . MK = >
(compac’chcg, calculate, then decompacthcg)

o Forsmall values also has the interpretation of mass clensitg on the axis

=T



Get rid of a double parameter coverage

Parametrize the metric with the Komar mass densitg

ds? = rr (—dt2 -+ dr2) 4 VIS o2 o gl = ISR g 7

Kretchmann scalar : with the Komar mass density with the original parameter
L F[RY 57 KR

(/’tK) Weyl — A

T t T T f 1 t
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1:5 2.0

—_— the double coverage o1c the Parameter space clisaPPearecl
But still two types of flatlimits :at ug = 0 (Minkowski limit)

WKg —> OO (Rindler limit)



Curvature invariants

Curvature of vacuum in 4D characterized bg 4 scalar invariants

ol . 2
Ji=AMA - 71 768u% 31k ( K )3/2
2 = _W — ’
Tt le ij 5.]1]2 F KK 2 1 4+2ug
ASEGSE g o o4 d +2uk)° K2
3T T 30 - Ty
Js = 0.
Aijit = C;"" Conit, - Bijii = C;;"™" Amnki.
, 04
—> Curvature Fu”g characterized 139 the Kretchmann scalar K= - 3
(1 +2uk)
r 5 r1+2MK
expressecl in term of the proper radial distance R = f R e | —
0 14+2uk

Metric singular on the axis and no horizon !
Radial null geodesics sating both the Tipler and Krolak singularitg conditions

—> Curvature singularitg IS strong (ancl naked)

—4



Kasner form and Rindler limit

Kasner form:  ds* = —R*P°dT? 4+ dR?* + R*P+ dy? + R*P-d¢?,

Written in the

coordinates : ¥ =l+2ng)’ W, =427 2,
_ 2uk 1+ T+8ux po+p++p-=1
Powers : = 9w Y5 9049 P+ pi+pr=1,

Rindler limit: MKk = 00, po—> 1,pr >0 (1+2ug)** -1

—  ds; ., =—RdT* +d R*+dZ* +dy~°.

Rindler metric with topologg S x R3
Represents flat spacetime

Percelvcd bg a uniFormlg accelerated observer
with acceleration R! alongR



Newtonian gravit

Stationarg observer at fixed proper distance R from the axis Z

2uk

+~Velocit9 ¢ — (R_po, 0, 0, O) , 4-acceleration: a® = u’vVyu® = % _R71s2.
14+2ux
Gravitational acceleration
(deginecﬂ in Newtonian sense through the Equivalence Principle):
'_ Clg [R] e 2/’LK R—-l

0.217 ag - )

_1+2,u1<

Hk

02+
0.4+
0.6 T

-0.8 T

—> Newtonian gravitg Increases monotonica”g with Komar mass clensitg
Asgmptotes to R-1



Einsteinian gravit

Geodesic congruence U= (3/31)"  with proper time t gjiven bg dt = RPAT
thus pa — R™Pos

Deviation of nearbg geoclesics X = (9/dR)" = 5%
ACCClCratiOﬂ D2Xa/d‘[2: A = RadeUbUCXd — R—2PORaTTR — po(l —= pO)R_28aR.

Its magnitude (negative of tidal acceleration)

1 172 2
(gabAaAb)l/z __ 2lpkl R o4t (A - A% [R7]
(14+2pk) il
—_— The tidal accelereration 02l
(Einsteinian gravity) il
reaches a maximum, after - Hik
which decreases with the R T
Komar mass clensitg 0.1
02T

> Some Part of the Newtonian
%ravitg IS pure acceleration T
ield, which increases and =
] e — 112
dominates at large MK



The circumference C=27 R

of the circles

e increases with the radius
at small Komar mass
densit9

* Stays constant at its
|arIge values (eventua”g a

cy indrical tol:)olo

appears = Rindler limit)

InR




Interpretation of Levi-Civita in terms of Kasner parameters

1)

=0)

06 T

<
'
1
L I L
flat spacetime (ug

02T

maximal repulsion (ux = — 1/8)
parallel field lines, Rindler limit (uy — o)

maximal Kretschmann scalar (ug

I
[
mmm N ‘eeesssssssssssssssese----———
4

-0.2 1
eneenas —1/3 b T —T ;
repulsive : gravitational gravitational field lines
gravity i attraction } becoming increasingly parallel,:

. ' . .
dominates ! acceleration dominates

Fig. 8 The various regimes of the
Levi-Civita metric in terms of the
Kasner parameters py (red
curve), p— (blue curve) and pq
(horizontal axis). The Komar mass
density increases from left to
right, spanning to the regime of
negative gravity ug € [—1/8, 0),
no gravity ug = 0, gravitational
attraction dominated regime

wg € (0, 1), maximal
Kretschmann scalar (the metric of
Ref. [28]) g = 1, increasingly
parallel field lines transforming
gravity into an acceleration field
wg € (1, 00), and perfectly
parallel field lines, the Rindler
limit ug — 00



FEinstein-Rosen waves in scalar-tensor theories

o Ground state of the Einstein-Rosen waves in GR, the Levi-Civita solution
understood v/

o What are its generalisations to scalar-tensor theories ?

o Even better: what are the generaliza’tions of Einstein-Rosen waves in scalar-
tensor theories?

o For Brans-Dicke that has alreadg been explorecl v
L. Akyar, A. Delice, On generalized Einstein-Rosen waves in Brans-Dicke theory. Eur. Phys. J. Plus 129, 226 (2014).

o Einstein-Rosen waves in Brans-Dicke theorg are very similar to those in GR,
theg describe |inear|9 Polarized GWs

, ) —k
o Partlcular solutlon For : Qb = ¢0"“1

. . . . . L
o Wave equation on flat spacetime in cglmclrlcal coordinates : Usy — Upy — = =i
(same as in GR)
Partigl deriv§tives of the other K, = 2rUU, + (1 — k) Uy,
metric function (GR limit for k=1) ré (1— k)
K,=r(U+U02)+—=U, + [(1—k)w — 2k].

¢ A



Scalar-tensor field equations

For a more generic sgstem SPeci@ to generalizecl Brans-Dicke

= F($)X + AX0¢ + G(¢)R Glgl = o
F(¢) = ot
Variation gives A=0.
1 1
@ _ _1 =
B = 2FXgW 2F§b;u¢;u Eﬁ) _ _g <¢;u¢;v . ng) :
1 I .
E/(gj) - _§A¢;H¢§VD¢ - §A¢;A¢A¢;ng/ T AP (u P E(3) — 0,
El(ﬁ/) = GGHV % G¢ (D¢9;w - ¢;,w) =i G¢¢ (¢;H¢;R9NV _ ¢;u¢;u) (4) o (bG/L 4 D¢g# o §b
174 1 %4 /j,V?
EY = Wy - Moy 2—°;’X,
E) = FOgp — FyX 2 P
(3) 2 o o B =
E¢) =A (D(b) - >‘¢;uu(/)7 - )‘Ruu(b’u(b’ ¢ B
By = GyR, Ef) s
Tensorial eq. Scalar eq. assuming
b. X 2w
R v — ¢ ¢ il v — ¢ 1
s L 3+2 e O =57 5-X 3+20 A0



Specify to culindrical symmetr

o Three metric functions K, U W

ds? = e2E-U) (—dt2 + dfr2) Pptidn L e_2UW2d902,

o Introduce € := W to obtain from the field equations Oy — Q. = 0.

Generic solution O 0 = —7) Bl 7

[

u Vv

Ansatz: ¢ = ¢(Q2) and W = W(Q)

17 / —il / W
Scalar eq. : 0=¢" + % 23 (f((/)zb ) ¢ ¥ with f(¢) = ¢3 _|_¢2(;b()¢)

(ODE)

|
lmPliCit solution in terms of quaclra’cures . Q% =exp / d¢ exp (/ d¢f(¢i§ )



The generalised Einstein-Rosen wave

o Generalised Einstein-Rosen wave ecluation forU:

QO @ I P
R ﬁUt = ﬁUr — §f(¢)? (Qt = Qr)

- U sourced by the scalar field
- has ampli’tu e claml:)ening / friction
e clispersion

8 s Y > .
o Pick the free functions convenientlg : W)= 9 El= 9 Q=r
U, 1 “. o
. U — U, — r = —§f(¢)—2 mhomogeneous Einstein-Rosen wave eq.,

¢ ER wave SOUFCCCI ]Dg tl"lC scalar FlClCl

| ast metric function given bg the same egs. as for Brans-Dicke

K, = 2rU,U, + 2y, /

¢
Kr:r(Ut2+U3)_%_|_TZZ;r

2
U, + (w+2) ;ZQ




Summar

©)

Cglinolrical sgmmetrg interestinag concePtuaHH and has Possible astropngsical
aPPlications : strings, galactic ark matter filaments, AGN / c]uasarjets.

Backreaction of weak cglincirical waves througn the Isaacson Proceclure gives
the racliating Levi-Civita (Rao) s]:)acetime, sourced 139 the incoherent
suPerPosition of electromagnetic or gravitational waves with random Pnases and
Polarisations (null dusb).

Einstein-Rosen waves are exact (not wea|<) GWs, worth stuclging.

Their eround state: the | evi-Civita metric convenientiy described with the Komar
mass §ensit9 of the axis, which represents a strong singularitg. Einsteinian and
Newtonian gravity cliverges neavilg with Increasing Komar mass olensitg, the
Newtonian Part containing eventua”g onlg acceleration~t9!:>e contribution
(nomogeneous gravitational field).

| nnomol;geneous Einstein-Rosen wave equation identitied for generalisecl Brans-
Dicke theories. The ER wave (tensoriai contribution) is sourced 59 the scalar.



Prospects

o Solve the inhomogeneous ER wave equation for meaninggul choices of w((b)

_ g1 , ,
o First tr?): f=1-¢ leadsto ¢#=In |hrl () | , smgular not on19 in the
origin, ut also at some finite cglinder radius ———> i}

Then the source term in the
inhomogeneous ER eq. .

also has smgularltles, // \\

but has comPact suPPort

source term

o Find a Particular solution of the inhomogeneous ER eq. + generic ER solution
from GR — the general solution

@ Possi]:)ili’% to solve numericall9 the system of all equations
@ lncorPorate a Po’cential into the discussion, in order to be able to match to a

l:)ulsating cglinder (string) as source of the ER GWs
( Leandros’ suggestion, thanks !)
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